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OVER AND UNDER FUNCTIONS AS RELATED TO 
DIFFERENTIAL EQUATIONS* 


W. M. WHYBURN, University of California at Los Angeles 


This paper discusses certain classes of functions that have been called Over 
and Under functions and which have had extensive use in recent work on differ- 
ential equations. The underlying fundamental principles for this work go back 
at least as far as the formulation of the Dedekind-Cut postulate. Here, as in the 
Dedekind-Cut, one describes two non-empty sets of elements which, with refer- 
ence to a specified relation of order, have the property that each element in 
one set is preceded by every element in the other. The existence’of a least upper 
bound for the one set and a greatest lower bound for the other is then postulated 
or proved. These bounds are examined for new and useful properties. The prin- 
ciples and procedures here indicated have been used so often in all fields of 
mathematics that it is difficult to select a specific place in the literature for use 
as a starting point for a discussion. However, the particular topics that we wish 
to describe can very appropriately be introduced by a sketch of the definition 
of the Perron integral. This integral was defined by Perront in 1914 and has been 
studied extensively since that time. His work was preceded by De la Vallée- 
Poussin’s proof{ of an important theorem on the relation of the Lebesgue in- 
tegral to Over and Under functions. In 1915, Perron$ made use of Over and 
Under functions to establish fundamental existence theorems for ordinary differ- 
ential equations of the type y’=f(x, y). Miiller,|| and others have extended this 
work to systems of ordinary differential equations. In 1923, Perron] used Over 
and Under functions in a new and fruitful attack on boundary value problems of 
the Dirichlet type for partial differential equations.** Recently, F. Riesz, Rad6, 
and others have made extensive studies of swper and sub harmonic functions. ff 
These functions are similar to the Over and Under functions of Perron and play 
important rdles in potential theory.{t{ In the following sections of this paper, 
we describe the Over and Under functions that arise in the above mentioned 











* Read before the Association at Madison on September 4, 1939, by invitation of the Program 
Committee. 

+ Sitzungsbereichte der. Heidelberger Akademie der Wissenschaften, Abt. A, 1914, 14 Abh. 
t Cours d’analyse infinitésimale, third edition, Paris, 1914, vol. 1, pp. 269-271. 
§ Mathematische Annalen, vol. 76, 1915, pp. 471-484. 

|| Mathematische Zeitschrift, vol. 26, 1927, pp. 619-645. 

{ Mathematische Zeitschrift, vol. 18, 1923, pp. 42-54. 

** The Dirichlet problem is to find a function U(x, y) which is continuous together with its 
partial derivatives of first and second orders in a domain G and on its boundary R, satisfies 
Laplace’s differential equation 0?U/dx?+06?U/dy?=0 in G, and is equal to a given continuous 
function f(x, y) on the boundary R. . 

+t For a treatment of these functions and references to the literature, see Radé6, Ergebnisse der 
Mathematik, vol. 5, 1937, pp. 1-56. Pht. 

tt See a paper by Carathéodory, American Journal of Mathematics, vol. 59, 1937, pp. 709-731; 
Rad6’s article (loc. cit.); and recent works of Kellogg, Evans, and others. 
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applications and indicate how these are used to secure many of the important 
results. In each case, our emphasis is placed on the differential equations that 


are involved. 


1. Equations of type y’=f(x). Let f(x) be a real function of the real variable 
x that is defined on the interval (a, b): a<x Sb. Infinite values for f(x) are not 
excluded. By an Under function of f(x) on (a, 6), is meant any function $(x) 
which is defined and satisfies the four conditions: 
1) (x) is finite and continuous on (a, 0), 
2) g(a) =0, 
o(x+h)—$(x) 


3) Do(«)=Upper derivative of ¢(«) = Upper lim ag ae) co on (a, b), 
h-0 1 


4) D(x) <f(x) on (a, B). 
Similarly, an Over function of f(x) on (a, 6) is any function ~(x) which satisfies: 


1) W(x) is finite and continuous on (a, b), 


2) (a) =0, 


3) Dy(«) = Lower derivative of ¥(«) = Lower lim yo as 


Soe (a, b), 
h-0 h 


4) D(x) 2 f(x) on (a, bd). 


If a function f(«) has both Over and Under functions, it can be shown that 
the relation 


(1) (x) < (x) 


holds between any Under function ¢(x) and any Over function Y(x). It then fol- 
lows that for such a function f(x), the collection of all Under functions is 
bounded above and hence has a finite upper bound function g(x). Similarly 
the collection of all Over functions is bounded below and has a finite lower ioiid 
function G(x). It follows from (1) that 


(2) g(x) S G(x). 


Hine shasta | g(d) is called the Jower Perron integral of f(x) on (a, 6). Similarly 
7( is called the upper Perron integral of f(x) on (a, b). If g(b) =G(bd), f(x) ~ 
said to be Perron integrable on (a, 6) and its Perron integral, [?f(x)dx, is th 
common value of g(b) and G(d). og A j 
The elementary properties of Perron integrals are well known and are es- 


sentially the same as a ; 
slag y he es as those of Riemann and Lebesgue integrals.* For bounded 
unctions, the Perron and Lebesgue integrals are the 


tcs les : same. That is to say, wh 
one exists, the other also exists and the two oats a 


are equal in value. For unbounded 








* Ti “ y 
For a treatment of the Perron inte 


- ees gral, we may refe 4 ce ' . . 
leubner, Leipzig, 1925, pp. 126-151 y refer to Kamke, Das Lebesguesche Integral, 
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functions, this identity with the Lebesgue integral is not valid. The Perron and 
Denjoy integrals are identical in all cases except for mode of definition. The 
properties of Perron integrals are not developed here, as the purpose of this 
paper is not this so much as it is to indicate broad uses of Over and Under func- 
tions in connection with differential equations. 

It should be observed that Over and Under functions do not exist for all 
functions f(x). For example: 


f(x) = 1/01 — x), ee Le f(1) = 0, 


has $(x)=0 for an Under function on (0, 1) but has no Over function on this 
interval. [Any Over function ~(x) would have 


Dy(x) 21/A— x) 21/11 —-—h), OU eree de se < 1. 


A theorem of Kamke’s* states that if Y(x) is finite and continuous on (a, 6) and 
D(x) =c, a constant, on (a, 6) then 


¥(a%1) — W(%2) = c(a1 — we) for aS aS a. bd. 


IIA 


Application of this theorem yields 


L+h (i—h) _ 1 
v( 2 ) = 400 8 ve 


IV 


Since 1—h can be arbitrarily small, ¥(«) could not be continuous at «=1. | 
This function has Over functions on (1, 2) but not Under functions on this in- 
terval. Hence on the interval 0Sx 32 it has neither Over nor Under functions. 
This then is an example of a finite-valued function which is not Perron integra- 
ble, [neither is it Riemann or Lebesgue integrable, of course |. 


A fundamental theorem of integral calculus for Perron integrals states: 


If F(x) is the indefinite Perron integral of a function f(x) in the interval (a, 6), 
the derivative F’(x) exists almost everywhere (1.e., except for a set of points of meas- 
ure zero) on (a, b) and is equal to f(x). 


A consequence of this theorem is the following: 


If F(x) has a finite derivative f(x) at each point of (a, b), then this derivative is 
Perron integrable and its indefinite Perron integral equals F(x)— F(a), 1.e., 


(Perron) f f(ddt = F(x) — F(a). 


The Perron integral thus yields solutions for a wide class of differential equations 
of the form 


(3) E—jie); 








* Loc. cit., p. 129, Theorem 3. 
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where the function f(x) is Perron integrable on (a, 0). In this connection, Over 
and Under functions yield the Perron integral and through it, existence theorems 
for differential equations of type (3). It is worthy of note that the Over and 
Under functions offer means of approximating the Perron integral and hence the 
solutions of equation (3) in cases where direct evaluation—by inverting the 
derivative through the fundamental theorem of integral calculus—is not feasi- 
ble. Here one seeks Over and Under functions which differ by an amount within 
the limit of error. Techniques for obtaining such Over and Under functions can 
be developed from their definitions. Further mention of such techniques is made 
in a later section of this paper. 

As a final comment on the Perron integral we mention generalized Over and 
Under functions. These functions have all the properties of Over and Under 
functions except that property 4) is required to hold except for a possible set of 
points of measure zero. That is to say 


4’) D(x) <f(x), Dy(x) = f(x) almost everywhere on (a, b). 


Such functions are useful in establishing relations between Perron and Lebesgue 
integrals. 


2. Equations of type y’=f(x,y). Let the real function f(x,y) be defined over 
a domain 


IIA 


b, where v(x) may be identically + ©, 


IIA 


x 


a 
hee ‘ 
u(x) Sy 


IIA 


v(x), and u(x) may be identically — «, 


and let a be a number such that u(a) <a@<ov(a). A function (x) is called an 
Under function of f(x, y) on T through (a, a) if it satisfies the conditions: 


1) $(x) is finite and continuous on (2h). 

2) o(a) =a, 

3) the left and right hand derivatives, Did(x), exist on (a, 6), where 
o(« — h) — (x) 


_ («x + h) — (x) 
D.¢6(%) = lim ————_——_____“ , Ny ih 
ae ) ee h D_$(x) = re Pay Wars a> Q), 


4) Dib(x) <f(x, 6(x)) on (a, b). 


Similarly, an Over function ¥(x) is defined as one which Satisfies: 


1) (x) is finite and continuous on (a, d), 
2) ¥(a) =a, 

3) Ds(x) exist on (a, db), 

4) Dib(x) >f(x, W(x)) on (a, db). 
We observe that left and right hand derivatives enter here instead of the ; 
and lower derivatives used in the preceding case. We RS tt a 


: . also observe that conditi 
4) now uses the strong inequalities. ee 
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THEOREM I. The inequality 
(4) o(x) < (x) 
holds on a<x<b between any Under function $(x) and any Over function (x). 


Proof. Let h(x)=(x)—¢(x), then h(a)=0. We have D:h(x) = D4(x) 

— Ds(x) >f(x, W(x)) —f(x, o(x)). At x=a, Dih(x) >f(a, (a)) —f(a, ¢(a)) >0. 

Hence h(x) >0 in a neighborhood of «=a, since lim,.. h(x) /*x=D,h(a) >0, x>0. 

Let x=c be the first point of a<x <b for which h(x) =0, [since h(x) is continuous 

on (a, 6), a first such point will exist |. Now D_h(c) >f(c, W(c)) —f(c, $(c)) >0, 
since ¥(c) =¢(c). But 

D_h(c) = lim tet] Me) = lim ae 


z—¢ b=. GC zme X — C 





) 


for x<c. Hence D_h(c) $0, since h(x) >0 and x—c<0. This, however, contra- 
dicts D_h(c) >0 and yields the theorem. 

Let f(x, y) have at least one Over function and at least one Under function on 
T through (a, a). Since inequality (4) holds for a fixed ¢(x) and any W(x), and 
also for a fixed (x) and any ¢(x), it follows that the set of all Under functions 
has a finite upper bound function g(x) and the set of all Over functions has a 
finite lower bound function G(x). We have g(a) =G(a) =a and it follows from 
(4) that 


(S) g(x) S G(x) 


holds on (a, 0). 
Perron* has shown that under rather general assumptions, g(x) and G(x) are 
solutions on a<x<b of the differential equation 


(6) y' = f(x, 4). 


For this purpose it is assumed that u(x) and v(x) are continuous on (a, )), 
u(a) =0(a) =a, their backward and forward derivatives exist and satisfy 


Dyula) Ss I(x, est 
Dzv(x) = f(x, v(x)) 


The function f(x, y) is assumed continuous on 


on (a, b). 


A 


eS =P 
Sie ‘ 
u(x) S y S v(x). 


With these hypotheses, it is possible to show the existence of Over and Under 
functions for f(x, y) on T through (a, a). This is done by extending the definition 
of f(x, y) to the domain 





* Mathematische Annalen, vol. 76, 1915, pp. 471-484. 
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a 
oe 
— 0 


f(x, y) = f(x, u(*)), when y < u(x), 
f(x, y) = f(x, v(x)), when va v(x). 


lA 


Pap 
’ 


as 


A 


by letting 


The extended function f(x, y) is then continuous and bounded on 7”. If € is an 
arbitrary positive number, then 


o(x) = u(x) — e(x — a), 

v(x) = v(x) + e(x — a), 

are Under and Over functions, respectively. This follows from 
Ds.¢(«) = Dyu(x) — € S f(x, u(x)) — € = f(x, o(x)) — € < f(x, o(x)), 
D(x) = Dz0(x) + € 2 f(x, o(x)) + € = f(x, ¥(x)) +e > f(x, ¥(x)). 


In this case then the functions g(x), the upper bound function for all Under 
functions, and G(x), the lower bound function for all Over functions, exist. It 
follows from (5) and (7) that 


(8) u(x) S g(x) S G(x) S v(x). 


Perron proved that g(x) and G(x) are solutions on a<x<b of the differential 
equation (6). His proof is accomplished in three steps. First it is shown that 
g(x) and G(x) are continuous on (a, b). It is next shown that g(x) can be uni- 
formly approximated on (a, b) by Under functions and G(x) can be similarly 
approximated by Over functions. Finally, it is shown that g(x) and G(x) satisfy 
the differential equation (6). 


It is not difficult to show that if y(x) is any solution of equation (6) through 
(a, x), then 


(7) 


g(x) S y(x) S G(x) on (a, 6). 


Since this is true, g(x) is called the minimal solution and G(x) is called the 
maximal solution through (a, a). The case where g(x) =G(x) on (a, b) yields a 
unique solution through (a, a). Sufficient conditions for this uniqueness have 
been developed by a number of men. Perhaps the best known of these are the 
Lipschitz condition, and the conditions derived by Osgood.* A theorem of 
G. Mie} states that if (c, 8) is any point of | | 


T!': ‘ as % 


< b, 
g(x) Sy 


G(x), 


IA IIA 








* Monatshefte fiir Mathematik und Physik, vol. 9, 1898 p. 331 
+t Mathematische Annalen, vol. 43, 1893, p. 553. ee 
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there is a solution of the differential equation which passes through (a, a) and 
(c, 8). This theorem states roughly that the region 7’ is completely filled with 
solutions of the equation (6). Hence the maximal and minimal solutions may be 
obtained as upper and lower limit functions of the family of solutions through 
the point (a, a). 

Perron’s existence theorem as described above differs essentially from those 
previously given by Peano and others. The Peano type theorem which would 
yield the same conclusion as that of Perron would require that the function 
f(x, y) be continuous and bounded on the domain 


“a { as%5, 
, == O00. AP 100% 


These hypotheses are more restrictive than the ones used by Perron. For ex- 
ample, the linear equation y’=y does not meet the boundedness hypothesis on 
any domain 7”. Another and more illustrative example is 


y =logy, (0) =e. 


If u(x) =e, v(x) =e7*!, all of the hypotheses of the Perron theorem are met for 
any real interval (a, 6). On the other hand, the function log y is not bounded for 
all real y and hence the other theorem does not apply. If the domain 7” is re- 
placed by a finite domain 7, and continuity of f(x, y) is required on this, the 
boundedness condition is automatically satisfied for a closed sub-domain, but 
the Peano theorem yields existence of the solution in a neighborhood of x =a only. 
Iterated application of this theorem may or may not yield existence on the given 
interval (a, b) [dependent partially on the techniques used |. A single applica- 
tion of the Perron theorem gives this existence on the entire interval (a, d). 
Mention is made of the fact that the so-called Cauchy-Polygons which play a 
central réle in the Cauchy-Lipschitz proofs of existence theorems are very simi- 
lar to the Over and Under functions that are being discussed. They do not, of 
course, necessarily meet the conditions 4) on the derivatives. 

It is clear that the functions u(x), v(x) play a central réle in Perron’s theo- 
rem. Successful application of this theorem depends primarily on the determina- 
tion of these functions. In a number of ways it is unfortunate that Perron 
described these functions by means of differential inequalities which give little 
suggestion of methods for securing them. This criticism becomes more valid 
when it is observed that f(x, y) enters these inequalities and in turn is described 
for a domain which is dependent on u(x) and v(x). It is convenient to replace 


the conditions 
Dsu(x) S f(x, u(«)) ? 
D+0(x) = f(x, v(x)), on (a, b) 


by the conditions 
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du/dx = fi(x, #), 
dv/dx = fo(x,v), where fi(x,2) S f(x, z) & f(x, 2) 


for all x on (a, b) and all z between the lower bound of u(x) on (a, b) and the 
upper bound of v(x) on (a, 6). The loss of generality due to the requirement that 
u(x) and v(x) have derivatives is very slight and is heavily offset by the ad- 
vantages gained through the indicated replacement. Equations (9) offer a 
mechanism for determining u(x) and v(x). The function f(x, y) is known and 
there are many devices for obtaining the functions fi(x, u), fo(x, v) from it in 
such a way that the conditions of (9) are met and, furthermore, in such a way 
that the differential equations of (9) can actually be solved. With these func- 
tions, one merely solves the differential equations (9) subject to the condition 
u(a) =v(a) =a to secure u(x) and v(x). The following example illustrates this 
procedure: 


(9) 








y = 1+ 47, 0s%x51/3, y(0) =1, 
u(x) = , v(x) = zis oi u(O) = (0) = 1, 
L=-<2 L724 
u' = 43, y= 1-- 20-3? = (1-8); 
file, u) = wu?, fo(x, v) = 1+ 20 + 2?, 
os 1 2? Suh ee con) esi 5 


An application of Perron’s theorem yields a solution y(x) of the given differen- 
tial equation for which 


eee ae 
x 
| —7 1— 2% 





IIA 
IIA 





on OS 28 1/3. 


Furthermore, this solution exists on any closed sub-interval of 0<«< 4. Since 
u(x) has a pole at x=1 while v(x) becomes infinite at x= 4, it follows that the 
solution y(x) also becomes infinite on } <x <1. Actually, y(x) =tan (x+7/4) and 
its pole occurs at x=7/4=.78+. It is to be noted that u(x) and v(x) can be 
obtained easily by integration of their differential equations, using no more than 
integration of rational functions, whereas y(x) itself involves integration of de- 
rivatives of inverse trigonometric functions. The indicated procedure gives in- 
formation about the tangent function without using more than algebraic 
integrations. It is clear that f,(x, ~) and fo(x, v) in this example are obtained by 
simple modifications of the function f(x, y). 

The relation u(x) Sy(x) Sv(x) on (a, 6) that results from Perron’s theorem 
clearly offers opportunity for approximation of the solution function y(x). The 
functions fi(x, “), fe(x, v) may be varied to yield « and v functions which give 
close approximations to y(x). Approximations once obtained may often be im- 
proved by repetition of the procedure. It sometimes happens that the Taylor's 
series for u(x) and v(x) can be used to dominate formal series for y(x), In this 
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way, convergence of these formal series to solutions of the equation may be es- 
tablished. These important possibilities for approximation through Perron’s 
method have been largely overlooked—probably due to the lack of means for 
securing the functions u(x) and v(x). If equations (9) are used, these possibilities 
come into view and offer promise of development. 

Miiller* and others have extended Perron’s theorem and method of proof to 
systems of first order differential equations. For a discussion of this work refer- 
ence is made to a paper by W. M. Whyburn. + : 


3. The Dirichlet problem. Let G be a finite, connected, open domain in the 
plane and let R be its boundary. Let f(x, y) be continuous for (x, y) on the 
boundary R. A function ¢(«, y) which is defined and continuous throughout the 
closed domain G+R is called an Under function if it satisfies: 


1) d(x, y) Sf(x, y) on R, 

2) d(x, vy) Shgx(x, y) throughout the interior of every circle K in G, where 
hsx(x, y) is harmonic in K [satisfies Laplace’s differential equation, 0?U/dx? 
i a |, and is equal to $(x, y) for all points of G+R except the interior 
of K. 


Similarly, an Over function is defined as a function (x, y) continuous on 
G+R which satisfies: 


1) W(x, vy) =f(x, y) on R, 
2) W(x, vy) Zhyx(x, vy) for every circle K in G. 


Clearly any constant which does not exceed the lower bound of f(x, y) on R 
is an Under function, and any constant which is not less than the upper bound 
of f(x, y) on R is an Over function. Thus functions of both types exist. It follows 
readily that 


W(x, y) — ¢(x,y) 20, in G+R 


holds between any Over function W(x, y) and any Under function ¢(x, y). The set 
of all Under functions has a finite upper bound function g(x, y) and the set of all 
Over functions has a finite lower bound function G(x, y). Under quite general 
assumptions on G and R, Perron{ has shown that G(x, y) and g(x, y) are solu- 
tions of the Dirichlet problem. Perron’s approach to this problem was essen- 
tially new and inaugurated a new line of investigation in the field. 

F. Riesz, T. Radé6, and others, have studied classes of functions which have 
been called super-and sub-harmonic functions. An excellent treatment of these 
functions, together with references to the literature, is given by Rad6 in 
Ergebnisse der Mathematik, vol. 5, 1937, pp. 1-56. These functions differ very 











* Loc. cit., pp. 619-645. 

+ University of California at Los Angeles, Publications in Mathematical and Physical Sci- 
ences, vol. 1, 1935, p. 115-134. 

t Mathematische Zeitschrift, vol. 18, 1923, pp. 42-54. 


10 OVER AND UNDER FUNCTIONS [January, 


little from the Over and Under functions introduced by Perron. If we let Gand R 
have the same meanings as in the foregoing discussions of Over and Under func- 
tions, a function W(x, y) which is defined and continuous in G[W(x, y) may be 
upper semicontinuous and may assume negatively infinite values at certain 
points without seriously changing the treatment | is swb-harmonic in G if for any 
sub-domain G’ of G with boundary R’, it is true that W(x, y) Sh(x, y) in G’ 
whenever h(x, y) is harmonic in G’, continuous in G’+R’, and h(x, y) 2 W(x, y) 
on R’. ee 

A super-harmonic function may be defined as a function whose negative is 
sub-harmonic. 

Super-and sub-harmonic functions have been used extensively in potential 
theory. References in this connection may be made to Rad6’s paper in Ergeb- 
nisse, toa paper by Carathéodory in American Journal of Mathematics, vol. 59, 
1937, pp. 709-731, and to works of Kellogg, Evans, and others. 


4. The Dedekind-Cut. We shall conclude this paper with a few comments 
on the Dedekind-Cut. A somewhat weakened form of this postulate for real 
numbers follows: 

If S, and S; are two non-empty sets of real numbers such that the inequality 
p <q holds between any number p of S; and any number g of S2, then there exists 
a least number P such that every pin S; satisfies p< P and a greatest number Q 
such that every qin S: satisfies g=Q. Furthermore, P SQ. 

If the additional hypothesis is made that for any e>0, there exists p in Sj, 
and qin Sz such that g—p<e, then P=Q and the Cut defines a unique number. 

If instead of real numbers we let S; be composed of Under functions and S2 be 
composed of Over functions of the type here discussed, the réles of P and Q are 
played by the minimal_and maximal solution functions. The case of uniqueness 
appears here just as in the Dedekind-Cut. Essentially, then, the use of Over and 
Under functions may be regarded as an extension of the Dedekind-Cut. In line 
with this notion, mention is made of a paper by E. R. Hedrick and W. M. Why- 
burn* in which the subject of integration is approached from the Dedekind-Cut 
point of view. The sets of functions used are composed of step functions, but 
these may readily be replaced by continuous functions of the type used by 
Perron as Over and Under functions. 

Over and Under functions constitute a highly valuable tool in work on differ- 


ential equations. There is every reason to believe that their usefulness will in- 
crease as further advances are made. 








* American Journal of Mathematics, vol. 55, 1933, pp. 390-398, 
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THE TRIANGLE: ITS DELTOIDS AND FOLIATES 
B. C. PATTERSON, Hamilton College 


1. Introduction. The appearance recently (this MONTHLY, vol. 45, p. 434, 
and vol. 46, p. 85) of two papers on the so-called Simson line envelope indicates 
that the following derivation and treatment of it might be of some interest. In 
addition to the references given, the reader is referred to Chapters 15 and 19 of 
Morley and Morley, Jnversive Geometry. The analytic geometry we use was 
developed by Professor Morley over a period of years and used consistently in 
that book. When applied to the geometry of the triangle, it frequently surprises 
one by its economy of expression, and the following discussion further em- 
phasizes that feature. Moreover, we are led directly to a family of foliates 
whose intimate connection with the triangle does not seem to have been ex- 
plicitly noticed heretofore. 


2. The Simson line. In the plane of a given triangle we establish a complex 
codrdinate system (Z) which has the circumcircle of the triangle as base-circle 
zz=1. The vertices of the triangle are turns 4, fs, fs, conveniently considered 
as roots of the cubic 


Bb — sit? + Sot — S3 = 0; 
and the equations of the three sides are given by 
(251) 2+ 532/t; = 1 — ki, 


for i=1, 2, 3 (Morley, pp. 186-187). . . 
Associated with equations (2.1) are the image equations 


(2-2) 2+ s3/t; = 51 — ki, 


for i=1, 2, 3 (Morley, p. 153). Each establishes a (1, 1) correspondence, called 
a reflection, between the points of the plane; that is, any two points z and w 
which satisfy such a relation are images, the one of the other, in the line con- 
sidered. The locus of fixed points of the reflection is given by the respective 
equation (2.1). Hence, if the turn 7 represents a point on the circumcircle of 
the triangle, its images z/ in the three sides are given by equation (2.2) for 
w=T, 1.e., @=1/7, and 


be EIA (ie 1 S$3/Tti. 


Now since the feet of the perpendiculars from 7 to the sides are the midpoints 
of the segments from z! to 7, we have 


fore 1,2, 0: . . eave 
These three feet z; are collinear, for the clinants of the lines determined by 


any two are equal; ¢.g., the clinant of the line joining 2: and 2; is 
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c = (ge — 23)/(Z2 — 2s) = Sa/T- 

The equation of this line, the Simson line of rf, is 

(223) 73 — (2g — sy)r? + (22 — 31)s3T — S3 = O. 


3. The deltoid. We repeat that for a fixed 7, equation (2.3) represents the 
Simson line of r. On the other hand, for variable 7 it is the equation of a one- 
parameter family of lines. The envelope [1] of this family was called a deltoid 
by Professor Morley [2]; it is otherwise known as a three-cusped hypocycloid. 








Bic. 


Equation (2.3) shows that there is a region of the plane where three Simson 


lines lie on any point; that is, the envelope is a curve of class 3. We shall see 
later that it is of order 4. 


. Transforming to a new coérdinate system (X) by the homology (i.e., a 
rigid motion followed by a stretch) . a 


toad) x = (22 — s;)/s31/8, 

we find that (2.3) takes the simpler form (cf. Morley, equation (1), p. 244) 
(3.2) i — «f+ at—1 =0, 

where the old and new parameters are turns connected by the relation 7 = fss"/, 


The envelope of the family (3.2) i : 
equation ily (3.2) is obtained by the usual method, and has the 


mR) 4(x3 + #3) — 4242 — 18x¢ + 27 = 0. 


ol 


In the inversive t y id i i 
arte inversive theory the deltoid is a special bicubic, for it determines with 
Fé “es ~ > . a] ~ Mo ; 
y circle six points [3]. It has three finite cusps at x= 3, 3w, 3w’?, where w'=1 
Vy ev _ ’ 2 “= . 
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The parameters of the cusp tangents are given by (3.2) for these values of x; 
they are t=1, w, w? respectively, and the equations are 


x= X, x= wf, X= we. 


These cusp tangents meet at x=0, the nine-point center of the triangle; and 
the nine-point circle x#=1, in codrdinate system (X), is a tritangent circle 
of the deltoid, touching it at x= —1, —w, —w?. 


4. The parametric equation. Using equation (3.2), we find that the point x 
common to two Simson lines (7.e., two tangents to the deltoid) whose para- 
meters are / and ?’ is 


(4.1) x= t+ + 1/it’. 


If, in this last equation, we consider ¢ as fixed and ?¢’ as variable, the point 
x runs along a segment on the fixed tangent ¢ of the deltoid. To show this it 
is only necessary to remark that (1) the clinant of the vector x—¢ is constant 
(it is 1/t, in fact); and (2) the modulus of x —t is less than or equal to a constant 
(in this case 2), since 








|«—t| = Sd a ee 


| 
| 


1 
! + — 
tt’ | 
Thus, x traces a segment of length 4 in codrdinate system (XY), which is twice 
the circumradius; the midpoint of the segment is x, =, a point on the nine- 
point circle; and the end-points e;=t+2/t'/* are points on the deltoid. 
When ?’=t#, equation (4.1) gives the point of contact of the segment and 
the deltoid. Thus, for fixed ¢, 


1 
(4.2) oa nat as 


is a point on the deltoid. And for variable ¢, equation (4.2) is a parametric rep- 
resentation of the deltoid. It maps the nine-point circle on the deltoid, and is 
equivalent to the cartesian representation 


X = 2cos¢+ cos 29, 
Y 2 sin @ — sin 2¢, 


where x=X+iY and t=cos ¢+isin ¢. Here the X-axis is one of the cusp 
tangents, and the origin is at the nine-point center. 


5. The Simson line generalized. Poncelet in his Traité des propriétés pro- 
jectives des figures (1822), page 270, generalized the Simson line in the following 
theorem: Si, d'un point quelconque d'une circonférence de cercle circonscrile a 
un triangle donné, on abaisse, sous un méme angle d’ailleurs arbitraire, des obliques 
sur les directions des trois cotés de ce triangle, leurs pieds seront situés sur une 


seule et méme ligne droite. . 
In the notation of codrdinate system (Z), the equations of these obliques 
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from a point 7 on the circumcircle of the triangle may be easily found. Their 
sntersections with the respective sides are three points 2; collinear on a line o 
whose clinant is —Ssfo?/7, where to =e'*0 is the turn associated with the angle 
which each line from t makes with the corresponding side of the triangle. The 
equation of o, after subjecting (Z) to the homology 


x= [(1 2 to?)z = Sto? |/sst/3to!! , 
may be written in the new coérdinate system (X’) 
(5.1) Bop 1 =o 


where 7 =1f53!/3to4/3 (cf. equation (3.2)). 
Thus, the envelope of o, for a constant f) and a variable /, is the deltoid 


? ie, 
ms 
° 
bo 

See 


1 
pote. 


Its center is x=0 or, in the codrdinate system (Z), 


— Sito 


ine 


(5273) z 





Also, the tritangent circle of the deltoid has a radius which is 3] csc o| times 
the circumradius. This radius is a minimum when ¢@)=77/2, 1.e., for the Simson 
line envelope. 

The deltoid given by equation (5.2), 7.e., the envelope of o, is a function of 
to. Hence for varying to we have a family of deltoids associated with the triangle. 
Any member of this family may be obtained from the Simson line envelope 
(4.2) by a properly chosen homology. The locus of the centers of this family is 
given parametrically by equation (5.3); it is the line 


z 


Sy 


Zz 
wap 
Si 


in coérdinate system (Z), perpendicular to the Euler line of the triangle at the 
nine-point center. 


We remark also that the cusps of (5.2) are, in system (X’), x=3, 3w, 3w?: 
hence, in system (Z), the cusps are | 


(5.4) Raye Bia 
1— 73/53. 


where for brevity, we write 7° for s3/to?. Now for variable fo, 1.e., for variable r 
ibaa on a parametric representation of the cusp locus of the family of 
deltoids (5.2). It is, we note, a rational bi i i i ' 

‘ ate, < yicubic, and its pr av 
studied by others [4 ]. pa eae 
6. A family of foliates. Our method of analysis le 


e ' nds itself particularly we 
to the study of a certain family of foliates. The ‘d faite 


connection of this family with 
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the deltoid has been remarked before, but its rather obvious place in the ge- 
ometry of the triangle seems to have been neglected. Its curves are pedal 
curves of a point with respect to the Simson lines of a triangle. Of these, the 
pedal curve of the nine-point center is perhaps the most striking—it is the three- 
leafed rose. 

Associated with equation (3.2) of a Simson line, in codrdinate system (XY), 
there is the image equation 


# — f+ 7#-—1=0. 
The image, in the Simson line, of a fixed point y=a is given by 
%e=t+ a/t — 1/?, 


and the foot x of the perpendicular from a is the midpoint of the segment 
from @ to Xo, t.€., 2x=x,-+a; hence, 


(6.1) 2x =ata/tt+i—1/t. 


This, for variable ¢ and fixed a, is a parametric equation of the pedal curve 
of a with respect to the Simson lines of the triangle. 

The last equation may be simplified by the translation w=x—a to a new 
codrdinate system (W), a translation which shifts the origin to the point from 
which the perpendiculars are dropped. Then, the locus is 


(6.2) 2w= —at+a/tt+i—1/#. 
The clinant of the Simson line being 1/t, in both systems (X) and (JW), it is 
evident that w/w=—1/t, for the join of the new origin to w is perpendicular 


to the Simson line. Eliminating ¢ from equation (6.2) by this last relation, we 
have the equation of the pedal curve in w and w, w7z., 


(6.3) w+ w+ 2w*w? + dw*d + aww’ = 0. 
Inversively, this is a bicubic with a triple point at w=0; projectively, we 


should call it a unicursal quartic with a triple point. The clinants c,; of the 
tangents at the triple point are given by 


e+ dc?+ac+1=0. 
These curves are more familiar in polar coérdinates, and to this end we 
write w=pt =p (cos 6+7 sin 6), and similarly a =poro. Then, observing that 
7/T09 -- T0/T = 2 cos (0 ns Oo) , 


equat:on (6.3) becomes 
(6.4) p = — po cos (6 — 6) — cos 36. 
The following types of curves of this family are of special interest [5]. 


I. The oblique trifolium (a =79) is the locus of the feet of perpendiculars on the 
Simson lines of a triangle from a point on the nine-point circle. This curve has 


— 
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a triple point at 7) and cuts the nine-point circle at three other points, which 
form a right triangle. Of the tangents at the triple point, two are perpendicular. 
The equation in polar codrdinates, with pole at the triple point and prime axis 
parallel to a cusp tangent of the deltoid, is 


p = — cos (6 — 4) — cos 30. 


II. The right trifolium (a=1, w, w*). The point from which perpendiculars 
are dropped to the Simson lines is on the nine-point circle and diametrically 
opposite to its contact with the deltoid; that is, it is the midpoint of the seg- 
ment of a cusp tangent of the deltoid. The curve has three leaves and one axis 
of symmetry, the cusp tangent at the point a. Two of the leaves are of equal 
size and lie outside the nine-point circle; the third lies inside the circle entirely 
and touches it at one of its contacts with the deltoid. If a=1, the polar equation 
with pole at the triple point is 


p = — 2 cos @ cos 20. 


Ill. The double folium (a=—1, —w, —w?) is the locus of feet of per- 
pendiculars from one of the contact points of the deltoid and its tritangent 
circle—the nine-point circle of the triangle. The self-symmetrical leaf of the 
right trifolium (IT) has disappeared in this case and the triple point has become 
a cusp on the curve. The tangents to the double folium at this point are per- 
pendicular, and one is the axis of symmetry. This axis of symmetry is a cusp 
tangent of the deltoid and also of the double folium. The polar equation is 


p = 4 cos @ sin? 6. 


IV. The Miinger oval (a=3, 3w, 3w) is the pedal curve of a cusp of the 
deltoid [5; 6]. It is a single oval tangent to the deltoid and the nine-point 
circle, and has the corresponding cusp tangent as axis of symmetry. The two 
symmetrical leaves of the right trifolium (II) have disappeared in this case, 
and the tangents at the triple point have become coincident and perpendicular 
to the axis of symmetry. The polar equation, for a=3, is 


p = — 4 cos? @, 


V. The three-leafed rose (a=0) is the pedal curve of the nine-point center 
with respect to the Simson lines of the triangle. Its three axes of symmetry are 
cusp tangents of the deltoid, and it touches the deltoid at its contacts with 
the nine-point circle (Fig. 1). Its polar equation is 


p= = cos... 0. 
and the parametric equation, in coordinate system (X), 
‘hile ai gan /42 
tO.0) 2x = t— 1/22, 


maps the nine-point circle on it. 
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7. A trinodal quartic. Another curve associated with the triangle, projec- 
tively a trinodal quartic with three axes of symmetry, has an immediate deriva- 
tion from equation (4.2) [5; 7]. If x is a point of the deltoid (4.2), 


x= 2t+ 1/#, 


then y, the image of x in the perpendicular from the nine-point center onto the 
tangent at x, is given by 


y + x/t = 0, 


which is the image equation of that perpendicular. 
Consequently the locus of y, the image of x, has the parametric equation 


(7.1) y= —t— 2/?, 
since x =2¢+1/t*. Its equation in y and f is 
1 sles nest ne ae 3's ee le Sipe wet et 
and its cartesian parametric equations are 
X = — cos¢@ — 2 cos 2¢, 
Y = — sin ¢ + 2 sin 2¢. 


Each node lies on a cusp tangent of the deltoid; and the nine-point circle is 
a tritangent circle, touching the quartic at —1, —», —w, where it also touches 
the delto:d. 
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8. Circles on circles. Consider in the plane of coérdinate system (X) two 
points a, and Xp =A, +2, where q=nh =r,e'*1, and similarly for ad. Now (Fig. 
2) let C, be a circle with center at the origin and radius r;, 1.e., Cy passes through 
a,; and let C, be a circle with center at a, and radius 72. If the Sales vi be 
moves about C, with-a constant angular velocity ¢ while C, rotates about its 


18 THE TRIANGLE: ITS DELTOIDS AND FOLIATES (January, 


center with a constant angular velocity —ud (u>0), the locus of a point x 
fixed on the circumference of C2 is given parametrically by 


(8.1) a ayt + ae/t, 


where {=e'*, and x =x» when ¢=0. 

A special case of this motion occurs when p=7/72. Then Cz may be con- 
sidered as rolling on the inside of a circle C with radius r=7,+72 and con- 
centric with C;. For the arc traced by x on C2 has length (u+1)red; and this is 
equal to the corresponding arc on C, which subtends the angle ¢ at the origin, 
when p="/72. 

Thus the motion described by equation (8.1) includes the following: 

I. The deltoid (4.2) when a;=2, a2=1, u=2. This, as is known, is equivalent 
to the rolling of a circle inside another with radius three times as large, for here 
| Ue r1/Te — i Ae 

II. The three-leafed rose (6.5) when a,= —a.= 

III. The trinodal quartic (7.1) when a,= —1, a» 

IV. The segment 


=2. 
2,m=2. 


Ni- 


»M 


x = tt+ te/t, 


when a;=¢; and y=1. This segment, whose midpoint is x =0, may also be gen- 

erated by a point fixed ona circle which rolls inside another with radius twice 

as large. It might be called a hypocycloid with two cusps. (Cf. equation (4.1).) 
V. The familiar four-cusped hypocycloid when a,=3, a2=1, p=3. 


The reader, if interested, can readily adjust the argument of this section to 
include the motion arising when C, rotates in the same sense as its center ay. 
The curves then described by a point fixed on C» include the epicycloids. An- 
other problem of interest, for which the method is quite pertinent, is that of 
the trochoidal curves. 
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ON A GENERALIZATION OF THE ARBELOS 
M. G. GABA, University of Nebraska 


The Arbelos or Shoemaker's Knife is the figure consisting of the three semi- 
circles on the same side of a line OP)Q,, diameters being OP», OQo, and PoQo. 
While Archimedes is given credit for proving some of the properties of the figure, 
the author of its most famous proposition, called by Pappus “The Ancient Theo- 
rem,” is unknown. The Ancient Theorem is: 


THEOREM I. Given two circles cy and é externally tangent to one another, and a 
third circle c having as diameter the sum of their collinear diameters. Then af the 
series of circles Coc\c2-- + c;- ++ be all drawn tangent to c and é, and successively to 
one another, the distance from the center of c, to the line of centers of coc is n times 
the diameter of Cn. 
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Steiner* proved a number of theorems concerning the arbelos, most of them 
being corollaries of the Ancient Theorem. Among them was the following one: 


THEOREM II. Given two equal circles cy and ¢ externally tangent to one another, 
and a third circle c having as its diameter the sum of their collinear diameters. Then 
af the series of circles cocice be drawn tangent to c and ¢, and successively to one an- 
other, then the centers of the circles c, C1, C2, and é form a rectangle. 


It is obvious that Theorem II is a special case of Theorem III, which in 
its turn will later be generalized. 


THEOREM III. Given two circles cy and é externally tangent to one another, and 
a third circle c having as diameter the sum of their collinear diameters; and given 
that the radius of ¢ is k times the radius of co, k an integer. Then if the series of 
circles Coico ° + + C; ++ be all drawn tangent to c and ¢, and successively to one an- 
other, then the centers of the circles c, Cx, Cx41, and € form a rectangle. 


We will adopt the following notation. The points of tangency of circles ¢ 
and ¢;, Gand c;, and cand éare P,, Q;, and O respectively. The point of tangency 
of circles c; and ci41 is T;. The center and radius of c, of é, and of c; are C and 7, 
C and #, and C; and 7; respectively. In Figure 2 we show the case where k= 3. 





* Steiner, Einige geometrische Betrachtungen, Crelle’s Journal, vol. 1, 1826, pp. 161-184 and 
pp. 252-288. 
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In any arbelos 
(1) ro+r=yr, 
and in our case we have 
(2) * = kro. 


If in addition we choose our scale, which we may do without any loss of general- 
ity, so that 





(3) 2r=rt+f?, 
it can easily be verified that 
1+ 2k 1+ 2k 1+ 2k 
(4) ai aes ) r= ————_» fo = ——————_ 
2k 2(1 + k) 2k(1 + Rk) 


Let O be the center of a unit circle, and invert the arbelos with respect to 






rs DS NY EBAY AA 
LAS AR 


that circle. The circles c and é will invert into the lines Pi’ P/ and Q/Q! per- 
pendicular to OC. From (4) it follows that 


1 k 2 
(S) OO¢ = a ) , = ‘ . 
1+ 2k 1+ 2k 
al circles c/ whose line of centers is the inverse of 


Hie circle passing through the points of tangency T;. The radius 7’ of the circles 
; © / bf 
ci; and OR’, R being the center of co, are from (5) 








lhe circles c; invert into equ 


(6) yf ete 


1 
———, OR’ =1 
2(1 + 2k) =, 
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Since we take & an integer 
(7) RT? = (2k + 1)r’ = 24 =OR’, 


and we therefore have angle P)OT/ =45°. 

From similar triangles it is seen that P; and Qx41 must be the intersections of 
the perpendiculars to OP, at C, with circle c; and at C with circle ¢, respec- 
tively. Since C, C,, and P,, are collinear and C, Crit, and Qy41 are collinear, the 
lines CC, and CCy4; are parallel and perpendicular to the line CC. The line of 
centers C;.Ci41 is perpendicular to the common tangent at 7;. Since the common 
tangent at 7, makes the same angle with OP; as the common tangent to circles 
ce and cyy; at Tf makes with OP;, angle C.T.P, equals 45°, and CxCx41 is 
therefore parallel to CC. Thus Theorem III is proved. 

Theorem III can also be proved by Theorems I and IV. 


THEOREM IV. Given two circles cy and é externally tangent to one another, and 
a third circle c having as diameter the sum of their collinear diameters; and given 
that the radius of € is k times the radius of co. Then if the series of circles 


CoCice ++ C;- +: be all drawn tangent to c and ¢, and successively to one another, 
the radius r,, of C, 1s given by the formula 

1+ 2k 
(8) in = 


2(k + Rk? + 2) 


The power of O with respect to the circle c,/ is found by (6) to be 
(kR+k?+n?)(1+2k)-*. If the unit circle with center at O is the circle of inver- 
sion, and if c,’ is the given circle, then Theorem IV is an immediate consequence 
of the well known theorem: 


THEOREM V. The radius of the inverse of a given circle which does not pass 
through the center of inversion 1s equal to the radius of the given circle multiplied 
by the square of the length of the radius of inversion, and divided by the absolute 
value of the power of the center of inversion with respect to the given circle. 


If we call the foot of the perpendicular dropped from C, on the line CoC, 
the point D,, then using Theorems I and IV we have 








1+ 2k 

) eo 
8 

(10) Cro tDr41 = 2(k + 1) ESSE =1= CrDz: 

1+ 2k 1+ 2k 
oH OCs Tae error ray ae T 

1+ 2(k+ 1) 1 + 2k a 
(12) Crp iDrgi aie le 1 OB en Ee ORNS ae gO PRES bee 


URE + (R+1)) 21 + &) 
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therefore D,,=C and D,3,=C, and Theorem III is again proved. 
The condition that CnD, should equal C,D, is 
2m(1 + 2k) 2n(1 + 2k) 
eS ee 
o 2k+k?+m*) 2(k+ k? + n?) 


which reduces to 
(14) mn = k(k +1). 


LEMMA 1. If m<nand equation (14) ts satisfied, DnCnCnD, is a rectangle and 
CCnC,C ts a trapezoid. 


Since 
(15) CCr + CCr = (r — mo) + (F+ rn) =r +F, 


we have the following: 





Riec.3 


LEMMA 2. The centers C, are situated on an ellipse whose foci are C and C. 








Since 
; jeeps 2Mr m 2mk 
(16) BUN GilGy.c= = = ——_, 
Ge r—fn m+ k2 
we have 


LEMMA 3. The angle CyoCCm has its sine equal to twice the product of m and k 
divided by the sum of their squares. 


Lemmas 1, 2 and 3 yield the following: 


THEOREM VI. Given two circles Co and ¢ externally tangent to one another, and 
@ third circle c having as diameter the sum of their collinear diameters: and given 
that the radius of é is k times the radius of co, kan integer. Then if the series of circles 
Cotica - + - Ci ++ + be all drawn tangent to c and €, and successively to one another, 
and tf mn =k(k+1), m <n, then the centers of the circles c, Cm, é: and &€ form an 


isosceles trapezoid whose base a ngles have their sine equal to twice the product of m 
and k divided by the sum of the squares of m and k. 
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If m=k Theorem VI obviously reduces to Theorem III. 

Equation (6) shows that OR =2 and therefore the circle which passes through 
the points of tangency T, is a unit circle. Let the center of this unit circle be 
called O;. The area of the quadrant of the Uniticircle;OiRigl1>- «1.0; is less 
than that of the polygon 0:C)C\Q - - - CiT%O: which we will call 4/. Since 








(17) EK Beitr = 7, -+- Mn+) Orin — iG 
we have 
n=k 
(18) 2A” = (ro + nm) + (n+ mr) ts:-+rn= ro+ Ze Ike 
n=1 
Substituting the value of r, in Theorem IV, we have 
1+ 2k 1 =k 1+ 2k 
(19) Ay = —___ 1 — 
4(k? + k) 2 net R27 +k+ ny? 
Since as k increases A; approaches 7/4, it follows that 
o=F 1-1-2 1+ 2k 
(20) x = lim 44/¢ =lim eS +4 ), 
k- k- sh k2 + k + n k2 + k 


where 4A, is the area of a polygon of 4k+2 sides circumscribed about a unit 


circle. 
The area A, of the inscribed polygon O,D ToT; - - - T,0; can also be found. 


01 
Fic. 4 


If we denote the areas of triangles OT, 17, and OT,!_1T,/ by A, and A,’ we have 


1 
A/ = A’ = ——_ ; 
(21) 4(k + 1) 
Mee OT a2 OTs 1 
(22) a ee 
NOLL Or: (Oi iOrT 
16(2k + 1)4 
(23) A, = Pea 


[(2m — 1)? + (2k + 1)?][(2n + 1)? + (2k + 1)?] 
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From (23) we can find the area of OD)To71 - - - T;,0. Subtracting from the area 
of OD yTo71 - - - T,O the area of the triangle OT;.Oi, we get after suitable simpli- 


fication* 
A(2k--+ 1)* 2% 1 2k 


(ate A) eee ee ee 
ee Se DBP Oh 1 1 ay (2 1)P hee ee eet 


Since 4A; is the area of an inscribed polygon of 4k+2 sides whose vertices 
are the points of tangency of the circumscribed polygon whose area is 4A’, we 
know that 
(25) w = lim4A, and 4A, < am < 4A}. 

ko 

From a theorem due to Huyghens, the area of the segment 7;_,R;T7; is less 
than two-thirds of the area of the triangle 7;_1C;T;.} Consequently the area of 
the sector T;.0i,T; is less than the sum of two-thirds the area of polygon 
O,T;:C:T; and one-third the area of triangle 7;:0,7;. Hence if we call 
me =4A/, 7, =4A,, and r* = (27% +7,)/3 we have rd >a *>7>T;. 

The sequences 7%, 7, and 7* are of interest since they are rational and 
were derived without the use of the calculus. For ease and speed in calculat- 
ing m these sequences do not approach the use of certain infinite series such 
as Machin’s. The following table illustrates how 7, 7,, and 7¢ converge to 
mw =3.1415926536-.--. 


k wk TT k 1 

1 Sf aS 2°56 3.1867 

2 3.2629 2.9182 3.1482 

5 3216577 3.09408 3.14187 
10 3.14819 3.12846 3.14161 
20 3.143321 3.138140 3.141594 











* The method used was that employed by the author in solving essentially the same problem 
in his article, A simple approximation for m, this MONTHLY, vol. 45, pp. 373-375. 

} In fact it can be proved that the limit, as angle T;_10,T; approaches 0, of the area of segment 
T;_1R;T; divided by the area of triangle 7;_1C;T; is two-thirds. 
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HIGHER DIMENSIONAL DETERMINANTS 


RUFUS OLDENBURGER, Armour Institute of Technology and 
The Institute for Advanced Study 


1. Introduction. The study of higher-dimensional determinants was begun 
by Cayley [1] in 1846, and continued by numerous other writers whose works 
are listed in bibliographies of Lecat [2] and Rice [3]. Recent non-trivial applica- 
tions of these determinants have created a need for a new exposition of the 
fundamental properties of higher determinants, a need which this article is in- 
tended to fill. 

Essentially one new notion, called “signancy of index,” arises in the theory 
of higher determinants. 

The author has tried to avoid the use of terms and notations not used in 
ordinary determinant theory, and from which much of the past published work 
in this field suffers. 

Although most of the material here occurs in the existing literature, some 
of the results are believed to be new. Attention is called in particular to Theo- 
rems 10 and 11, which state that the coefficients in the expansion of an ordinary 
determinant, whose elements are linear forms, are 3-dimensional determinants, 
and the derivative of an ordinary determinant, whose elements are differenti- 
able functions of a variable x, is a 3-dimensional determinant. Thus higher deter- 
minants arise in a simple way in the study of ordinary determinants. 

In what follows the elements of the matrices and determinants are assumed 
to belong to a given field of numbers; such as the class of all rational numbers, 
the class of all real numbers, efc. 


2. Preliminary definitions. Let i, j,- ~~: , ™m be the p cartesian coérdinates 
in a p-dimensional euclidean space. The points of intersection of the hyperplanes 
t=1,4 >> ,4=9,7=1, -- 2, J=n, -°* ,ma1,-+°> mn form what we shall call 
the p-way lattice L of order n. The lattice L is thus the set of points (7, 7, - - -, ™) 
where i, j,---,m=1,2,---,n. A p-way matrix A of order is defined to be a 
hypercubical array of numbers obtained by placing a number at each of the 
vertices (i, j,-- - , m) of the lattice L. We shall say that L is the lattice of A. Let 
the number at the point (7, 7, --- , m) in the array be denoted by ij. +m: The 
matrix A is then written as (di;..-m), and the numbers ij. +m li, jpc ey 
m=1, 2,---,mn| are called the elements of A. The coérdinates 2, j,--: , m are 
called the indices of A and they are said to range over 1,2, > °° 5. The diagonal 
of the lattice L is the set of vertices (Vgepre aL ane ee, (n,---*,M) of L whose co- 
dérdinates are equal. The diagonal of A is the set of elements on the diagonal of L. 
The vertices of L lying in the hyperplane i=a are said to forma layer La of L. 
The layers Zi, ---, ZL, are called the i-layers of L, and are said to be parallel. 
There are in a like manner layers associated with the other codrdinates 7, ---,m 
of the space. Similarly, the elements of A at the vertices of L. form the 7-layer 
An Ol. 
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Example 1. The 2-way matrix A =(a;;) of order is the following square 


1k BP co? 





array, the index 7 being associated ; 
with the rows, and the index 7 

with the columns of A, as is usual 2 Qz1d2z ** * Gan 
in the literature. The z-layer Ag ; 
of A is seen to be the a@ row 
(@x1; Bas, ° > ~, Gon), OF The Matrix: 


4114\2 > * * Gin 


Nt Anidn2*** Ann 


Example 2. The 3-way matrix A =(a;;,) of order 2 is the cubical array 





In this case the indices 7, 7, k range over 1, 2. The-t-layers A;, Az of A are given 
by 


@111 112 de11 aie 


’ 




















, 
@121 22 








2221 A222 
respectively. 

We return to the general p-way matrix A =(a;;...m) of order n. We let 
(bi;...m) be a second p-way matrix of order n, denoted by B. At each point 
(1,j,--+,m) of the p-way lattice L of order n we place the sum a;;.. cmt Deg. coms 
The matrix so obtained is said to be the sum of A and B, written A +B. 


Example 3. In this and examples that follow we shall drop the codrdinate 


axes from our matrix displays. The sum of the 2-way matrices (a,;) and (0,;) of 
order 7 is the matrix: 
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(au =| bi1) Por (Qin =F bin) 


(Ani + bni) sa fs ines + Gan! 


Example 4. The sum of the first two of the adjacent 3-way matrices is the 
third one. 


e+e 
{+p 


h+r 





d+s5 





An unordered collection of m numbers will be called a set of order n. An 
ordered array of m numbers will be said to be a sequence of order n. Two sets S 
and S’ are equal if they contain the same m numbers. Two sequences, R and R’ 
are equal if for each 7 the 7th number in R is the same as the ith number in R’. 


3. Definition of generalized determinants. We let 4 be the p-way matrix 
(ai;...m) of order nm. We let Pi, Ps,---, Pn denote the respective vertices 
(41, Jay * * * » M1), (42, jo, °° * , M2), > °°» (tnyJny * * * » Mn) Of the lattice L of A. We 
let the sequences of coérdinates 21); - - + m1, toj2- + + M2,°** 4 Inin - - « My be de- 
noted by R, S,---, V respectively. We let the elements of A at Pi, Po, ---,P, 
be denoted by ar, ds, - : - , ay respectively. We let the set of points P;,---,P, 
be chosen so that no two points in the set lie in the same layer of A. The product 
Il=aras--- dy then contains an element from each layer of A, and no two 
elements from the same layer. We let ¢ be a positive integer not greater than p, 
and 1, j,---,q be ¢ of the codrdinates in our space. By permutations of the 7- 
layers amongst themselves, the j-layers amongst themselves, ..., and finally 
the m-layers amongst themselves, the element adr can be brought to the vertex 
(1, 1,---, 1), while the element as is brought to the vertex (2,2,---,2),---, 
and finally ay is brought to the vertex (m,n, ---,m). We let pi, p;,---, pm be 
a set of permutations that thus brings the elements dp, - - - , dy to the diag- 
onal of A, where p; denotes a permutation of the 7-layers, p; a permutation of 
the j-layers, etc. We define II, to be +II or —II according as p; is even or odd. 
We define II; to be +I], or —II; according as p; is even or odd. Finally, we 
define II, to be +II,_1 or —II,_1 according as p, is even or odd. The determinant 
| A | of A with the indices i, j, - + - , gsignant 1s defined to be the sum of all prod- 
ucts II; that can be formed from A. The products II; are called terms in the 
expansion of | A|. Since A is p-way of order n, the determinant | A| is said to be 


p-way of order n. . 
It can be seen that the sign placed in front of a product II to obtain a signed 
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product II, is independent of the order of the elements dp, ds, - -- , dv in i a: 
and only if, fis even. We illustrate with an example. If 7 is the only index signant 
in the expansion of |A| where A is a 3-way matrix (a;;x) of order 2, the product 
II =dy214212 yields a product II, = +II since p; is even (in this case we can take p; 
to be identity). If we write II as de12d121, I; = —II since p; is now odd (in this case 
we may take p; to be the cycle [12]). Thus in this case one does not arrive at a 
unique product I. It is therefore assumed throughout higher-dimensional de- 
terminant theory that an even number of indices are signant. The remaining in- 
dices are said to be non-signant. The layers associated with signant indices are 
said to be signant layers; thus, if 7 is signant, the 7-layers are signant. 
In an ordinary 2-way determinant both indices are signant. 


Example 5. We let A = (ai;x) be a three-way matrix of order two. With A can 
be associated the following four determinants (See Figure 1). 
1. No indices signant (determinant usually then called a “permanent”). 


(131) | A | = aide22 + aieide1e + ae11di22 + ae21ai12. 
2. 4,7, segnanti. 

(122) | A | = 1110222 — @4910912 — 2110122 + 2210112. 
3. 1, k, signant. 

(1.3) | A | = 41114222 + 1210212 — 42110122 — 9910419. 
4. j, k, signant. 

(1.4) | A | = 1114222 — 1210212 + 2110122 — 210119. 


Thus the various expansions of the adjacent matrix 


are 1-7+2-:8+3-5+4.-6, 
1-7 —2-8+ 6-4 — 5-3, 
1-7 —-4:6+ 8-2 — 5-3, 
1-7 — 2-8+ 3-5 — 4-6, 





corresponding in an obvious manner to the following tables of signs 
+ 





respectively. 


4. Th iti 
are coreme of structure. From the definition of general determinants given 
in $3, we derive immediately the following theorems: : 
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THEOREM 1. There are (n!)”-! terms in the expansion of a p-way determinant 
of order n. 


THEOREM 2. Interchange of two parallel signant layers changes the sign of the 
determinant. Interchange of two parallel non-signant layers does not change the sign 
of the determinant. 


THEOREM 3. If the i-layers of a determinant are interchanged with the corre- 
sponding j-layers, the determinant is unchanged in value, provided that the i and 7 
indices are both signant, or both non-signant. 


THEOREM 4. If the elements of a layer vanish the determinant is zero. 


THEOREM 5. If two signant layers of a determinant are identical the determi- 
nant is zero. 


THEOREM 6. [f the elements of a layer of a determinant are multiplied by m, 
the determinant is multiplied by m. 


THEOREM 7. If a layer A, of a matrix A is written as a sum of B,\+C,, each 
determinant |A| is a sum of determinants |B| and |C| with the same signant 
indices as |.A | , where the matrix B differs from A only in that A; is replaced by By, 
and C differs from A only in that A, is replaced by C,. 


Example 6. The first determinant below is the sum of the other two, 


, /  f 
A112 +4112 Qi12 ; 122 


, 
A122 +22 A122 





aa 221 a Ge 


where the same indices are signant throughout. 


THEOREM 8. The value of a determinant is not changed if the elements of a 
signant layer are multiplied by a constant, and added to the corresponding elements 
of a parallel layer. 


THEOREM 9. Jf the i-layers of a p-way determinant |.A | of order n with i non- 
signant are identical, the determinant is n!D,_1, where D,-1 1s the (p—1)-way de- 
terminant of the layer i=1 of A with the same signant indices as | A|. 


COROLLARY. The determinant | asje| of order n with j, k signant and identical 
1-layers satisfies the equality 


| 0s jx | a n!| ai;x|, 
where | ai;.| is an ordinary 2-way determinant. 


Example 7. In the matrix A of Figure 1, we let d1jx = dajx for j, k=1, 2. The 
expansion (1.4) of Section 3 becomes 
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4111 +112 





—e 2! | Q1ijk 








ao 
| A | = 1114422 — G1210112 + @111d122 — 1214112 = 2! 
@121 4122 


We remark that the above result follows rather immediately from the fact 
that the determinant (1.4) can be written as 


G11 4212 @ai1 112 














@121 222 d201 22 


This can be generalized as follows: 
Let D be the 3-way determinant of a matrix (a;;,) of order n, where 7, & are 
signant in D. It is readily seen that 


Gail 4gi2°*** Asin 
Qa21 g22°** Agen 

D = >> ) 
Gani Qgn2 °° * Ginn 


where the summation is over all permutations [a, B, +>: - , 5] of the numbers 
2h pn. 


5. How 3-way determinants arise in the study of 2-way determinants. An 
ordinary determinant, whose elements are linear forms, can be written as 


m m m™m 
( 2D art) ( 2a ciate) ee ( Dy anes] 
k=1 k=1 k= 


m mm m 
( oe casts) ( om can) aches: ( Se cans] 
D= k=1 k=1 k=1 


™m m m 
( ng anes] ( as anak) ia ( ys omnis) 
k=1 k=1 k=1 


Evidently, we may write 








Gila 198° ** Ang 
G2ia 208 * + * Gens 
D= >» Hattg-++ we, 
[a,+++,8] 
ania Qnop* °° Qnns 
where the sum is over all distinct sequences of 7 values [a, - - - , 5] which can 
be chosen from [1, 2, «++, m], repetition of values allowed. 
We let le, ESR 5 | now denote a set, not a sequence, of ” values of k, not 
necessarily distinct. We denote this set by I. We can write 
( Qin Ajay, > + > Gint | 
, - 91 Goon * + * ont 
(2) D= 2 ete? +35, >e | M 2né | 
r P . . oa ‘ | : 
\ | Gn Un2Q 


nQn° °° Unné 
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where the outer summation is over all distinct sets I, and the inner over all 
distinct sequences P= |X, wu, - - - , £], which can be formed from the set I’. For a 
fixed set I the second summation in (2) is, except for a positive rational factor, 
the 3-way determinant of a matrix (a;;,) with 7, 7 signant, where 7 and j range 
over 1, 2,---,m,and k ranges over a, B,--- , 6. We have proved the following 
theorem valid for fields of numbers whose characteristic is subject to minor re- 
strictions. 


THEOREM 10. The coefficients in the expansion of an ordinary 2-way determi- 
nant, whose elements are linear forms, are 3-way determinants. 


The Hessian of a cubic written in the usual symmetric form 
n 
pe Ag RXiX iN, 
t,J, kel 


is 6"D, where D is the determinant used at the beginning of this section with 
m=n. We have the following corollary: 


COROLLARY. The coefficients in the expansion of the Hessian of a cubic form C 
are, except for positive rational factors, the various 3-way determinants whose k- 
layers are non-signant and are k-layers of the matrix (aij) of C. 


Example 8. If C is binary the Hessian H of C satisfies the formula 

















H @i11 21 Qj11 +122 @\12 «4121 
———— | x? + | fous 
36 dai1 4221 doi11 222 Qoqi2 = 4221 
| Q\12 «4122 | : 
=e xy . 
doi2 e222 


We may write 


1 1 
— = — Axe + A12Xi Xe = phos A22X¢ , 
36. =o! 2! 


where Ay, Ay, and Ag are respectively the 3-way determinants 


a2 A121 A122 


221 221 222 





Qi Qiu Giie 


A222 222 





221 





a1 Go A112 d212 
with the first two indices signant. ; 
Theorem 10 can be generalized since the coefficients in the expansion ol a 
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p-way determinant D whose elements are linear forms are (b+1)-way determi- 


nants with the same signant indices as D. 

Let us now consider the determinant | A of the mth order matrix A = [a;;(x) | 
whose elements a;;(x) are differentiable functions of x, the field being one for 
which the differentiation operation is defined. The derivative of |.A| with re- 


spect to x is the sum 


ai(x) aia() aaa(ae) ++ dan(ae) | | aar(a) aaa(e) aas(a) - - + din(2) 
(3) asi(x) aae(%) des(x) - - » Gan( x) aap eh dze(%) de3(%) - - ~ don(x) 
Gni(%) dna(%) dns(a) ++ + dnn(x) Qni(%) Gn2(%)  dna(a) +++ Gan(2) 
au(%) +++ @in-1(%)  ain( 2) 
ie dai(X) - >» dan1(%)  A2n(a) 
Qni(%) => + Onjn1(%) Gna (2) 


We construct a 3-way matrix B=(b;;,) such that bj; =a;;/(x), whence the first 
k-layer of B is the matrix whose elements are the derivatives of the elements of 
A, and we let bi32.=0ij3= + - - =bijn =ai;(x), whence the layers R=2, k=3,---, 
k=n of B are equal to A. It is readily seen that (3) yields the equality 


djA|_ 1 
dx Styl 





ede 


where | B| is the 3-way determinant of B with i and j signant. The indices t 
and j are signant in |.4 | , so that | Bl and | A | have the same signant indices. 
We have proved the following theorem: 


THEOREM 11. Except for a positive rational factor the derivative of an ordinary 
2-way determinant |_A whose elements are differentiable functions of x is the 3-way 


determinant D of a matrix formed by n parallel layers, one of which is the matrix of 


the derivatives of the elements of A, and the remaining are equal to A, the signancy 
in D being the same as in | A]. 


Theorem 11 may be generalized since the derivative of a determinant of a 
p-way matrix A is 1/(n—1)! times a (b+1)-way determinant. 


. Characteristic properties of Weierstrass [7]. The “characteristic proper- 
ties of Weierstrass” can be extended 


as in the following theorem whos fj 
' whose - 
rather immediate. : oe 
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THEOREM 12. The determinant D of the matrix A = (ij...m) with at least two 


indices signant is the polynomial in the elements of A which satisfies the following 
properties: 


a) It is linear and homogeneous in the elements of each layer of A. 

b) It changes sign when two parallel signant layers are interchanged, and 
is unchanged when two parallel non-signant layers are interchanged. 

c) It has the value 1 for (5;;...m), where 5;3...m=1 when i=j=--- =m, 
and §;;...m=0 otherwise. 
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Editorial Note. The editor would welcome advice from readers of 
the MonrTHLY as to the proper department to which to assign the 


following. 
E.J.M. 


WORK PROBLEM APPLIED. IMPORTANT AMBIGUOUS CASE 


When a workman W, who is 5 ft. 11.38 in. tall, standing at A 
places his shovel at P on the ground 4 ft. 8.57 in. from A, and leans 
at an angle of 72°27.4” on the shovel which is just 4 ft. 2.19 in. long, 
how far up on his anatomy will the end of the shovel come? Also find 
the area of WPA. Note that there are two answers to this problem, 
which is very important to the workman. 
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QUESTIONS, DISCUSSIONS, AND NOTES 


EpITED BY R. J. WALKER, Cornell University, Ithaca, New York 


The Department of Questions, Discussions, and Notes in the MONTHLY ts open to all forms of 
activity in collegiate mathematics, except for specific problems, especially new problems, which are re- 
served for the department of Problems and Solutions. 


THE PYTHAGOREAN DIOPHANTINE EQUATION x?++%2+ --- +x/2=1 
W. E. BLeIck, Cooper Union 


The following very simple proofs are believed to be new. We consider the 
cases k=2, kR=4, and k=n. 

Case I. k=2. A necessary and sufficient condition that x and y be rational 
numbers satisfying x°+y?=1 is that the complex number x+7y be the square of 
a complex number (m-+7in)/(m?+-n*)'/? where m/n is rational. To prove that the 
condition is necessary we extract the square root of x+iy under the condition 
that x°+y?=1. Then (x+iy)/?= [(1+x)+iy]/ [(1+x)?+y2 ]1/2 which is of 
the required form. To prove that the condition is sufficient we square 
(m+in)/(m?+n?)"'/2 and show that 


; m* — n2\2 2mn 2 
ae yt sas (ee 
m* + n? m* + n? 


Case II. k=4. A necessary and sufficient condition that w, x, y, and g be ra- 
tional numbers satisfying w-+x?-+y?+22=1 is that the quaternion wl+xi+ yj 
+zk be the square of a quaternion (mI+ni+ pj+qk)/(m?+n?4+ p?+@?2) 1/2 where 
an ratios m/n, n/p, and p/q are rational, The proof is similar to that given 
above. 





Case III. k=n. A necessary and sufficient condition that x1, x2, ---, x, be 
rational numbers satisfying x2 +42 + --- +x? =1 is that 
n 
Ti eae 
vat 3=2 214i 
Rae a ee : e (4 = 2, 3, , 2), 
Dave DE at, 
8=] 8=1 
where the ratios 1 /ye, yo/y3, > + > , Yn—1/Yn are rational . To see that the condition 


1S necessary we notice that these relations are true if 


V = 4 _ = ne ia 
wm=1+%, Vi = %,, (t = 2,3,--+,m). 


The condition is sufficient since 


ea 
n (>: : 
: s=2 


3 
~— 
ro 
to 
3 
—™ 
bo 
re 
pes 
— 
Seal 
to 
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Note by the editor. The sufficiency for the condition in the case k =n has been 
known for many years (Dickson, History of the Theory of Numbers, vol. 2, p. 
318). Its necessity seems not to have been previously mentioned in the litera- 


ture. R. J. W. 


ON THE EXPLICIT SOLUTION OF SIMULTANEOUS LINEAR DIFFERENTIAL 
EQUATIONS WITH CONSTANT COEFFICIENTS 


J. S. Frame, Brown University 


The following method of solving simultaneous linear differential equations 
with constant coefficients is not included in most textbooks on the subject,* 
yet it is relatively easy to apply, and demands only an elementary knowledge of 
matrix theory (addition and multiplication of matrices, and the solution of the 
characteristic determinantal equation). It may prove useful not only to pure 
mathematicians, but to those using differential equations in physics, chemistry, 
or engineering. 

The set of 7 linear differential equations 


(1) dx;/dt = >, as;x;, Ce her ee ae IP 
j=l 

may be written in the matrix form 

(2) dX/dt = AX, 


where A is a square Xn matrix, with elements a,;, and X and dX/dt are the 
n-row, 1-column matrices whose elements are x; and dx;/dt. The formal solution 


(3) X = AC = (I + At + A%?2/2! + A%8/3! +--+ JC, 


where Cis an nX1 matrix of constants and J is the unit matrix, although known 
to converge, is of little help in actual computation. But if r is a characteristic 
root of multiplicity m of the equation 


(4) det (A — rI) = 0, 

then the matric equation 

(5) (A — rl)"C = 0 

will have m linearly independent solutions C. The formula 

(6) X=e"(T+(A-—rDi+t(A- r1)22/21 +--+» + (A —rT)™ tr /(m — 1)!|C 


gives for each of the m matrices C an explicit solution of (2). For we see immedi- 
ately that the matrix X in (6) satisfies the equation 








* The author did not find it in over a dozen standard texts he consulted. The nearest approach 
to it was found in a 48 page discussion of the same subject in F. R. Moulton, Differential Equations, 
1930, pp. 246-294. But the present treatment seems much shorter and simpler than that. 
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(7) dX/dt — rX = (A — rl)X — (A — rl) "C(t™1/(m — 1)!). 


When we apply (5) and simplify, we obtain the given equation (2). The actual 
computation of the solution (6) would be as follows. First we find the character- 
istic roots in (4). For each root r of multiplicity m we calculate the matrices 
(A—rI), (A—rI)?,---, (A—rI)™. As a check, we note that the product of all 
the matrices (A —r;I)”: is the zero matrix, since the matrix A satisfies its char- 
acteristic equation. This fact gives us a nice way of finding solutions C; of (5), 
corresponding to the root r;. We form the product of the matrices (A —7,1)™i 
for all 747. Each column of this product gives a solution C;, and there are just 
m; columns which are linearly independent. Finally we substitute in (6), using 
the matrices (A —rJ)* and C which have already been computed, and adding 
together the solutions corresponding to all the different roots r. 


An example will serve to illustrate the theory. Given the system of differ- 
ential equations 
dx,/dt= %1—2x2+3%3—244, 1—r —2 3 —2 
dx2/dt= xy+5x2— x3— 24, | 1 S—r —1 =: 
(A= 71) = 


(8) | 
dx3/dt=2x,+3x2+213—244, | 2 3 Z2—F 2 








dx4/dt=2x,—2%2+6x3—34x4, 2 —2 6 —3-r 
The characteristic equation 
(9) det (A — rl) = rt — 5r8 + Gy? + 8 — 8 = 0, 


has roots 2, 2, 2, —1, and we find the matrices (A —rI)* as follows: 





(4-21) ’ (a2) )3 , (Amare ’ Coe ) 
1 -=—9 © 3 —2 1 9 —13 8 \|—2 —30 42 —25) 12 —2 3 —9an 
1 ag Shae Ih SGid 0 0 -0 Ot Wis sis 
2 ed ead? AN ee a ree ae 0 S0S0. Ol tiger een 
22 6 Sil wii—o-18 99 Ai =2.'—30 42° —25|) |r ae  tee 








In this case, where there are only two distinct roots r, the columns of (A+) 
are solutions of (A —21)®C=0, and the columns of (A —21)® are solutions of 
(A +1)C=0. The solution (6) of (8) is given by 





X1 2c, — 2c + 3C3 aa 2c4 
x 662 — ¢ 

2 z ‘M. C1 te C9 C3 put 7 O aa 
3 2¢1 + 3ce + 3c, 0 


X4 | | 2c =e 2Co + OC; — 2C4 | 
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where 
L—t+ #/2 —2¢+ 99/2 3t — 13/2 — 2+ 8/2 
ae ere el Shel 08/2 ip 6 P  e 20/2 
2t — 34/2 3t¢-- 94/2 1 — 97/2 —2t+ 3t?/2 
2t — 2142/2 — 2¢ + 1872/2 6¢ — 2247/2 1 — 5¢+ 1142/2 


A PARADOX IN COMPLEX NUMBERS AND INTEGRATION 
C. O. OaKLey, Haverford College 


1. The paradox. From Peirce’s table of integrals we find the formulas :* 


124 [ve — a?dx 


125 {f Va? — x2?dx = 4[x/a? — x? 4+ a? arcsin (x/a) |. 


tev x? — a — a? log (x + Vx? — a’)|, 


Now by the definition of i=\/—1 we may write 


see Se Pe RP Oe eT Be Ps 
2 f vz = ds 21 fy a Cod ke 


(1) = i(x\/a? — x? + a? arcsin (x/a)), 
= xx? — a? + ia? arcsin (x/a), 
— log (x + Vx? — a’) = iarcsin (x/a), 
on multiplying z into the right-hand member of (1) and reducing; whence 
— log (a + iv/a? — x?) = i arcsin (x/a). 
Since log (a+7b) =log \/a?+6?+7 arctan (b/a), we finally obtain 


— (log a + 2 arcsin (%/a)) = 7 arcsin (%/a), 
or 
— log a = 21 arcsin («/a). 
This last is an obvious impossibility since the right-hand member is dependent 
upon x whereas the left-hand member is not. 
2. Explanation and an application. This double-edged hoax may be cleared 
up by taking into careful account the following two points: 


(a) / — N = t+ iv/N, according as N(real) 2 0; 
(b) the constant of integration. 


The ideas and formulas in this paradox may be made to serve a useful pur- 
pose in the theory of circular and hyperbolic functions and their relation to the 








* These are typical and adequate for the purpose in mind; there are, of course, many other 
pairs which could be treated similarly. 
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exponential function. For example consider the circle x?-+y?=a?, the hyperbola 
x? —y*? =a’, the point P(x, y) on either curve, and the three fixed points O(0, 0), 
A (a, 0), B(0, a). Then the usual geometric definitions are, for sectorial measure 
u, sin u, and sinh u: 


Sector OA P 


AOA B 
} AOA P y ; 
sin 4 = ———— = —, (point P on the circle) ; 
AOA B a 
inh Ee Naa BB RE ont eee ).* 
sinh “4 = ——— = —» oint £ on the erbola). 
AOAB a * a 


In a perfectly direct and straightforward way it follows that for the hyperbola 


=z 
au = xy — 2f Vix? = a* dx 
a 


x 
a® log (= +- 2), 
a a 


x ; 
— = sinh u = $(e" — e-*), 
a 


I 


whence 


which gives us the desired relationship. 

However, the details in the corresponding procedure for the circular function 
sin u require much more care; and, since they seem not to have received com- 
plete expository treatment, it may be of interest to carry these out at this time. 
By a correct application of principles (a) and (b) in the steps below we have: 


a 
au = xy + 2 f Va? — x? dx, 
zx 


a 
— 7 — 2 f Vx? — a? dx, 
Zz 


pS 
ahh , (ere ; x ++ /x? — ag? 
= xy — i| - rv x? — a? + a? log ( ‘ 


a 








a . fo ek 
——_—— x + tV ar — x4 
-_ Me, 7 , 3 
= xy — xvVa* — x2 — jg? log ( ~ 
a 

x 


‘ : y 
= xy — xy — 107 log ge | 
a a 





* In the case of the circle, u reduces to angle AOP, 
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(- 2) 
u= —tilog{(— +i—}, 
a a 


from which it readily follows that 


Hence 


¥ : Laie 
——— C17; (et = eros) , 
a 2 


“= 


THE PRODUCT OF n INTEGERS IN TERMS OF GREATEST COMMON 
DIVISORS AND LEAST COMMON MULTIPLES 


R. A. ROSENBAUM, Yale University 


In an article entitled Notes on Greatest Common Divisor and Least Common 
Multiple of Integers (this MONTHLY, vol. 19, 1912) B. F. Yanney generalizes to 
the product of integers the well known relation 


(1) “Ave 9D) 8, 


where D, L are, respectively, the greatest common divisor, least common mul- 
tiple of the integers a and b. 
He derives the expression 


(2) I1,D,T1(,L;)*- = (ad2 <r 2 Gn) OU Cok) tt > 1(,.D;)*¥ OL; 


_ 


where ;D,j, .L; represent, respectively, the greatest common divisor, least com- 
mon multiple of any & of the m integers a1, d2, -* - , @,. There are, for example, 
nC; terms in II,D;. From (2) he obtains, by setting k =2, 


(3) (a1d2 can sc II.) ITeL;. 


Relation (3) might have been more simply derived directly from (1). 
A different generalization of (1), giving the first power of the product of the 
n integers, is obtainable if we admit least common multiples of greatest common 


divisors, or vice versa: 


(4) a\09°°* a, = II L(;D;) = TI Gt), 


j=1 
where L(,D;) is the least common multiple of the ,C; greatest common divisors 


of any j of the a’s. The definition of D(;Li) is analogous. The method of proof 


of (4) is similar to the ordinary one of (3): . 
If the prime p; appears to the power aj; in ai, and if the a’s are arranged in 


descending order, 


IV 


= s ee Qink» 


Qik = i,k 


it is easily seen that px will appear to the power aj; ineote) and D(74124), 
and only in these terms. 
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RECENT PUBLICATIONS 


EDITED BY VIRGIL SNYDER, Cornell University 


All books for review should be sent directly to the editor of this department, at the Mathematical 
Association of America, 531 West 116th Street, New York, N. Y., and not to any of the other editors 
or officers of the Association. 


NEW BOOKS RECEIVED 


Mathematics in Action, Book II. By W. W. Hart and Lora D. Jahn. New 
York, D. C. Heath, 1939. 10+374 pages. $0.96. 

Le Matematiche nella Storia e nella Cultura. Lezioni publicate per cura di 
Attilio Frajese. By Federigo Enriques. Bologna, Nicole Zanichelli, 1938. 339 
pages. 20 Lire. 

Vector Analysis. With an Introduction to Tensor Analysis. By J. H. Taylor. 
New York, Prentice-Hall, 1939. 9+180 pages. $2.85. 

Descriptive Geometry. By A. V. Miller and K. S. Shields. Boston, D. C. Heath, 
1939. 10+192 pages. $2.25. 

General Analysis. Part II: The Fundamental Notions of General Analysis. 
By E. H. Moore. (Memoirs of the American Philosophical Society, vol. 1, part 2, 
1939). Philadelphia, American Philosophical Society, 1939. 6+255 pages. $3.00. 

First Course in Theory of Numbers. By H. N. Wright. New York, John Wiley 
& Sons; London, Chapman & Hall, 1939. 7+108 pages. $2.00. 

Cowles Commission for Research in Economics. Reports of fifth annual re- 
search conference on Economics and Statistics held at Colorado Springs, July 3 
to 28, 1939. University of Chicago, 1939, 93 pages. 

Tables for Converting Rectangular to Polar Coordinates. By J. C.. P. Miller. 
London, Scientific Computing Service Limited, 1939. 16 pages. 2s. 

Elementary Number Theory. By J. V. Uspensky and M. A. Heaslet. New 
York and London, McGraw-Hill Book Company, 1939. 10+484 pages. $4.00. 


REVIEWS 


Descriptive Geometry. By James T. Larkins, Jr. New York, Prentice-Hall, Inc., 
1939. 8+317 pages. $2.50. 


The author of this new book on the classical subject of descriptive geometry 
states his principal objective as follows: Descriptive Geometry should stimulate 
the student's judgment and ability to visualize. The secondary objectives to be 
attained are to make the subject-matter appealing, comprehensive, understand- 
able, interesting, and broadly practical. These specifications of the author offer 
the basis on which the book should be judged in comparison with other texts 
dealing with the same subject. 

Opportunity for the development of the student's 
consistently provided throughout the text. This objec 
companying the orthographic presentation and verb 
planned and effectively drawn pictorial views. 


aptitude to visualize is 
tive is obtained by ac- 
al discussions with carefully 


Understandability is achieved in a large measure by dividing the text into 
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four basic sections. Each section is then developed about one central fundamen- 
tal idea in orthographic projection. This scheme permits a strong association of 
related principles and, therefore, a clear grasp of the subject. 

The extent to which the student's judgment in visualization is stimulated is 
rather difficult to appraise. The reviewer defines judgment as the skill to choose 
correctly and expeditiously on the basis of previously acquired knowledge and 
experience. The apparent lack of a convenient number of well-graded problems 
deprives the author of effective means not only to test the student’s judgment 
but his grasp of the fundamentals as well. 

With regard to the secondary objectives, all are exceptionally well reached 
with the important exception of that relating to broadly practical. The general 
tone of the book is academic rather than practical. This characteristic should 
by no means detract from the usefulness of the text, because a thorough and 
clear understanding of fundamentals will enable the competent student to make 
his application more reliably than if he concentrated only on practical solutions. 

The subject-matter is presented and developed in accord with long estab- 
lished conventional teaching methods that are found in most text-books on this 
subject. It is regrettable that the author follows the classical precedent of pre- 
senting the projections in the first angle, when almost all engineering drawing in 
the United States is projected in the third angle. Pictorial projections—oblique, 
isometric, and perspective—are missing. Some mention about warped surfaces 
should have been included to round out the subject. 

The narrative discussion of geometric constructions and proofs, the uni- 
formly good line drawings, and the happy choice of pleasing type all combine to 
make this book appealing and understandable. The author may have had good 
reason for omitting photographs of practical engineering examples in which the 
principles of descriptive geometry are applied. The appeal to interest has been 
weakened by omitting practical problems and related technical illustrations. 

The experienced teacher of descriptive geometry should get good results with 
this text, provided he has a good file of original problems and illustrative photo- 
graphs. 

FRANK KEREKES 


College Algebra. By F. W. Sparks and P. K. Rees. New York, McGraw-Hill 

Book Company, 1939. 11+312 pages. $2.25. 

The authors present the usual subject-matter of college algebra in a clear 
and concise style, but in an unusual order. To catch and hold the interest of the 
well-prepared student throughout the long review of high school algebra, the 
authors devote alternate chapters to old and new material. The new topics in 
general require a knowledge of the review material. Although the order adopted 
has its advantages, two important points for criticism exist. (1) The topics do 
not increase gradually in difficulty. For example, the first difficult topic, partial 
fractions, follows immediately after the review of high school algebra. After 
higher degree equations, simultaneous quadratics, and inequalities, comes the 


42 RECENT PUBLICATIONS [January, 


easy topic of progressions. (2) Due to the unusual order, the authors are forced 
to assume theorems which they would otherwise be in a position to prove. Thus, 
since partial fractions precede higher degree equations, they must assume the 
theorem concerning identical polynomials. In fact, there is a general tendency 
throughout the text to omit or to state in the form of unproved theorems the 
more difficult portions of the requisite theory. 

Definitions are stressed, and the material covered is well explained. The 
typography is excellent throughout the text, except that the columns in the 
general determinants are much too close together. For those seeking a moder- 
ately difficult college algebra text, this one is well worth a careful examination. 

Ji9f) GCoretss 


Selections Illustrating the History of Greek Mathematics. With an English trans- 
lation by Ivor Thomas. I: From Thales to Euclid. (Loeb Classical Library.) 
Cambridge, Mass., Harvard University Press, 1939. 16+506 pages. 


This volume, like all volumes in the Loeb Classical Library, gives the ancient 
texts on the lefthand pages and their English translation on the right; and, like 
many of the later volumes, it contains a large amount of annotation. The texts 
are intended to illustrate the history of Greek mathematics from Thales to 
Euclid. More than half of them, however, unfortunately have to be taken from 
writers later than Euclid, because very little of the earlier mathematical work 
remains in its original form. Only Zeno, Plato, Aristotle, and Euclid, can be 
quoted now as they actually wrote; for the rest, students of these matters have 
to weigh and interpret the statements of later writers who never imagined the 
degree of accuracy demanded by historians today. 

For most of the thinkers and subjects concerned, I cannot judge whether 
Mr. Thomas has made the best selection possible, because I am unacquainted 
with most Greek mathematical literature; but his selections from Zeno, Plato, 
and Aristotle, whom I have read, seem to me very judicious. I could not want 
any change, except perhaps two more passages from Aristotle. One of these I 
will mention below; the other is that chapter in which Aristotle gives his opinion 
about the nature and ontological status of the subject-matter of mathematics 
(Metaph. M 3). Mr. Thomas has included so much of the Greek philosophy of 
mathematics that this important philosophical passage seems to demand inclu- 
sion too. 

. I have made no attempt to judge the soundness of the text: but the transla- 
tion seems to be very accurate and easy to read. The selections are grouped 
neither wholly by subjects nor wholly by persons, a compromise for which Mr. 
Thomas asks indulgence, but which he declares to be more satisfactory than 
either of the two ‘logical’ ways. We may wonder why he puts Zeno after 
Democritus, when his own statements imply that Zeno was the older. We 
Geometry” by inverting beteeee the een thet! from ‘Pythagoreas 

y by ssections on ‘Thales’ and on ‘Proclus’s 


1940] RECENT PUBLICATIONS 43 


Summary’ of the history of Greek mathematics. But on the whole we shall 
agree that the arrangement is as satisfactory as the texts permit. 

Mr. Thomas expects three things to strike the modern reader in Greek 
mathematics: its rigor, its perfection of form, and the dominating position it 
assigned to geometry. To me it seems that there is a fourth particular, which 
should strike all modern mathematicians by reason of its sharp contrast with 
present notions; and that is the dogmatism of Greek mathematics. Euclid’s 
‘postulates’ and ‘common notions’ are presented as pieces of assured knowl- 
edge, so that all the consequent theorems are assured knowledge too. There is 
no trace of the modern notion of alternative and conflicting postulate-sets, of 
the modern refusal to assert the truth or falsehood of any primitive proposition. 
And here comes in my second query about Mr. Thomas’s selections from 
Aristotle; he has, I think, concealed this important difference between Greek 
mathematics and our own by not quoting anything from the classic formulation 
of the Greek dogmatism in the first six chapters of Aristotle’s PosteriorA nalytics. 

RICHARD ROBINSON 


Outline of the History of Mathematics. By Raymond C. Archibald. Oberlin, Ohio, 
Mathematical Association of America, Inc., 1939. 66 pages. $0.50. 


This is the fourth edition of the Outline which originally consisted of two lec- 
tures delivered at the University of Minnesota in September, 1931 at a Sum- 
mer School for Engineering Teachers. The first edition was reviewed in this 
MonrTHLY, vol. 39, 1932, p. 422. Extensive revisions have been made in this 
edition, and the “Literature List and Notes” has been appreciably extended. 

CAROLINE A. LESTER 





TRIVIA MATHEMATICA 


According to reports from the recent Columbus meetings of the 
Association and the Society, a new publication, Trivia Mathematica, 
is about to emerge from its chrysalis. At one of those profound meet- 
ings which last far into the night, learned savants sired and damned 
this new idea. Reports, though meager, place Brown and Princeton 
as focal points, with Cornell and M.I.T. as vortices of the hyperboles. 
Apparently without reMORSE, Princeton has added HURWITZ to 
those of divine Providence to FLOOD Cambridge and Ithaca with 
puns. No one has been judged best at this game, we understand, but 


doubtless by general consent they place WIENERworst. 
E.J.M. 
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MATHEMATICS CLUBS 
Epitep sy E. H. C. H1tpEBRANDT, New Jersey State Teachers College 


All reports of club activities, suggestions, topics with references, and other material of interest to 
clubs should be sent to E. H. C. Hildebrandt, State Teachers College, Upper Montclair, N. J. 


NATIONAL CONVENTION OF KAPPA MU EPSILON 


The fourth national convention was held at Charleston, Illinois on April 28-29, 1939, with 
Illinois Beta chapter as host to the convention. The fraternity was organized in 1931 and national 
conventions are held every two years. Previous conventions were held at Tahlequah, Oklahoma 
in 1933, at Pittsburg, Kansas in 1935, and at State College, Mississippi in 1937. 

All eighteen chapters were represented at the last convention, with a total of eighty-five 
students and twenty-three faculty members from the seventeen chapters outside Charleston. 

The convention opened Friday evening with a lecture by Professor R. D. Carmichael, Dean 
of the Graduate School, University of Illinois, who spoke on the “Consonance of Thought and 
Things.” Following the lecture, a reception was held at Pemberton Hall for delegates and visitors. 

Saturday forenoon was devoted to a program meeting of six student and two faculty presen- 
tations: 

The circle contact problem, James McDonough, Illinois Alpha. 

Pythagoras and the Pythagoreans, J. R. Davenport, Nebraska Alpha. 

Geometrical solution of the quadratic equation, J. L. Campbell, Kansas Alpha. 

An overview of mathematics, Professor Paul A. Devore, Missouri Beta. 

Mathematics and religion, Eleanor Wilson, Alabama Alpha. 

A little known theorem concerning symmetric determinants, Doris Kirgis, Iowa Alpha. 

Trigonometric relationships found in integer right triangles, Robert Bemer, Michigan Alpha. 

The struggle toward infinity, Dr. C. V. Newsom, New Mexico Alpha. 

A picnic lunch was served at the college picnic grounds, after which the business session 
convened with reports of officers, chapter reports, reports of committees, and election of officers 
for the next biennium. The elected officers are: 

President: Dr. C. V. Newsom, University of New Mexico, Albuquerque, New Mexico. 

Vice-President: Dr. E. H. Taylor, State Teachers College, Charleston, Illinois. 

Secretary: E. Marie Hove, State Teachers College, Wayne, Nebraska. 

Treasurer: Dr. H. Van Engen, State Teachers College, Cedar Falls, Iowa. 

Historian: Dr. Kathryn Wyant, Athens College, Athens, Alabama. 

After the business meeting, an excursion was made to Shiloh Park, the last home of Lincoln’s 
parents. The convention closed with a banquet for 110 members in Pemberton Hall. Professor 
J. A. G. Shirk as president presided at all sessions and acted as toastmaster at the banquet. 

The retiring officers were: 

President: Professor J. A. G. Shirk, State Teachers College, Pittsburg, Kansas. 

Vice-President: Dr. C. V. Newsom, University of New Mexico, Albuquerque, New Mexico. 

Secretary: E. Marie Hove, State Teachers College, Wayne, Nebraska. 

Treasurer: Professor L. E. Pummill, State Teachers College, Springfield, Missouri. 

Historian: Orpha Ann Culmer, State Teachers College, Florence, Alabama. 


MATHEMATICS CLUB CONTESTS 


The reports received from the various clubs bring out the fact that among the extra activities 
carried on by the organization may be a form of competition or contest for the benefit of its mem- 
bers or students of mathematics of the college. At least four clubs sponsor annual prizes for the 
best papers presented by members at regular meetings. The Harvard Mathematical Club sponsors 
the Rogers Prize. The award was won last year by Edwin Hewitt for his paper “Gédel’s undecidable 
propositions”; a second prize went to J. C. Abbott who spoke on “Transfinite numbers.” The 
Sherk Memorial Prize for the best paper at meetings of the Mathematics Club of the University of 
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Buffalo was awarded to Jack Lotsof who chose for his topic “Curve of pursuit.” Merle Boyd of 
the Mathematics Club of Boston University received a prize for his paper “Dimensional equations,” 
and Kenneth Schroeder of the Mathematics Club of the University of Wisconsin Extension Division 
in Milwaukee won the annual Euler Prize Essay Contest for his discussion of “A duodecimal 
arithmetic.” 

Several chapters of Pi Mu Epsilon sponsored competitions involving examinations in mathe- 
matics. Alpha of Nebraska at the University of Nebraska held an examination in freshman mathe- 
matics and calculus. The former was won by Merle Andrew and the latter by Roland Fricke, who 
incidentally holds the distinction of winning the freshman mathematics examination a year ago 
and of being the first to win both competitions since these have been held. First prize in the prize 
examination of Missouri Alpha at the University of Missouri was won by R. L. Powell, and 
second prize by Eugene Cowan. A calculus prize contest of Alpha of California at the University 
of California at Los Angeles was won by Harold Schniad. Epsilon of New York in coéperation with 
Alpha Mu Gamma at St. Lawrence University made its award to John Burgess. The Mathematics 
Club at Brooklyn College holds an integration contest each semester between the several classes in 
the calculus. Individual honors were secured by Harry Feingold, Lucille Kraus, Esther Conwell, 
and Paul Rosenbluth. 

The members of the Mathematics-Physics Club of Haverford College had the following problem 
proposed for solution: “There is a battleship with fifteen guns which must be fired each once and 
only once each day in order to keep them clean. They are to be fired each day in five groups of 
three at a time. Find an arrangement such that each gun shall be fired once and only once each 
week in the same group with any other gun.” The winner of this contest was Robert B. Dickson. 

Hunter College Mathematics Club members were awarded prizes if they submitted or answered 
problems in the Problems and Solutions Department of this MONTHLY. Prizes were also offered 
to the three students submitting the best solutions to the missing word story “The Mathematical 
Saga of Linnie R. E. Quashun” (see this MONTHLY, vol. 46, p. 234). 

Pi Mu Epsilon of Brooklyn College has sponsored for the last three years the Metropolitan 
Intercollegiate Mathematics Contest for colleges in the New York area. The material is that of 
analytic geometry and differential and integral calculus. Each contest consists of about fifteen 
questions, each given with its own time limit and each marked right or wrong immediately fol- 
lowing expiration of this time limit, the marker’s decision being subject to review by a committee 
on appeals. A team consists of five to seven undergraduates, the best five of whose scores make up 
the team score. A plaque with names of the winning teams is held for a year by each winning 
team, and permanent possession is to go to the first team to win it three times. The leading teams 
in order have been: 1937, Columbia University, Brooklyn College, Cooper Union Institute of 
Technology; 1938, Cooper Union, Brooklyn, Columbia; 1939, Cooper Union, Brooklyn, Man- 
hattan College. The contest has been a close one each year, a tie for first place last year being 
broken only by considering points scored by the sixth and seventh contestants on each team. A 
medal is awarded to the high scoring individual each year. Any clubs in the metropolitan area 
wishing to participate, and clubs wishing a copy of the questions used in the last competition 
should address Professor L. S. Kennison, Director of Pi Mu Epsilon, Brooklyn College. 

The New York University, Washington Square College chapter of Pi Mu Epsilon annually 
sponsors three contests. The first of these contests, the sixth annual interscholastic mathematics 
contest for high schools in New York City and vicinity, was held on April 22, 1939. There were 
87 high schools represented, with a total of 329 contestants. The highest team score was made by 
Abraham Lincoln High School of Brooklyn, N.Y., which was awarded the Interscholastic Mathe- 
matics Contest Cup. Four sectional cups were awarded for the highest team score in each section, 
one to Weequahic High School of Newark, N.J., one to Central High School of Valley Stream, 
N.Y., one to A. B. Davis High School of Mt. Vernon, N.Y., and one to Boys High School of 
Brooklyn, N.Y. Three medals, one gold, one silver, and one bronze, were awarded to the con- 
testants making the three highest individual scores. . 

Of particular interest to Junior College members of Mathematics Clubs may be the following 


problem listed in this first contest: 
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A dress manufacturer decides that on a certain new type of costume, which he is designing 
for spring trade, he will use combinations of the colors red, violet, blue, green, orange, yellow, and 
gray on the different models, with the following stipulations: 

(a) the combination of any two colors should be used on one model; 

(b) the combination of any two colors should not be used on more than one model; 

(c) any two models should have one color in common; 

(d) there should be at least one model; 

(e) every model has at least three colors; 

(f) all of the colors are not used on the same model. 

Prove that: 
I. any combination of two colors shall appear on one and only one model; 

II. any two models have one and only one color in common. 

Are the above conditions sufficient to prove the following? III. There are three colors which are 
not all on the same model. If the conditions are sufficient, state proof of III. If the conditions given 
are not sufficient, suggest sufficient additional condition or conditions and then state the proof of 
Lik: 

The second contest, open to freshmen of Washington Square College, won by Lyell Grewer and 
Melvin Lax, was based on the topics: the nature and significance of non-euclidean geometry; 
mathematics in the arts and as an art; polar coédrdinates. Each contestant was supplied with the 
following list of references: 

1. The nature and significance of non-euclidean geometry: 

Bell, E. T. The Search for Truth, chapter XIV; Cajori, Florian, A History of Mathematics, 
pp. 302-309; Carslaw, H. S. Non-Euclidean Plane Geometry; Cooley, Gans, Kline and 
Wahlert, Introduction to Mathematics, chap. XVIII and XIX; Manning, H. P. Non- 
Euclidean Geometry; Young, J. W. A. Monographs on Topics of Modern Mathematics. 

2. Mathematics in the arts and as an art: 

Cooley, Gans, Kline and Wahlert, Introduction to Mathematics, pp. 151-159, 367-378, 406— 
410, 551-555; Ellis, Havelock, The Dance of Life, chap. V; Jeans, J. H. Science and Music; 
Miller, D. C. The Science of Musical Sounds; Redfield, John, Music, chap. I-VII; Ruskin, — 
John, The Elements of Drawing and Perspective, the section on perspective; Russell, 
Bertrand, Mysticism and Logic, the essay on “The Study of Mathematics;” Sullivan, 
J. W. N. The Limitations of Science, chap. VI. 

The third contest, based on “Topics in Function Theory,” was open to any student taking a 
course in the college in the spring term, 1939. The prize of twenty dollars was won by Harold 
Cooperman. The following outline was supplied each person participating: 

1. Real Number System: (a) rational numbers; (b) sequences; (c) Cantor’s and Dedekind’s 
theories of irrational numbers; (d) geometric representation of real numbers; (e) base of a 
system of notation. 

ee Continuity and Discontinuity of Functions: (a) definition of function; (b) definition of 
limit; (c) laws of operations with limits; (d) continuity and discontinuity of a function; 
(e) properties of continuous functions. . 

3, Derivatives and their Properties: (a) definition of a derivative; (b) continuous functions 
having no derivative; (c) definition of partial derivatives; (d) properties of partial deriva- 
tives; (e) total differentiability; (f) order of differentiation. 

= books: Cobley, Gand; ne Sag PRE aor ee ee 

IX, XIV. xv. ae mate pee ai : cy si athematics, chap. IT, IIT (§§3, 4), 

I, II; Dantzig, Tobias Number i ae he leet oon pi beans pate, a 

Algebra; Fine, H. B., Collepe Aivebia sae ees ‘ W.B. pe - - Serta ops 

Hall, H. S. and Knight, S. R., Hi h Al b ) h ; VII: sgt saescy ie ae 

chap, I, II; IV, V,,VI; Hobson, E. Wh. aa letiy @ Puneet at mel Gee eee 

(Second EdiGon), eee I IV (sect )  14de19syevs ed we a @ Roas Variable, vol. I, 

chap: XVIII; Townsend, E. ]., Meson oP at Be a ee 

; el a ee ctions of Real Variables, chap, I, III, IV. 
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SLUR TOPICS 


Requests for bibliography or a discussion on the following topics have been received from a 
number of organizations: 


An axiomatic treatment of the number system. 

Ruled surfaces. 

Mathematics correlated with the fine arts. 

Life and contributions of outstanding mathematicians of today. 
History of Pi Mu Epsilon. 


The Mathematics Club of the University of Kansas writes: “We would appreciate references 
to articles either surveying mathematics in its entirety or some very comprehensive subdivisions 
thereof.” 

The report of the Mathematics Club of Wayne University shows that this organization con- 
sidered this question in planning its last year’s program: “A consistent and well received effort 
was made this year to expose some of the basic ideas of more advanced mathematics with which 
the average undergraduate student frequently remains unfamiliar.” Among topics considered 
at meetings were the following: finite groups, orthogonal functions, modern concept of function, 
the coloring of maps, and Boolean algebras. Among the books used, they list: Mathewson, L. C., 
Elementary Theory of Finite Groups; Encyclopedia Brittanica; Stone, M. H., Linear Operations in 
Hilbert Space; Kellogg, O. D., Foundations of Potential Theory; Sierpinski, W., General Topology; 
Volterra, V., Theory of Functionals; Levy, P., L’Analyse Fonctionnelle. 

This department would welcome additional suggestions for publication on the above question. 


UNDERGRADUATE PUBLICATIONS 


A magazine making its first appearance in the spring of 1939 is The Mathematical Review» 
published by the Mathematics Society of the City College of New York. The introduction states 
that “the material in this issue has been selected with the view to providing both the newcomer in 
collegiate mathematics and the advanced student with material at once profitable and enjoyable.” 
Contained in this forty page mimeographed edition are the following articles: Beyond calculus, 
Professor B. P. Gill; A note on orthogonal functions, Aaron Galuten; The Kénigsberg bridge prob- 
lem, Phil Weiss; Almost periodic functions, Herbert Mintzer; Squaring the circle, Frank Beckman; 
Some problems in topology, Eugene Isaacson; Generalization of the number concept, K. Arrow; 
On theory of plane curves, Harry Soodak; Polynomials of Bernoulli and Euler, S. Katz. Also in- 
cluded are a number of problems and puzzles for solution. 

The Math Mirror of Brooklyn College, now in its seventh year of publication, contains news 
notes of the various activities of the mathematics clubs and of the mathematics department, 
and the following articles (by student members): Constructions with straight edges only, Ben- 
jamin Liebowitz; A generalization of Euler’s ¢ function, Daniel Rosen; Geometric difference 
series, Emanuel Mehr; A miniature mathematical science, Abraham Barshop. This edition con- 
cludes with a set of thirteen problems of which the following are illustrations: 

1. Tangents and normals are drawn from the ends of a focal chord of a parabola. Prove that 
tne intersections of the tangents and of the normals both lie on the same line parallel to the axis. 

2. Find limps. ((1—1/9) (1—1/25) «+ - (1—1/{2n+1 }?) ]. 
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PROBLEMS AND SOLUTIONS 


Edited by Orto DUNKEL, ORRIN FRINK, JR., and H. S. M. CoxeTER 


Note by the Editor. I wish to acknowledge gratefully the assistance rendered for several years 
by Dr. H. L. Olson who is retiring as an editor of this department, and to welcome Dr. Orrin 


Frink, Jr. as a new editor. E. J. M. 
ELEMENTARY PROBLEMS 


Send communications concerning Elementary Problems and Solutions to H. S. M. Coxeter, 69 


Chaplin Crescent, Toronto, Canada. 

The Department of Elementary Problems welcomes problems believed to be new, and de- 
manding no tools beyond those ordinarily furnished in the first two years of college mathematics. 
To facilitate their consideration, solutions should be submitted on separate, signed sheets, within 
three months after publication of problems. 


PROBLEMS FOR SOLUTION 


E 401. Proposed by A. H. Stone, Graduate College, Princeton. 

Fit together twenty-eight squares, of sides 2, 18, 22, 37, 38, 39, 41, 43, 49, 
67, 72, 80, 85, 103, 116, 154, 164, 175, 178, 192, 200, 207, 215, 222, 230, 247, 422, 
593, to make a single square (of side 1015). Is there any simpler solution to the 
problem of dissecting a square into several unequal squares ? 

E 402. Proposed by Irving Kaplansky, Harvard University. 

If n, r, and a are positive integers, the congruence n?=n (mod 107) obviously 
implies "=n (mod 10°). (When such a number n has only a digits, it is called 
an automorphic number.) For what values of r does n"=n (mod 107) imply 
n*=n (mod 10°)? 

E 403. Proposed by Cezar Cosnité, Focsani, Roumania. 

Show that the two conics 

eo 24y -- 3y*— 1 = 0; 2x? — 6xy — y2 +22 = 9 
have the same director circle. 

E 404. Proposed by V. Thébault, Le Mans, France. 

. Determine the largest and smallest perfect squares which can be written 
with the ten digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, used once each in both cases. 

E 405. Proposed by James Travers, Harrow, England. 

Construct points P and Q on the respective sides AB and BC of a given tri- 
angle ABC, so that AP=PQ=(C. 

SOLUTIONS 

E 357 [1939, 48]. Proposed by H. T. R. Aude, Colgate University. 

- The equation, x?+xy+y?=k, is to be solved in positive integers, with x <y, 
Find the least value of k for which there are exactly five distinct solutions. 
Solution by Harold Davenport, University of Manchester, England, 


It is quite easy to enumerate all numbers k for which the given equation has 
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exactly 5 integral solutions, subject to 0<x<y. We use the following two facts: 
I. The total number of integral solutions of «?-+«y+y?=k is zero if 2 divides 


k to an odd power, or if any prime of the form 6n—1 divides k to an odd power. 
In all other cases it is 


6(a1+ 1)(ag+1)---, 
where aj, a, --- are the powers to which bk is divisible by primes of the form 
6n+1. 

Proof. By Ex. 2, p. 80 of Dickson’s Introduction to the Theory of Numbers 
(Chicago, 1929), the total number of integral solutions is 6E(k), where E(k) is 
the excess of the number of divisors of k of the form 37+1 over the number of 
the form 37—1. It is easily seen that if ki, ko are relatively prime, then E(k,k2) 
=E(k,) E(k2). Calculating E(p*) for each prime power, we obtain the result 
stated. 

II. If & is neither a square nor three times a square, the total number of 
solutions is twelve times the number of solutions subject to 0<x<y. If Rk is 
either a square or three times a square, there are 6 more solutions. 

Proof. If k is neither a square nor three times a square, there are no solutions 
with x=0 or x=y. The solutions can be grouped in sets of twelve: 


(x, y), (y, *), CS ags | Cae) 
et tty. 2), (4-2 — 9), (=e — 4, ws 
ee ee ee a! Oe a) ae) 

The solutions forming any set are all different, and exactly one of them satisfies 
0<x<y. One way of seeing this is to consider in which 30° angle the complex 


number x —py lies, where p is a cube root of unity. 
If k=w’, there are, in addition to the above sets, the solutions 


(u,0), (0,), (—,0), (0,—), (u,—), (— 4m, 4). 
If k=3u?, there are the solutions 
(u,u), (—u,—), (u,—2u), (—2u,u), (—u,2u), (2u, — u). 


It follows from I and II that if there are exactly 5 solutions subject to 
0<x<y, then 


(ai + 1)(ag + 1)--- = 10 or 11. 
Hence the possible values for k are 
pi'prk , p°K, pk, 
where , p1, p2 denote primes of the form 6”-+-1, and K is any product of powers 
ie eos 1 lal i, eo oe . . 
The least such number is plainly 74-13 =31213. The five solutions for this 
value of k are 
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(9,172), (28,161), (49,147), (84,119), (101, 103). 


Partially solved by G. W. Wishard, and the proposer (by the method of his 
solution to Problem E 326 [1939, 110]). 


E 361 [1939, 49]. Proposed by Virgil Claudian, Bucharest, Roumania. 


The medians of a triangle A BC cut the nine-point circle of that triangle again 
at D, E, and F, respectively. The tangents to this circle at D, E, and F meet the 
corresponding sides of the orthic triangle (with vertices at the feet of the alti- 
tudes of ABC) at the points P, Q, and R respectively. Prove P, Q, and R col- 
linear. 

Solution by L. M. Kelly, Boston University. 

Let LVN be the orthic triangle, let J be the midpoint of BC, and let AI 
meet WN in V. Since triangles PMD, PDN are similar, we have PM/PD 
=DM/DN=PD/PN, and therefore 


PM/PN = DM?2/DN?. 
Since MI=}a=NI, the angle MDN is bisected by DI, and 
DM/DN = VM/VN. 


Since MN is antiparallel to BC, the median AI is a symmedian of triangle 
AMVN, and 

VM/VN = AM?/AN? = ¢2/8?, 
Combining these results, PM/PN =c4/b!, Similarly QN/QL=a‘/ct, RL/RM 


=b*/a*. Hence 
PM-QN-RL ctath4 


PN-QL-RM  bicta4 





= 1, 


and P, Q, R are collinear, by the theorem of Menelaus. 


E 362 [1939, 106]. Proposed by V. Thébault, Le Mans, France. 


If X and Y are consecutive positive integers, and Z is an integer, and if 
X?*+ Y?=Z?, show that each of the two numbers, (X + Y+Z)?+1, is the sum of 
the squares of two consecutive integers, and that of these last four integers the 
two odd ones are squares, and the even ones are the doubles of squares. 


Solution by V. W. Graham, Dublin, Ireland. 
Since (X — Y)?=1, we have 


(X+¥ 42)? =(Z+ X)?+ (2+ V)?- (Z2— 2XY) 
=(2 + X)' + (2 + VY)? = 4, 
which proves the first statement. Now the general solution of X?+ Y2= Z? is 


X or VY = (m2 — n*) , Y or X = 2)\mn,. Z = X(m? + m2), 
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Since Y—X = +1, we must have \ =1. Therefore 
Zt+X or Z+Y = 2m’, Z+Y or Z2+X = (m+ 7n)?, 
Z—.% or Z2— Y = 2n', Z—-Y or Z—-X =(m-—n)?. 


Also solved by H. T. R. Aude, Calvin Foreman, Wm. Forman, L. S. Johns- 
ton, E. P. Starke, W. R. Talbot, and the proposer. 


E 364 [1939, 106]. Proposed by A. V. Richardson, Bishop's College, Lennox- 
ville, Quebec. 


If (14+x)"/(1—x)§ =aotayxt+agx?+ ---, show that 
n 
Qo ta,t+ag+:--+a-1= a + 2)(m + 7)-2"-+. 


Solution by F. A. Alfieri, New York, N. Y. 
It is evident that ag ta;tae+-:: +a,_; is the coefficient of x"! in the 
expansion of 
faq ttre dae a 6 A, ee es (1 ae a es ae ee) 
sia ee ei {2 —(1— x)}* 


S (1=— x)? (1 — 2) (1 — x)4 (1 — x)‘ 





n 


Pe @ 2"-3(1 — x)-! + (a polynomial of degree » — 4 in 1 — x). 
3 


The coefficient of x"~! in 


n r T—38 — yy. Jn—l é -r—2 + () Qn-2 7 xr—t — (") Qn-3 rete 
7 WOE = (5) 2 aii 3 0 
is 


1 n n 
Qn ut aK : — Fe Qn-l 6 7 ) f- ( ) Qn-2y <= ( ) Qn-3 
3 2 2 3 


| 8n(n + 1)(n + 2) — 12n2(m + 1) + 6n?(n — 1) 
— n(n — 1)(m — 2)}2"-4/3 
n(n + 2)(n + 7)2"-4/3. 


Also solved by Wm. Forman (by induction), V. W. Graham, E. P. Starke, 
C. W. Williams (by differentiation), H. A. Wood (by contour integration), and 
the proposer. 
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E 365 [1939, 106]. Proposed by Virgil Claudian, Bucharest, Roumania. 
Prove that 


1 n(yI1 
f co | pa cca Baise = 9 Sa SE . 
0 (a + 1)(2n + 1)(3n + 1)--- [(n + 1)n 4+ 1] 


I. Solution by J. Rosenbaum, Bloomfield, Conn. 
By the theory of partial fractions, 





n! de or 
(e+ NE PW. EA | ee ee 


where 





n! n 
- “ty 
0 — ricteal Ft ely ol eat Pee on) r 
Putting t=n!+1, we deduce 


n"(n!) n “5 
(1+ m)(1 + 2n)(1 + 3n)--- [14+ Dn] * » ae, ("Ys + + 1yn) 


= n 1 1 
es r( Mi ga Nats fe -[ “"(1— a")"dx. 
0 Yr 0 0 


II. Solution by H. A. Wood, University of Connecticut, 


The substitution =<" gives 


1 1 
ff x"(1 — x")"dx = nf u™™"(1 — u)"du = nm B(n-! + 1, n + 1) 
0 0 


7 T(n-! + 1) (nm + 1) 
n0(n— + n + 2) 
Dim + 1)T'(n-? + 1) 
n(n + m+ 1)(n-) + m)- ++ (m+ 1)P(n- + 1) 





_ T'(n + 1) 
m1 + n—)(2 + e-')(3 + n-1)-.. (7 + 1+ n-) 
n(n!) 


(m+ 1)(2m + 1)(3n + 1)--- [m+ tm +1) 


eo solved by Calvin Foreman, Wm. Forman, V. W. Graham, Harry Siller 
E. P. Starke, and C. W. Williams. . . 
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ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, Washington 
University, St. Louis, Mo. All manuscripts should be typewritten, with double spacing and with 
margins at the least one inch wide. 

Problems containing results believed to be new or extensions of old results are especially 
sought. The editorial work would be greatly facilitated, if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well known textbooks or results found in readily accessible sources will not 
be proposed as problems for solution in this department. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems. 


PROBLEMS FOR SOLUTION 


3937. Proposed by V. Thébault, Le Mans, France. 


A given circle has the fixed chord BC and a variable point A on its circum- 
ference; the midpoints of CA, AB are B,, C,; the centers of the inscribed and 
escribed circle for the angle A of triangle ABC are J and J,; the parallels to 
AB through J, J, meet AC in M, M’; and the parallels to AC through J, Ja 
meet AB in N, N’. Prove that: (1) The altitudes of triangle AB,C, from B, and 
C, pass each through a fixed point. (2) The circles tangent to the sides of angle 
A with centers at the orthocenters of triangles JN, I,M’N’ envelop a fixed 
circle. (3) The locus of the midpoints of MN and M'‘N’ is a limagon of Pascal. 


3938. Proposed by N. A. Court, University of Oklahoma. 

Given four spheres (A), (B), (C), (D) with non-coplanar centers, the four 
spheres (A’), (B’), (C’), (D’) are constructed belonging, respectively, to the 
four coaxal nets determined by the triads of spheres (B), (C), (D); (Cy; (D), 
(A); (D), (A), (B); (A), (B), (C). Find four spheres coaxal, respectively, with 
the four pairs of spheres (A) and (A’), (B) and (B’), (C) and (C’), (D) and (D’), 
and forming a coaxal pencil. 

3939. Proposed by J. H. Curtiss, Cornell University. 

Define the function f(x) by the relations 

f(x) = x sin (1/z), Caan 
= 0, x= 0. 
Show that | f(a) —f(xo)| /| x1 — x0 « is bounded for 0Sx0$1, OSx S81, if and 
only if a<1/2. 

3940. Proposed by Otto Dunkel, Washington University. . 

Denote by a,(m) the elementary symmetric function of the consecutive in- 
Pegersl; 2) - my (n—1), the sum of the products of r ata time. Show that 

o,(m) = n(n —1)--- (nw — r)P,(n), 


where P,(n) is a polynomial in n of degree r—1, and that P,(x) vanishes for 
x=0, 1, if ris odd and greater than unity. - . 
Develop a method for obtaining consecutively the explicit expressions for 


Te), OF (a 
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SOLUTIONS 


3849 [1937, 667]. Proposed by V. Thébault, Le Mans, France. 

Let O be the circumcenter of the tetrahedron ABCD, and P an arbitrary 
point in space. The segments of straight lines PA, PB, PC, PD are divided in 
the same ratio wu, and the points of division are taken as centers of four spheres 
with radii v- PA, v- PB, v- PC, v- PD, respectively. The radical center R of these 
four spheres is on the straight line OP so that 


OR:OP = (0? — uw? + u):4u. 
This is a generalization of a proposition by N. A. Court in which P=G. See 
this MONTHLY, 1932, p. 198. 


Solution by W. T. Short, Oklahoma Baptist University, Shawnee, Okla. 

With P as origin of rectangular codrdinates, let the vertices A; of the tetra- 
hedron be (x;, y;, 2;). The coérdinates of Q;, which divides PA; in the ratio 
PQi/PA;=u, will then be (ux;, wy;, uz;); and the equation of the sphere with 
center Q; and radius vPA; will be 


(1) Dd, (x — ux)? = 2 > x2, (Geils 24874). 


where the summation for each 7 is for x, y, 2. The radical center R has coérdi- 
nates which are solutions of the three equations 


(2) 2u >> x(x; — x1) = (u? — v) >) (x2 — xf), (¢ = 2, 3, 4). 


Let xo, Yo, 0 be the coérdinates of the circumcenter O of the given tetrahedron; 
then these coérdinates are determined by the system 


(3) 2% X0( 4X; — x1) = > (x? as vio (4 = 2, 3, 4). 


The solutions of the systems (2) and (3) are unique, since we consider only non- 
degenerate tetrahedrons. Hence the equation 


(4) ye [ux — (u2 — v*) x |(x; — x1) = 0 

has the unique solution, for the coordinates of R, 

(4) uUxR = (u? — y2)x9, etc. 

This says that 

(5) PR/PO = (u? — y?)/u, or OR/OP = (0? — v2 + u)/u. 


It will be seen that by extending the summations to n independent variables 
and setting t=1, 2,:++,m-+1, the above is a proof of the extension to space 
of dimensions. 


Solved also by L. M. Kelly, and the proposer. 


Editorial Note. The remaining two solutions were synthetic; and Kelly 
stated that a proof may be obtained from the one by Court in the problem 
reference by little more than the mere substitution of P for G, 
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3850 [1937, 668]. Proposed by V. Thébault, Le Mans, France. 


Let BCA,A2, CA B,B2, A BC,C2 be squares constructed interiorly on the sides 
of a triangle ABC for which V is the angle of Brocard. If cot V =2, the lines 
which join A, B, C, respectively, to the symmetrics of A;, Bi, C, with respect 
to As, Bo, C2, meet in a point. 

See corrected form in 3921. 


Solution by J. W. Clawson, Ursinus College. 


Extend P,P: its own length to P;, (P=A, B, C). 

Taking the triangle ABC as the basis for a system of trilinear coérdinates, 
and using the usual notation of elementary trigonometry, we find that A, is 
(a,—acos C, asin B—acos B); and A; is (a, 2asin C—acos C, —asin B—acos B). 

Hence the equation of AA; is readily seen to be: 

VoeecoG — 2sinG cot.G — 2. sin C 


Zz cooB+sinB cotB+1 sinB 





In a similar way, the equations of BB; and CC; are obtained. 
The condition that these three straight lines shall be concurrent is clearly 


cotC — 2 cotB—2 cotA —2 





L; 


or cot A cot B+cot B cot C+cot C cot A+3=cot A+cot B+cot C. 

But it is well known that cot A cot B+cot B cot C+cot C cot A =1, (Hob- 
son, Trigonometry, page 45). 

Hence the condition for concurrency reduces to 


eot ae cot > + Cot-.G— 4°46) coy) — 4. 


Note. If this solution is correct, the problem should read cot V =4, instead 
of cot V=2. 


Editorial Note. For cot V=4 the straight lines 4A;, BB3;, CC; meet in a 
point; but, as will appear later, the point of intersection is at infinity. If instead 
of the point A; on A,Az2, we take the point WM, where A, M,=kA}AzQ, and simi- 
larly B,M,=kB,Bo, C\M.=kC,C2, the homogeneous barycentric coérdinates 
of MW, are 


(1) sin A, sinB[ksinC — cosC], —sinC[(k — 1) sinB + cos B ]; 


and the equation of AM, is 


(2) ee ey ¢:=cotA, ce=cotB, cs =cotC. 
k — ¢3 — (k—1+ ¢) 


The straight lines BM, and CM, meet in A’ with the codrdinates 


(3) —(k—o)(R—1+cs), (R-1+es)\(R—1+ 1), (& — c1)(R — ca). 
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The sum of these codrdinates is k2—k+2—cot V, and in order to make (3) 
absolute areal codérdinates, we divide each coérdinate by this sum. The points 
B’ and C’ for the same & are then obtained by circular permutation. For any 
given value of k thestraight lines A M,, BM,, CM, are parallel if cot V=k?—k+4+2. 
In the problem k=2 and then cot V =4, as in the above solution. Denote the 
area of ABC by S and that of A’B’ C’ by S’; then, by the area formula in the 
solution of 3795 [1938, 697], 
= 2 
(4) iii A cotV #¥ k? —k+2. 
k?—k+2—cotV 

Thus the three straight lines A.M,, BM,, CM. meet in a finite point, if and only 
if R=1/2 and cot V#¥7/4. If cot V=7/4 and k#1/2, S’=4S. 


3851 [1938, 52]. Proposed by V. Thébault, Le Mans, France. 


Let N=123 - - - (n—3)(n—2)n be a number written in the system with the 
base +1, where the digits in that system are placed in increasing order of 
magnitude omitting 0 and (n—1). Form the product P= N-L, where L =a@ has 
two digits such that the sum of the digits y=a+ 8 is a number less than m and 
prime to n. The product may be written with m distinct digits taken from the 
n+1 figures 0, 1, 2, 3,---,m and suitably arranged; the digit missing will be 
n—Yy. 

Solution by E. P. Starke, Rutgers University. 

(1) Any number is congruent to the sum of its digits, mod n. Thus the 
(n+1)-digit number M=ayyy--- yBisa multiple of x. 

(2) If M be divided by n, no two of the partial divisions can produce the 
same remainders. For if the ith and jth remainders, r; and ri, J<m, could be 
equal, the (j—i+1)-digit number ryyy - - - v(y—r;) would be divisible by , 
whereas by (1) it is congruent to y(j—7) mod with jJ—t<n and with y rela- 
tively prime to n. 

(3) For the divisions of the two-digit numbers 6y, 6=0,1, 2,---, (n—1), 
by n, different remainders imply different quotients. Thus the digits of M/n 
are all distinct. 

(4) The product of the given number N by n is the n-digit number 
R=111 - -- 1. Thus P is the quotient of R-L=M by n. Now by (1), N+(n 
—1)=2zk or N= >k+1 (mod n). Thus P=N-L=yrk+y. Thus the sum of 
digits of P is congruent to yzk+v¥. By (3) the m digits of P are all distinct; 
letd be the missing digit. Then yZk+y+d==k or (y—1)>dk +y+d=0. From 
~k=n(n+1)/2, we see that Dk=0 if n is odd; while if is even, (prime to 7) 
: odd and (y—1) is even. Thus (y—1)2k=0 for every n. Then y+d=0 and 

=n—vy. 

3853 [1938, 52]. Proposed by N. A. Court, University of Oklahoma. 


Two tangent spheres (A), (D) are each touched by the spheres (B) and (C). 
The two lines joining an arbitrary point of (A) to the points of contact of this 
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sphere with (B) and (C) meet the latter two spheres again in two points coplanar 
with the two points of contact of (D) with (B) and (C),. 


I. Solution by the Proposer. 


Let X, Z, P be the points of contact of the pairs of spheres (A) and (B), 
(A) and (D), (B) and (D); let LZ be an arbitrary point of (A) and let B’, D’ be 
the second points of intersection of the lines LX, LZ with the spheres (B), 
(D), respectively; let the line B’P meet (D) again in D’’. The points X, Z, P 
are centers of similitude of the respective pairs of spheres; we have therefore 
the pairs of parallel radii AL||BB’, AL||DD’, BB'||DD"; hence the three points 
D, D', D”’ are collinear. Thus the line PB’ passes through the diametric opposite 
D" of D’ on the sphere (D). Similarly, if C’ is the second point of intersection 
of the sphere (C) with the line LY joining LZ to the point of contact of (C) with 
(A), the line QC’ joining the point C’ to the point of contact Q of the spheres 
(C) and (D) will pass through the point D’’. Hence the proposition. 


Il. Solution by L. M. Kelly, Northeastern University, Boston, Mass. 

Consider the triangle LX Y. The line B’C’ intersects the line XY Y in the 
point J and divides it in the ratio JY/JX =LB’- YC’/XB’-LC’. Again in the 
skew quadrilateral dCDB, XY and PQ will be coplanar and intersect in J’ 
on BC; see Court’s Solid Geometry, p. 111. Then J’Y/J’X =AB-YC/XB-AC. 
But from similar triangles LX/XB'’=AX/XB, or LB'/XB'=AB/XB; and, 
similarly, YC’'/LC’=YC/AC. Hence J’Y/J'X =JY/JX, and J’=J. There- 
fore, the points B’, C’, P, Q are coplanar. 

Solved also by W. T. Short. 


3854 [1938, 53]. Proposed by J. Rosenbaum, Bloomfield, Conn. 
Prove that 


(a+ V9) + (x = V9) = 24 
has no solution in which x, y, and z are positive integers. 


Solution by Andrew G. Clark, Colorado State College. 

The equation with the terms of its left member expanded becomes 2x 
12x2y + 2y?=2! which evidently can be expressed as 2(3x*+y)?=2'+(2x)*. It 1s 
well known that this form has no solutions in positive integers other than the 
trivial solutions 22=4x2=4y. (Cf. L. E. Dickson, Introduction to the Theory of 


Numbers, p. 43.) . . 
Solved also by E. P. Starke, Elijah Swift, C. W. Trigg, and W. Wernick. 
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NEWS AND NOTICES 


Readers are invited to contribute to the general interest of this department by sending news items to 
R. G. Sanger, Eckhart Hall, University of Chicago, Chicago, Illinois. 


The National Council of Teachers of Mathematics will have its 20th annual 
meeting in St. Louis, February 22—23, 1940. The theme of the meetings will be 
“Mathematics for the Other-Than-College-Preparatory Student.” All phases of 
this theme will be discussed in the four divisions of the meetings: I. General 
Meetings, II. Elementary Schools Program, III. Secondary Schools Program, 
and IV. Teacher Education Program. Questions and suggestions should be 
directed to 525 West 120th Street, New York City, N.Y. 


The suggestion has been made that a section of the Mathematical Associa- 
tion of America should be organized in Central New York. This is a preliminary 
notice that a meeting will be held on Saturday, May 11, 1940, at Colgate 
University, Hamilton, New York, which may result in the organization of such 
a section. The tentative plan for the meeting includes the presentation of papers, 
a discussion of the proposal for organizing a section with action upon the 
proposal, and a dinner which will be held early enough for those coming a dis- 
tance to return home at a reasonable hour. Further information may be ob- 
tained from Professor C. W. Munshower, Colgate University, Hamilton, New 
York. 


The first meeting of the Maine Mathematical Conference was held at 
Colby College, Waterville, Maine, on Saturday, December 9, 1939, with a 
morning session, a noontime luncheon, and an afternoon session. Papers were 
presented by Professor N. R. Bryan on “Reorganization in the subject-matter 
of college algebra,” by Professor I. J. Schoenberg on “A new freshman course 
at Colby for non-science majors,” by Professor C. T. Holmes on “Bowdoin 
mathematical courses,” by Professor S. H. Kimball on “Transfer of training,” 
and by Professor R. L. Korgen on “A new course-in logic.” An interesting feature 
of the meeting was the inspection of the Landau Mathematical Collection which 
was recently lent to and set up in the Colby College Library. 


Dr. Lury Barber of the University of Toronto has been appointed lecturer in 
actuarial sciences at the University of Manitoba. 


Dr. W. C. McDaniel has accepted a position at Southern Illinois Normal 
University. 


Associate Professor Paul MuehImann of Xavier University, Cincinnati, has 
been promoted to a professorship. 


Assistant Professor R. C. Stephens of Knox College has been promoted to 


an associate professorship. He is on leave of absence during the current academic 
year, being at Princeton University. 
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Assistant Professor E. C. Stopher of Ashland College has been promoted to 
an associate professorship. 


Dr. Abraham Wald, formerly of Vienna, has been appointed lecturer at 
Columbia University for the academic years 1939-41. 


Dr. C. C. Wylie, associate professor of astronomy at the State University 
of Iowa, has been promoted to a professorship. 


The Editor wishes to express his appreciation to the following persons who 
refereed papers or otherwise assisted in the work of editing the MONTHLY for 
the year 1939: 

A. A. Albert; R. W. Barnard; Walter Bartky; R. W. Brink; W. B. Carver; 
E. W. Chittenden; E. G. H. Comfort; A. H. Copeland; N. A. Court; H. S. M. 
Posctere la eleuttiss bly Clirtiss. 1. [2 Davis: LL. Dines:.H. LU. Dorwart: 
Te eee Ord Wer. Fords. lL. Garry; 

J. W. Givens; Lois W. Griffiths; V. G. Grove; W. L. Hart; Ernst Hellinger; 
T. H. Hildebrandt; C. A. Hutchinson; Mark Ingraham; R. A. Johnson; B. W. 
Jones; E. P. Lane; R. E. Langer; C. G. Latimer; Walter Leighton; N. J. Lennes; 
Mayme I. Logsdon; H. F. Mac Neish; J. R. Musselman; 

W. T. Reid; H. L. Rietz; J. B. Rosser; R. G. Sanger; H. A. Simmons; 
W. J. Trjitzinsky; A. W. Tucker; Bryant Tuckerman; H.S. Wall; J. H. Weaver; 
F. M. Weida; Marie J. Weiss; M. E. Wescott; L. R. Wilcox; K. P. Williams; 
F. E. Wood. 

THE LOCKE COLLECTION OF CALCULATING MACHINES 


L. Leland Locke has placed his collection of old calculating machines in the 
Smithsonian Institution. This collection contains many unique and interesting 
machines, among them the first two machines made in the United States, the 
first direct multiplication machine, and the first attempt at recording the 
multiplier. As the Museum already possesses the work of Barbour, the addition 
of the machines of Baldwin, Grant, Warren, and Verea covers the work of all 
contributors to the Art, with the exception of Teasdell, or Teasdale, from the 
inception of the Patent Office through 1876. There has never been any evidence 
uncovered that the latter progressed beyond patent specifications. 


CHANGE IN NAME OF THE AMERICAN PHYSICS TEACHER 


American Journal of Physics is the new title of the bi-monthly publication 
known since its inception in 1933 as “The American Physics Teacher,” according 
to an action taken recently by the American Association of Physics Teachers 
concerning its official journal. Remaining under the editorship of Professor 
Duane Roller, of Hunter College, and under the publication management of the 
American Institute of Physics, the journal will continue to stress the educa- 
tional, historical, socio-economic and philosophic aspects of physics, and the 
‘nstruction of students who take physics as part of a liberal education as well 
as those who specialize in the science. 
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MICROFILM SETS OF PERIODICALS 


The Committee on Scientific Aids to Learning, President Conant of Har- 
vard, chairman, has made a grant to cover the cost of making a microfilm master 
negative, on the most expensive film, of sets of volumes of scientific and learned 
journals. 

This permits the non-profit Bibliofilm Service to supply microfilm copies at 
the sole positive copy cost, namely 1 cent per page for odd volumes, or a special 
rate of } cent per page for any properly copyable 10 or more consecutive 
volumes. 

The number of pages will be estimated on request to: American Documenta- 
tion Institute, care offices of Science Service, 2101 Constitution Ave., Washing- 
ton:D:C. 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 
Twenty-third Summer Meeting, Hanover, N.H., September 9-12, 1940. 
Twenty-fifth Annual Meeting, Baton Rouge, La., December 31, 1940- 

January 2, 1941. 


The following is a list of the Sections of the Association, with dates of those Section meetings 
which have been scheduled for 1940 and reported to the Secretary. 


ALLEGHENY Mountain, Morgantown, NEBRASKA, Omaha. 

W. Va., April 20. NORTHERN CALiForNIA, Berkeley, Janu- 

ILLINOIS, Bloomington, May 3-4. ary 27. 

INDIANA, Richmond. Oxn10, Columbus, April 4 or 6. 

Iowa, Mt. Vernon, April 19-20. OKLAHOMA 

Kansas, Wichita, March 30. PHILADELPHIA 

KENTUCKY Rocky MounrtTAIN 
Louts1aAna-Mississippt, Oxford, Miss. SOUTHEASTERN, Athens, Ga., March 29- 
MARYLAND-DIsTRICT OF COLUMBIA-VIR- 30. 

GINIA SOUTHERN CALIFORNIA, Compton, March 2. 
Micuican, Ann Arbor, April 26-27. SOUTHWESTERN, Tucson, Arizona. 
MINNESOTA TEXAS 
MIssourI Wisconsin, Milwaukee. 


AFFILIATED ORGANIZATIONS: THE NEW ENGLAND ASSOCIATION OF TEACHERS OF MATHEMATICS 
THE NATIONAL CouNCIL OF TEACHERS OF MATHEMATICS, 


THE NOVEMBER MEETING OF THE MICHIGAN SECTION 


The fall meeting of the Michigan Section of the Mathematical Association 
of America was held at Kalamazoo College and Western State Teachers College, 
Kalamazoo, Michigan, on Saturday, November 18, 1939. Professor A. E. Lam- 
pen, chairman of the Section, presided at the morning session, which was held 
at Kalamazoo College, and at the luncheon and afternoon sessions, which were 
held at Western State Teachers College. 

The attendance was about sixty-five, including the following twenty-six 
members of the Association: H. M. Ackley, N. H. Anning, W. L. Ayres, J. W. 
Baldwin, F. A. Beeler, Harold Blair, W. M. Borgman, R. V. Churchill, A. H. 
Copeland, Max Coral, P. S. Dwyer, J. P. Everett, C. H. Fischer, K. W. Folley, 
R. E. Gaskell, J. D. Hill, E. E. Ingalls, D. K. Kazarinoff, A. E. Lampen, A. L. 
Nelson, E. D. Rainville, C. C. Richtmeyer, E. R. Sleight, Alvin Sugar, T. O. 
Walton, Margarete C. Wolf. 

A proposal to meet with the Indiana, Illinois, and Wisconsin Sections in the 
spring of 1940 was discussed. Though some such meeting at a future date was 
looked on with favor, it was felt wise to carry out the previously determined 
plan to meet with the Schoolmasters Club of Michigan at Ann Arbor next April. 

The following papers were read: 

1. “Rank correlation for the case of equal variates” by Max Woodbury, 
University of Michigan, introduced by the Secretary. 

2. “The solar halo complex of June 12” by Professor H. M. Ackley, Western 
State Teachers College. 

3. “A summation formula in two variables” by J. I. Northam, Michigan 
State College, introduced by Professor V. G. Grove. 

4. Undergraduate papers: 

a. “The use of counters in arithmetical operations” by Dorothy Rafter, 
Albion College, Class of 1940, introduced by Professor Sleight. 

b. “A few mathematical recreations” by Cornelius Groenewoud, Hope Col- 
lege, Class of 1940, introduced by Professor Lampen. 

c. “A trisection problem” by Norman Sleight, Albion College, Class of 1940, 
introduced by Professor Sleight. 

5. “Geometrical equivalences of the generalized hypothesis of the contin- 
uum” by Professor K. W. Folley, Wayne University. 

6. “Certain simple operations on linear differential operators” by Dr. E. D. 
Rainville, University of Michigan. 

7. “Polynomials with coefficients in a division algebra” by A. C. Holtz, 
Wayne University, introduced by Professor Nelson. 

8. “Some famous problems in the theory of numbers” by Dr. Alvin Sugar, 
University of Detroit. 

9. “On the analytic nature of minimal surfaces” by Dr. Max Coral, Wayne 
University. 

10. “The discriminant of the quartic” by Professor N. H. Anning, Univer- 


sity of Michigan. 
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Abstracts of the papers follow, numbered in accordance with their place on 
the program: 

1. Mr. Woodbury pointed out that the usual formula for the coefficient of 
rank correlation is incorrect if the mid-rank or the bracket-rank method is used 
in the case of equal variates (ties in rank). He derived a formula appropriate 
for this case of equal variates by finding the average of the values of the rank 
correlation coefficients for all possible arbitrary assignments of ranks to the 
equal variates. The average value can be found by calculating the rank correla- 
tion coefficient by the mid-rank method and subtracting a small correction. 

2. Professor Ackley described a very remarkable halo which occurred at 
Kalamazoo on June 12. Present in the complex were a brilliant parhelic circle 
about the zenith of 33° radius, a 22° circular halo (about the sun) with an ellip- 
tical halo tangent to it above and below, a considerable arc of a 46° halo near 
the horizon, and a vertical pillar above and below the sun extending nearly to 
the points of tangency of the 22° circle and the ellipse. Notably absent were 
parhelia (sun dogs) and tangent arcs of Lowitz, although conditions were favor- 
able to their visibility. Professor Ackley discussed the mathematical theory of 
the halo and showed that this particular complex can be explained by assuming 
a homogeneous cloud of fortuitously falling ice crystals of only one type, the 
columnar hexagonal, with a strong tendency, however, for a considerable num- 
ber to “coast” down in a stable condition with principal axes horizontal. Mete- 
orological conditions at the time, together with the fact that if tabular hexagonal 
crystals were also present parhelia and Lowitz arcs would have been formed, 
support this view. | 

3. Mr. Northam discussed the extension into two variables of three forms of 
Lubbock’s summation formulas. Approximations of a double sum were obtained 
by taking hk times the sum of every hth term for every Ath value of one variable. 
To these approximations were added certain corrective terms involving finite 
differences, and also remainder terms involving derivatives which might yield 
an upper bound for the error. 

4.a. Miss Rafter gave a historical account of counters as used in arithmetical 
operations. By means of a counter board designed according to a chapter in 
Robert Recorde’s Arithmetic (about 1543), she showed how the operations of 
addition, subtraction, and multiplication were performed. 

b. Mr. Groenewoud (1) derived formulas for use in construction of magic 
squares, and (2) developed a method for making any fraction equal to the sum 
of unit fractions. 

rs The problem of constructing an angle three times as large as a given acute 
angle is well known and not difficult. In this paper Mr. Sleight reversed the 
problem, and explained the difficulties involved. He also explained, as a back- 
ground, the analytic conditions for a ruler-compass construction of a given 
geometrical problem. 

. 5. Professor Folley discussed generalizations of theorems proved in Sier- 
pinski’s book, The Hypothesis of the Continuum. By considering a space of a 
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transfinite number of dimensions, it was shown that the generalized hypothesis 
of the continuum is equivalent to decompositions of this space in various ways. 
In particular, one such decomposition is into two sets A and B, A having at 
most X, points on every line parallel to any one axis of the space and B having 
at most N, points on every line parallel to any other axis of the space. 

6. Dr. Rainville discussed elementary algebraic properties of certain linear 
operators. One of these operators has the formal properties of the Laplace 
integral transformation in its application to linear differential expressions. 
Another operator transforms each linear differential operator into its adjoint. 
Application was made to the determination of differential equations for the 
solution of which the Laplace integral transformation is useful. 

7. Mr. Holtz discussed polynomials whose coefficients are in a division alge- 
bra. The main body of the paper dealt with the application of the general theory 
of non-commutative polynomials, as presented in a previous paper by M. H. 
Ingraham and M. C. Wolf, to polynomials with coefficients in a quaternion 
algebra or in a division algebra of order nine. 

8. Dr. Sugar’s paper was principally concerned with some of the famous 
and less famous unsolved problems of number theory. Among these were the 
problems of prime pairs, prime triples, representation of primes by linear and 
quadratic forms, the Goldbach problem, Fermat’s last theorem, and the Euler 
conjecture. 

9. Dr. Coral first pointed out that a non-singular surface S, which is repre- 
sented parametrically by codrdinate functions having continuous partial deriva- 
tives of the first order, may be called minimal if along S the first variation of 
the area integral vanishes. In order to prove that such a surface is minimal in 
the usual sense, i.e., has mean curvature zero, it is necessary to find a parametric 
representation of S in which the codrdinate functions have continuous second 
derivatives. Such a proof was given in 1926 by T. Radé, who found a repre- 
sentation of .S which is locally isothermic, so that the coérdinate functions of S 
are harmonic functions and therefore analytic. Dr. Coral gave a modification 
of Professor Radé’s proof which simplified the details materially. 

10. Professor Anning studied the typical quartic polynomial and its Sturm 
functions from a graphical point of view, and pointed out the pictorial signifi- 


cance of the conditions for four real zeros. 
P. S. Dwyer, Secretary 
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REPORT OF THE COMMITTEE TO REVIEW THE ACTIVITIES OF 
THE MATHEMATICAL ASSOCIATION OF AMERICA 


The creation of this committee, let it be said at once, is in no way to be 
attributed to the imminence of anything resembling a crisis in the Association’s 
affairs, or of any danger of impairment of the organization’s usefulness. On the 
contrary, the Association approaches the completion of the first twenty-five 
years of its existence strong in the possession of the loyalty and confidence of 
its members, endorsed by an increasing membership, and with its material 
affairs in perfect order. The inspiration for a review of its activities is to be 
referred to a different source. The Association, having now passed through that 
period of years in which its continued existence could have been regarded as 
problematical, looks to a future which in at least some of its aspects differs from 
that which was envisaged by its founders. In the presence of the many and 
fundamental changes in social adjustments peculiar to the time, it is all too pos- 
sible for individual or organization to find at some crucial moment that it has 
inadvertently allowed itself to fall into the réle of a foolish virgin while awaiting 
the appearance of the bridegroom of opportunity. This the Trustees and officers 
of the Association—mindful of their charge—have wished to forestall, or to do 
so at least insofar as such may be possible by the raising and throwing into relief 
of such matters as in the minds of a chosen group of individuals may seem 
worthy of the consideration and the renewed appraisal and judgment of the 
membership of the organization. A committee to undertake this was, therefore, 
authorized by the Trustees at the Summer Meeting of 1938, and pursuant 
thereto the undersigned committee was appointed by Professor A. J. Kempner, 
then President of the Association. We, of this committee, now beg to submit 
herewith the following report. 

In accepting the commission of the Association to review jts activities we 
have not been unmindful of the honor which in the implication of confidence has 
been done us. Nor were we to remain long unmindful of the magnitude, and more 
especially of the unspecific character and the vagueness of delimitation of our 
assignment. In the face of this it seemed to us a wise precept of Descartes “to 
divide the difficulties into as many parts as possible, and by commencing with 
the simplest and easiest to ascend step by step to the more complex.” This has 
been our method—may the result speak for itself. 

The phases of any review are without violence subsumable under the desig- 
nations of retrospect, aspect, and prospect. The first of these has in the present 
instance concerned us but little. The history of the Association is sufficiently 
familiar to require no recapitulation from us, and the gamut of its accomplish- 
ments has happily been such as stands in no need of embellishment or inspired 
praise. Our review, therefore, has in the main concerned itself with the Associa- 
tion’s present, and with the outlook to its future. 

As to aspect, the Association is, in brief, at present an organization of some- 
thing over twenty-one hundred individual and one hundred institutional mem- 
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bers. It is of national, or perhaps better said, of continental scope, and proclaims 
in its by-laws as its object: “to assist in promoting the interests of mathematics 
in America, especially in the collegiate field, by holding meetings for the presen- 
tation and discussion of mathematical papers, by publishing mathematical 
books, monographs and reports, by conducting investigations for the purpose 
of improving the teaching of mathematics, by accumulating a library and by 
coéperating with other organizations whenever that may be desirable for attain- 
ing these or similar objects.” It is governed by a staff of eight officers and 
twelve additional Trustees, publishes as its official organ THE MATHEMATICAL 
MonrTRLY, and holds two meetings each year. By authority of its by-laws the 
Association may grant to any group of not less than ten members the permission 
to organize as a “Section of the Association” for the purpose of holding local 
meetings, and there have been organized and are in existence twenty-two such 
Sections. The organizations of national scope which have objectives bordering 
most directly upon those of the Association are on the one hand The National 
Council of Teachers of Mathematics, which is devoted to “the advancement of 
mathematics teaching in the elementary and secondary schools,” and on the 
other hand The American Mathematical Society which is devoted to mathe- 
matical research. 

Crude though the outline which we thus present may be, it nevertheless 
serves in some manner as a basis for the considerations which follow. To begin 
with, it places into some relief the great breadth of objectives which the founders 
of the Association preémpted for it. Thus it has been said concisely and yet not 
inaccurately that “Everything that is worth doing for mathematics, other than 
research, is a function of the Association” (J. W. Young, MONTHLY, Jan. 1932). 
In any such extension of its realm of purposes an organization cannot fail to 
find sources both of strength and of weakness. While a diversity of interests 
calls forth inspiration from a multiplicity of origins and permits of an enriched 
program of activities, it must almost inevitably defer to a singleness of purpose 
in the matters of determinate strength and efficiency of execution. The broader 
organization must attract membership from individuals with different prefer- 
ences, and its guidance requires the codperation of manifold talents. Its prob- 
lems will be of many kinds, and while some will be of a national significance, 
others again will be of a regional application and importance, many distinctions 
being no less than inevitable in a country of such greatly varying physical as- 
pects, populational density, and traditions as ours. 

Considerations such as these have led us to the first matter upon which we 
have recommendations to submit. The administration in a truly statesmanly 
manner of an organization with many objectives such as the Association is, 
seems to us to call for a peculiarly large amount of conscious planning, of judg- 
ments on the importance of projects which offer opportunities for participation, 
and of the appraisal of relative merit in activities which invite financial support. 
While in such matters the leadership of the Association in the past has been 
able and even distinguished, we hope and even expect that the Association will 
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in the future enjoy such growth that its effective management will become a 
task of ever increasing magnitude. In the death of Professor Slaught, who held 
the offices of Manager and Honorary President, the guidance of the Association 
lost, along with much else, an appreciable pillar of stability. With the single 
exception of the Secretary-Treasurer the officers of the Association are in a posi- 
tion to give their leadership only during relatively brief terms. Unfortunately, 
moreover, very little responsibility for the care of the Association’s affairs seems 
by custom to have attached itself to some of its offices, notably the vice-presi- 
dencies. We believe that there would be definite advantage in so modifying the 
present adjustments as to cloak the principal officers more equitably with re- 
sponsibility for the organization’s direction, and by aggregating these officers 
into an Executive Committee charged explicitly with the conscious planning of 
the Association’s program, to assure greater stability and continuity for that 
program. 

The general need for organizations of a local compass with the purposes of 
the Association as their own has palpably disclosed itself in the calls for the 
formation of Sections in increasing number. Sections now exist in almost all 
parts of the country, and in them one may see, at least in theory, a decentraliza- 
tion of the organization’s functioning. We believe that such decentralization 
embraces many desirable features, and that in it the Association may well find 
the potential means for carrying out its future work with a high degree of effec- 
tiveness. As to their practical aspect, however, we believe that the arrangements 
which at present maintain could be very materially improved. 

The Sections are in themselves local associations of which each has its own 
officers and committees. A goodly number of them not only hold meetings with 
regularity, but are also otherwise vital and active and have a conscious and 
definite purpose. In some instances they enjoy the distinction of being the only 
organizations within their respective territories that concern themselves with 
the welfare of mathematics, and that afford the occasions and means for group 
discussions of matters of interest or moment in that connection. Despite this, 
the inter-relation between the Sections and the Association as a central body is 
tenuous almost to the point of non-existence. In its by-laws the Association 
specifically disclaims all obligation to pay from its treasury any of the expenses 
of the Sections, and although, to be sure, it has not in practice held itself en- 
tirely aloof in this matter of extending some financial aid, nevertheless such 
assistance as has been given has been sporadic and not in accordance with any 
definitely established program. There is no provision in the way of regular chan- 
nels through which information regarding situations which locally affect the wel- 
fare of the Sections or the good of mathematics as a whole may be communicated 
from the Sections to the Association, and in turn none through which the See- 
tions may be kept officially informed of, or m 


' ade responsive to, any program 
to which the national organization devote 


s itself. There is no organized service 
of advice to the Sections, and in turn no consciousness on their part that they 
either fill any rdle whatsoever in the formation of the policies of the parent body, 
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or that they have any responsibility toward carrying such policies into effect. 
We believe, and regard it as of considerable importance, that the Association 

should establish means of more direct contact with its local units, and that it 
should, insofar as may be feasible, give to the local units material assistance and 
the opportunity to take part in its councils. In extending assistance, especially 
to such Sections as carry on their activities under the handicaps of sparsity of 
population, great distances and remoteness from centers of intellectual initia- 
tive, the Association places itself into the position of an intermediary through 
which those of its members in the more favorably situated parts of the country 
may assist in the work of those who in this respect are less fortunate. To do 
this is entirely consistent with the Association’s objectives. In giving some direct 
voice to the membership in local units the Association may improve its respon- 
siveness both to opportunities and dangers which locally arise, and may develop 
means by which the weight of its influence and prestige may be brought to bear 
effectively upon local situations. There is perhaps no part of the country in 
which the Association’s membership, or potential membership, is not faced with 
some local manifestation of the situation in which mathematical instruction in 
the schools generally finds itself. The effect of this situation upon the colleges 
shows itself indirectly in the quality of the mathematical preparation of the 
students and directly in assaults upon the college entrance requirements. In 
their efforts to support and maintain high mathematical standards in such con- 
ditions the local groups individually find themselves almost inevitably fore- 
doomed to ineffectiveness. With assistance and advice at hand, and the 
resources and prestige of a national organization behind them, they may per- 
haps in many instances find themselves less unequal to their task. 

Although it might almost be inferred from the foregoing statements that we 
advocate a replacement of the Association by some federation of Sections, that 
would be entirely incorrect. The effectiveness of the Association in the future 
will undoubtedly depend upon its maintaining a clear-cut identity as an organ- 
ization of national scope. It must maintain itself always in the position to draw 
its leadership from men of outstanding accomplishment who stand high in the 
esteem of the mathematical world. The means through which the Association 
may make the guidance of such men available to itself should be held free from 
all local sanction and independent of regional interests. 

Guided by the considerations which have thus been set forth, we have drawn 
up a plan for some modifications in the Association's scheme of organization 
which we hereby propose as a recommendation to the following effect: 

1. The Officers of the Association shall be a President, a First Vice-President, a 
Second Vice-President, an Editor-in-Chief of the Official Journal (herein- 
after called the “Editor”), a Secretary-Treasurer, and an Associate Secre- 
tary. 

2. There shall be a Board of Governors (hereinafter called the “Board”), to 
consist of the Officers, the Ex-Presidents for terms of six years after the ex- 
piration of their respective presidential terms, and of additional elected 
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members (hereinafter called “Governors”). It shall be the function of the 
Board to supervise all scholarly and scientific activities of the Association, 
and to administer and control these activities, except that at the demand of 
ten or more members of the Board, or at the demand of forty or more mem- 
bers of the Association, any proposal to alter or initiate a matter of policy 
shall be referred to the general membership of the Association for its decision. 

3. There shall be an Executive Committee advisory to the Board, and consist- 
ing of the President, the two Vice-Presidents, the Editor, and the Secretary- 
Treasurer. It shall be the function of this Committee to review continually 
the policies and activities of the Association, to plan and organize new ac- 
tivities, to formulate in broad outline the programs of meetings and of 
publications, and in general to consider all matters of importance or interest 
to the Association. This Committee shall prepare the agenda for meetings of 
the Board, and shall analyze the implications and aspects of all matters 
which are to come before the Board for decision. It shall present to the 
Board the viewpoints suggested by such analyses, as well as all such facts 
as May seem pertinent, or as may in any way facilitate the Board’s work. 

4. There shall be a Finance Committee to conduct the business affairs of the 
Association, 1.e., to receive and administer its funds, to control its properties 
and investments, to make its contracts, etc. This Committee shall consist 
of three members, of which the Secretary-Treasurer shall be one. It shall 
report its actions at the annual business meeting of the Association and in 
the official journal, and its general policies shall be subject to the approval of 
the Board of Governors. 

5(a). The Officers and Governors of the Association shall be elected in part by 
the Board, in part by the general membership, and in part by this member- 
ship in constituencies (hereinafter called “Regions”) established by the 
Board. 

5(b). The membership at large shall elect in alternate years respectively a 
President and a First Vice-President, each for a term of two years, and shall 
elect each year two Governors, for terms of three years. 

S(c). The membership in each Region shall elect biennially a Governor for a 
term of two years. 

5(d). The Board shall elect at appropriate times by ballot and for the terms 
stated: a Second Vice-President for two years; an Editor, a Secretary-Treas- 
urer, and an Associate Secretary, each for five years; and members of the 
Finance Committee (other than the Secretary-Treasurer) for four years. 

5(e). Elections by the Board shall be made from nominations by the Executive 
Committee. At least two nominations shall be made for each office to be 
filled, and the Board may in any case reject all nominations made and call 
for a new list. 

5(f). The names of members to be printed upon the ballots, together with blank 


spaces in the case of elections by the general membership, shall be deter- 
mined as follows: 
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S(g). For elections at large, by a Nominating Committee to be appointed an- 
nually for that purpose by the Board. This committee shall proceed as is at 
present prescribed in Sec. 7 of Article III of the by-laws. 

Sige For each regional election, by the Section or Sections of the Association 
existing within the Region, or, in the absence of such Sections, by a com- 

mittee appointed for that purpose by the Governor representing the Region. 

5(i). The President shall be ineligible for reélection. The Vice-Presidents, the 
Editor, and the Governors shall be eligible for reélection only after an interim 
equal to their respective terms of office. 

Although the Regions referred to in this recommendation are to be fixed by 
the Board and are to be subject to revision by the Board, the following is sug- 
gested as an initial delimitation of them: 

1. New England 

. New York and Eastern Canada (east of Manitoba) 

. New Jersey, Pennsylvania, West Virginia and Delaware 

. District of Columbia, Virginia and Maryland 

North Carolina, South Carolina, Georgia, Alabama and Florida 

. Mississippi, Louisiana and Arkansas 

Tennessee, Kentucky and Ohio 

. Indiana, Illinois and Michigan 

. Wisconsin, Minnesota and Iowa 
10. Nebraska, Kansas and Missouri 
11. Oklahoma and Texas 
12. New Mexico, Arizona, Utah, Colorado and Wyoming 
13. South Dakota, North Dakota, Montana, Idaho, Washington, Oregon 

and Western Canada (west of Ontario) 

14. California and Nevada 

By way of final remarks in direct connection with the matter of the Associa- 
tion’s organization we would say that if our recommendation is adopted the 
transition from the existing order to that proposed can be made without any 
serious discomposure. We suggest as a procedure to this end the following: 

That the membership proceed with its present schedule of Presidential elec- 
tions. That it elect a First Vice-President at the end of 1940 for the partial term 
through 1941, and begin regular elections to this office at the end of 1941. That 
it begin its regular elections of Governors at large at the end of 1941. That the 
Board elect an Associate Secretary at or before the summer meeting of 1940 
for the partial term through 1944. That the Board elect a Second Vice-President 
at the end of 1940, an Editor at the end of 1941, and a Secretary-Treasurer at 
the end of 1942. That it elect two members of the Finance Committee at the 
summer meeting of 1940, one for the partial term through 1941, and one for the 
partial term through 1943. That all present Trustees whose terms do not expire 
with the year 1939, and the Trustees to be elected at the annual meeting of 1939 
become members of the Board of Governors as follows: 

Trustee Curtiss as ex-president, through 1942; 
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Trustee Kempner as ex-president, through 1944; 

Trustees Betz, Coble, Dresden and Weaver as Governors at large, through 
1940; 

Trustees Bennett, Carmichael and Evans as Governors at large, through 
1941; 

Trustees to be elected in 1939 as Governors at large, through 1942. 

That the Regions 5, 7, 10, and 12 elect a Governor at the summer meeting of 
1940 for the partial term through 1941, and that these and the Regions 1, 2, 
and 13 begin their regular elections of a Governor at the annual meeting of 
1941. That the Regions 3, 4, 6, 8, 9, 11, and 14 begin their regular elections of a 
Governor at the annual meeting of 1940. That in the interim while any Region 
remains without representation by a Governor, the Executive Committee fulfill 
all such duties as shall ordinarily devolve upon such a representative. 

The inclusion in our recommendation of such features as the creation of a 
Finance Committee, the addition of an Associate Secretary, the omission from 
the staff of officers of the members of the present “Committee on Official 
Journal” except for the Editor, etc., hardly require comment. Under existing 
conditions they seem to us to be desirable adjustments. The omission of the 
office of Librarian will also be noted, and is to be explained on the ground that 
we believe the care of the library to be more properly a matter to be entrusted 
to a standing committee than to an officer. The whole matter of the Associa- 
tion’s library is to be discussed by us below. Some further comments in connec- 
tion with our recommendation, which will, indeed, lead us to another proposal 
are the following: 

Our belief in the desirability of regional representation on the Association’s 
governing Board has already been elaborated. The form in which it has been 
embodied in the recommendation made has been dictated largely by the exigen- 
cies which workability of the plan seemed to impose. In the event that our 
recommendation is adopted it is our hope that the Sections, as they may be 
grouped within any Region, will avail themselves to the utmost of the oppor- 
tunities we wished to extend to them, and that they will codperate by returning 
as their representatives those persons who are best qualified for that position 
and who are genuinely interested in furthering the Association's objectives. 

The extent to which a representative body will bring to bear upon its de- 
liberations those advantages which are peculiarly inherent to it, depend very 
materially upon a full attendance at its meetings. Such attendance, especially 
in the instance of members from the more remote corners of the country, is 
necessarily bound up with considerable financial expenditure. It is the Associa- 
tion as a whole which is the primary beneficiary of this expenditure, and since, 
as will be obvious, the latter must in some cases reach proportions which would 
be excessive for many members of the organization personally to assume, we 
shall propose that the Association adopt the sharing of this burden as a part of 
its established policy. The Association as an altruistic organization may without 
apology ask of its members any reasonable expenditure of their time and talent. 


1940] ACTIVITIES OF THE MATHEMATICAL ASSOCIATION 71 


This right should not, however, be regarded as extending to their pecuniary 
resources. The organization has regularly established dues through which the 
load of financial obligation inseparable from its administration and the conduct 
of its activities is intended to be placed equitably upon the members. We do 
not, of course, believe that the Association would be the sole beneficiary from 
the attendance of representatives at its meetings. Such attendance at the meet- 
ings of a national organization have for any alert individual personal advantages 
which it is certainly not necessary for us to recount here. If attendance calls for 
sacrifice it seems but fair that this should be shared. We recommend, therefore, 
the following: 

(a) That the Association undertake, whenever, in the judgment of the Board 
its financial status permits and the annual meeting is reasonably central, to reim- 
burse each regional Governor for one-third of his first-class railroad fare to and from 
this meeting. 

(b) That when this appropriation remains unused by any such Governor in any 
year it be held to the credit of his Region to be placed at the disposal of its Governor 
in the following year, in addition to such appropriation as may be made for that 
year. 

(c) That the Association similarly undertake to reimburse each member of its 
Executive Committee for the amount of his first-class railroad fare to and from each 
of two meetings of this Committee in any one year. 

We believe, on the basis of some specimen calculations which we have made, 
that the expenditures which the Association would be called upon to make in 
connection with this recommendation are not excessive. The further discussion 
of this we defer, however, to an appropriate place below. 


Second in the order of our review, though in importance it is secondary to 
none, is the question of the adjustment of the Association’s activities to its pro- 
fessed objectives. An organization’s charter to the right of existence lies in its 
purposes. Through its proclamation of these it calls for the support of individ- 
uals who subscribe to them, and the individual in turn by holding membership 
proclaims his endorsement of them. In the course of time a revision of an organ- 
ization’s purposes may become desirable or necessary, and the members will 
endorse such changes as may be made, or failing to endorse them will discon- 
tinue their membership. In the case of the Mathematical Association we do not 
believe that the objectives need revision. There seems to be every reason to 
believe that they have the unconditional endorsement of the membership, and 
it is our opinion that they are as vital or more vital in the presently existing 
order of school and society as they have been at any time past. The range of 
these objectives is large. From contact and some interpenetration with the ob- 
jectives of those organizations which are devoted to the teaching of mathe- 
matics in the secondary schools, they extend over the collegiate field and over 
that of the graduate school, to make contact with that of mathematical research. 

The organizations devoted primarily to the secondary school field are con- 
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cerned in the main with questions which center upon the pupil, and their prob- 
lems are accordingly almost entirely of a pedagogical nature. The Association 
regards these problems as essentially outside its field, although it has not in the 
past, and cannot afford in the future, to hold itself aloof from interest in them. 
The mathematical instruction in the schools very directly affects that in the 
colleges, and what is detrimental to the former is almost certain to have a simi- 
lar effect upon the latter. In the teachers of the secondary schools the Associa- 
tion finds a personnel in which it is directly interested. Ideally these teachers 
should all be college trained. In practice they all do have some training of a 
post-secondary grade, and it is distinctly within the range of the Association’s 
objectives to concern itself with the problems presented by projects for the 
betterment of their training and for the enlargement of their intellectual scope 
and of their appreciation of their subject. 

At the collegiate level the concern of the Association focuses itself both upon 
the student and the teacher. In the early, or so-called junior college years the 
enrollments in mathematics are generally large, and the great majority of the 
students involved finish their mathematical training at this stage. The teaching 
which they receive must be looked upon as not merely supplying them with 
facts, but as being of immediate influence upon their subsequent reactions to 
things mathematical and the understanding of mathematics which they carry 
on through life. The fostering of the best standards of teaching at this level, 
and the improvement of the teachers, are objectives of first rate importance. In 
the upper college years and throughout the graduate school the students of 
mathematics are predominantly engaged in training themselves for the profes- 
sion of the teacher. The character and quality of this training, the extent to 
which it should be carried, the certification of successful candidates, the defini- 
tion of the various degrees and many other matters in this field are legitimately 
the Association’s concern. Aside from these purposes, the Association is dedi- 
cated to the promotion of mathematical scholarship by any and all means. It 
accordingly has among its objectives the sponsorship of expository mathemati- 
cal writing and the dissemination of the results of mathematical research, the 
stimulation of an esprit de corps among mathematicians and the facilitation of 
the exchange of ideas at meetings, the support of travelling lecturers, the digni- 
fied scientific popularization of mathematics and the publication of books, 
papers and pamphlets designed to broaden the understanding of the cultural 
significance of mathematics, the historical importance and vitality of its theories 
and practice, and its many bearings upon science, philosophy and technology. 

It will be evident even to the casual reviewer that the present activities of 
the Association are unequally distributed over the many reaches of the domain 
which has thus been laid out. He will observe a distinct concentration of these 
activities and the associated expenditure of resources upon the field which 
borders closely upon that of mathematical research. The tendency, moreover, 


has been toward such concentration rather than away from it, and this despite 


the fact that research is not one of the Association's objectives and is the single 


1940] ACTIVITIES OF THE MATHEMATICAL ASSOCIATION 73 


objective of the American Mathematical Society, a singularly well directed, 
strong, and efficient organization. 

We can lay small claim to originality in the matter of drawing these facts 
to the attention of the Association’s members, for among many of the members 
they form a well worn subject of discussion, and on many occasions they have 
been publicly discussed by the Association’s officers. In 1932 President W. B. 
Carver, then the Editor of the Montuty, wrote concerning that journal: ‘‘it 
is devoted to the interests of collegiate mathematics if one accepts the statement 
on the cover. But if one looks further than the cover page he may find reason to 
doubt the whole-heartedness of this devotion.’’ Now there is, of course, nothing 
reprehensible in any encroachment of the Association upon the field of mathe- 
matical research. At present this is not one of the Association’s stated objec- 
tives, although it could without any ado whatever be made one if such were 
found to be desirable by the membership. We believe, however, basing our judg- 
ment upon the fullest contact with the membership which we have been able to 
make, that only a very small minority would advocate this, and that the great 
majority would not. It is certainly undeniable that a very large proportion of 
the Association’s present membership is vitally interested in mathematical re- 
search. It may be assumed, however, that they give primary utterance to this 
interest by their membership in the American Mathematical Society, and this 
being so it is reasonable to assume that their membership in the Association is 
articulate, not of their research interests, but of their interests in those other 
activities for which the Association more particularly stands. 

The matter which is here at issue is one which current events seem to be 
pressing toward the state of urgency. During the lifetime of the Association the 
student enrollment in the colleges has been tripled, and the junior college as an 
institution has risen to a position of importance. There seems to be much reason 
to believe that in the future the separation between the work of the junior 
college years and the senior college years will undergo further differentiation 
regardless of whether they are carried out in the same or in separate institutions. 
The number of mathematics teachers engaged in the work of the junior years of 
college has thus grown to the point where they have become conscious of their 
numbers and importance. Their affiliations with the senior personnel of the sec- 
ondary schools, the most influential teachers, the principals and the superin- 
tendents, may well be considered natural. The welfare of mathematics lies to 
no mean extent in the hands of this large group of teachers. The Association has 
the fostering of this welfare as one of its primary objectives, but—let it be said— 
at present it exerts very little influence in this group. There is already a stirring 
in several parts of the country—in some cases already a movement—for the 
formation of an independent organization of the junior college mathematics per- 
sonnel. In the light of this it seems clear that the Association is confronted by 
the necessity of making without delay a decision of great importance. Shall it 
reassert all of its present objectives and, acknowledging the fact that it has thus 
far neglected some of them in the institution and prosecution of its activities, 
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undertake at once to enter actively into their cultivation and support, or shall 
it allow itself to be essentially displaced in a large part of its domain by another 
organization? we 

We believe that the best welfare of mathematics calls for a decision in favor 
of the first of these alternatives, and our soundings of the sentiment of the mem- 
bership makes us believe that this decision would obtain an overwhelming sup- 
port. To some members it apparently seems that only by making this decision 
can the Association expect to maintain in the future its status as an organization 
of truly primary importance. Pursuant to the beliefs which we have already 
fully expressed, we advocate, therefore, that the Association give thought at 
- once to the diversification of its activities, and to the attraction into its member- 
ship of a greatly increased number of those persons who, though not directly 
concerned with research activity, have other mathematical interests. This need 
not, and does not, mean that the Association should abandon any of its present 
activities. It means rather, to use a figure not our own, that the roots and trunk 
of the tree should be brought under cultivation as well as the branches, this 
being quite as important as the care of the blossom and fruit. 

To merely invite into membership in the Association individuals engaged in 
the junior college field, will, we believe, promise but small return. The Associa- 
tion does not seem to this group to be concerned with many matters that are 
of moment to it. It should not be regarded in this connection as a question of 
the existing membership of the Association assuming to supply to the junior 
college group those things they need to fill their want, but rather of the Associa- 
tion’s assuring that group of the fundamental identity of interests and objec- 
tives, and with the invitation to participate in membership en masse offering it 
the opportunity and the facilities which the organization has at hand for it to 
serve its own needs within the Association and with the coéperation of the 
Association’s entire membership. We are convinced that a consummation of this 
would yield great advantages to all concerned, and accordingly make the follow- 
ing recommendation: 

That the Association appoint a small committee to seek out the leaders of the 
Junior College mathematics teaching personnel and ascertain from them what they 
regard as their essential needs, and under what conditions they would, as a group, 
seek to carry out their objectives under membership in the Association. That this 
committee be empowered to assure the Junior College personnel of a cordial welcome 
to membership in the Association and participation in its counsels, and to discuss 
such matters as: 

(i) the remission of initiation fees for some specific period, 

(ii) space in the MONTHLY for papers dealing with their problems, and editorial 
representation on the MONTHLY, 

(ili) facilities for the presentation of their programs and the discussion of prob- 
lems at the Association's meetings, 

(iv) representation on the Association's Executive Committee.* 


* Action on this recommendation as it appeared in our pre 


liminary report was taken by the 
rrustees at the summer meet ing of 1939, 
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The financial status and transactions of the Association have come under 
our review essentially as they have been reported by the Secretary-Treasurer 
during the years 1934 to 1938 inclusive. In brief and somewhat rough recapitula- 
tion the figures involved appear when reduced to annual averages to be the 
following: 


ANNUAL RECEIPTS 








iia tal eR SUDSCTINLIONS SELl. ons 5.68 dieee ack wm xe $9, 700 
ihe Ugsoyr  tetbet tele) 0 too: am See ee aa a ar 250 
odie aerpeta hire aa Li by tree eeretn Se Sen eee nee eae 450 
4. From interest on endowment, éfc............... 760 
1 TTA PAR << Caperto atin, ee ee: $11,160 
ANNUAL DISBURSEMENTS 
5. For the MonTHLY, the Register, etc......+...544: $6,020 
ec res SOCTE ATI AC ea Al Pais iia ach aracy Se Sie be 
7. For assistance (speakers, efc.) to Sections........ 225 
Ty Mire Clery ahs Oi eke a ea oe Tee 190 
9. For committees and commissions.............-. 150 
10. For the library (binding)....... Rares 85 
11. Membership in the American Mathematical So- 
PIE MR Le Ries ee SENG RNA IR acess Peter 4 100 
12. Subvention to Annals of Mathematics........... 200 
13. Subvention to Duke Mathematical Journal....... 200 
Serie My ted a ee Say Me Maken» sacra aie Ee he ee $10,405 
14. Special appropriation for Mathematical Reviews 
pHa eT ee, hs oop Rae, noted ay bk Hehe Re ate eS $1,000 


At the close of the year 1938 the wealth actually in the possession of the 
Association, as represented by its balance on hand and its endowment, was 
$22,700. In addition to this the Association has in its control special funds which 
at that time amounted to the following: 


The Carus Monograph Fund... s.6.0.0.%+ +: $6,946 
The Arnold. puttum Chacesbund)), 2.4.60 = 9 «« 7,784 
The Chauvenes brize Pb Undises oie bs co es > 688 


These figures, their size and their diversity, may be looked upon as a meas- 
ure of the scope and vitality of the Association's enterprise. In their steady in- 
crease the Association’s growth has been reflected, and the membership will 
hope for the continuation of such increase and growth. The receipts of the Asso- 
ciation have come, and it must be assumed will continue to come, in the main 
from item 1 as listed. The revenue from this source can be increased only by 
increasing the membership. The membership total has not materially changed 
during the last decade, and stands at present in the neighborhood of twenty-one 
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hundred. This, it must be observed, is only a fraction of what can justifiably 
be regarded as the membership potentiality. On the basis of data collected in 
1935 (R. G. D. Richardson, the MONTHLY, vol. 43, 1936, p. 205) it appeared 
that of teachers of mathematics alone in the colleges, universities, junior col- 
leges, and degree-granting normal schools of the United States and Canada 
there were approximately 4,444. Of these only 1,333 were noted to be members 
of the Association. There is no reason to suppose that the proportion is different 
at the present time. We have already discussed above the possibility of enlisting 
an entire group to increase the membership, in connection with the teachers of 
the elementary college subjects. Aside from this we believe that any increase of 
material proportions will result only from a diversification of the Association’s 
activities. The appeal of the Association is at present strongest for the personnel 
of the universities and the larger colleges, and dwindles to small proportions for 
those whose interests center upon the work of the small colleges, the secondary 
schools and intermediate institutions. 

Item 2, the initiation fee, is a matter which we have discussed but upon 
which we have come to no conclusion. There seems to be a considerable diversity 
of opinion as to whether this fee is or is not a ponderable deterrent to member- 
ship, and if it is whether it is or is not compensated for by the income it supplies. 
The question might merit the Association's study and perhaps some experimen- 
tation. 

Of the regular disbursements of the Association by far the greatest portion 
goes to the publication of the MoNTHLY and the expenses of the Secretariat. 
This is entirely as it should be, since these are the media through which the 
organization functions and makes itself articulate. We believe that the MONTHLY 
must necessarily play an important réle in conjunction with any diversification 
of the Association’s activities. At present, as its own Editors have been very 
ready to acknowledge, it reflects the concentration of the Association’s interest 
in the sub-research field. The recent institution of a Department of Mathe- 
matical Education seems to us a step in the right direction, and one that could 
well be followed further. The editors, it must be said, have on many occasions 
earnestly solicited articles on subjects directly in the line of the Association’s 
objectives, and the response has not been overly large. The responsibility for the 
production of suitable material lies, after all, with the membership, and this has 
not been too generously forthcoming. . 

It has been suggested that from the standpoints of typography, design, 
format and legibility the MONTHLY might well be overhauled with a view to its 
modernization and the enhancement of its appeal and attractiveness as a jour- 
nal. We feel technically incompetent properly to appraise this suggestion, but 
believe that the Association may perhaps do well to refer the matter to the 
study of some qualified committee. 

The item of disbursement numbered 10 places into relief the whole problem 
of the Association’s library. Although this enterprise is theoretically in the 
charge of the Librarian, it has for many years in fact been cared for by the 
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Secretariat. A catalogue was issued by the Association in 1931. It shows the 
library to consist of some eighty-three journals which the Association receives 
by exchange arrangements, and some books. The latter represent mainly the 
residue of volumes not otherwise disposed of from the influx which is intended 
for review. In its intent the library duplicates completely that of the American 
Mathematical Society—in completeness it is in no way comparable with it. 
Since the membership presently avails itself of the library’s loan service to the 
extent of no more than a dozen instances per year, it will be clear that as an 
enterprise the library is at present essentially negligible. 

In the light of this we regard the average annual expense of $85 connected 
with it as one which the Association cannot afford to continue. Its discontinu- 
ance, however, in the absence of other suitable dispositions will mean that the 
many journals that are currently received will remain unbound, a matter which 
will involve certain obvious loss and waste. There seem to be two alternatives 
between which the Association must choose. The one is to abandon the enter- 
prise of a library and to dispose of the present one in some way, recognizing the 
fact that duplication with the American Mathematical Society’s activity in this 
respect is bound to be bootless. The other alternative is to seek to build up the 
present library mainly with books and journals covering subjects more definitely 
identifiable with the Association’s field. This might involve a considerable ex- 
penditure of funds to be effective. 

We believe that it will require more study than we can give this matter to 
determine which alternative the Association should take. The ultimate decision 
could reasonably be made to depend largely upon the outcome of an investiga- 
tion as to whether or not the Association could find some large and centrally 
located institution with which it could consummate an agreement concerning 
its library somewhat along the lines of the agreement between the American 
Mathematical Society and Columbia University. 

There are many matters which can be drawn into a discussion of the annual 
disbursements numbered 11, 12 and 13 above, and of a proposed annual sub- 
vention to Mathematical Reviews. The amount of spendable money which re- 
mains to the Association after it has cared for its own organ and secretariat is 
not large. The items in question have been taking the largest share of it. They 
belong in the category of the Association’s activities which appeals most di- 
rectly to that part of the membership which is vitally interested in mathemat- 
cal research, and therein lies the crux of the matter. The Association s resources 
being limited, it is clear that its ability to diversify its activities will be con- 
tingent upon its not concentrating them too heavily in any one field. By advo- 
cating that it do the former we have already made our position clear. . 

The Association’s membership in the American Mathematical Society is 
generally recognized for what it is, namely, a testimonial of the sincere interest 
which the Association takes in the work of the Society, and a token of the satis- 
faction which it feels in the cordiality that has always characterized the esos 
between the two organizations. The reasons for the subventions to the Annals 


78 ACTIVITIES OF THE MATHEMATICAL ASSOCIATION [February, 


of Mathematics and to the Duke Mathematical Journal can, we believe, be re- 
appraised with entire propriety. The original motivation in at least one case 
was that of providing publication space for work of an expository character. 
This purpose has never been materially served. The journals concerned are well 
established and are in no way really dependent upon the subventions. On the 
other hand the membership of the Association enjoys in return for them a favor- 
able rate of subscription to the journals and in each case about 150 members 
avail themselves of this advantage. 

In the case of the new journal, Mathematical Reviews, the Association has 
already proclaimed its interest by the grant of $1,000 which was made by the 
Trustees during the present year. The venture appeals because it is new and also 
because it earnestly professes itself to be dedicated to the objective of being of 
use to a very wide range of interests in the mathematical field. We believe that 
as a project it deserves the good wishes and support of all the country’s mathe- 
maticians. In the matter of a subvention from the Association, however, we have 
not been able to reach the unanimity of opinion which we have on all other 
matters, and our very considerable soundings of the sentiments of the Associa- 
tion’s membership have helped us little. There are members who are enthusi- 
astically in favor of it and many others that are quite as earnestly opposed to it 
on the ground that other activities of the Association have a more legitimate and 
pressing claim upon its funds. 

In the list of the Association’s average annual receipts and disbursements 
as it has been given above, there is an obvious discrepancy between the two 
totals, the receipts fortunately being the larger. While in some small part this 
is to be accounted for by minor unlisted items, the larger portion, an average of 
$600 annually, was a genuine excess, and was allowed to remain as an increment 
of the Association’s funds. These funds accordingly grew from the figure of 
$19,700 at the end of 1933, to the $22,700 noted above at the end of 1938. 
While the accumulation of an endowment has advantages which need no dis- 
cussion, we believe that the Association in its present condition can afford to 
enter into activities to the entire extent of its income. The further swelling of its 
reserve seems to us to be presently of less moment than the broadening of its 
services and the extension of its sphere of influence. The amount by which the 
receipts have in the last years been in the excess may be looked upon as a fund 
from which new expenditures can be made. 

We propose in the following to make recommendations for such new ex- 
penditures, and recall that we have already made such a recommendation above, 
namely to the effect that the Association undertake to partially reimburse its 
regionally elected Governors and the members of its Executive Committee for 
expenses incurred by them in their conduct of the Association’s administration. 
The disbursements which will be called for by an adoption of this recommenda- 
tion will, of course, depend upon the places of meeting and_ the domiciles of the 
persons involved. The following, however, will show by w 


ay of sample the general 
order of the amounts which must be thoug 


ht of in this connection. For a meeting 
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in Chicago the proposed assistance to regional Governors coming from Albu- 
querque, New Mexico; Los Angeles; Lincoln, Nebraska; Dallas, Texas; Urbana, 
Illinois; Cincinnati; Washington, D. C.; Pittsburgh; Boston; Minneapolis; 
Memphis, Tennessee; Atlanta, Georgia; New York; and New Orleans amounts 
to about $200. We think the sample will not be regarded as a particularly favor- 
able one. For two meetings in Chicago and members resident in New York: 
Cincinnati; Urbana; Minneapolis; and Lincoln, the proposed assistance to the 
Executive Committee amounts to about $150 above what the Association now 
spends annually for the expenses of some of its officers. 

In the Carus Monograph and the Arnold Buffum Chace Funds the Associa- 
tion has two special assets which are of great potential value. The publications 
associated with these funds have been well received and are highly regarded by 
the Association’s members. It is rather widely deplored, however, that the last 
six year period has seen no further Carus Monograph. We have noted with in- 
terest the recent actions of the Association enlarging the committee in charge 
of the monographs and appropriating the income of the Chace Fund during the 
next five years to the proposed new mathematical historical journal. The 
Chauvenet Prize Fund is directed to an end which we thoroughly endorse. 
We do not believe, however, that the present manner in which the fund is 
used is the best possible one. It is to be feared that the influence of the prize 
upon the amount or character of expository writing has been very small indeed. 

The encouragement and sponsorship of expository and critical writing is one 
of the objectives of the Association which enjoys the unanimous support of the 
members. There is a ready welcome and a general demand for more readable 
scholarly papers on all kinds of mathematical subjects from the classical to the 
modern, from the elementary to the advanced, on theory, on applications, on 
history, or on philosophy. In the past there have, of course, been the Carus 
Monographs, and from time to time excellent papers in the MONTHLY. There 
seems, however, to be at the present little or no means for the ready publication 
of writings which in length are intermediate between the relatively few pages of 
a journal paper, and the relatively many pages of a complete monograph. Such 
papers, say in length between twenty and a hundred pages, could be profitably 
written on subjects in many categories, including among others, elementary 
introductory expositions of theories and their applications, more advanced ex- 
positions and interpretations of modern viewpoints and theories, philosophical 
essays and criticisms, broad historical accounts of important schools, or bio- 
graphical accounts of individuals. The Association could perhaps well undertake 
to publish such papers in the form of a series of pamphlets to be made available 
to the members at cost. And we believe that these costs could well be made to 
include small token honoraria to the authors. It is not our intention in this con- 
nection to suggest that papers be bought and paid for, but rather that the As- 
sociation recognize that this branch of authorship calls for talent and involves 
much work, while yielding but little in return. We believe that a material token 
will do much toward enlisting the ablest authors, and that this same end will be 


80 ACTIVITIES OF THE MATHEMATICAL ASSOCIATION [February, 


furthered if the series is properly dignified in form and name. We recommend, 
therefore, 

That the Association create a standing “Committee on Expository Writing,” 
to be charged with receiving, refereeing, and at its discretion inviting papers of inter- 
mediate length. That such papers be published in the form of a series of pamphlets, 
which could appropriately be designated the Herbert Ellsworth Slaught Memorial 
Publications, and that the Association undertake to award a token honorarium to 
each author (from $25 to $75 is suggested) in appreciation of his authorship and 
of his donation of the paper to the Association. 

The instructional programs in mathematics in the institutions of collegiate 
grade throughout the country manifest in many respects a diversity which is 
no less than wide and lamentable. Accepted norms are lacking at all stages— 
in the entrance requirements, in the content of courses, in the requirements for 
graduation and the attainment of teachers’ certificates or licenses to teach, and 
in the requirements and routines for advanced degrees. In some schools the 
curricula remain fixed over inordinate periods of time, while in others they are 
in almost continual flux being subject to perpetual experimentations and ad- 
justment. While activity in this, as in any matter, may perhaps be overdone, it 
seems clear that obsolescence of material or of teaching procedures in mathe- 
matics will not fail to be harmful to the position of the subject in the future 
educational programs. In the face of all this, we find very little means by which 
the facts of instructional plans and procedures currently in operation may be 
disseminated, and we believe that such dissemination is actually very scant. 
Except for the pedagogical journals, whose viewpoint is, generally speaking, far 
from what we have in mind, there is no agency which announces to others the 
pioneering or experimentation which is being carried on at one institution, and 
none by which the experience of one is made available to all. We are convinced 
that there is opportunity for the Association here. It can supply the means 
which may hasten and facilitate the modernization of courses and teaching prac- 
tices, the removal of inadequacies and deficiencies, and the abandonment of 
outworn elements. It can help to minimize the disappointments and discourage- 
ment of students who must transfer from one institution to another, by publish- 
ing the specifications and prerequisites for advanced study at typical larger 
universities. By reviewing and perhaps codifying laudable standards and prac- 
tice in the training of teachers, it may go far toward perpetuating the good of 
the recent report of its committee on this subject. We recommend, therefore, 

That the Association create a standing “Committee on Collegiate Curricula,” to 
be charged with the collection, the review and the collation of facts pertinent to mathe- 
matical instruction in the colleges—including entrance requirements, course con- 
tents, leaching procedures, requirements for degrees with mathematics as a major 
or as @ minor subject, requirements for teachers’ certificates or teaching licenses, 
etc., and that this committee be instructed to set forth its findings from time to time 
as wt sees fit either for publication in the MONTHLY or, at the discretion of the Board 
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of Governors, in the form of special bulletins to be circulated among the teaching 
staffs of the colleges throughout the country. 

The domain of activity of the Association abuts or overlaps that of many 
other organizations in various parts of the country or in the country as a whole. 
Of these organizations some are of national scope such as The American Mathe- 
matical Society, The National Council of Teachers of Mathematics, The So- 
ciety for the Promotion of Engineering Education, the Pi Mu Epsilon fraternity, 
etc., while others are of a regional character, such as the New England Associa- 
tion of Teachers of Mathematics, The Central Association of Science and Math- 
ematics Teachers, the various education associations of the States, regional 
schoolmasters’ clubs, the State Academies, efc. There are also organizations pri- 
marily devoted to other subjects such as physics, chemistry, statistics, engineer- 
ing, efc., with which the Association will have some affinity of objectives. We 
believe that the effectiveness and influence of the Association in its national 
aspect will depend increasingly upon the degree to which it establishes and 
maintains cordial and even close relations with many of these groups, and upon 
the degree to which it places itself into a position of readiness to grasp oppor- 
tunities for coéperation and joint meeting with them. It is important to this 
end that the Association provide itself with some regular and dependable means 
for the discovery of the current programs and proposed activities of related 
groups. We recommend, therefore, 

That the Association create a standing “Committee on the Activities of Other 
Organizations,” to establish communication with the secretaries of such organiza- 
tions with the purpose of discovering their activities and programs and remaining 
currently informed thereof. That such committee be instructed to report items of ap- 
parent interest or significance to the Association or its Sections, and transmit appro- 
priate items to the MONTHLY for publication. 

We believe that something can be done in the matter of strengthening the 
programs of the meetings of the Association’s Sections. In many instances pre- 
valent weakness in the Section meetings unquestionably militates against the 
appeal of the Section to wider interest and membership. The weaknesses are often 
and in large part due to absence of objective and lack of coherence in the pro- 
gram, and to material unimportance of the papers presented. The programs are 
generally arranged by local committees which are appointed for that purpose 
and are renewed from year to year. These committees are thus frequently inex- 
perienced and are at the same time compelled to build their programs from such 
material as may be randomly and voluntarily offered. While the Association 
should leave the initiative, the structure, and the conduct of the Section meet- 
ings strictly to the local committees, it nevertheless seems that it could be 
greatly helpful in an advisory capacity. A central committee reviewing the local 
programs and receiving reports concerning them, might glean from them ele- 
ments of strength which are of more than local interest. By making its material 
available to local committees it could perhaps often inspire the invitation of 
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papers on worthwhile subjects, or suggest the discussion of more vital matters. 
From time to time it might discover matters of moment to the Association as a 
whole, the discussion of which in all of the Sections could only be desirable. 

In the case of the less centrally located Sections the Association has in the 
past, and from time to time, supplied a speaker for specific meetings. We not 
only endorse this past practice, but believe it to be one which the Association 
should undertake to expand. It is a means through which the central organiza- 
tion can greatly help its local units in the less favored parts of the country. With 
judicially chosen speakers who are informed of and active in the Association’s 
work, it is a means through which the bonds between the Association, its Sec- 
tions and its Regions can be drawn tighter, and the interest of the several units 
in each other improved. We recommend, therefore, 

That the Association create a standing “Committee on Sectional Meetings,” to 
act in an advisory capacity to local committees, and to supervise such support as 
the Association may extend to its Sections in the matter of lecturers or speakers for 
their programs. 

In drawing this report to a close we remark that if the Association adopts 
our recommendation relative to its reorganization, it will find itself to have at 
hand an Executive Committee which is specifically charged with the prosecution 
of precisely the planning and appraisal of the Association’s activity in which 
we have been engaged. The raison d’étre for our committee will cease, therefore, 
to maintain, and we accordingly beg to be discharged from our assignment. In 
doing so it is but meet that we should record for the possible use of the Execu- 
tive Committee such other matters as we have somewhat discussed and upon 
which in the course of time we might have come to some conclusions. 

The programs of the national meetings have concerned us to some extent. 
Has there been too much of a tendency to follow methods and construct pro- 
grams along lines determined by the American Mathematical Society without 
due regard to the Association’s different needs and objectives? Could the prev- 
alent plan of unrelated papers be sometimes or often replaced by symposia 
either on mathematical subjects or on other matters in which the Association 
is vitally interested? Are the present summer meetings ordinarily scheduled so 
closely upon the opening of the school year that attendance at them by the 
teaching personnel of the small colleges and secondary schools is precluded? If 
the junior college group can be drawn into the Association in important num- 
bers, facilities for their programs must be provided. It seems that these could 
well be scheduled simultaneously with meetings of the Mathematical Society, 
as the conflict of interests would be small. 

The method by which the Sections at present finance themselves, namely, 
by the collection of a small fee, usually twenty-five cents, does not seem to be 
above improvement. It lacks dignity and emphasizes a dissociation between the 
Sections and the organization as a whole. Can some scheme be contrived 
whereby a single dues will take care of all obligations to the Association ? 

he Association has during the last several years supported a committee on 
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the testing of collegiate mathematics. This committee reported at the summer 
meeting of 1939, and the chairman, Professor E. W. Chittenden, is of the opinion 
that the work should be continued. We transmit without comment the following 
letter which we have from him: 

“The study of written examinations has become an important part of cur- 
rent educational research. It has been carried on until a variety of techniques 
have been developed, and there is now an extensive literature on the subject. 
The Mathematical Association of America is in a position to assume leadership 
in the adaptation of these techniques to the teaching of college mathematics 
as well as to exert influence otherwise. A number of college teachers believe that 
it is in the interest of the teaching of mathematics for the Association to take 
an active part in this movement. 

“T suggest that a permanent committee of nine be appointed, six members 
to serve in an advisory capacity with regional representation, and two active 
members to serve with the chairman in conducting the work of the committee. 
The term of membership on the committee should be three years, although it 
may be desirable for the chairman to serve indeterminately. 

“The appropriations for this committee should cover the cost of an initial 
meeting and include an annual allowance of two hundred dollars for current ex- 
penses. 

“The committee would be expected to keep in touch with current progress 
in the field of mathematics testing, to codperate and advise with other organiza- 
tions engaged in the preparation of mathematics tests, devise methods, compile 
statistical information, make regular reports, and engage in actual test construc- 
tion as far as practical. The committee should be concerned with the preserva- 
tion of the freedom of mathematics teaching from dominance by any testing 
program. 

“The past committee on tests has accumulated a file of several hundred 
tested questions on Junior College Mathematics. This file should be extended 
and provision made for further use by colleges of its contents. 

“The proposed committee might undertake to prepare examinations for col- 
leges willing to codperate with the committee with the understanding that the 
results become a part of the committee’s records. 

“Codéperating colleges and universities should be changed frequently because 
of the considerable effort involved. Such changes will increase the breadth of 
the committee’s sampling and enrich its experience. 

“A well organized and efficient committee might secure assistance from other 
organizations. For example, the tests of the past committee were published and 
distributed by the Codperative Test Service.” 

Undergraduate mathematics clubs exist in many institutions and are gen- 
erally regarded as not being as successful as they might be. In many instances 
the directors of such clubs find themselves hard pressed for suitable material 
within the range of the members. Can the Association make itself of use at this 


point? 
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The Society for the Promotion of Engineering Education has had some con- 
siderable success with its ventures into summer schools of short duration de- 
voted to specific subjects. Are there any possibilities for the Association in some 
similar enterprise? 

It will be evident, even to those who run as they read, that our work of re- 
view remains incomplete. We do not apologize for this, since it seems to us at 
once inevitable and by no means wholly undesirable that it should be so. We 
have in some cases raised for the Association questions which we evaded answer- 
ing, be the reason what it may. Where we have come to definite conclusions we 
have invariably obligated ourselves to the membership of the Association from 
which we sought and drew advice. It would be difficult for us to list all those 
who have been verbally helpful to us. It is often difficult to trace the source of 
an idea. We do, however, desire to make public acknowledgment to those who 
were of assistance to us through correspondence. They were in many instances 
put to considerable inconvenience by our requests, and in the press of affairs 
it is to be feared that personal thanks for their assistance was often passed over. 
We are greatly indebted to Secretary-Treasurer W. D. Cairns for his unfailing 
readiness to meet our every request, and our thanks are due, among others, to 
the following of the Association’s members: 

R. C. Archibald, Ethelwynn R. Beckwith, E. T. Bell, A. A. Bennett, R. W. 
Brink, H. E. Buchanan, W. H. Bussey, President W. B. Carver, P. A. Caris, 
R. D. Carmichael, E. W. Chittenden, H. H. Conwell, Rev. L. A. V. DeCleene, 
L. L. Dines, Arnold Dresden, P. S. Dwyer. 

Cornelius Gouwens, W. C. Graustein, W. L. Hart, E. R. Hedrick, R. C. 
Huffer, E. V. Huntington, M. H. Ingraham, Dunham Jackson, A. J. Kempner, 
H. W. Kuhn, W. R. Longley, David Moskovitz. 

G. A. Parkinson, T. A. Pierce, W. D. Reeve, H. L. Rietz, J. Riordan, H. A. 
Robinson, Sister Mary Felice, R. P. Stephens, J. M. Thomas, J. L. Walsh, 
J. H. Weaver, K. P. Williams, W. M. Whyburn. 

Respectfully submitted, 


D. R. Curtiss C. V. NEwsom 
‘le Gry G. B. PRICE 
F. L. GRIFFIN MARIE J. WEIss 


MARTHA HILDEBRANDT RuvoupH E. LANGER, Chairman 
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THE FIBONACCI SEQUENCE AND ALLIED TRIGONOMETRIC 
IDENTITIES* 


L. S. JOHNSTON, University of Detroit 
The Fibonacci Sequence [u;], where 
uy, = UW = 1, Un42 = Unzi + Un, 


has been famous for some seven centuries and has appeared in very large volume 
in the literature of botany, zoology, and psychology in addition to that of 
mathematics. t The connection between the sequence and some of the standard 
identities of trigonometry seems to be less well known, however, than even some 
of these non-mathematical connections mentioned. It is the purpose of this 
note to show some of these allied trigonometric identities, and in particular to 
show convenient methods of setting up problem exercises. 

In various places in the literature of trigonometry appear such problems 
and formulas as 


(1) «/4 = arc tan 1/2 + arc tan 1/5 + arc tan 1/8;t 


(2) > arc cot (37 — 1) = 0;$ 


n=0 


(3) are cot 1 = are cot 2 + are cot 5 + arc cot 13 + arc cot 344+ --.-, 


where the numbers 1, 2, 5, 13, 34, - -- are every other term of the Fibonacci 
Sequence. || 

It is seen at once that (1) and (2) are identical, and that their form suggests 
in their first two or three elements some connection with (3) and therefore with 
the Fibonacci Sequence. We shall set up a general theory which includes all of 
these as special cases. 

Consider any sequence [t;] where 4 and ¢ are any two numbers not both 








* An extension of remarks on the same subject before the Michigan Section of the Associationy 
March 19, 1938. 

+ For some discussion of these applications and for an extensive bibliography of the literature 
on the sequence itself, see Dynamic Symmetry—the Greek Vase, by Jay Hambidge, Yale Univer- 
sity Press, 1920, Chapter 1, and Appendix of the same volume, pages 146-157. See also College 
Algebra, Revised Edition, 1919, by Rietz and Crathorne, page 85, exercise 48. 

¢ Carmichael and Smith, Mathematical Tables and Formulas, page 268, formula 36. The 
writer has not found this formula in any classroom text, though the somewhat similar formula 

w/4 = arctan 1/3 + arc tan 1/5 + arc tan 1/7 + arc tan 1/8 
appears in some texts, e.g., Palmer and Leigh, Plane and Spherical Trigonometry, 1934, page 1206, 
exercise 36, 

§ Proposed as a problem by A. A. Bennett, this Montuty, March 1936. 

|| Proposed as a problem by D. H. Lehmer, this MontHLy, November 1936. 

See also: On the Derivation of Arctangent Equalities, J. W. Wrench, Jr., this MONTHLY, Feb- 
ruary 1938; and Lewis Carroll and a Geometrical Paradox, Warren Weaver, this MonTHLY, April 


1938. 
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zero, the recurrent relation of the sequence being ¢t,42=¢nyittn. If we can find a 
function f(t) such that f(tn) =f(tn4i) tf(ins2) for every integral value of n, we 
can set up either the finite sum 


(4) f(tn) = >) fin—142%)  fnp2r)s 
k=1 
or, subject to convergency conditions, the infinite sum 


(5) f(t) = Dif (tn—1424) 


One such function is f(¢,) =(—1)”—'t,, that is, the sequence formed by changing 
the sign of every other term of [#;] beginning with the second. This sequence 
admits the finite expansion (4) but not the infinite expansion (5). We shall 
exhibit a function f(~), however, which admits both expansions. 

Consider the identity 
Unto, + Ugi1 — Untotn 


Unt+1 a 
Un+1 


UnzoUn + Unis — Unpottn 
Un+2 — Un 


It is well known (or quite easily proved by one who may not already be familiar 
with the fact) that w,?41—wn42u, =(—1)". Hence the last equation above can be 
written 


Unto, + (— 1)” 


Un+2 — Uy 


(6) Unyi = 





For n=2p, p being integral, we have 

Urpp2teyp + 1 . 

Uop41 = —————__ 
U2 p42 ae U2 p 


The right-hand member of this equation is the familiar formula for 
cot (arc cot w#2,—arc cot u2p42), whence we have the equation 


arc COt Uep41 = arc COt Uey — arc cot U2n+42, 
or 
arc COt U2p = arc COt Mepy1 + arc COt Uepie, 
which is a solution of the functional equation 


f(top) = f(tepyr) + f(tepye). 


In view of (4) we have the finite sum 
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Tr 


(7) ATC COt Uep = >, arc COt wep140% + arc cot U2 p+2r, 
k=1 


and, since the remainder term in (7) approaches zero as r increases, we have the 
infinite sum 


(8) arc cot %, = >, arc cOt tay ase. 
k=1 

Now consider the Lehmer problem. In that problem it is stated that the num- 
bers 1, 2, 5, 13, 34, - - - are every other term of the sequence [u;], that is, that 
the element 1 in that problem is m of the sequence. But if we consider 1 as uz 
instead of wu, we see that the problem is merely a special case of our (8) in which 
p=1. If we set p=1, r=2 in (7) we have precisely the Bennett problem. 

Referring again to (6), if we set m=2p—1, we have 


U2n4+1U2p—1 — 1 


Usp = 
Usp41 — U2p—1 


The right-hand member of this equation is the familiar formula for 
coth (arg coth w2p1 — arg coth wep41), 


where we have used the notation arg coth instead of the more conventional 
coth—! for typographical convenience.* We then have the equation 


arg coth #2, = arg coth w2,-1 — arg coth wep41, 


or 


arg coth w#2p,-1 = arg coth m2, + arg coth top+1, 
which exhibits a solution of the functional equation 
f(t2p—1) = f(t2p) + f(tep4s)- 


In view of (4) and (5) we can expand arg coth w2,-1 in either the finite sum or 
the infinite sum just as we expanded arc cot wap. 

For any sequence [t;| we can always choose the first two terms so that 
i? —t3l, is negative, that is so that 4? —t;4:= —b°. For such a sequence [t;] it is 
easily shown that 

tvs = tnyate = (— 1)" teh) = (— 1)*0?. 

Now if a new sequence [t/] be formed such that ¢,/ =¢,/b, the terms of this 
sequence will fit into (7) and (8) and their corresponding formulas involving 


arg coth just as the terms of [w;| fit into these formulas. 
Other identities based upon [u;] can be derived in almost unlimited number. 





* This notation was suggested by Professor Norman Anning of the University of Michigan 
in remarks following the reading of the paper at the Michigan meeting. 
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We exhibit some without proof; their proofs may interest the reader as exercises, 
and may supply him with good problems for his students. 


Un Un— 1 








(i) arc cot Una ote cot = (— 1)" arc cot Hon, 
(ii) arc COt U2p_1 + arc COt Uepp2 = arc Cot (w#2p/us), 
(iii) arc COt Uep1 + arc COt Uepy43 = arc COt (M2p41/Ma), 
(iv) arg coth #2, + arg coth wep43 = arg coth (w#2p41/%s) , 
(v) arg coth #2, + arg coth wep+4 = arg coth (t2p42/U4). 


Equations (ii) and (iii) furnish a good example of the danger of assuming that a 
law is formulated by citing two examples (or any finite number) of apparent 
applications of the alleged law. Thus, in view of these two equations, the rash 
student might infer that 


arc COt U2p 1 + arc COt Usp 14¢q = arc COt (ep _349/Uq), 


but a little inspection will show that this alleged law does not hold for g=5, 
nor for any value of g greater than 4. A similar remark applies to (iv) and (v). 
These might be taken as instances showing the necessity for the step in mathe- 
matical induction which so many freshmen fail to appreciate. 

Certain functional equations show remarkable analogies between [v;| 
and trigonometric identities. Thus the functional equation [f(x) ]?—[f(y) |? 
= [f(x+y) |[f(«—y) ] has the solutions f(x) =«, f(x) =sin x, and, subject to the 
condition x =y+2p, the solution f(«) =u,. Some other analogies of the sort are* 

Un(Unien — Un—2p) = tUantlen, 
analogous to 
[sin vx ][sin (n + p)x — sin (n — p)x] = sin 2nx sin px; 
and 


Upp2kUgt2k — Upg = UpygyokUer, 
analogous to 
sin (p + k)x sin (q + k)« — sin px sin qx = sin (p+ q+ k)x sin kx. 


Some “semi-analogies” are 


a2 | rants 
Un+2p+1 + Un = Uop4 Mont2p41, 


almost analogous to 


cos? (n + 2p + 1)x + cos? mx = 1+ cos (2p + 1)x cos (2n + 26 + 1)x; 


z j ; : a 

The referee to whom this paper was first submitted suggests that these analogies and semi- 
analogies remind one of the well known fact that the algebraic theory of recurring series of the sec- 
ond order is simply isomorphic with the theory of circular and hyperbolic functions, 
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and 
Un(Unpept1 + Un—op-1) = Uspyiteon, 
almost analogous to 
[cos nx] [cos (w + 2p + 1)x + cos (n — 2p — 1)~] = [cos (2p + 1)x] [1+ cos2n«]; 
and 
Upp 2k+1Ug4ok¢1 + Upllg = Uptgp¢2k+1M2K41, 
almost analogous to 


cos (p + 2k + 1)x cos (¢ + 2k + 1)x 
= cos (p + q + 2k + 1) cos (2k + 1)% + cos (p — q)x. 


THE PASCAL CONFIGURATION IN A FINITE PROJECTIVE PLANE* 
C. E. RICKART, University of Kansast 


1. Properties of the configuration. Jf a simple hexagon is inscribed in a 
conic, the three points determined by pairs of opposite sides are collinear [1]. 
This is Pascal’s Theorem. The three points are known as Pascal points and the 
line as the Pascal line of the hexagon. The figure obtained by considering all of 
the Pascal points and Pascal lines associated with six given points of a conic 
by taking them in different ways as vertices of simple hexagons ‘s called a 
Pascal Configuration or a Mystic Hexagram. 

It will be assumed throughout this paper that the six points are distinct 
and that the conic is non-degenerate. The six points will be called fundamental 
points and the fifteen lines determined by them fundamental lines. The conic 
will be referred to as the fundamental conic. 

We list for purposes of reference some of the well known properties of the 
configuration. The proofs may be found in [3], [4], or [5]. 

There are 45 Pascal points P and 60 Pascal lines h. The points le by threes 
on the lines and the lines by fours on the points. 

The 60 h-lines lie by threes on 20 points G, known as Steiner points. The 20 
G-points may be divided into 10 pairs of conjugate points relative to the funda- 
mental conic. 

The G-points lie by fours on 15 lines i, called Steiner-Pliicker lines. 

The h-lines also intersect by threes in 60 Kirkman points H. An H-point is 
determined by three h-lines associated with the three hexagons that can be 





* Presented before the Kansas section of the Association at Pittsburg, Kansas, April 2, 1938. 

t Most of the results of this paper constitute a portion of a Master’s Thesis written at the 
University of Kansas. I wish to acknowledge my indebtedness to Professor U. G. Mitchell under 
whose direction the work was done. 
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formed from the nine fundamental lines which remain when the sides of one 


particular hexagon are omitted [6 |. 

There are 20 Cayley-Salmon lines g, each of which contains one G- and three 
H-points. 

The 20 lines g lie by fours on 15 Salmon points I. 

There exists a definite (1, 1) dual correspondence between the above indicated 
points and lines [7]: 

60 h-lines correspond to 60 H-points, 
20 g-lines correspond to 20 G-points, 
15 z-lines correspond to 15 J-points. 

An H-point corresponds to the h-line of the hexagon which is omitted in 
obtaining the point. 

A g-line corresponds to the G-point which is conjugate to the G-point con- 
tained by the given g-line. 

An 1-line corresponds to the J-point which contains the four g-lines which 
themselves correspond to the four G-points contained by the given 7-line. 

The purpose of this paper is to obtain a few of the more elementary prop- 
erties of the configuration in the simplest of the finite projective planes; vis. 
the modular planes. The following section contains a brief discussion of a modu- 
lar plane. 


2. The modular plane PG (2, p).* Let p be a prime positive integer and let 
m be any given integer; then there exist integers g, r where r=0 such that 
m=qp+r. The number r is called the residue of m modulo p, and is said to be 
the result of reducing m modulo p. We also write m=r mod bp, which reads, m 
is congruent to r modulo p. It is clear that the only required values for 7 are 
0,1,2,---, p—l. 

It is not difficult to show that the above set of residues constitutes a field 
F, under the ordinary operations of addition and multiplication (reducing, of 
course, all results modulo p). In other words they can be combined as ordinary 
numbers under addition, subtraction, multiplication, and division. t 

Now consider the set of all “points” given by the homogeneous triples (x, 
X2, X3), where x1, x2, x3, belong to F,. The triples (m1, mx2, mx3) and (x1, xe, x3) 
are understood to represent the same point provided m40 mod p. The triple 


(0, 0, 0) is excluded. Similarly, consider the set of all “lines” defined by linear 
congruences 


GX; + dgx_e + agx3 = 0 mod P> 


where i, de, a3, x1, X2, x3 are again elements of F,. The coefficients Qy, Ae, a3 de- 
termine the line and the triples (x1, %2, x3) which satisfy the congruence are 





For a detailed discussion of finite projective geometries, see [8] 
i re . " * - . . _ . . . . . ; 
t Division here means the inverse of multiplication; 7.e. the result of dividing b by a is an 
element x such that ax=b mod pb. Division by 0 is of course excluded 
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points which lie on the line. This finite set of points and lines can be shown 
to satisfy the postulates for a finite projective geometry of two dimensions, 
called a modular plane and denoted by PG(2, p) [1]. The number of points 
(or lines) in the geometry is p?++-p+1. Each line contains exactly p+1 points 


and each point is on exactly +1 lines. A conic is represented by any quad- 
ratic form 


3 
>> a;;4;4; = 0 mod p, 
t,j=1 
where, as before, the coefficients and variables are elements of F,. Each non- 
degenerate conic contains exactly p+1 points. 


3. The configuration in PG (2, p). The number of points on a conic in 
PG(2, p) is p+1; therefore, the convention that the fundamental points be 
distinct necessitates the restriction p= 5. It is not difficult to prove that in every 
Pascal configuration there exist three fundamental lines which are not copunc- 
tual and which do not intersect on the conic. Three such fundamental lines 
may be chosen as sides of the triangle of reference for a system of homogeneous 
coérdinates. Denote the six fundamental points by 1, 2, 3, 4, 5, 6 and the sides 


of the triangle of reference by 12, 34, 56. 
The equation of the conic may now be written in the form 


1 1 
xe + xe + xe + (: + —) Xex3 + (: + —) X43 
r 
(1) ; 
+ ( = -) 41X_ = Omod Pp, 


and codrdinates of the six fundamental points become* 
; eter ad); 3:( 1, Oss) Bv(f eel 0), 
2) 2210 — 1,7); 4:(s,0, — 1), 63 (1,4. 0), 


where 7, s, t denote parameters which are arbitrary except for the following 
restrictions necessitated by the assumption of distinct fundamental points and 
a non-degenerate conic: 


r#0, +1, rs At, 
(3) fie Ute) st#r, rst # 1 mod p. 
Ay ERS me rl AS, 


These results hold in the ordinary plane if the congruences are replaced by 
equalities [9], [10]. 


4. Coincidences among the Pascal points. We consider in this section the 





*In what follows we will use interchangeably integers which are congruent modulo ?; 
e.g., —1 will often be used in place of its residue p—1. 
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maximum number of coincidences that can occur among the Pascal points and 
the dependence of the maximum on the geometry in which the configuration is 
immersed. 

It is not difficult to see that the only way the Pascal points can coincide is 
by threes, and that, when a particular Pascal point is given, the two other 
points are thereby determined [11]. If we agree to call a point of the configura- 
tion at which three of the Pascal points coincide a triple point, then this prop- 
erty may be stated as follows: The 45 Pascal points can be divided into 15 
separate and unique groups of three each, where each group represents a possible 
triple point. Evidently a triple point occurs when three of the fundamental 
lines are copunctual (7.e. at a point not on the conic). Corresponding to each 
of the 15 groups will be an expression in 7, s, t whose vanishing gives the condi- 
tion that the associated triple point shall occur. We shall denote a triple point 
determined, for example, by the lines 13, 24, 56 by the symbol (13, 24, 56). 
The 15 expressions are given in the following table. Observe that the choice of 
coordinates prohibits occurrence of the triple point (12, 34, 56). Each expres- 
sion and associated triple point will be noted by the corresponding symbol at 
the right of the table. 

















TABLE I 

Triple point Expression Symbol 
(12, 34, 56) 1 — 
(14, 23, 56) r2—s2 A, 
(13, 24, 56) r2s2—] Az 
(12, 36, 45) e—P By 
(12735; 40) st2—]1 By 
(16, 25, 34) Pr CQ 
(15, 26, 34) r2t2—1 C2 
(14, 25, 36) r°s*t? +2rst —r2s2 — 52¢2 — p22 Ti 
(Ga 234-5) r+ 521-42 Drst—] T2 
(15, 24, 36) r°s*t? —2rst—s*t?+52+72 Ui 
(13, 26, 45) 72s? typ? — 72 — Dr stt1 U2 
(14, 26, 35) r?s*t? — Irst —r252-+-72+4 52 7 
(15, 23, 46) rt? + 5?t2—¢2—Irstt] 2 
(13, 25, 46) r*s?t? —2rst —r3t?+r2+122 Wi 
(16, 24, 35) r?s? + 5°t2 — 52 2rst+1 W. 














Among the last eight of the expressions we have the relations, 
LT, + T2 = (r? — 1)(s? — 1)(@ — 1), 
Ure Ugosity® = 1st 1 = 1) 
Vi Va = (r? = 1)? — 1) — 41). 
Wi — We = (r? — 1)(s? — 1)(#2 — 1). 


(4) 


It is clear from these relations that both expressions in any one of the four 


1940] PASCAL CONFIGURATION IN FINITE PROJECTIVE PLANE 93 


pairs (Ti, T2), (Ui, U2), (Vi, V2), (Wi, We), can not vanish simultaneously 
without violation of the conditions (3). Therefore, no Pascal configuration can 
have more than 10 triple points. 

Now suppose that a configuration in PG(2, p) contain 10 triple points; 
then the first six expressions of Table I must vanish. Adding the first two gives 


Aye Aye (rh ii(sh 11), 


Therefore, since 7741 mod p, we have s?=—1 mod >. In a similar manner we 

obtain 7?= —1 and #?= —1 mod p. The values of the remaining eight expressions 

then reduce to 

(5) T, = 2rst — 4, U, = — 2rst — 4, Vi = — 2rst —4, Wi = — 2rst — 4, 
T, = — 2rst —4, U2 = — 2rst +4, Ve = — 2rst +4, We = — 2rst+ 4. 


Four of these vanish only when rst= +2, 7.e. r?s?#?=4 mod p. But we know 
that r2s2#2= —1 mod ); therefore, 4=—1 mod p, or 4=p—1 and p=S. Hence, 
if a Pascal configuration in PG(2, p) contains the maximum of 10 triple points, 
then p=5. On the other hand, consider the configuration in PG(2, 5); then the 
only values which 7, s, may assume are 0, 1, —1, 2, —2, and conditions (3) 
reduce these to 2 and —2. Therefore, r?=s?=/2=—1 mod 5, and it is immediate 
that the first six expressions vanish. The remaining ones have the values 


T,=11, U,=121, Vyeest tei; Wi,=12+1 
mod 5, 
dig eel ae Ue=—1+1, Va=—1+1, We=-121 
where the ambiguous sign is determined according as rst= +2 or rst= —2 mod 


5. In either case, four of these expressions vanish. Therefore, a necessary and 
sufficient condition that a Pascal configuration in PG(2, p) shall have the maximum 
of 10 triple points is that p=5. 

The relations (5) in the above proof show that if the first six expressions 
vanish, then the vanishing of just one more implies p=5. This suggests that, 
if p=5 is excluded, the maximum number of triple points may be six. In order 
to show that this is actually the case, we need the following relations: 


a — 1) Ay, Ra (eed tee 
ee Ba Pde Uy = 0? = 1B, 
eV 2 8 Ca Tee Wes Ge 
(6) eet = (1A ys eM geee GU at Oy Py 
Ve — We = (1 — r*) Bi, Te — Uy = OC) — 97) Be, 
U2, — V2 = (1 — 5*)Ci, Te — Wi = (1 — 5*)Co. 


It is obvious that if more than three of the first six expressions of Table I 
vanish then all six must vanish. This case has already been considered. More- 
over, if more than six of the expressions of Table I vanish, then at least three 
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out of the first six must vanish. Therefore, we need only consider those cases 
in which exactly three out of the first six vanish. The only such triples that 


need be considered are 
(7) A 1B,C,, A, BCo, BiAL2, CA 2Bo, 


for these are the only ones that can vanish without implying the vanishing of 
all six. 

Assume first that 4; =B,=C,=0 mod p. This implies, by relations (6), that 
U,=Vi=W, and U.= V2= Ws? mod p. In order for more than six of the expres- 
sions to vanish in this case, we must have either U,=0 or Us=0 mod p. Suppose 
first that U;=0 mod p. From 4;=B,=C\=0 we get r?=s?=#2 mod bp; therefore, 
U; reduces to r?(rF 1)2(r2+2r+2), where the ambiguous sign is determined ac- 
cording as rst=-++r? or —r? mod p. Relations (6) show that the only other ex- 
pression that can vanish under our assumptions is T;, which reduces to 
r(r+1)?(r+2). It follows that in order for T; and U, to vanish, we must have 
both 


r+2=0, and r? + 2r+1=0mod p. 


However, these conditions on ¢ are inconsistent for p>5. Assuming U.=0 and 
T2=0 mod ? leads to the conditions 


2r+1=0, and 2r* + 2r + 1 = 0 mod 4, 


which are also inconsistent for DS, 

Exactly these same results are obtained if any of the other triples in (7) are 
assumed to vanish. Therefore, when p>5, a configuration can have at most six 
triple points. It will be shown immediately that a configuration can actually 
have six triple points when p>S. Hence, the maximum number of triple points 
possible for a configuration in PG(2, p), where p>5, is six. 

It has already been observed that, if the first six expressions of Table I 
vanish, then r?=s?=#2= —1 mod p. In order for values of r, Ss, t to exist so that 
this condition is satisfied, the quadratic congruence x*= —1 mod p must havea 
solution; in other words, —1 must be a quadratic residue modulo p. The condi- 
tion that such be the case is given by the following theorem, known as Euler’s 
Criterion [12 ]. 

If p is an odd primeand ais an integer not divisible by p, then a is a quadratic 
residue or a quadratic non-residue modulo p according as a-DI2 = + 1, or a@-Vv/2 
= — 1 mod Pp. 

Evidently, if (b—1)/2 is even, we can always find a configuration in PG(2, p) 
which contains the maximum of six triple points; because r, S,t can be chosen so 
that r?=s?=/2=—1 mod p, in which case the first six expressions vanish. We 
wish now to show that this restriction on p is also necessary; or, more precisely, 
that a configuration in PG(2, p), for (p— 1)/2 odd, cannot have more than four 
triple points. 

There are associated with each of the last eight expressions of Table I three 
quadratic discriminants. They are given in the following table. 
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TABLE II 


Discriminants 





Expression r s t 
Ti s*t?(s?—1)(t#2—1) r*t?(r2—1)(t#2—1) r2s2(r2 —1)(s?—1) 
T2 (s?—1)(#2—1) (r?—1) (#21) (r2—1)(s?—1) 
U; s*#(s*—1)(#—1) . #(7?—1)(1 —#*) s*(r?—1)(1 —s?) 
U2 (s?—1)(#2—1) r2(r2—1)(1—#?) r2(r2—1)(1—s?) 
Vi s*(s?—1)(1 —#?) r2(r2?—1)(1 —#*) r2s3(72—1)(s2—1) 
V2 £2(s?—1)(1—#?) #2(r2—1) (1 —#?) (r?—1)(s?—1) 
Wi #2(s?—1) (1 —2*) 2¢2(r2—1)(t?—1) r?(r2—1)(1—s?) 
W2 s*(s?—1)(1 —#*) (r?—1)(¢?—1) s*(r?—1)(1 —s?) 














It is evident that in order for a given one of these eight expressions to vanish, 
each of its discriminants must be a quadratic residue modulo p. Euler’s Criterion 
shows that if a number a is a quadratic residue modulo p, then —a is a quadratic 
residue modulo p only in case (b—1)/2 is even. An examination of Table II 
shows that, if (p—1)/2 is odd, then at most one of the eight expressions can 
vanish. Moreover, under the same condition at most three of the first six ex- 
pressions of Table I can vanish. It follows that, when (p—1)/2 is odd, a config- 
uration can have at most four triple points. However, under this condition it is 
possible to have r=s=2 and t=—2 mod f, in which case A, By, Ci, and 7; all 
vanish. Therefore, if (p—1)/2 is odd, the maximum number of triple points that a 
Pascal configuration in PG(2, p) can have is four. 

This last result also holds in the ordinary real plane. An example of a con- 
figuration in this case which has four triple points is given by the configuration 
determined by the vertices of a regular hexagon inscribed in a circle. Three of 
the triple points are infinite and the fourth is the center of the circle. 


5. The configuration in PG(2, 5). The modular plane PG(2, 5) is particu- 
larly interesting relative to the Pascal configuration, because each of its conics 
contains exactly six points. As a result, the configuration in this plane has very 
special properties, one of which has already been mentioned, viz. every configura- 
tion in PG(2, 5) has exactly 10 triple points. 

The proofs of the following properties are not difficult but, due to lack of 
space, will be omitted. 

Each fundamental line of a configuration in PG(2, 5) contains exactly two 
triple points, which, moreover, are a conjugate pair relative to the fundamental conic. 

The 60 h-lines coincide by sixes on the ten polars of the triple points. These lines, 
with the triple points, constitute a Desargues configuration, which is self-polar rela- 
tive to the fundamental conic. 

The following is an alignment table for the configuration in PG(2, 5). The 
lower case letters @1, @2, 51, be, - - - » W2 denote respectively the polars of the corre- 
sponding triple points. The capital letters D, E, F,-- + , Rdenote the 15 Pascal 
points which are not involved in the triple points. The table is obtained for the 
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case rst=-+2 mod 5. Two perspective triangles of the Desargues configuration 
are BiC,W2 and C,B:U:. They are perspective from A}. 


TABLE III 


Ae| Bi| Bz} Ci| Ce 















































In PG(2, 5) the 20 G-points, the 60 H-points, and the 15 I-points all reduce to 
the 10 triple points of the configuration, while all of the corresponding lines reduce 
to the polars of the triple points. The reduction takes place in exactly the same 
manner for corresponding points and lines. Moreover, the (1, 1) corres pondence 
becomes a polar correspondence relative to the fundamental conic. 

The 60 H-points coincide by sixes on the 10 triple points. The reduction of 
the G-points takes place through failure of one of the points in each conjugate 
pair to occur; 7.e. the three h-lines which would ordinarily determine the point 
are coincident. The J-points reduce through failure of five of them to occur; 1.e, 
the four g-lines which should determine a point fail themselves to occur. 
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QUESTIONS, DISCUSSIONS, AND NOTES 


EpitTep By R. J. WALKER, Cornell University, Ithaca, N. Y. 


The department of Questions, Discussions, and Notes in the MONTHLY ‘ts open to all forms of 
activity in collegiate mathematics, except for specific problems, especially new problems, which are re- 
served for the department of Problems and Solutions. 


A NOTE ON STIRLING’S FORMULA 
P. M. HumMMEL, University of Alabama 


The usual developments of Stirling’s formula* for m! uses, directly or in- 
directly, Wallis’ formula for 7, namely 


22 42 6? 


The average college undergraduate, with nothing beyond an elementary 
calculus course, knows little about infinite series and still less about infinite 
products, hence gets very little out of one of the usual developments of Stirling’s 
formula. 

In the writer’s probability course, which is open to students with a knowl- 
edge of calculus, the following inequalitiest 


(1) ellll2y /n mre" <n! < en/nnre, Cea We 


are established by using only elementary calculus and simple algebra, after 
which Stirling’s formula is accepted without further proof. Actually, the lower 
limit could be used as a good approximation for n! as it differs from Stirling's 
formula only in having »/27 replaced by its approximate equal, e/™. 

To establish these inequalities we start with the well known function 
y=log x. Clearly, if k22, 


cy 
2 


k 
(2) { log x dx > 3[log (k — 1) + log &], 
k 


=1 
the right member being the trapezoidal area formed by the chord. Hence we 
may write 


k 
(3) f log x dx = 3[log (k — 1) + log k| + ax, 
k 


—1 


where a, is the area between the curve and chord. 
In (3), let k=2, 3,---, m and add, getting 


{ log x dx = 4(log 1 + log 2) + $(log 2 + log 3) + --- 
1 


+ flog (w — 1) + log m] + (a2 + +> + an). 


(4) 





* Stirling’s formula states that for large values of n,n! is approximately equal to\ ‘Qan ne. 
+ The upper limit of (1) is found in Elements of Probability, by Levy and Roth. The lower 
limit is believed to be new. 
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Integrating the left member and simplifying the right, gives 
nlogn—n-+ 1 = log n!— 3} logn+ (a2 +a3+---+a,), 

which may be written 
(5) log m! = (n+ 3) logn —n+1 — (a2 + a3 +--+ +a,). 

Since every a; >0, we have 

log m! < (n+ 3) logn—n+1, 
and hence 
n! < en/n ne”, 


To get the lower part of (1), integrate the left member of (3) and solve for ax, 
getting 





k 
(6) Gee ti ee 


From elementary calculus, we have for any real f(x) #0, 


[Veter >o, 


—1 


and hence, 


A k 1 12 
(7) f |---| ax > 0. 
kK-1L % k 


Evaluating the left member of (7), one easily obtains 
Rk 2k — 1 
<— 
k—1 2k(k — 1) 


and using this result in (6), gives 


1 1 1 1 
<qocp ale 
4k(k — 1) 4Lk-1 k 





log 


and using this result in (5), we obtain 


log n! > (m + 2) logn—n+1—1, 
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whence 
nm! > eb!/4,/n ne, 


This is not as good a lower limit as is given in (1), but is easily obtained 
and is the one the writer develops in class. The class is then asked, as a problem, 
to establish the lower part of (1) by starting with the integral 


k 1 2k—1—x]7 
(8) if |— _— ——— "| Oi Sige a 0 
k-1 Xx k(k in 1) 


in place of (7). The procedure is essentially the same. 

To those who like to accompany their proofs with geometric interpretations 
we might add that the integrand function of (7) is the square of the difference 
of the function y=1/x and the horizontal line y=1/k. The integrand function 
of (8) is the square of the difference of the function y=1/x and the chord. 


ON THE DISCOVERY OF CERTAIN TRIGONOMETRIC IDENTITIES 
R. E. GREENWOOD, JR., University of Texas 


The proof of certain trigonometric identities such as the double angle and 
half angle formulas (for limited range of the angle) by geometrical means is 
well known.* Certain geometrical methods can also be used to “discover” cer- 
tain identities where the angles concerned are the angles of a triangle. Let 
A, B, and C be the angles of a triangle, A and B being acute, and let sin A, 
sin B, and sin C be the sides of the triangle. We then construct the following 
figure: 






sin C 
1é 
In ATOR, applying the law of cosines, we have 
sin? B + sin? A — 2 sin B sin A cosC = sin? C, 
while in APTS we have 
4 sin? B cos? A/2 + 4 sin? A cos? B/2 
— 8sin A sin B cos A/2 cos B/2 cos (C + A/2 + B/2) 
= sin? A + sin? B + sin?C + 2 an 4 sin B+ 2 sin B sin C + 2’sin (sin o; 





* Hobson, A Treatise on Plane Trigonometry, third edition, pages 55-57, gives several geo- 
metrical methods. See also Roscoe Woods, The trigonometric functions of half or double an angle, 
this MonTHLY, vol. 43, 1936, page 174. 
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and similar identities for the other triangles involved. The process can be 
carried still further, as is readily seen. 

Furthermore, if C is also acute, the center of the circumscribed circle will be 
in the interior of the triangle (if C is greater than 90° the same final results 
can be obtained by a slight modification of the diagram), and the radius of the 
circumscribed circle will be 1/2. An easy proof of one of the double angle for- 
mulas is afforded by applying the law of cosines to AP Oise 

fee tg COs! 2 i= sine 
or 


1 — cos 2B = 2 sin? B. 
From area considerations we have 


Area APOR = Area AORS + Area ARSP eA TO BOS Pa 





Using the fact that the area of a triangle is one-half the product of two sides 
multiplied by the sine of the included angle, we have 


sin A sin B sin C sin 2A Sift 2G sin 2B 


2 8 8 8 














) 


or 


4 sin A sin B sinC = sin 2A + sin 2B + sin 2C 
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All books for review should be sent directly to the editor of this department at the Mathematical 
Association of America, 531 West 116th St., New York, N. Y., and not to any of the other editors 
or officers of the Association. 


NEW BOOKS RECEIVED 


Tests of Significance. What they mean and how to use them. By John E. 
Smith. Chicago, The University of Chicago Press, 1939. 9+90 pages. $1.00. 

' Mathematics for Actuarial Students. By Harry Freeman. Part II: Finite 
Differences, Probability, and Elementary Statistics. Cambridge, published for 
the Institute of Actuaries at the University Press, 1939. 13-+339 pages. 25s. 

Modern Elementary Theory of Numbers. By L. E. Dickson. Chicago, The 
University of Chicago Press, 1939. 7+309 pages. $3.00. 

Development of the Minkowski Geometry of Numbers. By Harris Hancock. 
New York, The Macmillan Company, 1939. 24+839 pages. $12.00. 

James Gregory Tercentenary Memorial Volume containing his correspondence 
with John Collins and his hitherto unpublished mathematical manuscripts, 
together with addresses and essays communicated to the Royal Society of 
Edinburgh July 4, 1938. Edited by H. W. Turnbull. Royal Society of Edin- 
burgh, 1939. 12+524 pages. 25s. 

Encyklopidie der Mathematischen Wissenschaften mit Einschluss threr An- 
wendungen. Band I: Algebra und Zahlentheorie. 1. Teil. A. Grundlagen; 
B. Algebra. Heft 2. Zweite vollig neugearbeitete Auflage. By H. Hasse and 
E. Hecke. Leipzig and Berlin, B. G. Teubner, 1939. 28+30+56 pages. 

Reelle Funktionen. Band I: Zahlen, Punktmengen, Funktionen. By Constan- 
tin Carathéodory. Leipzig and Berlin, B. G. Teubner, 1939. 6+184 pages. 
RM 11.20. 

Punktreihengeometrie. By E. A. Weiss. Leipzig and Berlin, B. G. Teubner, 
1939. 8+232 pages. RM 14.00. 

Elementary Theory of Equations. By W. V. Lovitt. New York, Prentice- 
Hall, 1939. 11+237 pages. $2.50. 


REVIEWS 


First Course in the Theory of Numbers. By H. N. Wright. New York, John 
Wiley and Sons; London, Chapman and Hall, 1939. 7+108 pages. $2.00. 
An excellent text for a first, one semester, course in the theory of numbers. 

The material is vividly presented; the proofs are easy to follow and are amply 

‘Illustrated with numerical examples. There are 260 exercises for the student, 


arranged in 31 sets. | 
Some of the development of the theory is left to the student in these ex- 


ercises. For the convenience of any teacher who may use this book, a list is 


given here: 


||‘ebruary, 
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page 3 number 6 
page 9 number 6 
page 46 number 3 
page 65 number 8 
page 66 number 12 
page 69 number 7 
page 76 number 5 


The student is presupposed to have some mathematical maturity, about 
that of two courses in calculus, but little else is assumed. This little includes an 
acquaintance with proofs by induction and a knowledge of division with a re- 
mainder. On pages 39 and 101, where the argument might be too deep for im- 
mature students, rigor is obtained by means of references to Perron and Dick- 
son, respectively. In only one place is the discussion unmotivated, and that is on 
page 58, where the notion of x as an indeterminate symbol is introduced without 
sufficient explanation. 

A great deal of emphasis (27 out of the 104 pages) is placed on the theory of 
continued fractions, which is applied in solving Diophantine equations, and in 
factoring large numbers. Also a little unusual in a first course is the inclusion of 
the Jacobi as well as the Legendre symbols, and the solution of the equation 
o(x) =n. 

The format of the book is excellent, the type is large and clear, and the text 
is remarkably free from typographical errors. A table of the first 400 primes is 
an appendix. 

H. H. CAMPAIGNE 


Plane Trigonometry. With Tables. By W. T. Stratton and R. D. Daugherty. 
New York, Prentice-Hall, Inc., 1939. 7-+88+-118 pages. $2.25. 


The authors present in 80 pages the essential material for the usual course 
in plane trigonometry. It is recommended by the reviewer to those teachers who 
are weary of wordy expositions and who can overlook a few lapses of rigor for 
the sake of brevity in a book of this type. 

The functions of the acute angle are discussed in the first chapter, those of 
the general angle in chapter five. There is no separate chapter on trigonometric 
equations since their solution is made a part of several different chapters. A 
table of important trigonometric formulas is compiled at the end of the text 
and answers are given for certain problems at the discretion of the authors. 

The tables include 5- and 7-place logs, 5-place log functions, 5-place natural 
functions, and conversion tables from radians to degrees. 

Because of the brevity of the text, some teachers may find it necessary to 
amplify and justify certain statements—notably those involving the symbol «. 
For example, on page 25, last line, we find: 


logg0 = — ow, 
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The method of interpolation is given without the customary explanation 
that it is based on an assumption regarding the behavior of the functions under 
consideration. 

No serious typographical errors were noted and the make-up of the book is 
‘entirely satisfactory. 

HARRIET F, MONTAGUE 


Tables for Converting Rectangular to Polar Coérdinates. By J. C. P. Miller. 
London, Scientific Computing Service Limited, 1939. 16 pages. 


The introduction consists of a description of the two sets of tables which 
follow it. The explanation is lucid and detailed. It can be understood by anyone 
who is familiar with the algebraic relations 7?=x?+y?, tan“! 6=y/x which con- 
nect rectangular with polar coédrdinates and the reduction formulas of elemen- 
tary trigonometry. Although the tables are prepared for the maximum efficiency 
of a person working with either a computing machine or the slide rule, they are 
in no way dependent on the use of either. 

The first set of tables can be used to change from rectangular to polar 
coérdinates. The table is constructed for values of k =//s, where / is the smaller 
and s the larger of |x|, | y|. For each value of k from 0 to 1 inclusive at intervals 
of .001 there are listed the corresponding values for \/1-+?, tan"! k (in degrees 
and radians) and cot & (in degrees only). By use of a subsidiary table, given 
at the bottom of each page, r and @ can be evaluated from the functions of R. 

The second set of tables provides a scheme whereby the sine, cosine, and 
tangent of all angles up to 27 revolutions in degrees and 36 revolutions in 
radians can be expressed as functions of an angle in the first quadrant. The 
reviewer believes that the efficiency of this table would have been enhanced by 
the addition of a third table giving the values of the sine, cosine, and tangent of 
angles in the first quadrant. 

The tables in the pamphlet ought to be particularly useful for those prob- 
lems in astronomical or physical research where a large amount of data is 
obtained in the form of rectangular components and must be expressed in vector 


components. 
ROBERTA F. JOHNSON 


College General Mathematics for Prospective Secondary School Teachers. By L. E. 
Boyer. State College, Pennsylvania, School of Education, The Pennsyl- 
vania State College, 1939. 106 pages. $1.00. 


This is a thesis submitted at the Pennsylvania State College in partial fulfill- 
ment of the requirements for the degree of Doctor of Education. It should be of 
particular interest to all who are preparing secondary school teachers in mathe- 
matics. The author has made a study of the existing situation regarding the 
mathematical preparation of such teachers. In spite of the widespread demand 
in teacher-training circles that our secondary school teachers be given a broad 
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general education which will acquaint them with the major fields of learning, 
he found that of 700 recently certified non-mathematics teachers 397 had no 
college mathematics credit. He examined the type of mathematics course given 
in the Pennsylvania State Teachers Colleges and found they were emphasizing 
the formal aspects of the subject and “little attempt was being made to bring 
out the subject’s social history, its significance in our lives, and the universal 
dependence of mankind upon it.” 

In his thesis Dr. Boyer has set about to build a course which can be profit- 
ably given to all college students preparing to be teachers. He made a record of 
the mathematical topics reported as necessary in research papers in various 
fields, including the Social Sciences, Biology, Agriculture, Physics, and Chemis- 
try; a study of mathematical terms and topics occurring in general reading; and 
an analysis of 12 recent text-books related to general mathematics. Then a 
questionnaire was sent to a large group of in-service teachers and 325 college 
professors in various fields asking their opinion as to the worthwhileness of 25 
topics. The consensus is that there is a keenly felt need for a course in college 
general mathematics based on the majority of the 25 suggested topics. 

After giving a full tabulation of the people participating, the material, and 
the results, Dr. Boyer closes by choosing the following as suggestive of the main 
topics a course in general mathematics should contain: 

1. Meaning and historical development of number system. 

2. Mathematics as a compact, precise, and exact language of numbers. 

3. Approximate numbers, origin, nature, and correct manipulation in funda- 
mental processes. 

4. Historic development of algebra as a generalization of arithmetic. 

5. Significance of mathematics in early history. 

6. Nature of mathematics. 

. fi Connection between mathematics and reasoning in non-mathematical 
situations. 

8. Uses and relationships of formulas, equations, functions, and graphs with 
manipulative techniques thereof. . 

9. An abbreviated and unified treatment of algebra, geometry, and trig- 
onometry with respect to their utility to the race. 

10. Uses of geometric principles and designs in art, nature, and the works 
of man. 

11. Meaning and the use of statistics. 

12. Theory of investment. 

13. Significant relation of mathematics to modern science and philosophy. 

14. Relation of mathematics to the culture of a civilization. 
Ci ee eae Babylonian, Egyptian, and Greek contribu- 
pe RAS : ae ; i a te decimals, pA ene, ratio; proportion 

balass ; p theory; permutations, combinations, and probability: 
three famous geometry problems. : 


C. A. LESTER 
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The Nature of Proof. The Thirteenth Yearbook of the National Council of 
Teachers of Mathematics. By Harold P. Fawcett. New York, Bureau of 
Publications, Teachers College, Columbia University, 1938. 146 pages. $1.75. 


Any teacher of mathematics may read this book with profit, and every 
teacher of high school geometry should read it. 

The author sets up these criteria to distinguish the pupil who understands 
the nature of proof: 

1. He will select the significant words and phrases in any statement that is 
important to him and ask that they be carefully defined. 

2. He will require evidence in support of any conclusion he is pressed to accept. 

3. He will analyze that evidence and distinguish fact from assumption. 

4. He will recognize stated and unstated assumptions essential to the con- 
clusion. 

5. He will evaluate these assumptions, accepting some and rejecting others. 

6. He will evaluate the argument, accepting or rejecting the conclusion. 

7. He will constantly re-examine the assumptions which are behind his be- 
liefs and which guide his actions. 

The procedure used to insure this behavior in the members of a geometry 
class of twenty-five pupils in the Ohio State University School is then described. 
The first few weeks in class were spent in discussions, the results of which were 
summarized by the pupils as follows: 

1. Definition is helpful in all cases where precise thinking is to be done. 

2. Conclusions seem to depend on assumptions but often the assumptions 
are not recognized. 

3. It is difficult to agree on definitions and assumptions in situations which 
cause one to become excited. 

Following this introduction, the pupils were guided to a consideration of 
space where “the ideas studied are devoid of strong emotional content and the 
pupils native ability to think is not stifled by prejudice or bias.” 

After some time was spent on geometry, it was suggested that now the pupils 
might think about the problems of democracy in the same calm and objective 
manner they had been using in studying geometry. They then examined the 
logic in various newspaper articles, advertisements, and court decisions to see 
if the conclusions reached were justified. 

The author presents evidence to show that his course increased the ability 
of pupils to analyze non-mathematical material more than did the traditional 
course in geometry, and that it yielded a control of the subject-matter of geome- 
try which was not inferior to that obtained from the usual course. 

Some teachers will consider that the procedure outlined is wasteful of time, 
some may feel that they could not successfully conduct a course of this kind, 
and some may be subject to certain course requirements that they could not 
meet under this procedure, but every teacher will find that reading this book 


will improve his teaching of geometry. 
R. A. BEAVER 
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MATHEMATICS CLUBS 
Epitep By E. H. C. H1LpEBRANDT, New Jersey State Teachers College 


All reports of club activities, suggestions, topics with references, and other material of interest to 
clubs should be sent to E. H. C. Hildebrandt, State Teachers College, Upper Montclair, N. J. 


CLUB TORICS 


In the following bibliographies accompanying the titles, the publications 
follow with their abbreviations: AMERICAN MATHEMATICAL MONTHLY, AMM; 
Isis, 1; Mathematics Teacher, MT; National Mathematics Magazine, NMM; 
Science, S; Scripta Mathematica, SM; School Science and Mathematics, SSM. 
The numbering of the topics is a continuation of that in use last year in this 
Department (see vol. 46, pp. 233-234, for example). 


24. Calculating Machines and Devices, by Lao G. Simons. 


Cajori, F. A notable case of finger reckoning in America. I: May 1926. 

Locke, L. L. The ancient Peruvian abacus. SM: 1932. 

Locke, L. L. The contribution of Leibniz to the art of mechanical calculation. SM: June 1933. 
Simons, Lao G. Two reckoning tables. SM: June 1933. 


28. Magic Squares and Circles, by Lao G. Simons. 


Bragdon, C. The Franklin 16X16 magic square. SM: April 1936. 
Heath, R. V. A panelled magic square. SM: April 1936. 

Heath, R. V. A curious magic square. SM: July 1935. 

Heath, R. V. A magic circle. SM: October 1935. 


29. Nomographs, by Dale Leipper, Marie M. Johnson. 


Alcock, H. J. and Jones, J. R. The Nomogram. Sir Isaac Pitman and Sons, Ltd., London, 1932. 

Brodetsky, S. A First Course in Nomography. G. Bell and Sons, Ltd., London, 1920. Also Open 
Court Publishing Company, LaSalle, Illinois. 

Brown, O. E. An unusual nomogram. AMM 42: 227-231. 

Friauf, J. B. Nomographic solution of a problem in spherical trigonometry. AMM 42: 232-235. 

Georges, J. S. and Gorsline, W. W. Nomography. SSM 36: 267-272. 

Hewes, L. I. and Seward, H. L. The Design of Diagrams for Engineering Formulas and the Theory 
of Nomography. McGraw-Hill, New York, 1926. 

Hezlet, R. K. Nomographs or the Graphic Representation of Formulae. The Royal Artillery In- 
stitution, Woolwich, England, 1913. 

Lipka, Joseph. Graphical and Mechanical Computation. Wiley, New York, 1918, 

Mackey, C. O. Graphical Solutions. Wiley, New York, 1936. (See pages 50-90 for nomography.) 

Marshall, W. C. Graphical Methods. McGraw-Hill, New York, 1921. (Contains a list of 92 formu- 
las and tells where to find their developed nomograms; pages 167-185 concern nomography.) 

Mavis, F. T. The Construction of Nomographic Charts. International Textbook Company, 
Scranton, Pa., 1939, 

D'Ocagne, Maurice. Nomography. Encyclopedia Britannica, 14th ed., vol. 16: 483-484. (Includes 
additional references.) 

Rose, W. N. Line Charts for Engineers. Chapman and Hall, London, 1923. 

Swett, G. W. Construction of Alignment Charts. Wiley, New York, 1928, 

Van Voorhis, M. G. How to Make Alignment Charts. McGraw-Hill, New York, 1937, 


is concerned only with the actual construction and contains little theory.) 
Wood, F. M. A Short Monograph on Nomo 


ing Journal: June and August, 1930. 


(This text 


graphy. McGill University Library. Also the Engineer- 
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33. Constructions with Compasses Alone, by Marie M. Johnson. 
Cajori, F. A forerunner of Mascheroni. AMM 36: 364-365. 
Carnahan, W. H. Compass geometry. SSM 32: 384-390. 
de Lanascol, A. Q. Geémétrie du Compas. Librairie Scientifique, Albert Blanchard, Paris, 1925. 
Mascheroni, Lorenzo. La Geometrie del Compasso, Nuova edizione. Palermo, Era Nova, 1901. 
Mohr, Georg. Euclides Danicus, 1672. Royal Danish Scientific Society at Kopenhagen, A. F. 
Host and Son, 1928. 
Shively, L. S. An Introduction to Modern Geometry. Wiley, New York, 1939. (See pages 132-135.) 


35. The History of American Mathematics, by Lao G. Simons. 

Bradley, A. D. Pennsylvania German arithmetical books. SM: Jan. 1938. 

Cajori, F. The earliest arithmetic published in America. I: Dec. 1927. 

Hellman, C. D. Jefferson’s efforts towards the decimalization of United States weights and meas- 
ures. I: Nov. 1931. 

Karpinski, L. C. The elusive George Fisher “Accomptant”—writer or editor of three popular 
arithmetics. SM: Oct. 1935. 

Simons, Lao G. The German-American algebra of 1837. SM: Sept. 1932. 


36. The Origin of Various Mathematical Terms and Symbols, by Lao G. Simons. 
Cajori, F. Note on our sign of equality. I: 1924, No. 19. 
Cajori, F. Leibniz, the master-builder of mathematical notations. I: 1925, No. 23. 
Cajori, F. Empirical generalizations on the growth of mathematical notations. I: 1924, No. 18. 


39. Numerals and Number Systems, by Lao G. Simons. 
Archibald, R. C. Mersenne’s numbers. SM: April 1935. 
Gandz, S. The origin of the ghubar numerals, or the Arabian abacus and the articuli. I: Nov. 1931. 
Lehmer, D. N. Hunting big game in the theory of numbers. SM: Mar. 1933. 
Shaw, A. A. Note on Roman numerals. NMM: Dec. 1938. 


41. History of Algebra, by Lao G. Simons. 
Nordgaard, M. A. Sidelights on the Cardan-Tartaglia controversy. NMM: April 1938. 


43. American Mathematicians, by C. B. Read. 

Archibald, R. C. A catalogue of a special exhibition of manuscripts, books, portraits, and personal 
relics of Nathaniel Bowditch. Peabody Museum, Salem, Mass. 

Archibald, R. C. Florian Cajori. I: April 1932. 

Archibald, R. C. Simon Newcomb, bibliography of his life and work. Memoirs of the National 
Academy of Sciences, XVII, first memoir, part II. 

Archibald, R. C. Simon Newcomb. SM: Jan. 1936. 

Archibald, R. C. Benjamin Peirce. AMM 32: 8-30. 

Archibald, R. C. Unpublished letters of James Joseph Sylvester and other new information con- 
cerning his life and work. Osiris: Jan. 1936. 

Cajori, F. George Bruce Halsted. AMM 29: 338-340. 

Coolidge, J. L. Robert Adrian, and the beginnings of American mathematics. AMM 33: 61-76. 

Lane, E. P. Ernest Julius Wilczynski. AMM 39: 567-509. 

Schreiber, E. W. Florian Cajori—a tribute. SSM 32: 117-134. 

Slaught, H. E. Eliakim Hastings Moore. AMM 40: 191-195. 

Smith, D. E. Thomas Jefferson and mathematics. SM: Sept. 1932. 

Smith, D. E. Eliakim Hastings Moore. MT 26: 109-110. 

Yates, R. C. Sylvester at the University of Virginia. AMM 44: 194-201. 


44a. Mathematics in Certain Countries, by C. B. Read. 
Bompiani, E. Italian contributions to modern mathematics. AMM 38: 83-95. 
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Cheng, D. C. On the mathematical significance of the Chinese Ho T’u and Lo Shu. AMM 32: 
499-504. 

Karpinski, L. C. The mathematics of the Orient. SSM 34: 467-472. 

Radé, T. On mathematical life in Hungary. AMM 39: 85-90. 

Vetter, Q. The development of mathematics in Bohemia. AMM 30: 47-58. 


44b. Mathematics in Certain Countries, by Lao G. Simons. 


Archibald, R. C. Mathematics before the Greeks. S: Jan. 1930. 

Archibald, R. C. Babylonian mathematics. I: Dec. 1936. 

Bruce, R. E. Sicily, and the march of ancient mathematics and science to the modern world. SM: 
April 1938, July 1938. 

Datta, B. On the relation of Mahavira to Sridhara. I: Jan. 1932. 

Neugebauer, O. Babylonian mathematics. SM: Aug. 1934. 

Simons, Lao G. The influence of French mathematicians at the end of the eighteenth century upon 
the teaching of mathematics in American colleges. I: Feb. 1931. 

Smith, D. E. Hindu mathematics—the geometry of the Hindus. I: Aug. 1913. 

Struik, D. J. Mathematics in the Netherlands during the first half of the sixteenth century. I: 
May 1936. 


45. First Printed Mathematical Books, by C. B. Read. 

Benedict, Suzan R. The algebra of Francesco Ghaligai. AMM 36: 275-278. 

Cowley, Elizabeth B. An English text on mathematics written about 1810. AMM 30: 189-193. 

Ebert, Emiline R. A few observations on Robert Recorde and his “ground of arts.” MT 30: 110- 
ae 

Kunkel, P. V. A study of Davies’ University arithmetic. MT 26: 471-476. 

McClenon, R. B. Leonardo of Pisa and his Liber Quadratorum. AMM 26: 1-8. 

Refior, Sophia R. From the shelves of Dr. David Eugene Smith’s unique mathematical historical 
library. MT 17: 269-273. 

Sanford, Vera. La Disme of Simon Stevin—the first book on decimals. MT 14: 321-333. 

Shenton, W. F. The first English Euclid. AMM 35: 505-512. 

Simons, Lao G. Dutch textbook of 1730. MT 16: 340-347. 

Smith, D. E. An interesting fourteenth century table. AMM 29: 62-63. 

Smith, D. E. In the surnamed chosen chest. AMM 32: 287-294. 

Smith, D. E. The first work on mathematics printed in the New World. AMM 28: 10-15, 

Smith, D. E. The first great commercial arithmetic (Borghi). I: Feb. 1926. 

Smith, D. E. The first printed arithmetic (Treviso 1478). I: 1924, No. 18. 

Thorndike, L. The arithmetic of Jehan Adam. AMM 33: 24-28. 

Vanhée, L. The arithmetic classic of Hsia-Hou Young. AMM 31: 235-237. 

Vanhée, L. The great treasure house of Chinese and European mathematics, AMM 33: 502-506. 


46. Mathematics and Art, by Lao G. Simons. 


Archibald, R. C. Special curves in nature and in practical applications. SM: Oct. 1935. 
Bowes, Julian. Dynamic symmetry. SM: March 1933, June 1933. 

Boyd, Rutherford. Mathematical themes in design. SM: Jan. 1938. 

Staniland, A. E. Art in mathematics. SM: April 1938. 


47. Mathematics and Music, by Lao G. Simons. 

Archibald, R. C. Mathematics and music. I: 1925, No. 22. 

Barbour, J. M. The persistence of the Pythagorean tuning system. SM: June 1933 
48. Scholars in Other Fields—Interest in Mathematics. 


Collard, A. Goethe et Quetelet. Leurs relations de 1829 a 1832. I: Jan. 1934. 
Locher, L. Goethe's attitude toward mathematics. NMM: Dee. 1936, 
Simons, Lao G. Fabre and mathematics. SM: March 1933, 
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49. Notes on Famous Mathematicians. 


Archibald, R. C. A rare pamphlet on de Moivre and some of his discoveries, I: Oct. 1926. 
Bacon, H. M. The young Pascal. MT 30: 180-185. 

Bell, E. T. Father and son: Wolfgang and Johann Bolyai. SM: Jan. 1938, April 1938. 
Cajori, F. Robert Recorde. MT 15: 294-302. 

Cajori, F. Controversies on mathematics between Wallis, Hobbes, and Barrow. MT 22: 146-152. 
Clarke, F. M. New light on Robert Recorde. I: Feb. 1926. 

Evans, G. W. Cavalieri’s Theorem in his own words. AMM 24: 447-451. 

Hardy, G. H. The Indian mathematician Ramanujan. AMM 44: 137-155. 

Langer, R. E. The life of Leonard Euler. SM: Jan., April, July 1935. 

Langer, R. E. Isaac Newton. SM: July 1936. 

Loria, G. A. L. Cauchy in the history of analytic geometry. SM: Dec. 1932. 

Sarton, G. Simon Stevin of Bruges (1548-1620). I: July 1934. 

Smith, D. E. Euclid, Omar Khayyam, and Saccheri. SM: Jan. 1935. 

Smith, D. E. Moritz Cantor. SM: March 1933. 

Smith, D. E. Gaspard Monge, politician. SM: Dec. 1932. 

Smith, D. E. New information respecting Robert Recorde. AMM 28: 296-300. 
Srikantia, B. M. Srinivasa Ramanujan. AMM 35: 241-245. 

Struik, R. Cauchy and Bolzano in Prague. I: Dec. 1928. 

Talmey, Max. Personal recollections of Einstein’s boyhood and youth. SM: Sept. 1932. 
Thompson, A. J. Henry Briggs and his work on logarithms. AMM 32: 129-131. 
Walker, H. M. Abraham de Moivre. SM: Aug. 1934. 


ADDITIONAL NOTES 


The following excerpts from club reports may prove useful to other clubs: 

Pi Mu Epsilon of Duke University writes: “At our social meeting this year for entertainment 
we had mathematical topics written on slips of paper and mixed in a hat. One member would draw 
a slip, give a three minute talk on the topic he found, and then designate who was to be the next 
person to draw from the hat.” 

Pi Mu Epsilon of the University of Colorado sponsors a “Math Teaser” in each issue of the 
college paper, with the answer published in the following issue. 

Square Circle members at Women’s College of the University of North Carolina were given a 
list of books at the first meeting of the year, from which each was to read at least one and report on 
it when her name was drawn. To this might be added the suggestion of having reports at the 
monthly meetings on the best articles appearing in the current mathematics magazines. 
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PROBLEMS AND SOLUTIONS 
EpITED BY OTTo DUNKEL, ORRIN FRINK, JR., AND H. S. M. CoXETER 


ELEMENTARY PROBLEMS 


Send all communications concerning Elementary Problems and Solutions to H, S. M. Coxeter, 


69 Chaplin Crescent, Toronto, Canada. 

The Department of Elementary Problems welcomes problems believed to be new, and de- 
manding no tools beyond those ordinarily furnished in the first two years of college mathematics. 
To facilitate their consideration, solutions should be submitted on separate, signed sheets, within 
three months after publication of problems. 


PROBLEMS FOR SOLUTION 


E 406. Proposed by David Segal, Kosow Huculski, Poland. 
Prove that 


ll (™ +1 


= 2"-1(2" + 1), 
ee 


k=0 


E 407. Proposed by Virgil Claudian, Bucharest, Roumania. 

Let A’, B’, C’ be the feet of the altitudes of a triangle ABC, and H the 
orthocenter. Let the parallels through H to B’C’, C’A’, A’B’ meet BC, CA, AB 
in D, E, F, respectively; and let the parallels through H to BC, CA, AB meet 
B'C', C'A’, A’B’ in D’, E’, F’. Prove that the six points D, D’, E, E’, F, F’ lie 
on one line, perpendicular to the Euler line (which joins H to the circumcenter). 


E 408. Proposed by W. C. Rufus, Observatory of the University of Michigan. 


From front to rear of an advancing army detachment was ten miles. A rear- 
guard messenger, dispatched to a guard-house directly behind his position in 
the line of march, returned without loss of time and then proceeded immediately 
to the van-guard and again returned. He then noted that he had overtaken his 
guard ten miles from the starting point, and that the time spent on each errand 
had been the same. How far was the guard-house from the starting point, and 
how far did the messenger travel altogether? 


E 409. Proposed by V. Thébault, Le Mans, France. 


Consider a hexagon whose vertices are the ends of three diameters of a circle. 
Show that the sum of the products of the distances of a variable point on the 
circle from pairs of opposite sides of the hexagon is constant. 


E 410. Proposed by C. H. Hardingham, Harpenden, England. 


What are the smallest positive integers a, b, c which are the sides of a tri- 
angle whose medians also are integers? 
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SOLUTIONS 


E 366 [1939, 106]. Proposed by C. O. Oakley, Haverford College. 

Two ferry boats ply back and forth across a river with constant speeds, 
turning at the banks without loss of time. They leave opposite shores at the 
same instant, meet for the first time 700 feet from one shore, continue on their 
way to the banks, return and meet for the second time 400 feet from the op- 
posite shore. As an oral exercise, determine the width of the river. 


Solution by W. C. Rufus, Observatory of the University of Michigan. 

Ferry boat A left one shore, travelled 700 feet and met B; together they had 
travelled the width of the river. A continued across the river to the opposite 
shore and back 400 feet, where he met B again. They had then travelled a total 
of three times the width of the river. As their speeds were constant, A travelled 
three times 700 feet, or 2100 feet. The width of the river was 400 feet less than 
the distance A travelled, that is, 1700 feet. 

Also solved by W. B. Clarke, M. L. Constable, Wm. Douglas, E. K. Paxton, 
Phillips University Mathematics Club, C. W. Trigg, and the proposer. 


E 367 [1939, 106]. Proposed by Cezar Cosnita, Focsani, Roumania. 

The point P moves on the circumcircle of triangle ABC, and the bisectors 
of angles APC and APB meet AC and AB at Q and R respectively. Show that 
OR passes through the center of the circle inscribed in the triangle ABC. Show 
also that if PS and PT are perpendicular to PQ and PR and cut AC and AB 
at Sand T respectively, then ST passes through the center of the escribed circle 
which touches side BC between B and C. 


Solution by L. M. Kelly, Boston University. 


Bisect the arc AC at B’ and B’”’, and the arc AB at C’ and C”’, so that B’”’ 
lies on the same side of AC as B, and C”’ on the same side of AB as C. Let I 
be the incenter, and £ the relevant excenter. An application of Pascal’s Theorem 
to the hexagon ACC’PB’BA shows that Q, J, R are collinear. Similarly, an 
application to the hexagon ACC’’PB’’BA shows that S, £, T are collinear. 

Also solved by J. H. Butchart, and Rufus Crane. 


E 368 [1939, 107]. Proposed by W. B. Campbell, Drexel Institute. 


A clock has its hour, minute, and second hands turning about the common 
center, and all together at noon. They will not be all three coincident again for 
another twelve hours, although there will be several earlier instants when two 
of the three hands are superimposed. At which of these instants will the remain- 
ing hand make the least angle with the two which are superimposed ? 


Solution by E. P. Starke, Rutgers University. 
Once every minute and a fraction, the second hand overtakes both the hour 
and the minute hands. To find the time demanded by the problem, we put the 
minute and hour hands together (a familiar problem from high school algebra) 
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and move the second hand forward or backward until it overtakes the nearer of 
the other hands. For any time between noon and 6:00 p. m. there is another 
between six and midnight at which the hands are in the reflected positions. 
The times between noon and six at which the two slower hands are together 
are (in hours and minutes) 1:057%, 2:1049, 3:1674, 4:2135%, and 5:2774. At 
these times the second hand is at the positions (in seconds) 2774, 543%, 213%, 
494, and 16;4;. Of these situations, the third finds the second hand nearest the 
others. The final solution is obtained by backing the second hand until it agrees 
with the hour hand. (In this process the minute and hour hands are backed too, 
the minute hand more than the hour hand.) Let x be the number of seconds 
through which the second hand must be backed. Meanwhile the hour hand 
will turn 739 of that angular distance, and we have 


21, — « = 164, — «/720, 


or x=54$09. Thus their position is 3:16??$. During this time, the minute hand 
has been backed x/60 or 795, and its position is 3: 1642. The difference in posi- 
tion is 7°5 or, as an angle, 360°/719, which is about 30’ 024”. 

Also solved by the proposer. 


E 369 [1939, 107]. Proposed by A. V. Richardson, Bishop’s College, Lennox- 
ville, Quebec. 

Find the form of m if 14+24+34+ .-.--+n! is exactly divisible by 
124-224-324 ... 442. 


Solution by E. P. Starke, Rutgers University. 


By any of the usual methods of summation (see for example Witmer, 
The sums of powers of integers, this MontuLy, November 1935, pp. 540-548) 
we find 


14+ 24+ 344 ---+nt=nin+ 1)(2n + 1)(3n? + 3n — 1)/30, 
1? + 227+ 37+ --- 42 = n(n + 1)(2n + 1)/6. 


The condition of divisibility reduces to the requirement that 37?+3n—1 bea 
multiple of 5. We can put 


3n* + 3n — 1 = 3(m — 3)(m — 1) + S(3n — oy 


which is a multiple of 5 if and only if is of one of the forms 5k+1, 5k+3. 

Also solved by Calvin Foreman, Wm. Forman, V. W. Graham, Elmer 
Latshaw, K. W. Miller, W. O. Pennell, Harry Siller, W. R. Talbot, C. W. 
Trigg, and the proposer. 


E 370 [1939, 107]. Proposed by V. Thébault, Le Mans, France. 


Locate the point P within the irregular tetrahedron ABCD so that each of 
aye six planes, each through P and an edge, will bisect the surface of the tetra- 
1edron. 
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Solution by H. V. Lyons, University of Toronto. 


Let a, b, c, d be the areas of the faces BCD, CDA, DAB, ABC of the tetra- 
hedron, and let (x, y, g, t) be the barycentric codrdinates of P. The plane A BP 
cuts the edge CD at the point Q or (0, 0, z, £), which divides CD in the ratio t:z. 
The lines AQ and BQ divide the areas of the triangles ACD and BCD in this 
same ratio. By the conditions of the problem, we have the following relation 
concerning areas of triangles: 

ABC + ACQ + BCO = ABD + ADO + BDO, 
1.€., 
tb ta sb Za 
os sh be + 
zt+it ztt zst+t zt+t 


This is easily reduced to 


d+ 














z t 
eee Saas eesdy 
and the other planes lead to similar relations. Thus the point P is 
(-at+bdb+ctda-—bt+tctdatb—c+tdatb+c-—d). 


E 371 [1939, 168]. Proposed by H. T. R. Aude, Colgate University. 


A box contains a sufficient number of coins, which are pennies, dimes, and 
half-dollars. Find the smallest sum, also the largest sum, which can be counted 
out in two and only two ways, by using one hundred coins including at least 
one of each kind. 


Solution by B. A. Hausmann, University of Detroit. 


If a, b, c, primed or unprimed, represent the number of pennies, dimes, and 
half-dollars, respectively, we have 


(1) a+ 10b + 50c 


a’ + 100’ + 50c’, 


(2) atb+c=Had+0'4¢, 


and therefore 
0(b — b’) + 49(c — c’) = 0. 
Since 9 and 49 are relatively prime, we deduce 
b — b’ = 49k, c—c' = — 9k. 


We may suppose b>)’. Then, since every kind of coin must be used, k=1. 
Applying (2) again to get a similar equation for a and a’, we have 


a =a’ — 40, b= 0b’ + 49, c=c—9., 


The largest sum will occur when a, a’, b, and b’ are as small as possible. 
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Hence a=1, a’=41, b=50, b’=1, c=49, c’ =58, and the sum is $29.51. 
Similarly, the smallest sum will occur when 3, b’, c, and c’ are as small as 
possible. Hence b=50, b’=1, c=1, c’=10, a=49, a’ =89, and the sum is $5.99. 
Also solved by W. B. Campbell, Wm. Douglas, Daniel Finkel, Wm. Forman, 
H. D. Larsen, Elmer Osborne, C. W. Trigg, and the proposer. 


ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, Washington 
University, St. Louis, Mo. All manuscripts should be typewritten, with double spacing and with 
margins at least one inch wide. 

Problems containing results believed to be new or extensions of old results are especially 
sought. The editorial work would be greatly facilitated, if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well known textbooks or results found in readily accessible sources will not 
be proposed as problems for solution in this department. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems. 


PROBLEMS FOR SOLUTION 


3941. Proposed by N. A. Court, University of Oklahoma. 


The polar plane of a point common to three given spheres, with non- 
collinear centers, with respect to a variable sphere tangent externally to the 
three given spheres, describes a coaxal pencil. 


3942. Proposed by H. E. Tester, Isleworth, Middlesex, England. 


A man is standing at the junction of two perpendicular cross-roads, and 
his dog, at a distance a from the junction along one of the roads, is watching 
him. At a given instant the man starts to walk with speed v along the other 
road, and the dog to run directly towards his master with speed 2v. Determine 
the curve of pursuit. 


3943. Proposed by H. E. Tester, Isleworth, Middlesex, England. 


Express the integral 
3 (5—5a?/9) 1/2, 
v -{ ax f dy 
0 0 


by the use of the variables \ and pu defined by the equations 
at Se dh Sa ba ell 
h— p= [Ce — 2)? 4+ y?]12 
and thus verify that the value of the integral is 30/5 /4. 
3944. Proposed by V. Thébault, Le Mans, France. 


The positive integral point-masses x, y, are placed respectively at the 
vertices A, B, C of an equilateral triangle with sides of length a. Determine 


X,Y, Z, a So that the distances of the centroid of the three masses to the three 
vertices shall be integers. 
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3945. Proposed by V. Thébault, Le Mans, France. 
If in a triangle the distances d;, ds, d3 of the midpoints of the sides of the 


triangle to a tangent to the nine-point circle satisfy a relation ./d;++/d2 
++/d;=0, the point of contact of that tangent is one of the Feuerbach points. 


3946. Proposed by V. Thébault, Le Mans, France. 

Given a tetrahedron ABCD and an arbitrarily chosen point P: (1) Show 
that the radical planes of an arbitrary sphere through P with each of the spheres 
(PBCD), (PCDA), (PDAB), (PABC), circumscribing the tetrahedrons in the 
parentheses, meet respectively the planes of the faces BCD, CDA, DAB, ABC 
in four straight lines lying in a plane. (2) If an arbitrary plane cuts the plane 
of the faces BCD, CDA, DAB, ABC in the straight lines A,, A,, A., Aa, show 
that the planes (P, A.), (P, As), (P, A.), (P, Aa) cut the spheres (PBCD), 
(PCDA), (PDAB), (PABC), respectively in four circles of a single sphere 
through P. 


3905 [1939, 112]. Correction. In the fifth line after - - - two determined 
directions insert if M lies on (O). 


SOLUTIONS 
3836 [1937, 394]. Proposed by H. P. Thielman, College of St. Thomas, St. 
Paul, Minn. 
Given Kelvin’s function 
ro) (¢/2)4o-* 


bei x = Xu (— 10 Yoo Gn = Duy 


eS Dela 
dx. 
0 x 


A supplementary note by E. S. Pondiczery, Princeton, N. J. 
In his discussion in this MonTHLy [1939, 517], Hsii shows that the integral 


° bei (x) 
(1) iL ‘ dx 


does not converge, and that (1) would have the value 7/4 “if it existed.” That 
is, formal computations with Laplace integrals assign the value 1/4 to the di- 
vergent integral (1). Such a formal evaluation of an integral indicates that it 
should be summable to the formal value; I shall show that (1) is in fact summa- 
ble to the value 7/4 by a well known variant of the Abel process. More precisely, 
I shall show that 


* bei (u# us 
(2) lim i Ase rege 
50+ v9 uU 4 


evaluate 
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the integral exists for each positive 6 because 
bei (%) = O(x?), x— 0; bei (~) = o(e7/¥?), x @. 
Making a change of variable, I have to show that 
© bei (27/2) 
(3) lim oe ese 
0+ oY ¢ t 


Now 


o Sy Dp1/2 ea) oO 
f ae eaee) edt = { bei aerat f eas 
0 t 0 € 
=| as [ bei (22!/2)e-*dt 
€ 0 
eo wal 1 lle sin u 
= { — sin — ds = f du 
A Ss Ss 0 U 


(e>0-+), 





provided that the interchange of integrations is legitimate. I have used the fact, 
established by Hsii, that 


* 1 
bei (2#/2)e-*'di = — sin —; s>0. 
0 S s 


To complete the proof, I have to show that if e>0 


€ 0 0 ; 


I break the integral on the left into two parts: 


oo) ioe) 0 l ' oa) ioe) 
f as [ bei (need = f if =i if = Ty dy 
€ 0 


From the power series expansion of bei(x), we see that there is a constant A 
such that 


| bei (2#/2) 





= Uy. 0 


IIA 
IIA 


Consequently J, is dominated by the convergent integral 


io) 1 0 Sa) eal Is 1 
f as [ te"di. SS if asf io | / atk = —-> 
€ 0 s? € 


therefore the integrations i in J; can be interchanged. . 





s E, W. Hobson, The Theory of Functions of a Real Variable, te, vol. 2, 1926, Ds 347, 
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As for Jo, from Hsii’s work we see that there is a constant B such that 


| bei (22/2) 





< Bexp(2t)'?, t 


Bf as e—*texp(2t) dt , 
€ 1 


and this integral converges. In fact, we have, since s2e in Jo, 


IV 


1; 


hence J. is dominated by 


f[ evexpteprear = f eae eee 2) dt 
1 1 


<em f e~ ex p(2t)2dt 
0 


= A(eje*?, 


where A (e) is independent of s. Consequently J: is dominated by the convergent 


integral 
Bato f e—*2ds, 


so that the interchange of integrations is legitimate. This completes the proof 
of (3). 


3855 [1938, 53]. Proposed by J. Rosenbaum, Bloomfield, Conn. 
Solve in positive integers 
(41/2 + iy 1/2) 4 = (41/2 el yil2)4 = g!. 
Solution by Elijah Swift, University of Vermont. 


If we set = 2w, and simplify, the equation becomes 


(1) 2a? + 12xy + 29? = 16%; 
dividing by 2w‘ and letting X =x/w* and Y=y/w’, we get 
(2) X?4+ 6XY+ Y?= 8. 


If we cut this conic by any line through (1, 1) with rational slope, we obtain a 
rational solution of (2), and conversely we can obtain all rational solutions in 
this way. Taking the slope as m// where m and l] are integers, we find X and Y 
and hence x, y and w?, and then x, y and z2, in terms of the integers / and m and 
an arbitrary factor k. These solutions are 


x = k(m? — 2lm — ZI’), 
(3) y = k(— 7m — alm + eile 
g2 = 4k(m? + 6lm + /*). 
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From the derivation it is clear that equations (3) give all possible solutions of 
the original equation. 

Not every pair of values (m, /) gives a solution in positive integers, since 
the three parentheses on the right of equations (3) must have the same sign. 
Setting these equal to 0, and graphing the degenerate conics thus obtained, we 
find that all three parentheses will have the same sign (negative) for two sectors, 
one in the second and one in the fourth quadrant, lying between the lines 
m=I(1—+/8) and 1=m(1—+/8). Considering the sector in the fourth quadrant 
(for m,l and —m, —/ give the same values for x, y, z) we find that we must take 
m as a positive integer and / as a negative integer so that 


1.828-m > —1>0.547-m. 
If we now choose m and —/ as any two integers satisfying this relation, then 
choose k as a negative integer such that z? is a perfect square, we shall obtain 
solutions of the given equation. We find that —]=™m yields the obvious solutions 
(a*, a’, 2a). Also if (x, y, z) form a solution, so will (ax, a?y, az). Apart from 
these we find the following solutions: 


m = 2, }= — 3; x = 47-23, y= 7-23, z= 46; 
47-79, y = 47-23, z= 94; 
m = 3, =— 5; x = 136-14, y= 8-14, z= 56; 


m = 3, l= —4; e 


or, reduced by suitable division, this last solution becomes 
x = 17-7, y= 7, 2= 14. 


In this way we can find as many solutions as may be desired. 
Solved also by Daniel Finkel, and E. P. Starke. 


3861 [1938, 122]. Proposed by V. Thébault, Le Mans, France. 


. A convex polygon A;A2-- + Aen, with its opposite sides equal and parallel, 
is inscribed in a conic. If from a point of the conic parallels are drawn to the 
directions conjugate to those of the sides, the intersections of these parallels 


with the conjugate sides form a polygon of constant area, and its opposite sides 
have conjugate directions. 


Editorial Note. The proposer stated that it is always possible to determine 
a plane upon which the ellipse projects into a circle (O); the polygon (A) with 
the vertices A; inscribed in the ellipse projects into another polygon CP) in- 
scribed in (O) with pairs of opposite sides equal and parallel; and its diagonals 
joining opposite vertices are diameters of the circle. From this it is easily de- 
duced that the pedal polygon (B) with respect to (P) of a point M on the circle 
(O) has its opposite sides perpendicular. Also it is easy to show that the locus 
of a point such that the pedal polygon of this point with respect to (P) has a 


constant area is a circle concentric with (O). This suffices to prove the theorem 
of the problem. 
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From the above it appears that the proposer means that the conic is an 
ellipse. Since no other details of the proof were given, we shall give proofs of 
the properties of the figure for the circle (O) and show its relation to a certain 
limacon. 

The convex polygon (A) with vertices Ai, As,-++, Ag, is inscribed in a 
circle (O) with center O and radius R so that each diagonal A;A,,4; is a diameter. 
Any chosen point M of its plane is projected orthogonally upon the sides of (A) 
giving the points B;, vertices of the polygon (B), on the sides A ;A i41, respec- 
tively. A necessary and sufficient condition, n >2, that the directed area (vector 
area) of (B) remains constant as M varies is that r=OM remains constant. 

We shall suppose that the vertices of (A) are in positive order of rotation. Set 
Z MOA;=0; and LAO Ais =2¢:, where di toot Baie +¢,=7/2. Then 


MB; = Ros ¢; — r cos (6; + ¢:), 
M Bix: = R cos $i41 — r cos (0; + 2¢: + di41), 


and we obtain MB,4; and MB,4;4: from the above by replacing the minus sign 
before the r by the positive sign. Thus 


MB;-MBeyi + MBui- MBnyiss 
= 2R? cos ¢; cos bi41 + 2r? cos (0; + $:) cos (0; + 26; + $i41)- 
Multiplying each member of (2) by sin (¢:+¢:41)/2 we have, after reductions, 
area MB;Bi,; + area MBny:Bnyzigi 


: 2 


R fe 
3) er [sin (26; + 24:41) + sin 26; + sin 2Gi41] + Pi sin (26; + 241) 


v2 
75 7. [sin (20; + 46; + 2:41) — sin (20; + 2¢:) |. 
The sum of the terms containing 6; from 7=1 to i=” gives 
2 
4) = [sin (20, + 4én + 2bn41) — sin (20: + 2¢1)] 


after cancellations by using 0:;1=0:+2¢;. Also, since oni =i and 0,+2¢n—A1 
=7, the expression (4) reduces to —(r?/2) cos (20, +2¢1) sin t =0. Hence 
R? +. r2 n : R?2 n ; 
(5) area (B) = rey a sin (26; + 2:41) + a +e sin 2¢;. 
4=1 t=] 

The last term is one-half of the area of (A), and the first term is easily inter- 
preted as the sum of two areas. There are two cases according to the parity of 1. 
This completes the proof of the necessary and sufficient condition. . 

It will be seen from the derivation that (5) is true when some of the ¢:s 
are negative and (A) is not convex. If n=2, (A) is an inscribed rectangle; and, 
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since 2¢,-+2¢2 =7, the area of (B) is one-half of the area of (A) for all values of r. 
This is easily verified by inspection of a figure, and the result is trivial. If n=3, 


where 2¢,+2¢2+2¢3;=7, 
area (B) = 2 area (A) + 3 area (A’), 


where (A’) is similar to (A) and inscribed in a circle of radius 7. Thus, if 1 is 
on (OQ), the areas of (B) and (A) are equal; this special result is useful for a later 
problem. 

We now consider the relative position of (B). Draw a tangent to (O) at the 
midpoint of arc 4;A iu1 cutting 1B; produced in B/, and a tangent at the mid- 
point of arc An4:Ansizi cutting MB,,; produced in B,/,;. Construct a circle on 
OM as a diameter, and let M; be the other intersection of B,/,;B/ with this 
circle. Then M; is the common midpoint of B,,,;B; and B,/,;B/. It is clear that 
this is the construction of a pair of points B/ and B,/,; on a limacon with the 
circle on the diameter OM =r as a basis and the moving line through M as a 
generator, where M,;B/ = Rand B,',;M;=R. Hence the vertices of (B) lie within 
this limacgon which is fixed by (O) and M. The expression for area (B) in (5) 
gives as a limit for convex polygons (A), R¢r+(r?/2)z as the area of the limacon. 
If M is on (O), the limacon becomes the cardioid. 

In what follows the point Mis on (O). We shall show that if (A) is a hexagon 
of the type here considered, convex or not, the consecutive sides of the hexagon 
(B) are perpendicular. Consider the three consecutive sides of hexagon (A) given 
by Ay, As, A3, 44 which determine the vertices By, By, B;. We shall prove that 
B,B; and BB, are perpendicular. In order to take care of all possible positions 
of M, As, A3 on (O) when the points A; and A, are fixed as ends of a diameter, 
we shall use the notion of directed angles in Johnson’s Modern Geometry, pages 
11—-15,.5ince 27,6; Bs, As are concyclic, we have ¢M/A.B,= X MB,B,. From 
the concyclic set M, Bz, A3, Bs; we have { B3;B.M = {B3A3M. Also AB, cuts (O) 
in Ay, and therefore X MA.B,= SX MA2A;= XMA3A1= X MB2B,. We now have 
6 B;B.B, = < B3B.oM+ x MBB, = << B3A3;M+ <x MA3A, = XB3A 3A => mw /2. Hence 
the hexagon (B) has its consecutive sides perpendicular; and obviously its op- 
posite sides are perpendicular, and both statements are true whether hexagon 
(A) is convex or not. 

It will now follow that in all cases of 2 vertices the opposite sides of (B) are 
perpendicular. For, the two opposite sides B Biss, BnyiBniiss result from the six 
vertices A;, Aji, Aizen, Anti, Anis, Angas, and they determine in this order 
a hexagon whose corresponding B hexagon has for two opposite sides B;B 
Bn+:Bnit1, and as shown these are perpendicular. 

If A; and A 4 fall upon A;41, then B; and Bis; coincide in a point Bf, on 
the cardioid, and B,,,; and Bn+i+1 coincide in a point B,’,;,; on the cardioid so 
that Bi/,,, M, B,!,:4: are collinear. We would then suspect that the straight lines 
BBisz1 and Bas iBasia approach tangents at B/,; and B,’,;,1; and, if this is true, 
the two tangents must be perpendicular. We shall prove this. The circle (MA 441) 
on MA ‘4, as diameter passes through B; and By,1; and, as A; and A #42 Approach 


i+1y, 
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A i41, B; and B;4; approach a point B/,; on this circle and also on the cardioid, 
and the line of the chord B;B,,; approaches the tangent at B/,; to (MAj4). 
Let (MA +41) cut OA is: in Ciya; then MBi41A i41Ci41 is a rectangle and (OM), the 
circle on OW as diameter which is the basis circle for the cardioid, passes 
through C,4:. Hence C;4; is the instantaneous center of rotation for B/,1By4 i441, 
and the circle (J/A ;41) is tangent to the cardioid at B/,;. Hence the limit posi- 
tion of B;B;,, is the tangent to the cardioid at B/,,. The proof for the limit posi- 
tion of B,4;Bn4;41 is similar. 


NEWS AND NOTICES 


Readers are invited to contribute to the general interest of this department by sending news items to 
R. G. Sanger, Eckhart Hall, University of Chicago, Chicago, Illinois. 


Under a grant from one of the educational foundations, a mathematics 
teaching seminar on a post-doctoral level is being conducted this year at Reed 
College, with Professor F. L. Griffin in charge. The four Fellows now partici- 
pating are H. E. Goheen, L. Louise Johnson, Henry Scheffé, and R. A. Rosen- 
baum. 


For the summer quarter, 1940, Stanford University has appointed Professor 
J. D. Tamarkin of Brown University and Professor Emil Artin of the Univer- 
sity of Indiana. Professor Tamarkin will lecture on “Modern Theory of Integra- 
tion” and “Selected Topics from Elementary Mathematics,” while Professor 
Artin will give a course on “Algebraic Numbers.” 


GRANT FOR STUDY OF JUNIOR COLLEGES 


The following announcement, by Professor W. C, Eells, may be of interest to many readers 
of the MonTHLY: 

The American Association of Junior Colleges has received a grant of $25,000 from the General 
Education Board, of New York City, to finance a series of exploratory studies in the general field 
of terminal education in the junior college. Approximately 500 accredited junior colleges are now 
found in the United States besides another hundred which are not yet thus recognized. 

About two-thirds of the 175,000 students enrolled in these institutions do not continue their 
formal education after leaving the junior college. The new study will be concerned particularly 
with courses and curricula of a semi-professional and cultural character designed to give this in- 
creasing body of young people greater economic competence and civic responsibility. There is in- 
creasing evidence that existing four-year colleges and universities are not organized adequately 
to meet the needs of a large part of this significant group. 

It is anticipated that the exploratory study will reveal the need and the opportunity for a 
series of additional studies and experimental investigations and demonstrations which may cover 
several years of continuous effort. 

The new study will include a large proportion of the junior colleges in the United States. It 
will be sponsored by a nation-wide representative committee, consisting of the following: 

Doak S. Campbell, Dean of the Graduate School, Peabody College; George F. Zook, Presi- 
dent, American Council on Education; J. C. Wright, Assistant United States Commissioner of 
Education for Vocational Education; Leonard V. Koos, Professor of Secondary Education, Uni- 


o; Aubrey A. Douglass, Chief of the Division of Secondary Education, State De- 


versity of Chicag 
President, Lasell Junior College, 


partment of Education, Sacramento, Calif.; Guy M. Winslow, 
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Auburndale, Mass.; Byron S. Hollinshead, President, Scranton-Keystone Junior College, La 
Plume, Pa.; Leland L. Medsker, Department of Occupational Research, Chicago Junior Colleges; 
J. E. Burk, President, Ward-Belmont Junior College, Nashville, Tenn.; David L. Soltau, Presi- 
dent, Lower Columbia Junior College, Longview, Wash.; Rosco C. Ingalls, Director, Los Angeles 
City College, Calif. 

Immediate responsibility for the study will be vested in an executive committee consisting 
of Rosco C. Ingalls, Chairman, Doak S. Campbell, and Bryon S. Hollinshead. The Director of the 
study will be Walter Crosby Eells, Executive Secretary of the American Association of Junior 
Colleges, Washington, D. C. 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 
Twenty-third Summer Meeting, Hanover, N.H., September 9-12, 1940. 
Twenty-fifth Annual Meeting, Baton Rouge, La., December 31, 1940- 

January 2, 1941. 


The following is a list of the Sections of the Association, with dates of those Section meetings 
which have been scheduled for 1940 and reported to the Secretary. 


ALLEGHENY Mountain, Morgantown, NEBRASKA, Omaha. 

W. Va., April 20. NORTHERN CALIFORNIA, Berkeley, Janu- 

ILLinots, Bloomington, May 3-4. ary 27. 

INDIANA, Richmond. Ouro, Columbus, April 4 or 6. 

Iowa, Mt. Vernon, April 19-20. OKLAHOMA 

Kansas, Wichita, March 30. PHILADELPHIA 

KENTUCKY Rocky Mountain, Fort Collins, Colo., 
LoutsiANa-MississipP1, Oxford, Miss., April 19. 

March 8-9, SOUTHEASTERN, Athens, Ga., March 29- 
MARYLAND-DIsTRICT OF COLUMBIA-VIR- 30. 

GINIA SOUTHERN CALIFORNIA, Compton, March 2. 
MicuiGAan, Ann Arbor, April 26-27. SOUTHWESTERN, Tucson, Arizona. 
MINNESOTA Texas, Dallas, March 29-30. 

Missouri, Warrensburg, April 19-20. Wisconsin, Milwaukee. 


AFFILIATED ORGANIZATIONS: THE New ENGLAND ASSOCIATION OF TEACHERS OF MATHEMATICS, 
THE NATIONAL CoUNCIL OF TEACHERS OF MATHEMATICS. 


THE TWENTY-FOURTH ANNUAL MEETING OF THE ASSOCIATION 


The twenty-fourth annual meeting of the Mathematical Association of 
America was held at Columbus, Ohio, Thursday to Saturday, December 28-30, 
1939, in conjunction with the meetings of the American Association for the Ad- 
vancement of Science, the American Mathematical Society, and the National 
Council of Teachers of Mathematics. Four hundred fifty-three were in attend- 
ance at the meetings, including the following two hundred fifty-two members 


of the Association: 


O. S. Apams, U. S. Coast and Geodetic Survey 

J. B. Apxrins, Phillips Exeter Academy 

_V. W. ADKIsson, University of Arkansas 

R. P: AGNEW, Cornell University 

A. A. ALBERT, University of Chicago 

G. E. ALBERT, Ohio State University 

C. B. ALLENDOERFER, Haverford College 

W. E. ANDERSON, Miami University 

Emit ArTIN, Indiana University 

Max AsTRACHAN, Antioch College 

C. S. Atcutson, Washington and Jefferson Col- 
lege 

H. T. R. Aube, Colgate University 

H. G. Ayre, Western Illinois State Teachers 
College 

FRANK Ayres, JR., Dickinson College 

W. L. Ayres, University of Michigan 


R. W. Bascock, Kansas State College 

F. R. BAMFoRTH, Ohio State University 

Grace M. Barets, Ohio State University 

I. A. BARNETT, University of Cincinnati 

H. M. Beatty, Ohio State University 

E. F, BECKENBACH, Rice Institute 

ETHELWYNN R. BeckwitTH, Milwaukee-Downer 
College 

May M. BEENKEN, State Teachers College, 
Oshkosh, Wis. 

R. F. BELL, York College 

H. A. BENDER, University of Akron 

A. A. BENNETT, Brown University 

Brother BERNARD ALFRED, Manhattan College 

S. F. Biss, Armour Institute of Technology 

G. D. BrrxuorF, Harvard University 

H. L. BLack, Westminster College 

ARCHIE BLAKE, U. S. Coast and Geodetic Sur- 
vey 

Henry BLUMBERG, Ohio State University 

L. M. BLUMENTHAL, University of Missouri 

R. P. Boas, Jr., Duke University 

PauL BorpEr, American Optical Company 

Jura W. Bower, Connecticut College 

M. G. Boyce, Western Reserve University 

J. W. BrapsHaw, University of Michigan 


J. B. BRANDEBERRY, University of Toledo 

W. C. BRENKE, University of Nebraska 

FosTeR Brooks, Kent State University 

O. E. Brown, Case School of Applied Science 

C. T. Bumer, Kenyon College 

R. S. Burincton, Case School of Applied 
Science 

JEWELL Hucues Busuey, Hunter College 

W. E. Byrne, Virginia Military Institute 


W. D. Carrns, Oberlin College 

V. B. Carts, Ohio State University 

F. E. Carr, Oberlin College 

W. B. Carver, Cornell University 

E. W. CHITTENDEN, University of Iowa 

LaurRA E, CurIsTMAN, Senn High School, Chi- 
cago 

H. C. CurISTOFFERSON, Miami University 

R. V. CuurcuHiLi, University of Michigan 

E. H. CLarkeE, Hiram College 

L. M. CorFin, Coe College 

L. W. CoHEN, University of Kentucky 

J. B. CoLeMaN, University of South Carolina 

J. A. CooLry, University of Tennessee 

A. H. CopeLanp, University of Michigan 

W. A. Corprey, Southeastern Louisiana Col- 
lege 

Rurus CRANE, Ohio Wesleyan University 

H. B. Curtis, Lake Forest College 

J. H. Curtiss, Cornell University 


Wayne DANCER, University of Toledo 

A. H. Diamonp, Oklahoma A. and M. College 

L. L. Dings, Carnegie Institute of Technology 

H. S. DoBEeLt, New York State College for 
Teachers 

H. H. Down1nG, University of Kentucky 

OLIVE M. Draper, Taylor University 

ARNOLD DRESDEN, Swarthmore College 

O. L. DusTHEIMER, Baldwin-Wallace College 

P. S. Dwyer, University of Michigan 


E. D. Eaves, University of Tennessee 
P. D. Epwarps, Ball State Teachers College 
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. C. Evans, University of California 

. W. Evans, Swampscott, Mass. 

. P. Evans, University of Wisconsin 
F 


. F. FInkEL, Drury College. 

. A. FoRAKER, University of Pittsburgh 

L. R. Forp, Armour Institute of Technology 
W. B. Forp, University of Michigan 

ORRIN FRINK, JR., Pennsylvania State College 
THORNTON C. Fry, Bell Telephone Labora- 
tories 


Sister MAry CLEopHAS GARVIN, Notre Dame 
College 

B. E. Gatewoop, Louisiana Polytechnic Insti- 
tute 

H. M. GeuMAN, University of Buffalo 

J. S. GeorGces, Wright Junior College 

F. J. Gerst, Loyola University 

B. C. GETCHELL, Butler University 

B. C. GLover, Otterbein College 

L. M. Graves, University of Chicago 

V. G. Grove, Michigan State College 


D. W. HALL, Brown University 

W. W. Hart, Winter Haven, Florida 

M. C. Hartley, University of Illinois High 
School 

M. L. HartunG, University of Chicago 

G. G. Harvey, Massachusetts Institute of 
Technology 

C. T, Hazarp, Purdue University 

OLIVE C. Hazvett, University of Illinois 

E. R. Heprick, University of California at Los 
Angeles 

GERTRUDE HENDRIX, Eastern Illinois State 
Teachers College 

M. R. HEsTENES, University of Chicago 

H. C. Hicks, Carnegie Institute of Technology 

ELIzABETH J. Hines, Montgomery, West Vir- 
ginia, High School 

T. R. Hottcrort, Wells Coilege 

B. P. Hoover, Carnegie Institute of Tech- 
nology 

H. K. HuGues, Purdue University 

P. M. HumMEL, University of Alabama 

E. V. HuntinGtTon, Harvard University 

W. A. Hurwitz, Cornell University 


DUNHAM JAcKsoN, University of Minnesota 

R. D. JAMEs, University of Saskatchewan 

E. D. Jenkins, Eastern Kentucky State Teach- 
ers College 
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Fritz JOHN, University of Kentucky 

R. P. Jounson, Carnegie Institute of Tech- 
nology 

F. E. Jounston, George Washington Univer- 
sity 

L. S. JouNsTON, University of Detroit 

B. W. Jones, Cornell University 

MarGarET E. Jones, Ohio State University 

E. M. Justin, Case School of Applied Science 


WILFRED Kaplan, College of William and 
Mary 

L. C. KarpinskI, University of Michigan 

D. K. KazarinoFF, University of Michigan 

M. W. KELLER, Purdue University 

J. R. KELLEY, University of Virginia 

R. Kine, University of Pennsylvania 

C. Knicut, College of Wooster 

A. KNOWLER, University of lowa 

W. Kuan, Ohio State University 

C. LADNER, Denison University 

D. LAMBERT, U. S. Coast and Geodetic Sur- 

vey 

R. E. LANGER, University of Wisconsin 

LINCOLN LA Paz, Ohio State University 

C. G. LATIMER, University of Kentucky 

NATHAN LAzar, Bronx High School of Science 

SOLOMON LEFSCHETZ, Princeton University 

D. H. LEuMer, Lehigh University 

A. J. Lewis, University of Denver 

G. H. Line, University of Saskatchewan 

Marie LitTz1NGER, Mount Holyoke College 

Mayme I. Locspon, University of Chicago 

C. I. Lusrn, University of Cincinnati 


J. 
Ib 
65 
H. 
A. 
W. 


R. H. MacCu.toueu, Defiance College 

C. C. MacDurFEeE, University of Wisconsin 

SAUNDERS Mac Lang, Harvard University 

H. M. MAcNEILLE, Kenyon College 

P. H. McGrath, St. Peter’s College 

J. D. MANCcILL, University of Alabama 

E. S. Manson, Ohio State University 

RutH G. Mason, Wright Junior College 

W. L. Massey, University of Chattanooga 

KARL MENGER, University of Notre Dame 

D. D. MILLER, Ohio University 

GASPERINE MILo, New River State College 

VirGiIniA Mopesitt, Wright Junior College 

Max Morris, Case School of Applied Science 

RIcHARD Morris, Rutgers University 

Sister CHARLES MARY Morrison, 
College 


Nazareth 


1940] 


MARSTON 
Study 

E. J. Mouton, Northwestern University 

J. R. MussELMaAn, Western Reserve Univer- 
sity 

Jack NEELy, Kingston, West Virginia, High 
School 


Morse, Institute for Advanced 


E. B. OGDEN, Union College, Lincoln, Nebraska 

RuFus OLDENBURGER, Armour Institute of 
Technology 

E. G. Otps, Carnegie Institute of Technology 

Emma J. OLson, Kent State University 

A. L. O’TooLe, Mundelein College 

E. R. Ort, University of Buffalo 


W. V. Parker, Louisiana State University 

W. A. PaTTErRson, Fenn College 

O. J. PETERSON, State Teachers College, Em- 
poria, Kans. 

Jesse Pierce, Heidelberg University 

A. E, Pitcuer, Lehigh University 

G. B. Price, University of Kansas 

D. W. PuGs.Ley, Berea College 

H. R. Pye, Earlham College 


Trpor Rapé, Ohio State University 

J. F. RANDOLPH, Cornell University 

S. E. Rasor, Ohio State University 

F. W. REED, Ohio University 

R. G. D. RicHarpson, Brown University 

C. C. RicHTMEYER, Central State Teachers 
College 

P. R. Riper, Washington University 

R. F. RINEHART, Case School of Applied Science 

FRED ROBERTSON, Iowa State College 

W. H. RoeEver, Washington University 

H. P. RoGers, Kent State University 

J. B. RosenBAcu, Carnegie Institute of Tech- 
nology 

S. A. ROWLAND, Ohio Wesleyan University 


RutH M. St. Crair, Montgomery, West Vir- 
ginia, High School 

C. C. Sams, Mars Hill College 

M. A. ScCHEIER, St. Bonaventure College 

I. J. SCHOENBERG, Colby College 

H. L. Scuuc, The Hoover Company 

JosEPH SEIDLIN, Alfred University 

R. S. SHaw, College of the City of New York 

L. S. SHIVELY, Ball State Teachers College 

C. GRACE SHOVER, Carleton College 

D. R. SHREVE, Purdue University 
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W. O. Suriner, Indiana State Teachers College 

D. T. SicLry, Kansas State College 

Mary Emiry Srincvarr, Oberlin College 

S. A. Stncer, Capital University 

E. R. SLEiGHT, Albion College 

M. M. Stornicx, Humble Oil and Refining 
Company 

E. R. Situ, Iowa State College 

F. C. Smitu, College of St. Francis 

H. W. Situ, Oklahoma A. and M. College 

J. P. Smiru, Georgetown University 

W. F. Smitu, New River State College 

VIRGIL SNYDER, Cornell University 


_C. E. SprinGer, University of Oklahoma 


G. W. STARGHER, Ohio University 

H. E. STELson, Kent State University 

Rutu W. Stokes, Winthrop College 

W. T. Stratton, Kansas State College 

ELIZABETH C, STRAYHORN, Western Kentucky 
State Teachers College 

Sister M. Ciotirpa SuLtivan, Mercyhurst 
College 

Orto SzAsz, University of Cincinnati 


E. H. Tay or, Eastern Illinois State Teachers 
College 

J. S. Taytor, University of Pittsburgh 

Mivprep E. Taytor, Mary Baldwin College 

H. P. THIELMAN, College of St. Thomas 

J. M. THomas, Duke University 

C. C, Torrance, Case School of Applied 
Science 

H. C. TrimBve, University of Chicago 

P. L. Trump, University of Wisconsin 

A. W. Tucker, Princeton University 


F. W. URBAN, Central Missouri State Teachers 
College 


J. I. Vass, University of Wisconsin Extension 
Division 


A. D. WALLACE, University of Virginia 

J. L. Watsu, Harvard University 

J. H. WEAvER, Ohio State University 
WARREN WEAVER, Rockefeller Foundation 
M. S. WesBsTER, Purdue University 
Marie J. Werss, Sophie Newcomb College 
A. M. WE tcuHons, Arsenal Tech. Schools 
M. E. Wescott, Northwestern University 
A. E. WuiTeE, Kansas State College 

G. T. WHyBurRN, University of Virginia 

R. L. Witper, University of Michigan 
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R. B. WiLpERMUTH, Capital University C. R. Wy.ik, JR., Ohio State University 
F. B. WiLey, Denison University 
C. W. WittiaMs, Armstrong Junior College MaBEL M. Youn, Wellesley College 


kK. P. WittiaMs, Indiana University 
Mary E. Wixiias, Ashland, Kentucky, High R. T. Zocu, U. S. Weather Bureau 
School Max Zorn, University of California at Los 


F. L. WrEN, George Peabody College Angeles 


The meeting of the American Association for the Advancement of Science, 
including a great wealth of scientific programs, was begun officially Wednesday 
evening with the presidential retiring address by Dr. Wesley C. Mitchell on 
“The public relations of science”; this was followed by a public reception at the 
Deshler-Wallick Hotel. Other outstanding lectures of the week were the Sigma 
Xi Lecture by Dr. Kirtley F. Mather on “The future of man as an inhabitant 
of the earth,” the fifth annual Phi Beta Kappa Lecture by Dr. Marjorie Hope 
Nicolson on “Science and literature,” and an address by Dr. Julian S. Huxley 
of London, England, on “Science, war, and reconstruction” as the first address 
in America under the exchange arrangement between the American and British 
Associations. A large and interesting science exhibit was located for the week 
in the Civic Auditorium. An unusually pleasant social feature was the Yuletide 
Tea at the Governor’s Mansion on Thursday afternoon. Many visited the Co- 
lumbus Gallery of Fine Arts during the week. On Saturday morning Dr. A. F. 
Blakeslee of the Carnegie Institution of Washington was elected president of 
the Association for the year 1940. Professor A. B. Coble of the University of 
Illinois was elected vice-president and chairman of Section A for the year 1940, 
and Professor J. L. Walsh of Harvard University member of the Section Com- 
mittee. 

Those attending the mathematics meetings found suitable accommodations 
in Neil Hall, the Codperative House, and in private homes near the campus of 
Ohio State University. The lobby and social rooms of Neil Hall afforded ample 
opportunity for social gatherings throughout the week. Tea was served by the 
ladies of the mathematics department on Tuesday, Thursday, and Friday after- 
noons. This afforded a pleasant relaxation in an otherwise strenuous week. A 
resolution expressing the thanks of the mathematicians to the administrative 
staff of Ohio State University for their generosity in furnishing fine facilities 
for the meetings, to the members of the Department of Mathematics for their 
effective aid in the arrangements for the meetings, and to the ladies of the De- 
partment of Mathematics for their highly successful contributions to the enter- 
tainment of the mathematicians, was offered by Dean G. H. Ling at the joint 
dinner and was adopted unanimously. Special praise is due to Professor S. E. 
Rasor and his fellow members on the committee on local arrangements. 

Two hund red eighty-six attended the annual dinner of the three mathemati- 
cal organizations on Thursday evening. This was held in the Faculty Club of 
the University with Professor Tibor Radé acting as toastmaster. Dean Stradley 
brought greetings to the mathematicians on behalf of the Ohio State University, 
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President Christofferson representing the National Council of Teachers of 
Mathematics told of the educational difficulties encountered in dealing with 
the greatly increased number of pupils in the schools and colleges of the United 
States. Professor Langer described the proposal under consideration to enlist the 
coéperation of all teachers of freshman and sophomore college mathematics. 
Professor Birkhoff gave an historical account of the establishment of the William 
Lowell Putnam Competition, and Professor Thomas described the present 
state of mathematical periodicals in America. 

The American Mathematical Society held sessions for the reading of papers 
on Tuesday, Wednesday and Thursday afternoons, and Wednesday and Friday 
mornings. The fifteenth Josiah Willard Gibbs Lecture was delivered Wednesday 
afternoon on “The engineer grappling with non-linear problems” by Professor 
Theodore von Karman. At the business meeting on Thursday morning the 
Frank Nelson Cole Prize in Algebra was awarded to Dr. A. A. Albert of the 
University of Chicago. Thursday afternoon Professor D. H. Lehmer spoke on 
“The application of Bernoulli polynomials to some problems in Diophantine 
analysis” by invitation of the program committee. 

Aside from the joint session on Friday afternoon, the National Council held 
two sessions on Friday morning using the topics “Training teachers for rela- 
tional thinking” with addresses by Dr. J. I. Johnson, Professor C. C. Richt- 
meyer, Dr. H. G. Ayre, and Dr. J. S. Georges; and “Relational thinking in 
secondary mathematics as viewed by the college teacher” with addresses by 
Professors F. L. Wren and A. A. Bennett, followed by discussion led by Charles 
Weidemann, Professor J. R. Overman, and Professor H. C. Christofferson. On 
Friday afternoon another session considered the topic “Teaching children to do 
relational thinking,” the speakers being C. L. Thiele, Dale Wantling, and Marie 
S. Wilcox, while the discussion was led by Dorothy Wheeler, F. N. Marsh, 
A. Brown Miller, and Alma Wuest. These programs, together with that of the 
joint session with the Mathematical Association Friday afternoon, will be re- 
ported in the Mathematics Teacher. 

The Mathematical Association held a joint session with Section A and the 
Society Thursday morning, a joint session with Sections A and E and the So- 
ciety on Friday morning, and a joint session with the National Council Friday 
afternoon, and separate sessions Friday afternoon and Saturday morning. The 
Mathematical Association is greatly indebted to the program committee under 
the chairmanship of Professor R. P. Agnew for the preparation of a strong pro- 
gram. This follows, together with abstracts of some of the papers numbered in 
accordance with their place on the program: 


Jornt SESSION OF THE ASSOCIATION WITH SECTION A OF THE AMERICAN 
ASSOCIATION AND THE AMERICAN MATHEMATICAL SOCIETY 


At this session Professor J. R. Kline gave his retiring vice-presidential ad- 
dress as Chairman of Section A on “The Jordan curve theorem.” This address 


probably will be expanded and appear in monograph form. 
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JoInT SESSION OF THE ASSOCIATION WITH SECTIONS A AND E oF THE AMERICAN 
ASSOCIATION AND THE AMERICAN MATHEMATICAL SOCIETY 


1. “The beginnings of mathematical geophysics in Great Britain” by W. D. 
LAMBERT, U. S. Coast and Geodetic Survey. 

2. “Use of mathematics in the delineation of magnetic and electric anoma- 
lies” by Professor LacHLAN GILcuRIsT, University of Toronto. 

3. “Gravimetric and seismic methods in exploratory geophysics” by Dr. 
M. M. Stornicx, Humble Oil and Refining Company. 

4. “Mathematical problems in seismology” by Dr. ARCHIE BLAKE, U. S. 
Coast and Geodetic Survey. 

5. “A seismologist’s difficulties with mathematical theory or the lack of it” 
by Professor PERRY BYERLy, University of California, read by Professor W. D. 
Cairns. 

This session was a happy consequence of the joint session with Sections A 
and E a year ago at the Richmond meeting, and has furthered a very desirable 
rapprochement between geophysicists and mathematicians. Numerous com- 
ments were made on the strength of the papers, and it is hoped that arrange- 
ments will be made to publish these five papers as a symposium. Meetings of 
this sort cannot help being of great potential value by bringing the efforts of 
these two groups into a common pursuit of many outstanding problems of geo- 
physics. To Professor H. A. Meyerhoff of Smith College is due the chief credit 
for the formation of this interesting program. 


JOINT SESSION OF THE ASSOCIATION WITH THE NATIONAL COUNCIL 
OF TEACHERS OF MATHEMATICS 


1. “The social challenge of teacher education” by Dr. Kart BIGELow, 
American Council on Education. 

2. Discussion of implications of Dr. Bigelow’s address: 

a. From the viewpoint of the liberal arts colleges, by Professor B. W. 
JONEs, Cornell University. : 

b. From the viewpoint of the state universities, by Professor H. H. 
DOWNING, University of Kentucky. 

c. From the viewpoint of the teachers colleges, by Professor W. O. 
SHRINER, Indiana State Teachers College. 

d. From the viewpoint of the Association and Council, by Professor 
E. G. Otps, Carnegie Institute of Technology. 

1. Dr. Bigelow gave a very general treatment of educational principles in- 
volved in teacher education, with no specific reference to the problems that face 
teachers of mathematics. 

2, a. Professor Jones remarked that consideration of mathematical train- 
ing in its place in the college course, together with the fact that it is not suffi- 
cient that a prospective teacher be prepared to teach mathematics alone, limited 
the requirements in mathematics to about five courses. This forced a reconsid- 
eration of the effectiveness of the present program. Secondly, individual differ- 
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ences should be provided for by making especially sure that the weaker students 
have a firm understanding of the arithmetic and algebra they are to teach. 
Finally, the impending expansion of requirements to a fifth year of collegiate 
training gives an opportunity for some preparation for a kind of mathematical 
investigation which the teacher can continue to pursue throughout his career. 

2, b. Professor Downing called attention to the fact that state universities 
are not concerned alone with training prospective teachers, but must consider 
the needs of students preparing for life work in various fields. The university 
professor must, therefore, present his subject and conduct himself in such a 
manner that he will appeal to all types of students. The most effective way to 
do the job, it seems to this speaker, is for the professor himself to be thoroughly 
interested in his subject, to be interested in his students, and to have a good 
knowledge of his subject. No attempt is made to say which of these is the most 
important feature. It is believed that such a teacher will inspire the student to 
acquire an interest in the subject whatever may be his special interests. 

Professor Downing also pointed out that there are many ways of trying to 
get the professor to do a good job. At one state university, at least, the arts 
and science college has had for a number of years a Committee on the Improve- 
ment of College Teaching. This committee has been studying the numerous 
problems involved and makes recommendations to the college. This same uni- 
versity finds some of its departments holding frequent meetings, during some of 
which are discussed questions relating to teaching with special consideration of 
the young instructor. 

The speaker also emphasized the social phase of the teacher problem as im- 
plied in Dr. Bigelow’s remarks. He gave several examples of attempts to meet 
the student personally on a common level, and thus to create in the student a 
desire and willingness to enjoy his course and to do creditable work in it. What 
appeals to one individual will not appeal to another, and the professor must 
have a sufficient knowledge of human nature to know how to meet the different 
students. Some professors tell too many jokes and relate too many personal ex- 
periences. Some do not tell enough jokes to break the monotony of the subject. 
A good teacher must truly be a gifted person. 

2, d. Professor Olds distributed a mimeographed list of recent articles which 
he had consulted in order to get the viewpoint of the Association and the Council 
on the education of mathematics teachers. He expressed the hope that the audi- 
ence would read these articles for the purpose of gauging the fairness of his ap- 
praisal. 

Referring to the forthcoming Final Report of the Joint Commission on the 
Place of Mathematics in Secondary Education, he pointed out that “social and 
civic attributes” was listed as one of the “five major qualities that are to be 
considered in the mathematics teacher.” He mentioned that the reports of the 
previous committees of 1923 and 1935 had not neglected to emphasize the im- 
portance of this phase of training, and he expressed the opinion that mathe- 
matics teachers exhibit intelligent interest in the problems of society and have 
a good reputation for citizenship and general culture. 
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Remarking that “general remarks on general education are inclined to be 
banal,” he suggested that the three questions of paramount importance to both 
pre-service and in-service teachers are: (1) How much mathematics? (2) What 
mathematics? (3) How much Education? With respect to the first question, the 
committees of 1923 and 1935 have provided a generally satisfactory answer. 
With respect to the second, it is recognized that the prospective teacher needs 
broad general training in those zones which are the natural extension of the areas 
in which he expects to teach. Courses in history and in mathematical (not 
Educational) statistics should be included. Some of the suggestions regarding 
the type of mathematics desirable have been questioned because of lessened 
emphasis on physics, and of the recommendation of mathematics related to the 
social sciences. It was remarked that many of the applications provided by 
physics are outside the experience of the high school pupil, while the latter field 
seems more fruitful. The overburdened elementary teacher has little time to 
ferret out applications and, unless he has readily available sources, applications 
will probably go by the board. If some one of our authors would restrain his urge 
to write another elementary text and would direct his energy to the compilation 
of a dictionary of elementary applications, he would be doing a lasting service 
to the cause of mathematics. 

As far as professional education courses are concerned, the average mathe- 
matician would probably be content to restrict requirements to a course in gen- 
eral psychology. Such courses as the teaching of secondary mathematics should 
be given by a mathematician. It is gratifying to hear from Dr. Bigelow that 
mathematicians and educationists are becoming more willing to codperate, be- 
cause, in the speaker’s opinion, the educationist has much to contribute. Mutual 
mistrust is due perhaps to a time lag of ten to twenty years since the average 
mathematician has looked closely at education courses or the educationist has 
intelligently appraised the work in mathematics. 

In closing, the speaker expressed the opinion that the members of the audi- 
ence, being “toilers in the vineyard,” knew more than he did about the best 
preparation for the teaching of elementary mathematics and that they there- 


fore, in the light of their wide experience, should vocally evaluate the sugges- 
tions made. 


FIRST SEPARATE SESSION OF THE ASSOCIATION 


1. “Mathematical Reviews” by Dr. T. C. Fry, Bell Telephone Laboratories, 
and Professor W. B. CaRvER, Cornell University. 

2. “On the technique of generalization” by Professor HENRY BLUMBERG, 
Ohio State University. 

1. Dr. Fry described the origin and development of plans for Mathematical 
Reviews. He spoke of the great value of the new journal for teachers of mathe- 
matics who are not primarily research mathematicians, saying that the Ameri- 
can Mathematical Society is not indifferent to matters of mathematics outside 
of research, and the Mathematical Association of America cannot afford to be 


indifferent to matters of research. It is not the time to ask, “Is it the business 
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of the Mathematical Association of America to give a subsidy to Mathematical 
Reviews with the advantage that will come to its members through a reduction 
in the subscription price?” We should rather ask, “Is there any possible way in 
which the Mathematical Association can put its strong emphasis behind this 
new and valuable project?” 

Professor Carver said that the establishment of Mathematical Reviews is a 
matter of the very greatest possible interest not merely to research workers but 
also to mathematics teachers who are not strongly interested in research. One 
vital function of the Mathematical Association activities is the improvement of 
mathematical teaching at the collegiate level, including what is commonly called 
the lower and upper college; we college teachers must keep in touch with cur- 
rent developments, and the new journal with its wide scope and low cost will 
serve this purpose admirably. In addition to this, the microfilm and photoprint 
service, as explained in the advertising material and in the initial number of 
Mathematical Reviews, will give the complete text of any article of which an ab- 
stract is printed, except books or copyrighted material, at a very low cost. 

2. Although generalization is an activity of paramount importance for 
mathematicians, ways and means of securing generalizations have never been 
systematically considered in mathematical literature. Reasons for this lacuna 
are discussed. The technique of generalization relates to concepts, problems, 
theorems, and processes. Various principles of this technique are formulated and 
exemplified. In the matter of technique or strategy, it is important to bear in 
mind that the mere knowledge of a principle is of slight value; what counts is 
the degree to which the principle becomes consciously and instinctively opera- 
tive. In conclusion, the bearing of mathematical strategy on other fields is con- 
sidered, and vice versa. The address will be published in the MONTHLY. 


SECOND SEPARATE SESSION OF THE ASSOCIATION 


1. Annual business meeting and election of officers. 
2. “Modular fields” by Professor SAUNDERS Mac LANE, Harvard Univer- 


sity. 
3. “Interior transformations” by Professor G. T. WHYBURN, University of 
Virginia. 


4. “Space analogs of function-theoretic results” by Dr. E. F. BECKENBACH, 
The Rice Institute. 

2. Professor Mac Lane’s paper will appear in an early issue of the MONTHLY. 

3. Professor Whyburn first gave an historical background, including a sketch 
of the work of Stoilow who showed that the topological properties of analytic 
functions are identical with those of a light interior transformation from a spe- 
cial sort of two-dimensional manifold to a sphere. This was followed by a sum- 
mary of some of the main results established to date concerning the general 
interior transformation from one compact metric set to another. First it was 
indicated how, by a certain factorization of the transformation, reduction in 
many cases could be made to the consideration of a monotone transformation 
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followed by a light interior one. Next the questions of existence, analysis, and 
invariance of properties were considered for the cases where the original set is a 
one- or two-dimensional compact manifold. The complete solutions to the ques- 
tions in the one-dimensional case were indicated; and some of the major theo- 
rems on the two-dimensional case were quoted, notably the theorem involving 
the invariance of the two-dimensional-manifold property, the theorem analyz- 
ing the action of the transformation “in the small,” and the theorem giving a 
simple numerical relationship between the Euler characteristics of the original 
and image surfaces which must hold in order for the transformation to exist. 
4. This paper will appear in an early issue of the MonrTHLY. 


MEETING OF THE BOARD OF TRUSTEES 


Eight members of the outgoing Board were present at the Columbus meeting 


on Friday evening. 


The following thirty-one persons and two institutions were elected to mem- 


bership on applications duly certified: 


To Institutional Membership 


EASTERN ILLINOIS STATE TEACHERS COLLEGE, 


Charleston, Illinois 


New Mexico CoLLeGE OF AGRICULTURE AND 
MECHANIC Arts, State College, New Mex- 
ico 


To Individual Membership 


C. B. ALLENDOERFER, Ph.D.(Princeton) Asst. 
Prof., Haverford Coll., Haverford, Pa. 

H. A. ARnotp, Ph.D.(Calif. Inst. of Tech.) 
Instr., Univ. of Minnesota, Minneapolis, 
Minn. 

T. A. BANCROFT, A.M.(Michigan) Asst. Prof., 
Mercer Univ., Macon, Ga. 

R. A. BAUMGARTNER, A.M.(Illinois) Instr., 
North Dakota Agric. Coll., Fargo, N. D. 

C. V. Bertscu, Ph.D.(Michigan) Asst. Prof., 
Southwestern Coll, Winfield, Kan. 

R. G. BLAKE, A.B.(Florida) Teacher, Jr. High 
School, Brooksville, Fla. 

B. E. BLAKEMAN, A.M.(Illinois) Instr., Albert 
Lea Jr. Coll., Albert Lea, Minn. 

L. E. Boyer, Ed.D.(Pennsylvania State Coll.) 
Prof., State Teachers Coll., Millersville, Pa, 

J. E. Darraueu, A.B. (Brooklyn Coll.) Clerk, 
Consol. Edison Co., New York, N. Y. 

C. D. FIresToNE. Student, class of ’41, Univ. of 
New Mexico, Albuquerque, N. M, 

EpwWarp FIsHEr, B.S.(Mass. Inst. of Tech.) 
Real Estate, Boston, Mass. 

B. E. GATEWOoD, Ph.D.(Wisconsin) Asst. 
Prof., Louisiana Poly. Inst., Ruston, La. 

J. R. Gorman, A.M.(U.C.L.A.) Instr., Comp- 
ton Jr. Coll., Compton, Calif, 


R. E. GREENWoop, Jr., Ph.D.(Princeton) 
Instr., Univ. of Texas, Austin, Texas 
MARGARET H. Hatt, A.B.(New River State 
Coll.) Teacher, Jr. High School, Mont- 

gomery, W. Va. 

ELIZABETH J. Hines, A.M. (Kentucky) Teacher, 
High School, Montgomery, W. Va. 

H. B. JAcKson, A.B.(Harvard) Head of Dept., 
Belmont Hill School, Belmont, Mass. 

L. G. JoHNnson. Student, class of "40, Northern 
State Teachers Coll., Marquette, Mich. 

B. C. KEELER, A.M.(Columbia) Prof., Webb 
Inst. of Naval Architecture, New York, 
Nave 

BLAIR KINSMAN, B.S.(Chicago) Math, Master, 
Emerson School for Boys, Exeter, N. H. 

C. J. KircHEn, A.M.(Wisconsin) Instr., Itasca 
Jr. Coll., Coleraine, Minn. 

Z. L. LoFiin, M.S.(Louisiana) Asst., Louisiana 
State Univ., Baton Rouge, La. 

Rev. P. H. McGratu, A.M.(Woodstock Coll.) 
Asso. Prof., St. Peter’s Coll., Jersey City, 
he 

Ivan NIVEN, Ph.D.(Chicago) Instr., Univ. of 
Illinois, Urbana, Ill, 

G. B. OaKLanp, A.M.(Minnesota) Teacher, 
Scott Collegiate Inst., Regina, Sask. 
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J. C. Pottery, Ph.D.(Cornell) Prof., Wabash G. J. SticLer, Ph.D.(Chicago) Asst. Prof., 


Coll., Crawfordsville, Ind. Econ., Univ. of Minnesota, Minneapolis, 
RutH M. St. Crarr, A.B.(New River State Minn. 

Coll.) Teacher, High School, Montgomery, H. G. Swarn, A.M.(Lehigh) Asso. Prof., Con- 

W. Va. cord State Teachers Coll., Athens, W. Va. 
C. C. Sams, A.M.(Michigan) Instr., Mars Hill GitpertT Utmer, Ph.D.(Kansas) Asst. Prof., 

Coll., Mars Hill, N. C. Educ. and Math., Univ. of Kansas, Law- 


rence, Kan. 


The financial report of the Secretary-Treasurer for the year 1939 was pre- 
sented and accepted. It had been previously examined by President Carver for 
the Finance Committee and Professor Langer. 

It was voted that the $750 which was given to C. C. Carter be paid from 
the general treasury and not from the Houck Fund. 

It was voted to accept with thanks the invitation of Dartmouth College to 
meet there during the week of September 9, 1940, in conjunction with the sum- 
mer meeting of the American Mathematical Society. 

At an informal meeting Thursday afternoon of the Trustees and members 
of the Committee on Association Activities, Professor Langer as chairman had 
presented the full report of the committee; this was followed by an extended 
discussion. At the meeting Friday evening the Trustees voted to accept the re- 
port, to discharge the committee, and to have a suitable memorandum prepared 
expressing their appreciation of the committee’s work. The report appeared in 
the February issue of the MONTHLY. 

In connection with this report it was voted (1) to appoint a committee to 
study further the desirability of publishing expository monographs, intermedi- 
ate in length between articles in the Montuty and the Carus Monographs; 
(2) to appoint a standing Committee on Section Meetings to bring about closer 
coordination and mutual relations between the Sections and the parent organi- 
zation; and (3) to appoint a standing Committee on Collegiate Curricula which 
shall collate and publish information as to changes in curricula, major require- 
ments in colleges and graduate schools, etc. 


ANNUAL BusINEss MEETING 


The annual business meeting and election of officers was held Saturday 
morning, December 30, 1939. The Secretary announced the names of those who 
had been elected to membership at the meeting of the Trustees. He also re- 
ported the deaths of the following members: 


H. T. Burcess, Milford, Connecticut. (August 16, 1939) 

N. C. Grimes, Professor of mathematics, Grove City College. (November 12, 1938) 

S. C. Harry, Head of department of mathematics, Baltimore City College. (September 19, 1939) 
A. E. KENNELLY, Professor emeritus of mathematics, Harvard University. (June 18, 1939) 

W. H. Lyons, Associate professor of mathematics, Kansas State College. (October 21, 1939) 
T. E. Mason, Professor of mathematics, Purdue University. (May 26, 1939) 

W. C. RissELMAN, Professor of mathematics, Northern Arizona Teachers College. (June 26, 1939) 
O. D. Tyner, Instructor in mathematics, Chicago Technical College. (October 18, 1939) 
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The amendments to the By-Laws, circulated to the membership in Novem- 
ber, were adopted. 

The results of the election of officers were as follows: 

Vice-Presidents for 1940: R. W. BRINK, University of Minnesota; W. C. 
GRAUSTEIN, Harvard University. 

Additional members of the Board of Governors (under the new By-Laws), 
to serve until January 1943: PHitip FRANKLIN, Massachusetts Institute of 
Technology; F. L. GrirFin, Reed College; Mayme I. Locspon, University of 
Chicago; G. T. WuyBurN, University of Virginia. 


MEETING OF THE INCOMING BOARD OF GOVERNORS 


Six members of the Board met for a brief meeting Saturday noon and voted 
to appoint the following associate editors of the MoNnTHLY for the year 1940, as 
nominated by Professor Moulton: 


W. B. Carver M. R. Hestenes D. E. Smith 
H.S. M. Coxeter EE. H. C. Hildebrandt Virgil Snyder 
Otto Dunkel C. A. Hutchinson R. J. Walker 
B. F. Finkel J. R. Musselman Marie J. Weiss 
Orrin Frink, Jr. R. G. Sanger M. E. Wescott 
REPORT OF THE SECRETARY-TREASURER AS TREASURER, DECEMBER 12, 1939 
RECEIPTS EXPENDITURES 
Balance Dec..9, 1938.5) . cy $6,293.04  Publisher’s bills (Oct.’38-Sept.’39) $ 5,629.77 
1938 indiv. dues.......$ 396.37 Reprintonuc ootuce nea eee 264.05 
1938 subscriptions... .. 12.60 President’s office............... 8.54 
1939 indiv. dues....... 7,473.69 Editor-in-chief’s office........... 586.14 
1939 instit. dues....... 613.90 Register expenses«¢.0s oe ci wan ee 277.01 
1939 subscriptions..... 1,034.11 Committee on tests............. 61.75 
Initiation fees......... 176.00 Committee on membership. ..... 81.33 
ACVertising ac. <i s 561.50 Secretary-Treasurer’s office 
Reprints s2 js 23 oy hs 244.82 Postagee co aden ed $ 483.14 
Sale copies of MONTHLY 176.66 BONG a ea eee 11.26 
Sale First Carus Mon.. 16.25 Office expense....... 159.78 
Sale Second Carus Mon. 12.50 Express, tel., efc..... 83.00 
Sale Third Carus Mon.. 23315 Clerical work....... Denes woe 
Sale Fourth Carus Mon. 20.00 POSHe en ecu 330.62 
Sale Fifth Carus Mon.. 38.43 Bank charge........ 29.32 3,374.37 
Sale Archibald’s Outline —_—_—__ 
of Hist. of Math..... 213.71 Annals subvention.............. 200.00 
Annals subscriptions. . . 7.50 Duke Journal subvention........ 150.00 
Duke Journal subscrip- Expense of sections from init. fees. 171.69 
3s) Ananeeore one ne tag 6.00 Virginia meetings............... 118.96 
Math, Reviews subscrip- Madison meeting........... a, 55.00 
at Piers, ee ay ean 6.50 Paid Annals subscriptions. ...... 15.00 
Sale Rhind Papyrus. . 174.32 Forwarded Annals subscription. . . 2.50 
Life membership fees. .. 70.64 Forwarded Duke Journal subscrip- 


Drury Coll. int. Hardy CIGNS) cna cease eee teen 6.00 
BG fez has Pe ces os 120.00 Sust. memb. in Amer. Math. Soc... 100.00 
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RECEIPTs (continued) 


Contrib. to cost of print- 


Mprutlineyiys.4 . vo5 75.00 
Sale Western United 

ROMER Gl ee ate 2,606.25 
Int. Genl. End. Fund.. 663.72 
Ii \atuGse UNG 2 ee 131°-25 
Int. Chace Fund)... ... 210.32 
Int. Chauvenet Fund.. 15.00 
Inte Houck ngs... 127250 
Int. current funds..... 147.01 
Payment from restricted 

eaten D UEC. o.0 os 49.70 
Payment from restricted 

Ashsice FUNG Y cco <% 2.20 


Total 1939 receipts to date...... 


oGha) SXPCHOIUUTES a 2x. ¥ sas f2c88 


15,427.20 


$21,720.24 


15,726.07 


Balance to end of 1939 business.. $ 5,994.17 


Received on 1940 business....... 


Book balance Dec. 12, 1939...... 


868.48 


$ 6,862.65 
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EXPENDITURES (continued) 


Refund subscriptions........... 
Insurance back copies MONTHLY. . 
Storage back copies MONTHLY... . 
Paid back copies MONTHLY...... 
Paid B. F. Finkel int. Hardy Fund 
Library expende sco. 2542 ba5545% 
Transfer to Carus Fund......... 
Transfer to Chace Fund......... 
Expense Carus Fund............ 
Printing Archibald’s Outline 4th 

GCUEIOM Sas Sis nis ee ee 
Paid to HoucloPundse, ace eins 
Legal advice, Houck Estate...... 
Award Chauvenet Prize..:...... 
Expense 1940 Congress.......... 
Assn. for Symbolic Logic........ 
Paid on Shawinigan Bonds...... 
Paid for Montana Power 

North American Bonds....... 


‘otal expenditures, s35 45744525. 


Checking sccount .< disc .cn see nates 
Oberlin Savgs. Bk. acct. restricted 
Peoples Banking Co. savgs. acct.. 
Cleveland Trust Co. savgs. acct.. 
Youngstown Bonds<.<:-...5.<..5 


Bank balance Dec. 12, 1939..... 


EXHIBIT OF THE FUNDS OF THE ASSOCIATION 


Carus MonoGRAPH FUND 


are POEE ED OE OSE ils wieis o's wi ned eee ale Vonin 8 Mo Fe mae Sa eS 


UT RCT PS eg ara ore Pen eee eee 2 ee ee 
Tit ere see tee fone oF ON HAG ain pRig Os ders a awa 


186.45 


Expense acct. Carus Fund... 2.0.0... ccccseeeeec ence scecenereeterarunnenees 


ePGAL EOL EDORIE st tot oon ea Fas Coie ra ods OPE Ewe eee 
C. & O. 34% Refunding Mortgage Bonds Series D, 1996.........-. 
U. S. Treasury 34% Bond of 1946-49 
Pre 6 Bonde ois-5) see eaten sion are ake yee cee 
WS, Savings Bonds... 20 225 eae «os scenes gettin resin gs te er eses 
Cash in bank, restricted, certificate of participation...........----: 
Cash in bank, unrestricted... 2... 6201-2 ese eee ccc e eee ene Fanes 


$2,354.23 
2,000.00 
1,000.00 
1,000.00 


Piance Decetiber 12) 1939, 2. we pena erect sie ines arden ones Revie eH ERO eos 


30 


120 
YB 


191 
61 


286. 
750, 
00 
.00 

40. 

10. 
610. 


10 
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2,101. 
$15,726. 


199. 

749. 
1,764. 
2,149. 
2,000. 


$ 6,862. 
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ARNOLD BuFFUM CHACE FUND 


Balance: December.9,-1938 5 ::. ¢ fcc) asl, ae oe eeen ease Pe eee $7 , 784.36 
Reseipts: Sale Panyrusy 2h vi4 ncn awn ecient eee eee $ 174.32 
ERCORESES cst Fevei/este Avnects soa aeeae aotece e ae 221222 401.54 
$8 , 185.90 
Expenditures: Expense in purchase of Shawinigan, Montana Power 
and North Ametican Bonds, 0.4 apes see ee ee 125.45 
$8 ,060.45 
U.S. Treasury 34%, Bonds 1946-49...) oe ce ee $2 ,000 .00 
BOR 3p Bord 9052255 ke, 2 pee), nen oe nen en 1,300.00 
Uso Savings Bonds tyc\2 7) atin eae eens oe eee ae 1,125.00 
Montana Power Co. 33% First Mort. Bonds 1966................. 1,000.00 
North American Co. 4% Debenture Bond 1959................... 1,000.00 
One half Shawinigan W. & P. Co. 44% Bond..................... 500.00 
Carfificateiol- deposits 1: .\s1,. hake ea eee ee ee an ae, 135.51 
Cash in bank, restricted, certificate of participation’... s....2.-9e< oe 19.80 
Cash to: bank. unrestricted <.2 teks Ppuasteee a Soke ee 330.14 
malance December 12). 1939 8 «na tatu ah so nen nt: Gee Wea a ate $8 ,060.45 


Jacosp Houck MemoriAL Funp 


Receipts: From executor of estate...............0-.-0.00-......, $7,580.53 
Intesest ay arti ceed he eee eee eae oe ee 175,53 
Profit in purchase of Gatineau Bond.................... 17.50 $7,773.56 
Expenditures: Expense in purchase of Gatineau and Shawinigan Bonds 77.46 
egal Hdvice.5 ..4.aue se 2. nr ae a ee 10.00 87.46 
$7 ,686.10 
Ls aUreaslry Bonde rect) aed iaet nay cg ks ER ete $4,000.00 
13 Shawinigan W. & P. Co. 44% Bonds.......................... 1,500.00 
Gatineau Power Co. 32% Bond................................ 1,000.00 
Berit Of Cepgait hc. Gy aces bh Ne oh aaa eee aay a a 404 .42 
Dertifitate Of denogity 9 2.5.1.2. 59 saunve ei we gees nel, Se 750.00 
Gees tie Ban ee 7s aire dria tinue edie a Merce Mee Whee eee 31.68 
Balance December Reig LOU i on Sd aS eal et ease eee $7 ,686.10 
CHAUVENET Prize Funp 
planta: December, 91998: 4 inane eae ee re $ 687.94 
TRL ERC Seine 33 Uses Rare Ed EN eel ee a ce’ 15 00 
$ 702.94 
Award Chauvenet Prize Decembur ate 1058. hi4;... ua ap taun sla een a 100.86 


92.9 
HOLC 3% Bond 1944-52 ee 


abe. Lee De ak ek ee 500.00 
Cash in bank ; 


tte Was, ON 102 .94 


ee DEL ALES CLCR eT TTS 7 se, oe BL $ 602.94 
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LIFE MEMBERSHIP FUND 


Liability on life memberships as of January 1, 1939.................0..0.00 00008 $ 782.77 

Bed ete Cr CANE Tories INC ea. 5dr ale a v eave Keli bos Pini as che EAR oe Od 70.64 
$ 853.41 

Liability on life memberships as of January 1, 1940, on new 33% basis............ $ 892.10 

GENERAL ENDOWMENT FUND 

PA ete OR Pacer a eet kat Lo Bein aoe ie ape ee lee ene ae i a dt $18 , 200.00 

Mes enSULY 34 5. DONS 1944-AO hy vei. o tein ee Rada ss ee ea ee $1,000.00 

ieee) Pe oti a4 Oey DSONUS 1 Pas MEd tis Sco aie a. wd. deg 66 9 pes 1,000.00 

Pats as entorie 104402 Fete, Sma ps Gh ak cheer an se Pee 5,500.00 

Land Trust Certificate, Hotel Cleveland Site..................... 700.00 

Montana Power Co. 33% First Mortgage Bonds.................. 2,000.00 

Texas Power & Light Co. 5% First Morgtage Bond 1956.......... 1,000.00 

C. & O. 34% Refunding Mortgage Bond Series C 1996............. 1,000.00 

Pennsylvania R. R. Co. 32% Bonds Series C 1970.......... ein es 00 .0U 

Bethlehem Steel Co. 33% Consol. Mortgage Bonds 1966........... 2,000.00 

Oberlin Savings Bank Savings Account..........-..+-+..05- ....  2.000.00 

Pe PAR Teese 1a eee et ak Cte ad Pos cee oot oN eres Dep eR NR Sl ean $18 , 200.00 


Of the funds on hand, indicated in the first division of this financial report, 
$230.01 belongs to the Carus Monograph Fund, $330.14 to the Arnold Buffum 
Chace Fund, $31.68 to the Jacob Houck Memorial Fund, $102.94 to the 
Chauvenet Prize Fund, while $892.10 is held as a Life Membership Fund, repre- 
senting the liability on life memberships already paid for, as of date of January 
1, 1940. 

When the accounts were closed December 12, 1939, there remained on the 
total business for 1939 the following items: 





BIL_ts RECEIVABLE BiLts PAYABLE 
1939hndividual dues,.........--. $200.00  Publisher’s bills (Oct.—Dec. 39)... $1,800.00 
PRT VECRISUNIS Oe coed Goat acta ee: .c' 120200) Printing Registers: &..: vies cee a: 525.00 

Editor-in-chief’s office............ 100.00 
$320.00 Committee on membership....... 100.00 
Secretary-Treasurer’s office. ...... 300.00 
Subsidy Duke Journal............ 100.00 
Carus Monograph Fund.......... 230.01 
Chaom Bund cast ricki e tes cas 330.14 
HiGieie Punic cae cease Ss 31.68 
Chauvenet Prize Fund........... 102.94 
Life membership fund............ 892.10 


Init. fees due to sections......... 880.00 


$5,391.87 


If to the balance on 1939 business shown in this report, $5,994.17, there be 
added the estimated bills receivable, $320.00, and there be subtracted the esti- 
mated bills payable, $5,391.87, there results an estimated final balance on 1939 
business of approximately $920, as compared with approximately the same 


amount one year ago. 
W. D. Cairns, Secretary-Treasurer 
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THE FOURTEENTH ANNUAL MEETING OF THE 
PHILADELPHIA SECTION 


The fourteenth annual meeting of the Philadelphia Section of the Mathe- 
matical Association of America was held at Lehigh University, Bethlehem, 
Pennsylvania, on Saturday, December 2, 1939, Professor J. B. Reynolds presid- 
ing. 

The attendance was fifty-four, including the following thirty-five members 
of the Association: Laura M. Ashbaugh, J. A. Benner, A. H. Black; PA. Carts, 
John Cawley, E. H. Cutler, J. E. Davis, Arnold Dresden, Tomlinson Fort, 
M. G. Galbraith, H. S. Grant, D. A. Hatch, Coleman Herpel, P. V. Kunkel, 
V. V. Latshaw, D. H. Lehmer, A. E. Meder, Jr., Richard Morris, C. A. Nelson, 
C. O. Oakley, F. W. Owens, Helen B. Owens, G. E. Raynor, J. B. Reynolds, 
J. A. Shohat, C. A. Shook, L. L. Smail, W. M. Smith, E. R. Stabler, E. P. 
Starke, A. W. Tucker, R. M. Walter, A. H. Wilson, C. R. Wilson, R. H. Wilson, 
Tes 

At the business meeting the following officers were elected for next year: 
Chairman, J. A. Shohat, University of Pennsylvania; Secretary, P. A. Caris, 
University of Pennsylvania; Program Committee, Arnold Dresden, J. W. Claw- 
son, C. B. Allendoerfer. It was voted to hold the 1940 meeting at the University 
of Pennsylvania, Philadelphia, Pa., on the Saturday after the official Thanksgiv- 
ing Day of Pennsylvania. 

The following papers were presented: 

1. “Mechanical aids to the theory of numbers” by Professor D. H. Lehmer, 
Lehigh University. | 

2. “Equations of polygonal configurations” by Professor C. O. Oakley, 
Haverford College. 

3. “Orthogonal polynomials in relation to Lagrangian and Hermitian inter- 
polation” by Professor J. A. Shohat, University of Pennsylvania. 

4. “Old mathematical books and instruments in the Schwenkfelder Library” 
by Dr. Elmer E. S. Johnson, Schwenkfelder Library, Pennsburg, Pa., introduced 
by Professor Fort. 


5. “Mathematics clubs, old and new” by Dr. Helen B. Owens, Pennsylvania 
State College. 


. Abstracts of the papers follow, the numbers corresponding to the numbers 
in the list of titles: 

1. Professor Lehmer described and demonstrated the various mechanical 
devices available for experimental research in the theory of numbers. These in- 
cluded the commercial multiplying machines and their adaptations, punched 
card equipment, sieve and stencil devices including the new factor stencils as 
revised by J. D. Elder and the small model electric sieve constructed recently 
by the speaker. 

> rlaYyv TA 1 
2. Professor Oakley gave further developments in the theory of semilinear 


equations: 1.€., equations of the form ug+ =m, ui | =0 where the w’s are linear 
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forms and where the m’s are constants. It is known that equations of this sort 
plot a variety of things such as broken lines, isolated points, areas, and com- 
binations of these. In this note particular stress is laid on the problem 
of semilinear representation of areas. Also, by introducing the operator 
Att) =(2/m)f, (sin Lx/x)dx (an operator used extensively by V. Alaci), the 
equations of some new configurations are written down. 

3. Professor Shohat stated that it is well known that no matter how we may 
choose the abscissas in a Lagrangian interpolation formula, we cannot have con- 
vergence for al] continuous functions (Bernstein, Faber). On the other hand, 
such convergence does hold in Hermitian interpolation formulas if the abscissas 
are properly chosen (Fejér). The paper discusses both formulas, from the point 
of view of convergence and mean-convergence, if the abscissas are the roots of 
orthogonal polynomials, in particular, of trigonometric polynomials. 

4. Dr. Johnson exhibited numerous old mathematical books and old survey- 
ing instruments. He also spoke briefly of the history of some of the books and 
instruments, including, in some instances, interesting facts concerning their 
acquisition. 

5. Dr. Helen B. Owens, after outlining the growth of undergraduate mathe- 
matics clubs in America, suggested greater use of problem contests, joint club 
meetings, mathematical exhibits, public lectures, and student mathematical 
publications as means of stimulating mathematical interest. She pointed out the 
great value of the Department of Undergraduate Mathematics Clubs in this 
Mon tHLy in these and all other club matters. She urged increased attention of 
teachers to club activities and urged their coéperation, stressing the unusual 
opportunity afforded by these undergraduate groups for the development of 
logical approach to all questions, both within and outside the field of mathe- 


matics. 
P. A. Carts, Secretary 
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ON TRIANGLES HAVING A COMMON MEAN* 
O. J. RAMLER, The Catholic University of America 


Introduction. The term “mean” is used here in the sense defined by P. De- 
lens [1]. C. E. Van Horn [2] has considered the same triangle and called it 
“the equilateral derivative” of a triangle. Van Horn gives the following con- 
struction for the mean triangle, or the equilateral derivative of a given triangle: 
Let ABC be any triangle and let O be its circumcenter. Let D, E, F, be the 
midpoints of the sides BC, CA, AB, respectively. Draw the side bisector DH 
of the side BC to cut the arc BAC of the circumcircle containing the opposite 
vertex A at the point H. The side bisectors EJ, FK are similarly drawn to cut 
the arcs ABC and BCA at the points J and K, respectively. Choose the point L 
on arc H1A so that HL is one-third of the arc HA. Select the points M and N 
in a similar manner on the arcs JB and KC, respectively. 

Employing conjugate coérdinates we take the circumcircle of the funda- 
mental triangle A,42A3 to be the unit or base circle and let the codrdinates 
of the vertices A; be the turns ai, (t1=1, 2, 3). We consider a; to be roots of the 
equation ¢?—o,t?+ot-o¢;=0. Then as Delens shows, the vertices of the mean 
triangle of A,4.A;3 are 03/3, o31/8u, 031/32, where 1+w+w?=0. It is the purpose 
of this paper to discuss the relation of two triangles having a common mean 
triangle, and to apply some of the results to theorems discussed by Musselman 
in his article in this MonrtTHuLy, On the line of images [3]. 


1. Mutually orthopolar triangles. Let s; be the elementary symmetry func- 
tions of the vectors B; of the vertices B; of a second triangle inscribed in the 
base circle. From the definition it follows at once that the two triangles A; and 
B; have a common mean when o3=53. The vectors to the orthocenters of tri- 
angles A; and B; are o, and Si, respectively. The midpoint m of the segment 
joining the orthocenters is given by 


a 1 
(ot) m= a tt Be + on8i 8), 


when the triangles have a common mean. The right member of equation (1.1) 
identifies m as the orthopole of side BBs as to triangle A,. The symmetry of the 


expression (o;-+5,)/2, however, leads to results given by Murnaghan [4] and 
Godeau [5]: 


THEOREM I. Jf two triangles inscribed in the same circle have the same mea n, 


the midpoint of the segment joining their orthocenters is the orthopole of any side of 


one triangle with respect to the other. In other words, the two triangles are mutually 
orthopolar. 


We have at once the following: 











* Presented at the meeting of the Maryland-District of Columbia-Virginia Section of the 
Association at Washington, December 9, 1939, 
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COROLLARY. The center of the nine-point circle of a triangle is the orthopole of 
any side of its mean. 


2. The line of images. If we take any point 7 on the circumcircle of a 
triangle A,4.A3 and reflect this point in the sides of the triangle we obtain 
three points lying on a line, the line of images of the point 7. This follows at 
once from the property of the pedal line of T as to the triangle A,A2A3, and 
since the pedal line bisects the segment joining the orthocenter to the pole 7, 
it follows that the line of images passes through the orthocenter. Moreover, 
the line of images is the directrix of the parabola having T for focus and in- 
scribed in the triangle 4:4243. Musselman [3 | has given the equation of the 
line of images of T as to A,A2A; to be 


(221) Tx — o3% = Toi — 02. 


Now consider a second triangle B,B2B; inscribed in the base circle, and let 6; be 
its vertices. Then s, is its orthocenter and the equation of the line of images of 
the same point TJ as to this triangle is 


(2.2) Tx — 53% = Ts, — So. 


Lines (2.1) and (2.2) are coincident when o3=5s3 and To; —o2=T51—Sz, 1.€., 
T = (02—52)/(o1—51). Hence the following: 


TuEoreEM II. If two triangles inscribed in the same circle have a common line 
of images for the same point on their circumcircle, they have a common mean and a 
common inscribed parabola whose focus is the given point. 


Theorems I and II are equivalent to a theorem stated by Cwojdzinsky [6]: 
When two triangles are inscribed in a circle and circumscribed to a parabola, 
the midpoint of the distance of their orthocenters is the orthopole of any side of one of 
the triangles for the other. 


The result stated in Theorem II may be verified otherwise. 

It is well known that if, from a point ¢ of the circumcircle, lines are drawn 
to the three sides of an inscribed triangle making equal angles 6 with those 
sides, the feet of these lines lie on a line which may be considered a generalized 
pedal line of ¢ under the chosen angle 0. We shall call it a skew pedal line. As 
the angle 0 varies the pedal line envelopes a parabola inscribed in the funda- 
mental triangle and having ¢ as its focus. Letting e?=1/k we obtain the equa- 
tion of the skew pedal line of ¢ under angle 4 with respect to triangle A142A3 


to be ears 
— O3X oO 
(23) eg oe ie 0. 


As k varies we obtain the map equation of the envelope to be 
(t a, ay)(t = a2) (t an a3) 
ee Sy 


(2.4) x=t Pk — 1)? 
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which identifies the envelope to be a parabola. If k=a;/t, the equation (2.3) of 
the corresponding pedal line becomes 


% + aja,t — a; — ay = 0, (4% j7#~k = 1, 2, 3), 


showing that the parabola is inscribed in the triangle A142A3. Its vertex tangent 
is the pedal line for k= —1, namely 


(2.3) 2ix — 2o3% + o3f1 + op — 2 — ot = 0. 


If k=B,/t, where t=(o2—s2)/(o1—5s;), and o3=53, equation (2.3) becomes 
«+B; —B;—Bx=0 which is the equation of side B;B;, of triangle B,B,B;3. The 
triangles A; and B; have a common mean by virtue of the assumption a3 =s3. 
Theorem II is thus verified by direct substitutions. From the results obtained 
above, we are led to the observation that if two triangles inscribed in the same 
circle have a common line of images for the same point of their circumcircle 
they are mutually orthopolar, which also implies that they have a common 
mean. 

The line of images common to two triangles having the same mean is also 
the locus of points R mentioned in Musselman’s generalization of Canon’s 
theorem [7]. The generalized Canon theorem may be stated as follows: If, for 
every point R on the line HP, where H is the orthocenter of AiA2A3 and P is any 
point in the plane, we determine the images C1C2C3 of R in the sides A2A3, A3Ay, 
AAs, the four circles C\C.A 3, C2C3A1, C3CAe, and A,A2A3 meet in a fixed point M. 
Now if A; and B; are two triangles having the same mean, and if we choose P 
to be the orthocenter s, of B;, the point M has the codrdinate (2 —S2)/(o1—5). 
The symmetry of this result enables us to state the following modification of the 
generalization of Canon’s theorem: 


THEOREM III. Jf H, and H; are the orthocenters of two triangles A,A2A;3 and 
B,B.B; having the same mean, and tf for any point R on H,H, we determine the 
images A} and B{ in the sides of triangles A; and B; respectively, the circles 
Ay A? A;3, Ad Aj A,, A; Ai As, Bi Bd By, By Bj By, Bi B{ Bz meet on the base circle 
at a point which is the focus of the parabola inscribed in the two triangles A; and B,. 


It can be readily shown, too, that 4/ and Bj are images in the common line of 
images HH). 


3. Co-mean triangles and a theorem of Blanc. If any transversal be drawn 
through O, the circumcenter of A,A2As;, cutting the sides A2A3, A3A, AyAo in 
Cape Gee respectively, the three circles with 4;C; as diameters meet in two 
points, one on the circumcircle and the other on the nine-point circle of 4 1A2A>. 
Their common chord passes through //, the orthocenter of triangle A; [8]. If 
the transversal is taken as the diameter through T on the circumcircle, Mussel 
man [7] has shown that the three circles A,;C; meet at 


Xo = = ai of" , 1 03 
~ Kggaoray (oan, Se same 5 (« a =) 





1940] ON TRIANGLES HAVING A COMMON MEAN 143 
on the circumcircle and nine-point circle respectively, and that the equation of 
the common chord of the three circles is 

(ay 1) T?(o2 + T?)x% — o3(03 + o172)& + o203 — 0;T4 = 0. 


Again we consider a second triangle B,B.B; having a common mean with tri- 
angle A,42A3, and we find that we can identify line (3.1) with the common line 
of images of point (¢2—s2)/(o1—s1), providing 


(3.2) = = —__; 
co. 359 ON sare 0951 — 01D 
These equations are consistent when 7 is a root of 


(3.3) (o, — 51) T* — (a251 — o182)T? — o3(o2 — 52) = 0. 


Now the equation of the line of images of point (a2—s2)/(¢1—s,) as to triangles 
A and Bis 


(3.4) x(o9 = Sq) — o3t(o1 —s 51) — 3109 + 01529 = QO. 
This intersects the circumcircle x#=1 in two points x1, 2, roots of the quadratic 
(3.5) x?2(a_ — So) — (Syo2 — o182)X — o3(01 — Si) = O. 


Let x=—o;/T?; then equation (3.5) becomes identical with equation (3.3), 
enabling us to devise a means to construct the four points which represent the 
roots of equation (3.3). The equation x = —o3/T” identifies the points x, aud 
—T as vertices of a right triangle having the same mean as the fundamental 
triangle A,A4.A;3. There are therefore two distinct diametral transversals OT 
which yield the same common chord of the system of circles mentioned in 
Blanc’s theorem when applied to two triangles having a common mean. We 
have, then, the following construction for the points T: If L is a vertex of the 
mean triangle, and X; is an intersection of the common line of images with the 
circumcircle, locate a point K on the circumcircle so that arc LX,=2 arc KL 
and point L lies between X; and K. Then one of the diametral transversals will 
be the diameter perpendicular to OK. The other diameter is found by using 
the second intersection X2 of the common line of images with the base circle. 

From equation (3.2) we have 7?= X ca, where a= (a2 —S2)/(o1—S1), the point 
whose line of images is (3.4). Then we may write, since there is a point X ¢ corre- 
sponding toa point 7”, Xda=T? and X¢'a=T-?. From these relations we find 

O25, — 9152 


eto = Clie sy Oe a “tes 


o2 — Se 


P Pos o3(01 — 51) 
Xc' Xec = fie T? /a? eee KD 
029 — Se 
where x, and x2 are the roots of the equation (3.5). These results involve only a 
point on the circumcircle and its common line of images as to two triangles 
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having a common mean, and since, as we have seen, the point and line are 
focus and directrix, respectively, of a parabola common to the two triangles, we 
may state the following: 


THEOREM IV. All triangles ina poristic system of triangles inscribed in a circle 
and circumscribed to a parabola have a common mean. Each of the two diameters of 
the circle bisecting the arcs joining the focus to the points where the directrix cuts the 
circle, cuts the sides of any triangle of the poristic system in points such that the 
circles on the segments joining these points to the opposite vertices as diameters 
meet at a point common to the circle and the directrix. 


4. Isogonal conjugates. THEOREM. The tsogonal conjugates of the common 
orthopole of two mutually orthopolar triangles in those triangles are symmetric 
with respect to the circumcenter. 


Let the mutually orthopolar triangles be 4,4.A3 and B,B.B;. Let a; and B; 
be their vertices, respectively. Then if P(p) is their common orthopole, 
2p=01+5; and o3=s3. If P does not lie on the circumcircle, its isogonal conju- 
gate x is given by p+x+o;%)=0, [9] for the triangle A,42A3. Similarly, the 
isogonal conjugate y of p in triangle B,B2B; is given by bt+y+o3p5=s,. Adding 
we get, remembering that 2pb=0,+5,, x+y +03)(#+ 9) =0, which is not true un- 
less x+y=0, t.e.,.x=—y, and the points are symmetric with respect to the 
circumcenter. 


5. Perspective triangles. Suppose triangles A,4,A3 and B,B2B; are mu- 
tually orthopolar and perspective from a point P(p). Then 


ap ‘ (a1 — p)(az — p)(as — p) 
Deere ai re nand Beis = og 
Pe aes yee (a6 — 1)(a25 — 1)(as6 — 1) 


hence, regarding triangle 4,443 as fixed, and B,B.B; as variable, 
p* — orp? + oop + of 3 — 0203p” + o1o3p = 2a; 


is the equation of the locus of the centers of perspective. The locus is a cubic 
cutting the base circle z3=1 at the vertices of the fundamental triangle 
A,A2A;, and at the vertices of their common mean. The cubic cuts the sides 4 jAp 


where p; = ai(303— aioe) /(o3—«,°), 7.e., where the Lemoine axis crosses the sides 
of A,A2A3. The clinant at any point is given by 


dz 307 = 202032 + o103 





’ 


dz 327 — 2o1¢ + a¢ 


which shows that the cubic cuts McCay’s cubic [10] orthogonally [11]. The 
asymptotes are z= — i03°9Z +3 (01+-wi0205-1/8), where w; is any one of the cube 
roots of unity. The asymptotes intersect at the centroid of A142A3, s=0;/3. 
It may be remarked here that if the pair of perspective triangles A 1AsAy 
and B,B:Bs; have opposite means in the sense defined by Delens [1], de., if 
10203 = — 818083, the locus of the centers of perspective is McCay’s cubic [11]. 
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ON EXTREMA OF FUNCTIONS WHICH SATISFY CERTAIN 
SYMMETRY CONDITIONS 


R. F. RINEHART, Case School of Applied Science 


1. Introduction. The following theorems on maxima and minima are well 
known. 


I. The function x, x2--- Xn, where the real variables x1, X2,° ++, Xn are 
subject to the condition x1 +x2+ +--+ +x,=c>O0, has a proper relative maximum 
Gi m—xw=--- =x,=—C/n. 

Il. The function x;+x2+ -- + +x,, where the real variables x1, X2, °° +, Xn 
are subject to the condition x\x2 +++ X,=c>0, has a proper relative minimum at 
WH=m= -+- =x, = Ve. 


R. H. Garver* has pointed out that most of the elementary problems on the 
applications of the theory of maxima and minima which are customarily en- 
countered in textbooks on the calculus, can, by appropriate transformation of 
the variables, be put into forms to which Theorems I or II may be applied. 
One infers that Theorems I and II are rather fundamental results in the theory 
of maxima and minima. 

Theorems I and II are, however, susceptible of a sweeping generalization. 
It is the purpose of this paper to call attention to this generalization. f 

A mild study of Theorems I and II leads one rather naturally to suspect that 
the essence of those theorems may lie, not in the use of the particular functions 
xitxet - +--+ +x, and x2 - + - Xn, but in the symmetry of the conditional rela- 
tion and the function to be extremized, in the variables x1, %2,: °°, Xn. This 
suspicion may be strengthened by the construction of examples which can not 
be made to fall under the jurisdiction of Theorems I or II by any transformation 
of the variables. 





* This MonTHLY, vol. 42, 1935, pp. 435-437. ae 

+ I have been informed by Professor Tibor Rad6é that some form of this generalization is 
known to Fejér, who remarked about it several years ago in the course of a conversation with him, 
However, the result does not seem to be generally known, and I have not been able to find it in the 


literature. 
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The well known trigonometric inequality 
sin «/2 sin y/2 sin 2/2 S 1/8, 


where x, y, and z are angles of a plane triangle, furnishes one such example. 
The equality sign holds if the triangle is equilateral. From this inequality we 
may state that the symmetric function sin x/2 sin y/2 sin 2/2, where x, y,and z 
are subject to the symmetric relation x+y+z=7, has a relative maximum at 
the set of values determined from the relation x+y+z=7 by setting +=y=—z. 

A second example of a similar nature is furnished by the function sin x cos x. 
That this function has a relative maximum at x=7/4 is equivalent to saying 
that the symmetric function cos x cos y, where x and y are subject to the 
symmetric condition x +y=7/2, has a maximum at x=y. 

Neither of these examples can be put into a form to which Theorems I and 
II apply, yet the essence of those theorems still remains. Indeed, the theorem 
suggested by the foregoing discussion is true, under proper hypotheses as to the 
existence of derivatives, efc. It is possible, however, to prove a more general 
theorem, in which the number of conditions imposed on the variables is arbi- 
trary (but of course less than the number of variables). Two essential modifica- 
tions are to be made in such a theorem, one compulsory and one voluntary: 
(1) If & is the number of functionally independent relations among the 7 vari- 
ables, then the set of values (corresponding to x1=x.= - - - =x,=a in Theo- 
rems I and IT) at which an extremum will occur will be determined by setting 
n—k-+1 of the variables, Say %1, °° +, Xn-z41, equal in those relations and 
solving for the values of the Xn—k4+2, ** * , Xn, and the common value of the 
“1, * + +, Xnz41. (2) We may lighten the hypotheses of complete symmetry and 
require only that the functions involved be symmetric with respect to (at least) 
*1, °° +, Xn_x41. It is this suggested theorem which we shall presently state and 
prove. 


2. Definitions, notations, and lemmas. DEFINITION 1. A region R of points 
(Miya ue ho aay eas , Xn) in euclidean n-space will be said to be symmetric 
with respecttox,---, Xo, 9 Sn, if, whenever a point (41,d2,---, Aq, Aqit, * * * , Gn) 
1s in R, so also is arial Tega Gigs Aqt1,** +, Gn), Where ty, - ~~, Z, is any 
permutation of 1, - - - ane 


DEFINITION 2. Let S(x1, 2) °° +, Xq, Xo41, °° *, Xn) be a function defined ina 
region R which is symmetric with respect to x1, -++,%X 9. S is said to be symmetric 
with respect tox, - + + »Xq over R, tf S(x1, x2, - + - »XqyXq41, * * + , Xn) ts identically 
equal, in all of the variables, throughout R, to S(x;,, Mis ) 


2 ‘ , ee Xi Motl) * * *, 3 
for every permutation 11, - - - 149, 0f1,---, 4. 


We now define a notation which will be used in the sequel. If (x1, x2, +» - ,x,) 
is a function of variables %1, °° +, X, which are not all independent, but are 
functions of m independent ones, Say x1, - + + , Xm, then for the partial derivative 
of f(x1, - + +, xn) with respect to x;, where all of the other variables Of x1, +++ x, 
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are held fixed, we shall use the notation f;. For the partial derivative of f with 
respect to x;, 7m, where only the remaining variables of the set x1, ---, Xm 
are held fixed, we shall use the notation df/dx;. 

We now state without proof two lemmas which will be needed. These 
lemmas are almost immediate consequences of Definitions 1 and 2, and are 
intuitively obvious. 


LEMMA 1. Jf the function S(x1, x2, + + - , Xp) Xp4i, °° +» Xn) 1S Symmetric with 
respect to x1, ++: , X» over a region R, then foriSpandj<p, S;=S; at any point 
of R for which x;=x;, and for which S; and S; exist. 


LEMMA 2. Jf the function S(x1, X2, - + + , Xp, Xpti, °° * » Xn) 1S Symmetric with 
respect to x1, - - - , X» over a region R, then for indices 1, j, 1, m each less than or 
equal to p, tt is true that S;;=Sim at any point of R for which S;; and Sim exist, 
and for which x;=x;=x1=Xm, tf either, (1) t=j and l=™m, or (2) 1%j and lAm. 


3. Statement and proof of the theorem. We are now in a position to state 
and prove the theorem hinted at in §1. 


THEOREM. Let S(x1, x2, - + * , Xn—ky Xn—k+1) °° * » Xn) bE a function symmetric 
in the variables x1, X2, + - + , Xn—n41 over a region R. Let the variables x1, +++, Xn 
be subject to the k conditions 
(1) Vere ate eters Leet te < |, oy) =U, (¢= 1,2,+-+,k, k=), 
where each function V‘ is symmetric in x1, + + + , Xn—n41 over R. Let equations (1) 
admit a simultaneous solution in R (x, X2,+* + Xn—ktly Xn—ky2, °° * Xn) 
=(d, a,- ++, @, Qn_zi2, - + +, An) denoted by P, and let the V and S have con- 
tinuous partial derivatives of the second order with respect to x1,+ ++, Xn m R. 
Further, let the Jacobian J of the V“ with respect to (Xn—K41, * + + » Xn) be different 
from zero at P. Then the function S(x1, «+ + , Xn), where the variables are subject to 


the conditions (1), has a relative extremum at P, provided the expression 


Sigcee oi (Onabpi “Saanie* 2 On 
UL) (1) (1) SiG) (1) 

Var — Viz Va Vinee * Va 
,(2) (2) (2) (2) (2) 

A V : Oi a Vie Fass are ae Vox 
,(k) (k) (k) (k) (k) 

V be Vie Veseri V n—k4+2 pay yi Ve 


is different from zero at P. Moreover, P furnishes a maximum or a minimum 
according as A<0 or A>0, at P. 


It should be noted that the theorem does not imply that P furnishes the 
only extremum, or that P furnishes an absolute extremum, to the function S, 
subject to the side conditions (1). Indeed, it is easy to construct examples to 
show that neither of these things is true in general. Thus the present theorem 
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is a special result in the general problem of extremizing the function S subject 
to conditions (1). 

The proof we shall make is quite elementary, involving nothing more than 
the ordinary theory of maxima and minima as given in texts on advanced 
calculus. 

Since J#0 at P, and since the V“ have continuous partial derivatives of the 
second order at P, the relations (1) define the x,_441, - + - , X, as single-valued 
functions of 1, - - - , X,»-x, which have continuous second partial derivatives in 
some region RX’ contained in R and containing P. (It is clear that R’ may be 
taken to be symmetric with respect to “1, - - + , X»-x41 and such that /¥0in R’.) 
Let F(x1, x2, - ++, Xn) denote the function obtained by replacing each of 
Xn—k+1, '* * » X, by its equivalent as a function of x, - - 

We begin by showing that the first necessary condition for an extremum, 
7.e., the vanishing of all of the first partial derivatives of F(x1, - - - , Xn—x), is 
satished at x1=x2.= - ++ =x,_,=a.* By the usual method for differentiating 
composite functions, we obtain 


oe Xn—ke 














OF : Ox 
(2) = Sit > Sy") “G12 eee 
OX; p=n—kt+1 = OX; 
Now from (1) 
(m) = (m) O% 
(3) ee al i = 0, (m = 1,2,---, &), 
p=n—k+1 at 
whence, since 
(1) (1) (1) 
Ve Vn—k+2 ci Va 
(2) (2) (2) 
Vieeaut Via—i2 . Ve 
J= ~ 0 
(k) (k) (k) 
J n—k+1 Vn—k+2 i . KS 
in R’, we have, on solving the system of equations (3), 
(1) (1) 
Paes > eee ve 
(2) (2) 
7 Ve pny 
(4) . Xn—k+h = 1 - Gn—kthié 
Ox; i - af 
_(k) (Kk) 
Vea = ae ie 





* The method of Lagrange multipliers has been intentionally 


method is elegant in showing that the first necess 


is much less elementary when 


point P furnishes a maximum, a minimum, or neither. 


H. Hancock, Ginn and Co., 1917.) 





avoided, because, although the 
; ary conditions for an extremum are satisfied, it 
applied to the question of determining whether or not the stationary 


(See Theory of Maxima and Minima, by 
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(h=1,---,k;t=1,2,---,n—k), wherethe —V;™, (m=1,2,--- , Rk), are in 
column hf. Now since the V‘” are symmetric in x, «+ - , X,—z41, and since at 
P, X1=X2= +++ =Xn_z41=a, it follows from Lemma 1 that V{” = ga Ne ator. 
Hence (4), evaluated at P, yields 
OXn bth 
(5) Sew TD (4=1,---,n—k), 
OX; 

ive> 1 and 

OXn—b 1 af 
(6) = -—=-1, (i=1,---,"-28), 

Ox; 4} 


if h=1. Therefore (2), evaluated at P, becomes 





OF 
| = Si|p — Snrpaile = 0, (6 Lae tek) 
Ox; P 


by Lemma 1. Thus the first necessary condition for the existence of an extremum 
at P is fulfilled. 

To obtain a sufficient condition for an extremum at P we shall use the cus- 
tomary method of the calculus, for which we need the second partial derivatives 
of F. Before computing these, let us change the form of the expressions (2). 
From (2) and (4), 


oF 1 - 
aia Chri D Sian), (i= Lede er meee ee ae) 


Xi p=n—k+1 


The quantity in the parentheses is readily identified as the expansion by minors, 
according to the elements of the first row, of the (k+1)th order determinant 


ay Seobed Dake ri oremnel oe 
(1) (1) (1) (1) 





V; Vibe Vasers “are Ke 
(7) uo” = ; : ; . ; (¢{=1,2,---,—k). 
ian ee Ge re Aint yo” 
Hence 
or M 
ge (¢=1,2,--+,"— k): 
(8) Ox; Mj 


From (8) we obtain 
oF i a) 1 1 (i) ik __(i) 0X5 
= u° —(—) +o(aF + >< mM, —), 
OX ;0Xs Ox; "f Ly p=n—k+1 Ox; 
ee hyde MR) 
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whence from (5), (6), (7), and Lemma 1, we have 





o°F ape) (i) ahd 

(9) ey | = =—tMcpeny ies (74,7 = 1, Tein eS ae} 2 
Ox ;0%;J p J 

Now calculating /;“ by performing the differentiation with respect to columns, 

and evaluating at P, keeping in mind that from Lemma 1, V?)= Vee and 

Si=S,_r41, we obtain, omitting all determinants which are Zero, 


Sj Sa peean a Wqaees ae on 
(1) (1) (1) (1) 


Vi; Vieeuey Vases nates Fa 
(7) 
(10) M; |p = 


(k) (k) (k) (k) 
ae 7 Viasees @ Vg eed eV 


Si Deby) yee ees ae 


(1) (1) (1) (1) 
V; Vn—k41 7 m—k+2 °° ° y, 
29 
(k) (k) (k) (k) 
V; Vata 7 Veeee aed Va SWE 


is, ae ae fae BY, ett 24 tH], Sif Set p= VP = VM; 
=Vn, and S=Su, VY=V® at P. Hence, according as ij or i=}, (10) 


yields M,;|p=0, or 


Si —= S12 eee a Spokes ie eee ae = 


Sly (1) (1) G1) (1) 
V a oe Vie | era V n—k+2° °° V n 
(7) 
M; lp == 
(k) (k) (k) (k) (k) 
y 7 7 
Vat ae at rok Vege ee Ve _|P 


In a similar manner the second term in the parentheses in (9) is found, 
from (10), to be 


Sir — Sie Seabed abe, ay ii 
,(1) ae) KL) (1) (1) 
; J Li pom J 12 I n—k+1 V nm—k+2° °° ie 
t) 
Mn—K41 |p = — : ‘ ‘ (i) 
- a M; |p. 
ty ae _(k) . CR) (kh) 
AG Soe 12 n—k-+-1 n—k+2° °° J n P 


Hence, denoting M;/J |p by A(P), (9) may be written 
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OF a 





(11) 





ee ers 
=A(P), 17; | = 2A(P). 
P P 


OX OX; Ox? 


Now since F has continuous partial derivatives of the second order, by the 
well known criterion evolved from Taylor’s theorem, a sufficient condition that 
F have a proper relative extremum at P is that the quadratic form 


n—k O2R 
Q >a 2: | hih; 


f.7u1 O%,0X;) p 





be definite. But from (11), 


n—k n—k n—k 2 n—-k 

i a(P)| > Ah; + DS he | BAP) ( Dy is) +> it | 
t,9=2 t=] 1=1 t=1 

Obviously Q will be definite when, and only when, A(P) #0. Furthermore, F 

has a maximum or a minimum at P according as A(P) is negative or positive. 

This completes the proof of the theorem. 

By the methods suggested in Garver’s paper, a large class of problems on 
maxima and minima may be reduced to a symmetric form capable of being 
handled by this theorem with a considerable saving of labor. 

We remark that in case R=1, the functions V“ and S of the theorem are 
both symmetric in all of the variables «1, - - - , *,. This is the case of the theorem 
which applies to the examples of §1. It is also the special case, of which Theo- 
rems I and II are special cases. 


4. Further inferences from the theorem. Suppose that S and the V satisfy 
the hypotheses of the theorem, so that S has the extremum value S(a, a, ---,4a, 
@, Gn—k42, ** * » dn). Consider the extremum problem arising by replacing S by 
one of the V“, say V“”), and putting the relation 


fel CO Xo, °° * y Xn—k41 Anh; " © %y aa pas S(a, Gy Pe Peale Qe Gy k19, An) — 0 


in place of V‘”) =0. In this second problem the determinant /;“ appearing in 
A will be equal to the corresponding determinant for the first extremum prob- 
lem, with rows 1 and p+1 interchanged. Thus, if the Jacobian J in the second 
problem is different from zero at P, the hypotheses of the theorem are satisfied 
by this problem and V‘ has the extremum value zero at P. Further, if the 
Jacobians in the two problems have the same sign at P, the A’s in the two 
problems will have opposite signs, so that if S, in the first problem, has a maxi- 
mum (minimum) at P, then V“”, in the second problem, will have the minimum 
(maximum) value zero at P. If the two Jacobians are of opposite sign at P, 
then Sand V‘” have the same type of extremum at P in the two cases.* 








* This symmetric property of the réles of the functions involved in the problem of restricted 
extrema is general, and is well known. (See, for instance, The Differential Calculus, by T. Chaundy, 
Clarendon Press, 1935, pp. 262-264.) The above independent demonstration of this property has 
been given because it entails so little effort in this special case. 
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The theorem of §3 is rather striking, but there is an inference to be drawn 
which is even more striking, viz., the set of numbers P, at which an extremum 
occurs (provided A(P) #0), is determined by setting x1=x%2= + >> =xXn—x41 in 
the & relations (1) - that is, P does not depend on the function .S. Thus, the set 
of numbers P will furnish an extremum to every function S which is symmetric 
in *1, + + + , X,-z41 and which satisfies the other meager hypotheses of the theo- 
rem (in particular the condition A(P) 40). It is apparent that the sign of A(P) 
will depend on the choice of S, so that some functions .S will have a maximum 
and some a minimum at P, but every function S, for which A(P) 0, has one 
or the other. For instance, in the first example in §1, the relation x+-y+zs=7 
determines the set of values x=y=s=7/3, which will furnish an extremum 
to any symmetric function of x, y, and z, subject to the above relation, provided 
the function is such that A is defined and different from zero for those values. 





A THEOREM ON PARTITIONS OF THE SET OF 
POSITIVE INTEGERS 


JOHN DYER-BENNET, Harvard University 


The relation of congruence modulo an integer generates a partition of the 
set of positive integers. This partition has the property that if A and B are any 
two of the 1 sub-sets thus defined, a; and az any two integers in A, }, and Jy any 
two in B, then a,+; and a:b; are in the same sub-sets respectively as a+b. and 
dz‘ be. It follows that we can define A+B as the sub-set in which lie all the sums 
of an integer in A and one in B. We define the product of two sub-sets in a simi- 
lar manner. Then the algebra of sub-sets under addition and multiplication is a 
homomorphic image* of the system of positive integers under addition and 
multiplication. For this reason we call the partition homomorphic with respect 
to these two operations. 

In this paper we shall investigate the question of whether there are any 
values of m for which the partition is also homomorphic with respect to exponen- 
tiation. f It will be shown that 1, 2, 6, 42, and 1806 are the only such values. 

The problem can be put in the following form. We wish to find all positive 
integers m such that for all integers ky and ks satisfying 0<ki<n and 0 <hkhoSn, 


and for all non-negative integers m, and Mo, 
ko+mon ko 
(ki + min) = ky (mod n). 
Using the binomial theorem we write this 


ko+mon 


ky + nA= he (mod 2), 


where A is always an integer. This is clearly equivalent to 





* Cf. van der Waerden, Moderne Alg 


ebra, vol. 1, second edition, page 41, 
t This problem was Suggested, and 


solved independently, by Professor G. Birkhoff. 
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(1) es cae = ke (mod 2), 
or 
(2) ae Mel — 1) =0 (mod n). 


With these statements of the problem given, we prove the following: 


THEOREM 1. If p? 





n, pa prime, then n is not a solution. 
Proof. Suppose that n= p?n’. In (2) let ki=p, ko=1, m2=1. Then clearly 
p(p" — 1) #0 (mod n), 


since the left side is not even divisible by . 
From Theorem 1 we conclude that for possible moduli 7, (2) is equivalent to 


(3) halk —1) =2 0 (mod a), 


where k, and m: must satisfy the same conditions as before. Another trivial 
corollary is that no modulus of the form k”, where k>1, m>1, is a solution. 


THEOREM 2. If p| n, pa prime, but (p—1){n, then n is not a solution. 


Proof. Assume p23, since for p=2 the hypothesis is not satisfied. Let 
n=n'(p—1)+r, where 0<r<(p—1). If p}ki, then by Fermat’s Theorem 


n'(p—1) 


(4) ky = 1 (mod f). 

Next, there exists at least one k; with 0 <k, <p, such that for e<(p—1), 
ki = f # 1 (mod 9).* 

For such a ki we have 

(5) ki = g # 1 (mod p). 

Multiplying (4) and (5) together we get 


pe? *" = gp £1 (mod P). 
Since we know from our choice of k; that pki, (2) cannot hold, and is nota 
solution. 


THEOREM 3. If n=fifr::* br, PiF Pi for ij, and (pi—1) | for 
i=1,2,:--,7, thenn is a solution of our problem. 


Proof. We note first that unless n=1, is even. Theorem 2 shows at once 
that this is a necessary condition. Suppose first that (1, 7) =1. Let n=(p;—1)m, 
where by hypothesis 7; is an integer. Then (3) may be written 


pi—l nim 


(6) ki[(ki_ ) — 1] = 0 (mod n). 


* Cf. L. E. Dickson, Introduction to the Theory of Numbers, pages 16-18. 
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By Fermat’s Theorem the second factor is divisible by p; for all permissible 
values of mp. If ki has any p; as a factor, p; divides the first factor of (6). By the 
previous argument, the rest of the p; divide the second factor. 

Theorems 1, 2, and 3 together give a necessary and sufficient condition that 
an integer » be a solution. It remains only to find all the solutions explicitly, 
if this is possible. We do so in the following: 


THEOREM 4. The only values of n which satisfy (2) are 1, 2, 6, 42, and 1806. 


Proof. The prime factors of these numbers are 2,3, 7, and 43. That the num- 
bers above are all of them solutions can easily be seen from a consideration of 
their prime factorizations. Further, there are no other solutions. First note that 
any solution divisible by one of the primes above must be divisible by all the 
smaller primes of the set. Next we note that forming 2:3+1, 2-7+41, 2-3. 7+1, 
2-3-43+1,2-43+1, 2-7-4341, and 2-3-7-43+1 we get no new primes. Finally 
we show by induction that no prime other than these four can divide a solution. 
Assume that of the first m primes Pi, 2, * + + , Pm the only possible divisors of a 
solution are among our four. Let Pm+z be the next prime, not one of the four. 
Then pn4.—1 is a product of primes, not all of which are possible divisors of a 
solution. Hence p,.4, cannot divide a solution. 





AN ASYMPTOTIC FORMULA FOR THE AVERAGE SUM 
OF THE DIGITS OF INTEGERS 


L. E. BUSH, College of St. Thomas 


In a recent book a statement is made for which the author says that he has 
no general proof.* The statement is essentially that the average sum of the 
digits of integers is least when they are written in the binary scale of notation. 
A simple asymptotic formula for the average sum of the digits of integers can 
be derived and by means of it the statement mentioned can be proved. 

Let S(r, N) be the sum of the digits of all non-negative integers less than NV 
when these numbers are written in the scale of notation of radix r. Then 
S(r, N)/N is the average sum of the digits of all integers less than N (including 
zero) when written in the r-scale. t 


THEOREM 1. 
S(r, N) wn (r— 1) log N 
Nv 2logr 


For, consider all integers from zero up to and including N—1 written in their 





» Joseph Bowden, Special Topics in Theoretical Arithmetic, New York, 1936, p 68 ; 
t The inclusion of zero simplifies the notation and has no effect on the result 


7] 
t f(x, y)~g(x, y) is used to mean lim SF, 9) _ 
ioe eS) 
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natural order in the r-scale. The digits in the 7th place from the right repeat 
themselves in periods of 7‘ numbers, each period consisting of r* of each of 
the digits 0, 1, 2, - - -,7—1. The last period will be complete if and only if NV 
is divisible by r‘. Let s; be the sum of the digits in the 7th place from the right 
in all the numbers from 0 to N—1. Then 


x 
\ 


= | — |r —1)>3(r — 1)(N — r'),* 








and 
N 
Feat i| — 7 1 |r —1) S47 —-—1)\(V4+7r'). 
r* 
But 
k 
S(r, N) = dos, where rh1<N Sr. 
s—1 
Hence 
k 
Si) ate 1) >> (N-r)> Al (r — 1)k — rin, 
t=1 
k 
Sir, N) <3#r —1) O(N + 8) <2 -— DE+ rin, 
i=1 
Thus 
2-S(r, N) lo (r — 1)k — r*}log r 
een at eee 
noo (r—1)Nlog N N-+2 (r — 1) log N 
Since 
log NV 
1, ee ah k2 , aNd, .f as, 
— log r 
we have 
a nytt ry? log r 
Fe ae iat {1 _**_} =a 
Noo (r — 1)N log N N= (r — 1) log N 
Also 
2-S(r, N) log r Nh {(r — 1)k + P flog r 
j ee ree eee I SUD 
ee (r — 1)N log N N-2 (r — 1) log N 
Since log NV 
Nes 4 Rem ty 


log r 


* [x] is used to mean the greatest integer = x. 
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we have 
2:-S(r, N) log r (r? + 7 — 1) logr 
lim eae ees < lim sup {1 + ————__———__}>. = 1 
N>«0 (r — 1)N log N N- © (r — 1) log ¥ 


Thus 
2-S(r, N) log r 
im ———_. 
Noe (r — 1)N log N 


’ 


which proves the theorem. 

In fact, for a fixed r and variable N, S(r, N)/WN attains a relative maximum 
for V=r", n an integer greater than 2/(r— 1), and is there equal to the asymp- 
totic representation of the theorem, i.e., S(r, 1") /r" =n(r —1)/2 for integral values 
of n, but S(r, V)/Nis less than the asymptotic representation for both N=r"—1 
and N=r"+1. 


THEOREM 2. For sufficiently large values of N the average sum of the digits of 
all non-negative integers less than N is least when the numbers are written in the 
binary scale of notation. 


For, from Theorem 1 and elementary properties of limits it is easily seen 
that 


S(r, V) (7 —jA)los-2 
N>« S(2, NV) log r 


Since 


0. 10n ee 


J 


~{<— 1) log -\ (log r + r-! — 1) log 2 
— _—_— = ty 
dr 


log r log? r 
(r — 1) log 2/log r is a monotonic increasing function of r for r = 2, and 
S(r,N) _ 2log2 5 
nee oe 
No S(2, N) log 3 4 
for r>3, which proves the theorem. This theorem can also be obtained directly 
from the inequalities used in the proof of Theorem 1, 
A proof similar to that of Theorem 2 gives the more general theorem: 


THEOREM 3. If 2SnSre—1, then for sufficiently large values of N, the in- 
equality S(r2, N)>S(r,, N) holds. 
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QUESTIONS, DISCUSSIONS, AND NOTES 


Epitep BY R. J. WALKER, Cornell University, Ithaca, N. Y. 


The department of Questions, Discussions, and Notes in the MONTHLY 1s open to all forms of 
activity in collegiate mathematics, except for specific problems, especially new problems, which are re- 
served for the department of Problems and Solutions. 


ELEMENTARY RIGOROUS TREATMENT OF THE EXPONENTIAL LIMIT 
J. K. L. MacDonatp, Cooper Union Institute of Technology 


In all elementary calculus texts seen by this writer there isa marked decrease 
in simplicity and rigor when irrational power, exponential, and logarithmic func- 
tions are introduced for differentiation. Since general power and exponential 
functions can be discussed by means of logarithmic functions, or ultimately by 
use of the relation 


1 1 
(1) Lie et ee Vt te 


h-0 


the difficulties resolve themselves into proving (1). This note is intended to es- 
tablish (1) in a simple and rigorous way, suitable at least for the better students 
of elementary calculus. 

Let G=|1/h|. Then 


1\+¢ 
(2) (1+ A)'/* = (1 a -) , where G— © as h— 0. 


Note that 


ee) Ga) ~ te) Pe) 


Therefore, if 1 is the last integer not exceeding G (that is, »<G<n-+1), 
1 \nt 1 \é@ 1\-¢@ 
Gere) S (Chant) Cee) 
iii 1 % 
Se) = (he) 


1 n+1 1 y 
hy > (1 + ——) , where n— ~ ash—0. 
(3) (1 4 -) te (Ss, 


——— 








and therefore, by (2), 





If it can be shown that both sides of (3) have the same limit 


(4) eit Es + es +::: (convergent by the ratio test) 
1h 52 


158 QUESTIONS, DISCUSSIONS, AND NOTES {March, 


as n— ©, then (1) will follow immediately. Since 


1 n+1 1\2 Uh yes! 
= (1+ —) (1 +—]) 4 witha at 
(+5) -O+y) ty). mae 


1 n i —1 1 N 
(1+—-) -(1+—) (1+—) , withV=n+1, 
n+ 1 N N 


it will be sufficient to prove that 


1\% 
lim (1 oL -) at 
Noo N 


Using the binomial expansion, we have 





and 





(+2) =1+— 4789 $e pe NS et 
hs ean 212 TS 3 ea ae 
1 
(<3 

S 1 N 
(5) a Wiehe n a an 
(1-5) (1-=)--- - 74) 
+ | 





A typical term in (5) satisfies the inequality 


oe eee 


> — — —____ jj * 
f r| r! 2N(r — 2)! ee 





(6) 





in proving which we use the inequalities 


“)( “) pP+q_ pq p+gq 
eed Os ree Pm poe Le A | e 
( N N N aT N ? 


(tr) ) or | ore 
N N N N 


— | 
Te fae 
2N 














* If r = 2, then (6) is replaced by E = (i — 1/N) = . = : 


2! 2! 2! 2N° 
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From (5) and (6) it follows that 


aan Paty foe i 
' 1! ' 2! Be 


' 1 1 
(14otot---+ 


1 

















1 
2N (N — 2) ): 
Now as N-> ~~, each side of (7) approaches the limit e stated in (4), and there- 
fore so does (1+1/N), thus establishing (1). 

The above proof has avoided the usual (not obviously valid) assumption 
that lim,.0 (1+/)‘/" can be found simply by letting # have reciprocal positive 
integral values, and that (5) converges to the exponential series since it does so 
termwise. It has also avoided explicit references to the theorem that a bounded 
increasing sequence always has a limit—a theorem which many students seem 
to find rather abstract.* 


TANGENTS IN ELEMENTARY ANALYTIC GEOMETRY 
L. S. Jounston, University of Detroit 


There appears quite early in most texts in elementary analytic geometry a 
chapter bearing some such title as “Discussion of a Curve,” or “Equations and 
Loci.” In such a chapter are discussed symmetry, intercepts, asymptotes, and 
admissible or excluded values. But these items leave one with no method other 
than by direct plotting by which the nature of a curve at any particular point 
thereon may be determined, and direct plotting by points is a laborious and not 
always adequate method. The writer has found by frequent trial that certain 
very elementary and very powerful methods here are quite easily understood 
and applied by the average class—and, what is more, are quite provocative of 
interest and enthusiasm. 

The concept of slope, defined by (y—4:)/(x—-1), either is or can be intro- 
duced before the “discussion” mentioned, for it is one of the simplest and most 
quickly grasped concepts in the whole subject. Also, the concept of the slope 
of the tangent at a given point as the limit of the slope of the secant through the 
given point and a variable point on the curve as the variable point approaches 
the fixed point is assimilated quite as easily at this early stage. Then to find the 
slope of the tangent line at a given point, it is necessary merely to write the 
equation of the curve in such a way as to exhibit the ratio (y—91)/(«—21) and 
then to calculate the limit of this ratio as x and y approach x; and 4, respec- 
tively. For algebraic curves—practically the only kind discussed in such a chap- 
ter—this can be done by very simple algebraic operations. 

A few examples will illustrate. We shall always write s= (y—yi)/(x—*1) 
and let m=lim s as x and y approach their respective limits. 





* Fditorial Note. Is the proof rigorous? No one can tell until he knows what the reader is as- 
sumed to know. For my students in beginning calculus, who know little about limits, irrational 
numbers, and infinite series, the proof might appear “rigorous,” but perhaps more in the sense of 
the climatologist than of the mathematician. E.J.M. 
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(i). Consider the curve y=x?—3x?+2x—7 at (3, —1). We have 


x—3 





S » yori = sg? — 327 -+ 24 —6, 
and therefore s=x?+2; hence m=11, and the curveis tangent at (3, —1) toa 
line whose slope is 11. 

(ii). Consider the curve y?=x?(a+x)/(a—<x) at (0, 0) and (—a, 0). 

For the point (0, 0) we have s=y/x; we may write our equation 


a+x 


a—%X% 





si 5) 
and therefore m?=1. Hence the curve has a double point at (0, 0) with slopes of 
positive and negative unity. 

For the point (—a, 0) we shall have s=y/(x+a). Writing our equation 
s?=x?/|(a+x)(a—x) |, it at once appears that s—+« as x——a, whence the 
curve has a vertical tangent at (—a, 0). 

(711). Consider the curve a?y?=x3(2a—x) at (0, 0). We have 

x(2a — x) 
and 0; 
a2 
whence the curve has a cusp at the origin. 


For the same curve at (2a, 0) we have 
= 3 : 
s? = ——_____, 
a*(x — 2a) 


and s—» as x—>2a. Hence the curve has a vertical tangent at (2a, 0). 
For the same curve at (a, a) we must have 











y-—a 
5s = ’ 
x—a 
and we write the series of equations 
x3(2a — x) 
7 me re ee 
a2 
x3(2a — x) — «1+ 2ax* — at 
yt a Ghee Se eis Ices , 
a? a? 
(w — a)(— x3 + ax? + atx + a’) 
) 


(y+ a)(y — a) = 
a? 
y-a — x + ax? + atx + 3 


5= ——_— = 


H Taal 2 a*(y oa a) 





? 
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and it follows at once that m=1. 

(iv). Consider the curve y?=(x—2)2(x?—9) at (2, 0). We have s?=x?—9 
and m*= —5. Hence the point (2, 0) at once appears as an isolated point. 

(v). Consider the curve x*+2x3—x*y—2xy?+y?=0 at (0, 0). Since s=y/x, 
we write our equation 


’ 


e+-2—s—2s?+s*=0, 
whence 
AAs — 1) (s —-2) == 2, 


and, as x0, we have m=1, —1, 2. Hence the origin is a triple point. 
(vz). Consider the Folium of Descartes x*+y%—3axy=0 at (0, 0). Since, 
s=y/x, the equation becomes 


3as 





3as 
Mer soe =, (5 Or or 
x 1+ s? 


we see that for x—0 we have both s—0 and s— ~~. Hence the curve is tangent 
to both axes at the origin. 
The general formula for slope is more easily handled by the definition 





eee are 
m = lim 

wonX% — X41 

yrs 


than by the usual h, k definition, and this definition avoids the confusion inci- 

dent to the use of / and k in senses totally different from the conventional uses 

of the same symbols in translational transformation, where / and & are actual 

coordinates of points. For example, the function y =3x*—4x?+5 gives 
y—-un= 3(x3 = x3 ) _ A(x? a x1), 

whence 


3(a? + xa, + v2) — 4(x + 41) 


“nA 
I 


and 
m = 9x2 — 8x. 
It will be noticed here that the rather troublesome binomial theorem is not used 


at all, and the much simpler form («"—«,")/(x—%) is used instead. 
For implicit functions in which no term contains both variables, the method 


is quite as simple. For example, from 
b2x? + a2y? = a2b?, 


we have in succession 
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bat ge ice Ot ee Us 








(ices & b?(x ts 1) 
a ne) aca eee eect aS J 
x — xy a?(y + 41) 
bx 
AAI Cae Soe 
a*y1 


Problems involving terms in which both variables appear are little if any 
more difficult. For example, from x*y3=a we have 


x28 — af yt = 0 = xy? — yf) + yf (a? — af). 





Then 
a ea es Wes = i 1) 
ee wt (y? + yy + oy?) 
m = — 2y,/(3x1). 


While problems like finding the slope of the tangent to x2y3+x3—3xy?= —81 
at (3, —2) are more easily solved by first finding the general formula for the 
slope and substituting the codrdinates of the given point, it is quite possible to 
solve it for the particular point in the manner already described. Writing under 
each term the value of that term for the given point we have 


eye = 4% — 3xy? = — 81 
— fl 2h — 30 = — 81: 
whence in succession 
ary? + 72 + 2? — 27 — 3(xy? — 12) = 0, 
x(y? + 8) — B(x? — 9) + (%® — 27) — 3[x(y? — 4) + 4(x — 3)] = 0, 


ates — 8(a + 3) + #7? + 34+ 9 — 12 
x — 3 x*(y? — 2y + 4) — 3x(y — 2) 


and m=33/108. 


This problem was actually solved in this manner by a student of the writer’s, 


but it must be admitted that this particular student was never a merely average 
student. 


1940] RECENT PUBLICATIONS 163 


RECENT PUBLICATIONS 


EDITED BY VIRGIL SNYDER, Cornell University 


All books for review should be sent directly to the editor of this department, at the Mathematical 
Association of America, 531 West 116th Street, New York, N. Y., and not to any of the other editors 
or officers of the Association. 


NEW BOOKS RECEIVED 


Superficie Razionali. By Fabio Conforto. Bologna, Nicola Zanichelli Editore, 
1939-X VII. 15+554 pages. 80 Lire. 

Elementary Statics. A text-book for engineers. By M. Appleby. Cambridge, 
The University Press, 1939. 8+164 pages. $2.25. 

Mathematical Tables. Volume VII. British Association for the Advancement 
of Science. By W. F. Sheppard. Completed and edited by the Committee for 
the Calculation of Mathematical Tables. Published for the British Association 
at the University Press, Cambridge, 1939. 11+34 pages. $2.50. 

A Supplement to Magic Squares of (2n+1)? Cells. By M. J. van Driel. Lon- 
don, Rider and Co., 1939. 31 pages. 

Elementary Mathematics from an Advanced Standpoint. Geometry. By Felix 
Klein. Translated from the third German edition by E. R. Hedrick and C. A. 
Noble. New York, The Macmillan Company, 1939. 9+214 pages. $3.50. 

Aspects of the Calculus of Variations. Notes by J. W. Green after lectures 
by Hans Levy. Berkeley, California, University of California Press, 1939. 96 
pages. Mimeographed. 

Portraits of Famous Philosophers who were also Mathematicians. With bio- 
graphical notes by Cassius J. Keyser. New York, Scripta Mathematica, 1939. 
12 folders. $3.00. 


REVIEWS 


Tests of Significance. What they mean and how to use them. By John H. Smith. 
Chicago, University of Chicago Press, 1939. 9+90 pages. $1.00. 


This book of less than one hundred pages is a survey of the common tests 
of significance. Its purpose is to present in a simple manner an organized treat- 
ment of the theory and methods of the fundamental principles of sampling, and 
to show how they are applied to certain statistical problems. The author has 
written the main body of the book on the belief that it is far more important to 
clarify the type of reasoning in connection with the tests made, than it is to 
attempt an exposition of the rigorous mathematical techniques used in the theo- 
retical development of the tests. Throughout the study emphasis is placed upon 
the uses of the various tests and their relationships. In each case the author has 
stated very clearly and definitely the assumptions on which the theory is de- 
veloped, and takes every precaution not to lead the reader into erroneous uses 
of the tests. 

The discussion in the text is supplemented by mathematical proofs and der- 
ivations which are presented in the Appendices. The technical methods em- 
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ployed are, as the author says, similar to those used by Pearson, “Student,” 
and Fisher. The same nomenclature and symbols are employed as those used by 
these men. 

The common tests of significance discussed are: 

(1) U-test in which the areas under the normal curve are used to test the 
unusualness of the size of the means of samples of m variates, taken from a 
normally distributed universe. 

(2) The chi-square test for more than one normally distributed statistic, 
where the standard errors are known. 

(3) The F-test. Tests for sets of means using the statistical technique known 
as the analysis of variance in which F is called the variance ratio. 

(4) The t-test, known as “Student’s” ¢-test of unusualness for one mean, and 
also the ¢-test for regression coefficients. 

(5) Fisher’s Z-transformation of the coefficient of correlation: Z = 4 log (1+7) 
—} log (1-7). 

In each test presented and in the illustrations used to clarify the application 
of the test, the author gives a very clear statement of the problem and the statis- 
tical background for the application. 

In all, it is the opinion of the reviewer that the book is well written, and 
would be found useful by students of statistics or those doing research work 
where methods of statistical analysis are employed. 


C. C. WAGNER 


La equacion de segundo grado a dos y tres variables. By Juan Bautista Kervor. 
Published by Libreria y Editorial “El Ateneo,” Buenos Aires, 1938. 132 
pages. 

This isa study of the loci of the quadratic equation in twoand three variables. 
By placing one or more coefficients in the general equation equal to zero, the 
author obtains classifications of 18 and 38 cases, respectively. The book has no 
table of contents, no index, and no problems for the student. A knowledge of 
the calculus is presupposed, but in illustrative problems the solution of cubic 
equations with integral coefficients and rational roots is given in detail. 


L. A. DyrE 


Elementary Theory of Equations. By W. V. Lovitt. New York, Prentice-Hall, 

Inc., 1939. 11+237 pages. $2.50. 

The selection of topics presented in this text follows closely the choice of 
Professor Dickson in his three books on the same subject. However, it is the 
aim of Professor Lovitt to present these topics in a manner acceptable to the 
undergraduate who has had no calculus and only one semester of analytic ge- 
ometry. One would suppose, then, that the average student using this text would 
be in his sophomore year and that the calculus would parallel this course. In 
other words, a text of this kind enables the sophomore in mathematics to study 
in detail a subject ordinarily reserved for the junior or senior year. 
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The author has carefully given the raison d’étre for each topic before the de- 
tailed development. In fact, throughout the book care has been taken to make 
the material readable and challenging to the younger students for whom it is 
intended. If at first glance there appears to be too much material included, it 
must be noticed that the author makes allowances for the personal preferences of 
individual instructors who may select some topics in place of others. 

On the debit side: 

Some terms are introduced without definition or explanation. For example, 
the term polynomial; the expressions reducible and irreducible; the symbols dy/dx 
and 2. 

Several illustrative figures occur without any direct reference to them in the 
tEXt. 

Page 20, line 9, should read r=0 instead of n20. 

Page 107, the statement of Theorem 1 omits the word numerically as given 
in the statement of the same theorem on page 40. 

Page 179. Theorem XII should state m>n. 

Certain errors in grammar were noted, but with no serious results. 

There is an ample supply of problems with an emphasis on the numerical 
rather than the theoretical type. 


HARRIET F. MONTAGUE 


Descriptive Geometry. By A. V. Millar and K. G. Shiels. New York, D. C. Heath 
and Company, 1939. 10+187 pages (with Appendix). $2.25. 

This text is the outgrowth of some twenty-five years of pioneering on the 
part of Dean Millar and several of his colleagues. This pioneering has been di- 
rected toward the presentation of descriptive geometry in ways conforming 
closely to those used in commercial drafting practice. 

In order to accomplish this end, much of the drawing is done with the ground 
line omitted. This means that the object is shown with its relative distances 
from the horizontal and vertical planes. This use of relative distance does not 
alter the orthographic projection of the object on the particular plane in ques- 
tion. Aside from the fact that this omission is in accord with commercial prac- 
tice, two other gains are sought; namely, concentration of the student’s attention 
on the object itself instead of on the planes of projection, and analysis of the 
drawing rather than memorization of constructions. However, the ground line 
is shown when it is convenient to describe direction in space by its use. 

Third quadrant constructions are used almost exclusively throughout the 
book. Again this is in accord with the work of commercial offices and many 
university drawing course practices. 

In order to present a clearer idea of the form of the object portrayed, auxil- 
iary views augment the top, front, and side views. These auxiliary views tend 
to increase the visualizing power of the student and lead him to accurate and 
concise constructions for the solution of the problems. 

A further aid to the student is the fact that many of the problems, especially 
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those at the beginning of the text, are given in terms of a codrdinate system. 
This practice of using codrdinates should eliminate to a great extent the many 
sad experiences which the student usually has in discovering a satisfactory lay- 
out for the given exercises. By the time the student masters the basic ideas in- 
volved in descriptive geometry, he should be able to devise his own lay-out. The 
use of codrdinates should therefore prove to be a valuable feature of the text. 

Many readers are no doubt familiar with some of the earlier editions from 
which this present text has developed. I refer especially to the Descriptive Ge- 
ometry, by A. V. Millar, E. S. Maclin, and L. J. Markwardt; Madison, Tracey 
and Kilgore, 1922. The present text is a revision and enlargement of the former. 
Several more figures have been added, problems have been changed, two addi- 
tional chapters appear, and in general a fine book has been made much better. 
The figures merit special comment; they are beautifully and carefully prepared. 

This text should appeal to colleges of engineering. It deserves special atten- 
tion from those many colleges where engineering drawing and descriptive ge- 
ometry are not taught because there is no engineering division. It merits the 
attention of mathematics teachers who offer descriptive geometry as an adjunct 
to the usual college major in mathematics. 


G. E. Moore 
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MATHEMATICS CLUBS 


EpiTep sy E. H. C. HitpEBRANpT, New Jersey State Teachers College 


All reports of club activities, suggestions, topics with references, and other material of interest to 
clubs should be sent to E. H. C. Hildebrandt, New Jersey State Teachers College, Upper Montclair, N.J. 


SOAP FILM EXPERIMENTS WITH MINIMAL SURFACES 


RICHARD Courant, New York University* 


In the development of mathematics there are several instances of valuable 
help rendered to mathematical theory by physical experiments, e.g., imagined 
physical experiments with two-dimensional flows of electricity have greatly 
illuminated geometrical function theory, and the solution of boundary value 
problems for the Laplace equation and for other partial differential equations 
can be realized by electrical and also by statistical devices. But perhaps the most 
striking example of the theoretical mathematical value of simple physical ex- 
periments is the demonstration of minimal surfaces by means of soap film ex- 
periments as described in detail by the Belgian physicist Plateau,{ and also 
used by mathematicians, particularly H. A. Schwarz.{ 

The problem of finding the smallest surface bounded by a given closed con- 
tour was proposed by Euler early in the 18th century. It is easily reduced to a 
boundary value problem of a non-linear character for a system of partial differ- 
ential equations. Solutions were given for special types of contours by Riemann, 
Schwarz, Weierstrass, and others in the 19th century, while general existence 
proofs were developed only recently by Radé, Douglas, McShane, Garnier, and 
Courant. 

However, the Plateau experiments immediately yield solutions for very gen- 
eral contours. If one dips a wire forming any closed contour into a viscous liquid 
and then withdraws it, a film suspended in the wire will form, and this film will 
assume the shape of a minimal surface of least area spanned in the given con- 
tour. Thereby we assume that we may neglect the effects of gravity and other 
causes which interfere with the tendency of the film to attain the smallest possi- 
ble area and thus the least possible value of the potential energy due to surface 
tension. A good recipe for such a viscous liquid, which can be easily produced, 
is the following: 

Dissolve 10 grams of pure dry sodium oleate in 500 grams of distilled water, 
and mix 15 cubic units of the solution with 11 cubic units of glycerin. 

Films obtained with this solution and with frames of half hard brass wire are 





* This paper is an extract from lectures and demonstrations given on different occasions, é.g., 
at the meeting of the American Mathematical Society, March 26, 1937 in New York. Many of the 
models and demonstrations were devised in collaboration with Dr. I. Ritter. Attention should be 
called to an invited address by Professor W. T. Reid on a similar topic before the Mathematical 
Association in Madison, September, 1939. 

+ J. Plateau, Statique experimentale et theoretique des Liquides, Paris, 1873. 

t Schwarz’s Collected Papers, vol. I, passim. 


168 MATHEMATICS CLUBS [March, 


relatively stable and last long enough for demonstrating and experimenting. 
However, the size of such frames should not exceed five or six inches in diameter, 
and of course the stability with smaller frames is much higher. 

By using solutions of lacquer, instead of soap solution, one can obtain solid 
and to a certain degree permanent models, because lacquer, having formed the 
film, dries and solidifies. 

With this method it is very easy to “solve” the problem simply by shaping 
the wire frame in the desired form. Beautiful models are obtained by polygonal 
wire frames formed by a sequence of edges of a regular polyhedron. In particular 
it is interesting to dip the whole frame of a cube into such a solution. The result 
is first a system of different surfaces meeting each other along lines of intersec- 
tion. (If the cube is withdrawn very carefully, the result is a symmetric system 
of planes.) Then we have to pierce and to destroy enough of these different sur- 
faces so that only one surface bounded by a closed polygon remains, which can 
be done in various ways leading to different surfaces. 

But the scope and the informative value of soap film experiments with mini- 
mal surfaces is wider than these original demonstrations by Plateau. In recent 
years the problem of minimal surfaces has been studied when not only one but 
any number of contours is prescribed and when, in addition, the topological 
type might be more complicated, when for example, the surface is one-sided or 
is of a genus different from zero. Also the problem with free boundaries has been 
discussed. That is the problem where boundaries, or parts of boundaries, are 
not fixed curves, but are left free on given surfaces. Also these more general 
problems, which produce an amazing variety of geometrical phenomena, can be 
illuminated by soap film experiments. In this connection it was very useful to 
modify the simple experiments by making the system of wire frames or the pre- 
scribed boundary surfaces not rigid but flexible, and by studying the effect of 
deformations of the prescribed boundaries on the solution. Such deformations 
can be easily effected by attaching handles to the wire frames, or by other obvi- 
ous mechanical devices. 

There are essentially three general questions which should be studied in con- 
nection with the problem: 

1. The existence of a solution of a given type. 

2. The uniqueness of the solution. 

3. The dependence of the solution on the prescribed data, particularly the 
question whether or not the solution depends continuously on the prescribed 
boundaries. 

Of these questions only the first has so far been theoretically solved 
with respect to the second and third much remains to be done. Ho 
cal experiments throw light on all three of them, and in 
mathematical questions and even their answe 
few typical examples. 


, While 
wever, physi- 
addition suggest other 
rs. This may be explained by a 


1. If the contour is a circle we naturally obtain a plane 


. circular disc. If we 
continuously deform the boundary circle we 


might expect that the minimal sur- 
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faces would always keep the topological character of a disc. However, this is 
not the case. If the boundary is deformed into a shape as indicated by Figure 1, 
the physical experiment yields a minimal surface which is no longer simply con- 
nected, but is a one-sided (non-orientable) Moebius strip. We may now start 
with this frame and with a soap film in the shape of a Moebius strip. By distort- 
ing the wire frame, pulling handles suitably soldered to it (Fig. 2), we reach 
a certain moment where suddenly the topological character of the film 





Fic, 1 Bice 2 


changes so that the surface is again of the type of a simply connected disc 
(Fig. 3). Reversing this deformation process, one again obtains a Moebius strip. 
However, one observes with this alternating deformation process that, in the 
reverse process the mutation of the simply connected surface into the Moebius 
strip takes place at a later stage. This shows that there must be a range of shapes 
of the contour for which both the Moebius strip and the two-sided simply con- 
nected surface are stable (as indicated in Figures 2 and 3), one of which, of 
course, will furnish only a relative minimum. As a matter of fact, there always 
exists a two-sided simply connected surface which furnishes a relative minimum. 
But when the Moebius strip has a much smaller area than the two-sided surface, 
the latter is too unstable to be really formed. 





SIDE VIEW, FRONT VIEW 


Fic. 3 


.. The minimal surface of revolution spanned between two circles is very 
easily realized. In the actual experiment it happens that first, after the with- 
drawal of the wire frames, we find not one simple surface but a structure of 
three surfaces, one of which is a simple circular disc parallel to the prescribed 
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boundary circles (Fig. 4). In this case, only by destroying this intermediate 
surface is the classical catenoid produced. Then by pulling the two boundary 
circles apart one can easily demonstrate that there isa moment when the doubly 
connected minimal surface becomes unstable. At this moment the catenoid 
jumps discontinuously into the two separated boundary circles, the “Gold- 
schmidt solution.” This process is, of course, not reversible. 


(Ey 


ee 


Fic. 4 


3. A very instructive model is indicated by Figures 5 and 6. It is obtained 
from two parallel circles, such as would produce a catenoid, by cutting out two 
parallel segments and joining them by straight lines. Thus we have a simple 
closed contour. The interesting fact is that this frame produces essentially two 
different simply connected minimal surfaces. One is related by a slight deforma- 
tion to the surface consisting of the two circular discs formed by the boundary 


FIG. 5 Fic. 6 


circles plus the connecting small strip between the two connecting straight seg- 
ments. The other is a surface obtained by deformation from the cylinder be- 
tween the boundary circles, after a strip of the cylinder between the two 
straight lines is removed. In other words, the first corresponds to the Gold- 
schmidt solution plus the connecting strip; the second to the catenoid minus the 
connecting strip. The dimensions of this frame can be chosen so that the two 
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different minimal surfaces described have approximately the same area; but even 
if the frame differs slightly from such a shape, both solutions are relatively 
stable positions of equilibrium. Therefore, we have here a case where the pro- 
blem has two different simply connected solutions. 

If we deform the frame, for example by pulling the two connecting lines 
apart or by pressing the opposite circular parts nearer together, we can make 
one of the solutions so much less stable than the other that at a certain moment 
of this deformation it becomes unstable and jumps into the other solution. By 
reverting the deformation of the frame, the transition from one solution to the 
other is reversed; one can repeat this alternating process very often without 
breaking the film. This is an instructive example of a problem for which the 
solution is not uniquely determined, and where the solution does not depend 
continuously on the data of the problem, namely, the frame. 

4. Another even more significant example is provided by the frame of the 
Figures 7, 8, and 9. This frame again represents a simple curve. It permits the 
three different minimal surfaces as indicated in these diagrams. All of them are 
bounded by the same continuous curve; one of them (Fig. 9) has the genus 1, 


s : 


Fic. / Fic. 8 Fic. 9 





while the other two are simply connected and in a way symmetrical to each 
other. The two latter ones have the same area if the contour is completely sym- 
metrical. However, this need not be the case, and then only one of them gives 
the absolute minimum of the area while the other will give a relative minimum, 
provided that the minimum is sought among simply connected surfaces. The 
possibility of the solution of genus 1 depends on the fact that by admitting sur- 
faces of genus 1 one may obtain a smaller minimum than by requiring that the 
surface shall be of genus zero or simply connected. By deforming our frame we 
must, if the deformation is radical enough, come to a point where the latter is 
no longer true. In this moment the surface of genus 1 becomes unstable and 
seemingly will transform itself by a discontinuous jump into a stable solution 
represented by one of the diagrams (Figs. 7 and 8) and simply connected. If we 
start with one of these simply connected solutions, as in Figure 7, we may de- 
form it in such a way that the other simply connected solution in Figure 8 
becomes much more stable. The consequence is that at a certain moment a dis- 
continuous transition from type 7 into type 8 will take place. By reversing this 
deformation slowly we return to the initial position of the frame, but now with 
the solution of type 8 in it. Of course we can repeat the process in the other 
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direction, and in this way swing back and forth by discontinuous transitions 
between the types in these two diagrams. By careful handling one also is able to 
transform discontinuously either one of the simply connected solutions into that 
of genus 1. For this purpose, starting, e.g., with the surface 7, we have to bring 
the disc-like parts very close to each other so that the surface of type 9 becomes 
markedly more stable. Sometimes in this process intermediate pieces of film ap- 
pear first and have to be destroyed before the surface of genus 1 is obtained. 

This example shows not only the possibility of different solutions of the same 
topological type, but also of another and different type in one and the same 
frame; moreover, it again illustrates the possibility of discontinuous transitions 
from one solution to another while the conditions of the problem are changed 
continuously. 

It is very easy to construct more complicated models in a similar way and to 
study their behavior experimentally. This may be left to the reader. 

5. A phenomenon of general interest occurs when the simply connected mini- 
mal surfaces in a single contour is necessarily self-intersecting. Such self- 
intersecting surfaces are always unstable because, as is easily seen, they can be 
replaced by other surfaces with smaller area and the same contour. Therefore in 
corresponding experiments the surfaces of a simple topological character will 
not form and instead we automatically obtain surfaces of a higher topological 
structure. This is the case, for example, if the given contour is knotted; a beauti- 


ful one-sided minimal surface is obtained by a frame in the form of a cloverleaf, 
as in Figure 10. 





Fic. 10 


Closely related to this phenomenon is the appearance of minimal surfaces 
bounded by two or more interlocking closed curves: for ex 
If we first consider the two simply connected minim 
two curves respectively, we can immediately see th 
other. Such an intersecting pair of surfaces doe 
area. Therefore we obtain for interlocking 
bounded by the two curves. They can e 


ample, two circles. 
al surfaces bounded by the 
at they must intersect each 
S not give the smallest possible 
curves doubly connected solutions 
asily be realized by the experiment, 
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while it may be hard to visualize them a priori. Also in this experiment inter- 
mediate films will have to be pierced. Incidentally, it is recommended to move 
the two interlocking curves into different positions, and to study the changes 
and discontinuous transitions occurring. Figures 11 and 12 show two different 
surfaces for the same two interlocking circles in the same relative position; the 
different orientation of the circles with respect to the surfaces should be noticed. 





Fie. 11 Fic. 12 


6. Interesting minimal surfaces are obtained by experiments in which parts 
of the boundary are left free to move on a given surface S. As an example, it 
is recommended to use the frame indicated in Figures 13, 14, and 15. A curve 
joining two points on a surface S (in our diagram S is not indicated; it is sup- 
posed to be approximately a horizontal plane) is the fixed boundary, while 
the free boundary is on the surface. If the fixed curve stays far enough away 
from the surface, we obtain a simply connected minimal surface (Fig. 13). If, 
however, the flat part of this fixed curve comes down near enough to the sur- 






Fic. 14 


(In the experiment the free boun- 
dary surface may be provided by a 
piece of celluloid. This surface S as 
well asthe boundary wire should be 
subjected to deformations. ) 


RiGs15 


face, the stable solution will be a doubly connected minimal surface which has 
one closed boundary line on the prescribed boundary surface besides the second 
boundary line on the surface, which completes the fixed boundary curve to a 
closed curve (Fig. 15). Both solutions can easily be shifted discontinuously into 
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each other. There is a second possibility of a simply connected surface (Fig. 14). 
Note the relationship of Figures 13, 14, and 15 to Figures 7, 8, and 9, respec- 
tively. 

All these examples and many others, which the reader will easily construct 
himself after having some experience, illustrate a general principle which was 
proved in the recent theoretical investigations concerning minimal surfaces; 
namely, a solution of a given topological type always exists if for such a type 
we have greater stability (that means a smaller minimum of the area) than for 
lower types. For example, the Moebius strip in Example 1 exists as soon as the 
Moebius strip type gives a smaller area than the disc type. As regards unique- 
ness and continuity, no general theory has yet been developed. But it is obvious 
that discontinuous dependence and non-uniqueness are connected with each 
other. 

Finally, it may be remarked that soap film experiments can serve to illus- 
trate not only the theory of minimal surfaces but also that of other minimal 
problems. The spherical soap bubble, for example, is nothing but the physical 
realization of the isoperimetric character of the sphere. This isoperimetric prob- 
lem can be generalized in the following way: 

Among all surfaces through a given contour, which together with a pre- 
scribed surface in this contour include a given volume, that with least area is 
sought. The solution must be a surface of constant mean curvature (the minimal 
surfaces have mean curvature zero). Mathematically this problem is non-linear 
to a higher degree than that of the minimal surfaces. The theoretical solution 
has not yet been completed. But soap film experiments very easily “solve” such 
problems. The given volume simply has to be furnished by blowing air into soap 
bubbles which are forced into a prescribed boundary. For example, if our pre- 
scribed boundary is a square, and if the surface of the square is the prescribed 
boundary surface, then we may start with our cube. Dip it into the soap solution 
and blow up a soap bubble from inside until it fills the whole interior of the cube; 
then by continuing we obtain six surfaces of constant mean curvature as desired. 

Interesting phenomena can be observed if we. combine the original Plateau 
soap film experiments with the isoperimetric principle, e.g., we may consider 
the problem: To find a minimal surface of least area bounded by k given fixed 
curves and one variable curve of prescribed length. In the corresponding experi- 
ments the undetermined curve may be represented by a silk thread; if we pierce 
the film inside of this curve, the remaining minimal surfaces must form the solu- 
tion, while the silk thread takes on the optimal position. If the given boundary 
is plane then this position is, of course, a circle. 

The analysis of the corresponding mathematical problems, as well as of prob- 
lems referring to the phenomena of intermediate films, is still an open question. 
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PROBLEMS AND SOLUTIONS 
EpITED BY OTTO DUNKEL, ORRIN FRINK, JR., AND H. S. M. Coxeter 


ELEMENTARY PROBLEMS 


Send communications concerning Elementary Problems and Solutions to H. S. M. Coxeter, 69 
Chaplin Crescent, Toronto, Canada. 

The Department of Elementary Problems welcomes problems believed to be new, and de- 
manding no tools beyond those ordinarily furnished in the first two years of college mathematics. 
To facilitate their consideration, solutions should be submitted on separate, signed sheets, within 
three months after publication of problems. 


PROBLEMS FOR SOLUTION 


E 411. Proposed by J. H. Butchart, Phillips University. 


Prove that, if the sides of a triangle form an arithmetic progression, the line 
joining the centroid to the incenter is parallel to one side. 


E 412. Proposed by R. A. Johnson, Brooklyn College. 
Solve the simultaneous equations 


XoX%1 = Xo, H1X%. = X3, °° * » Vn—2Xn-1 = XO, Xn-1%0 = %1. 


E 413. Proposed by H. T. R. Aude, Colgate University. 


The graph of a cubic function y=x*+ax?+bx-+c crosses the x-axis at three 
distinct points, two of which are A and B. The lines AP and BQ are drawn 
tangent to the humps of the curve, the points of contact being P and Q. Show 
that the ratio of the distance AB to the horizontal distance from P to Q is con- 
stant. 


E 414. Proposed by V. Thébault, Le Mans, France. 
Find a number of the form abbbb whose square, diminished by unity, has ten 
digits, all different. 


E 415. Proposed by Cezar Cosnitd, Focsani, Roumania. 
In a triangle of sides a, b, c, prove that the distance from the centroid G 
to the incenter J is given by the formula 


3(a +b + GI = {20%(b — o)? — 3(b? + 2 — a%)(c — a)(a — b)$¥?. 
SOLUTIONS 


E 372 [1939, 168]. Proposed by Virgil Claudian, Bucharest, Roumania. 


The variable point Q moves ona circle through the fixed point A, and B is 
another fixed point in the same plane. The points R and S are the feet of the 
perpendiculars from A and Q on BQ and AB, respectively. The line through B, 
parallel to RS, meets AQ at P. Find the locus of P. 


Solution by D. F. Johnson, Boston University. 
The locus of P is a straight line, namely the radical axis of the given circle 
and the null-circle at B. 
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Let RS meet AQ at T. Since ARQ and ASQ are right angles, the quadrangle 
A RQS is inscriptible; hence the angles ROA and RSA are equal, and the tri- 
angles RTQ and ATS are similar. Since PB is parallel to RS, these triangles are 
similar to BPQ and APB (respectively). Hence BP/POQ=AP/PB, i.e., 


PB? = PO-PA. 


Thus the power of P is the same for the given circle as for the null-circle at B, 
and its locus is the radical axis. 


E 373 [1939, 168]. Proposed by David Segal, Kosow Huculski, Poland. 


Show that, for every odd positive integer 1, there exists a denumerable set 
of number pairs, (a, 6), such that a?+6? is the mth power of an integer. 


Solution by William Forman, Brooklyn College. 


Suppose = 2k-+1, and let x, y be any two integers. Then such a number pair 
is given by a=z'x, b=s'y, where z=x?+?. For, 


a? + O? = g2k(y2 4 y?) = g2ktl = gn 


Note. A similar proof applies when n is even. If »=2k, we write a=2) ‘4 
b=2*~ly, where (x, y, 2) is any solution of the Pythagorean equation x?+ y2=2?, 

Also solved by Richard Bellman (with various generalizations), B. A. Haus- 
mann, and C. W. Trigg. 


E 374 [1939, 168]. Proposed by D. L. MacKay, Evander Childs High School, 
New York. 


What relationship exists between the sides of a triangle ABC if the bisector 
of angle A, the median from vertex B, and the altitude from vertex C are con- 
current? Can the three sides be commensurable if the triangle is not equilateral ? 


Solution by C. W. Trigg, Los Angeles City College. 


Let CF be the altitude from C. By the solution to E 263 [1937, 600], we 
have 6 cos A =A F=bc/(b+c). Hence 


at = 68 + 6? — 2be7/(b + ch = h? — c2 + 223/(6 + c). 


If the triangle has commensurable sides, and if the proper unit of measure- 
ment is chosen, a, b, c will be integers with no common factor. Moreover, band c 
must be relatively prime, since any common factor of 6 and ¢ would divide a. 
Hence c#/(b+c) cannot be an integer, and the only way to make a an integer 
is to put b=c=1, in which case the triangle is equilateral. Therefore in all other 
cases the three sides are incommensurable. 


By putting —c for c, we can make the same proof apply to the case when the 
external bisector of angle A is used. 


Partially solved by W. B. Clarke, Wm. Forman, and the proposer, 
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E 375 [1939, 236]. Proposed by W. F. Cheney, Jr., Connecticut State College. 
A rectangular block or beam has for its three dimensions different odd prime 
numbers of inches. The numbers expressing its volume and total surface area in 
cubic and square inches are respectively a three- and a four-place number. 
Find the dimensions and show that the solution is unique. 
Solution by J. E. Trevor, Cornell University. 


We arrange the three primes in the order x<y<zg. The surface area is 
2(yz+sx+xy) =2xys(x-!+y-1+271), and xyz is the volume. Since the area is to 
exceed the volume, we have 


ett yittel> i, 


To obtain the largest possible values of the sum of reciprocals, we must give 
x, y, the smallest possible values, such as 3, 5, 7. Since $-+7+74<4, we must 
have x =3; and since 3+75 +77 <3, we must have y=5 or 7 or 11. 

Solving the inequalities 


xyz < 1000 S 2(yz + zx + xy) 
for z, we obtain 


(1) (500 — xy)/(x + y) S$ 2 < 1000/xy. 
Putting x =3, we reduce this to 
9y? — 500y + 3000 > 0. 


Since the larger root of the corresponding equation is obviously irrelevant, y 
must be less than the smaller root, namely 


y < 10(25 — 1/355)/9 = 6.8---. 


Putting x =3 and y=5 in (1), we obtain 60 <z <663. Hence the unique solution 
x=3, y=5, 2=61. 

Also solved by W. E. Buker, Wm. Douglas, Wm. Forman, Henry Lacrampe, 
Walter Penny, G. W. Petrie, W. R. Talbot, and C. W. Trigg. 


E 376 [1939, 236]. Proposed by V. W. Graham, Harcourt Street High School, 
Dublin, Ireland. 
Show that if 1/[(1—x)(1—x*)(1—x') (1 —x%) | is expanded in a series of posi- 
tive powers of x, then the coefficients will run as follows: 
men and x8"+1 willhave (m+ 1)(2n + 1)(2n + 3)/3, 
x842 and «8"+8 willhave (m+ 1)(m + 2)(4n + 3)/3, 
x8rt+4 and «8"t+5 willhave (m+ 1)(n+ 2)(4n+ 6)/3, and 
x8t+6 and 48+? willhave (+ 1)(m + 2)(4n + 9)/3. 
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Solution by the Proposer. 
We have 
1/[(1 — «)(1 — «(1 — x4)(1 — x®)] = (1 + x)(1 + 29)°11 + x4) 81 — 28)“ 
= (1+ x)(1 + 2x? + 4x4 + 6x* + 628 + 621° 


a) + 3 
4 4al2 + Qyl4 4+ 416). ye (" ; \a 
0 


Hence the required coefficients are: 
n+ 3 n+ 2 rae) ("*) ae) 
2 6 “ 
( 3 ) au o( 3 ) ‘ ( sot 3 ue 3 
("4a"), ava eae) 
3 3 3 3 


Also solved by M. J. Gottlieb, and Henry Lacrampe. 
E 377 [1939, 236]. Proposed by V. Thébault, Le Mans, France. 


Find two perfect cubes which, considered jointly, contain the digits 0, 1, 2, és 
4,5, 6, 7, 8, and 9 once each. Is the solution unique? 


Solution by C. W. Trigg, Los Angeles City College. 


We observe that N*=0, 1, or 8 (mod 9) according as N=0, 1, or 2 (mod 3). 
Since the conditions of the problem require N?+ M@3=(N-+ M)(N?—NM+ M2) 
=0 (mod 9), both NV and M are of the form 38, or else one is of the form 3k+1 
and the other of the form 3k+2. Moreover, neither N nor M may exceed 999; 
neither may end with 0, 14, 42, 64, nor 92; nor may they both have the same 
terminal digit. These properties restrict the field of search. However, it seems 
most expeditious to extract from Barlow’s Tables the 41 cubes whose digits are 
distinct, namely the cubes of 0, 1, 2, 3, 4, 3, 0, 8,9; 12, 13,010, 17a teas 
22, 24, 27, 29, 32, 35, 38, 41, 59, 66, 69, 73, 75, 76, 84, 88, 93, 97,.135, 145, 203: 
289, 297, 302, and 319. By examination of these we find the unique solution to be 


21% = 9261, 93% = 804357. 


The following by-products are also obtained: 
I. No N exists for which WN? contains the ten digits, or the nine digits excluding 
zero, once each. 


II. There are three pairs of cubes which contain the nine digits excluding zero, 
once each: 


23= 8, 2893 = 24137569; 
28= 8, 3198 = 32461759; 
53 = 125, 763 = 438976. 
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III. There is no set of three, but there is a set of four cubes containing the ten 
digits once each, namely 


f= 1, 2? = 8, 4% = 64, 593 = 205379. 

IV. There is no N such that N and N° together contain the ten digits, or the 
nine digits excluding zero, once each. 
V. There are but three pairs of cubes, each composed of the same digits: 2893 
and 3193; 353=42875 and 38°=54872; 53=125 and 8*=512. 
VI. There is but one cube which is a permutation of consecutive digits: 203° 
= 8365427. 
VII. There are four N’s such that the digits of N and N* are distinct: 2*=8, 
33 =27, 8§=512, 273 =19683. 
VIII. There are two ninth powers with distinct digits: 2° and 3°. 

Also solved by W. E. Buker, and the proposer. 


E 378 [1939, 297]. Proposed by J. L. Brenner, University of Minnesota. 
Find the number of integral values of B which make B?+m a perfect square, 
for any given, fixed, integer m. 
Solution by C. W. Trigg, Los Angeles City College. 


If B?+m=A?2, then m=rs wherer=A+B and s=A —B. Since B=(r—s)/2s 
r and s must be both odd or both even. Since the values of B include negative 
integers and zero, no restrictions need be placed on the relative values of r and s 


a 


except that they be complementary factors of m. If m=pj'p3?- >> Pn", where 
the p’s are distinct primes and the a’s are positive integers, then every divisor 
of m is included once and only once among the terms of the expansion of 
2 a 2 a 
Q+ptp te: tp )atptp te the): 
2 ay, 
(1 pat Ps see? + Pn )s 


It follows that, if m is odd, the number of divisors of m, and hence the required 
number of integral values of B, will be 


(ay + 1)(a2 + 1) a oe (an + Ly; 


If mis even and p,=2, then rand s must both be even; so the number of integral 
values of B for which B?-++m is a perfect square is then the number of divisors 
of m/4, namely 


(a; — 1)(a2 + 1)--+ (an + 1). 
Also solved by W. R. Talbot and V. Thébault. 


E 379 [1939, 297]. Proposed by W. E. Buker, Pittsburgh Public Schools. 
Find a trapezoid whose sides, altitude, diagonals, and area are rational. 


Solution by the Proposer. 
Let AC and BD be the parallel sides of a trapezoid ABDC whose sides, alti- 
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tude, and diagonals are integers. We write «. =AB, c=BC, c= GD, a=DA, 
and denote the projections of these lines on BD by hy, be, b3, b4, with appropriate 
signs, so that 


(1) bi + bo + bs + & = O. 
Then AC=):+h, BD=h.+4;, and the altitude a is given by 


a? = cy Sa = we Le aii = mi 

The c’s and a are integers by definition, and the 0’s also are integers, since 
otherwise they would be simple quadratic surds, and then b+ bo( = —b3 — bg) 
could not be an integer. Thus the c’s are the hypotenuses of four Pythagorean 
triangles with a common side a, the remaining sides (made negative when neces- 
sary) satisfying (1) (with b,+0.0, b2+b3;+0). If a is odd, all the b’s are even; 
hence the area a(AC+BD)/2 is always an integer. 

Since (1) is satisfied by }:=9, b:=96, b; = —30, by = — 75, the four triangles 


(40,9,41), (40, 96, 104), (40, 30, 50), —-(40, 75, 85) 


give rise to a trapezoid having parallel sides b, ++. = 105, 2+; = 66, other sides 
€,=41, cs=S0, altitude a=40, diagonals @ = 104, cs=85, and area 3420. Other 
trapezoids can be derived from the same triangles by taking them in a different 
order. 

It is permissible for one of the 6’s to vanish. If b:=0 or bs=0, one diagonal 
is perpendicular to the bases. If b;=0 or by =0, one side is perpendicular to the 
bases. A general formula for rectangular trapezoids has been given by Germain 
Clarux (Sphinx, 1932, p. 31). This amounts to putting 


B= Ap oo — ge bn=.0, 

bs = (p* — pg + 3pq? + q*)(p? + 3p2¢ — pq? + g’), 
bs = (p° + pq + 3pq? — g*)(p* — 3p2¢ — pq? — g’), 
ba = — 2(p? — q?)(p4 — qt). 


Editorial Note. Although we cannot have 6, =b3 without the trapezoid reduc- 
ing to a parallelogram, there is no objection to taking 6;+b;=0 (and therefore 
b,+b4=0). In fact, a symmetrical (or isosceles) trapezoid, having parallel sides 
by +bi, other sides both C1, altitude a, diagonals both cz, and area abo, occurs 
whenever there are two Pythagorean triangles (a, bi, G1) and (a, bo, ce) with 
bi <b. The integral trapezoid of smallest altitude, arising from triangles (8, 6, 
10) and (8, 15, 17), has parallel sides 9 and 21, other sides 10, altitude 8, diago- 
nals 17, and area 120. The integral trapezoid of smallest area, arising from 
triangles (12, 5, 13) and (12, 9, 15), has parallel sides 4 and 14, other sides ie 
altitude 12, diagonals 15, and area 108. 

Even if we stipulate that b, +630, so as to rule out symmetry, it is still not 
necessary for more than three of the four Pythagorean triangles to be different: 
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any two consecutive b’s may be equal. For instance, when a=15, we have three 
triangles 


(5.817). (15, 20,25), (15) 36, 39), 


which give rise to a trapezoid since 8+8+20—36=0. Putting }} =b:=8, 63; =20, 
b,= —36, we find parallel sides 16 and 28, other sides 17 and 25, altitude 15, 
diagonals 17 and 39, and area 330. 

Readers may be interested to compare the various asymmetrical trapezoids 
of altitude 24 which arise from the triangles 


(24, 7, 25), (24, 18, 30), (24, 32, 40), (24, 45, 51), (24, 70, 74), 


observing that 7+7+18—32=7+18+45 —70=7—32—45+70=0. 

A general formula, along the lines suggested by Clarux, will still be wel- 
comed by this department. 

In a solution received just before going to press, Free Jamison points out 
that the problem is equivalent to that of finding four rational numbers whose 
sum is equal to the sum of their reciprocals. In fact, for any Pythagorean tri- 
angle (a, b, c) we have 2b/a=k—k™, where k is rational; hence (1) reduces to 


kit hot ket he = kot + ko! + hs! + ke," 


where the k's are unrestricted (apart from their rationality, and certain inequali- 
ties). For instance, the above trapezoid of altitude 15 is given by 


ki = ke =, k3 = 3, kg = ¢. 


ADVANCED PROBLEMS 

Send all communications about Advanced Problems and Solutions to Otto Dunkel, Washington 
University, St. Louis, Mo. All manuscripts should be typewritten, with double spacing and with 
margins at the least one inch wide. 

Problems containing results believed to be new or extensions of old results are especially 
sought. The editorial work would be greatly facilitated, if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well known textbooks or results found in readily accessible sources will not 
be proposed as problems for solution in this department. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems. 


PROBLEMS FOR SOLUTION 


3947. Proposed by N. A. Court, University of Oklahoma. 

If M, M’ are two isogonal conjugate points for the tetrahedron DABC, S the 
projection of M upon the plane ABC, and S’ the point common to the planes 
perpendicular to the lines M'A, M’'B, M’Cat the points A, B, C, show that the 
line SS’ and its three analogs PP’, QQ’, RR’ havea point in common. 


3948. Proposed by Michael Goldberg, Washington, D. C. 


Suppose that m slotted discs are freely mounted on the same axis. If the por- 
tion of the circumference subtended by the slot of the ith disc is pi, show that 
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the probability that light, parallel to the axis, can pass through the slots is 
ee fe aca ~) 
pipe n( a a a 5 roy ki 
provided that p;+); <1 for every 7 and j. 


3949. Proposed by P. Turén, Budapest, Hungary. 


Given 0<¢1<¢2< --- <¢,<27, show that there exists an angle 8 with 
the properties: B27/2‘/»+1, and there exist no integers k and vy such that 


dy. +6 <i <¢,+28 Or ¢y—28 <i <¢,—8. 
3950. Proposed by P. Turan, Budapest, Hungary. 


Given 
(k.n) (k,n) (k,n) kn 


(eg ee ee, “FuGl) 2 ier ay 4 Okgt See 
show that for kn odd 


(k,n) (k,n) (k,n) (k,n) (k,n) (k,n) 
@ 30 S**: 3 Capiys = Canes 2 Canin/s.& o> See ‘ 
and for kn even 
(k,n) (k,n) (k,n) (k,n) (k,n) 
Co S 6 Sr tS Cina Cae ea 


3951. Proposed by V. V. Johnston, Ellwood Criy, Pa. 


Does the equation m+ 3m*+2m =2n3+3n2+n admit positive integral solu- 
tions in m and u other than m=n=1? 


SOLUTIONS 
3856 [1938, 53]. Proposed by J. H. M. Wedderburn, Princeton University. 
If the fundamental units he; (4, j,=1, 2,+--, n) of an algebra have the law 


of combination hijhpq=Riphig, Where jp is a scalar, the algebra is associative; 
and a necessary and sufficient condition that it shall be equivalent to the algebra 
of matrices of order n is that the matrix K =||k;p| is non-singular, or that it con- 
tains an identity element. 


Solution by John Williamson, The Johns Hopkins University. 


Since hijhyg=kjphéa, (hijhpg) hrs =Rjphiqhrs = RipRarhis and hij(hpghrs) =h iteckes 
=k, rkj,his. Hence the algebra is associative. 
Let the algebra contain a unit element 


(1) eé = Caphap, 


where a repeated Greek suffix denotes summation from 1 to n. Since eh,,=h 
(>, g=1, 4; a n), 


(2) Caphaph ya = Capkgnhag. 


PQ? 
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As the elements h,, form a basis of the algebra, (2) is equivalent to 
(3) Cnpkeq = Spas (p, = I, 2; et ed 1) , 


where 6,, is the Kronecker 6. But (3) implies that the matrix (e;;) is the recipro- 
cal of K so that K is non-singular. Conversely, if K is non-singular, and 
(e;;) =K~—, the element e defined by (1) is a left unit. Further, since 


Rppepq = Spas (P,q9= ie te oi oa), 


hinge=Noas 


so that e is also a right unit. Hence the algebra contains the unit element e. 
The n? elements €;;=@ai/ta; form a basis for the algebra since the determinant 
of the coefficient matrix has the value [K~!|" and therefore is not zero. Since 


€ij&rs = Cailajearlgs aa Cailprk jphas 
= 5 jr€atlas 
= b jr€is y 


the algebra is equivalent to the algebra of all matrices of order 7. 

The necessity of the condition follows immediately from the fact that a total 
matrix algebra contains a unit element. 

Solved also by S. A. Jennings, and the proposer. 


Editorial Note. It appears from the above solution that the first statement in 
the problem should contain some kind of restriction upon the k;; such as be- 
longing to a commutative ring R. The second and last statement appears to mean 
what is called a total matrix algebra where R must be a field. The above solution 
is with this meaning. 

The proposer’s solution contains the remark that, if none of the k;; is zero, 
the result gives another solution of 3700 [1936, 378]. See the article by the pro- 
poser entitled A special linear associative algebra, in the Proceedings of the Edin- 
burgh Mathematical Society, ser. 2, vol. 5, Part IV, p. 169. 


3857 [1938, 53]. Proposed by V. Thébault, Le Mans, France. 


In a triangle the minor auxiliary circle of the Brocard ellipse is tangent to 


the nine-point circle. 
Note. The Brocard ellipse for a triangle is tangent to its sides and has for its 


foci the Brocard points of the triangle. 


I. Solution by R. Goormaghtigh, Bruges, Belgium. 


The property considered here is a special case of the following well known 
generalization of Feuerbach’s theorem: When, in a triangle, two counter-points 
are on the same circumdiameter, their common pedal circle touches the nine- 
point circle at the orthopole of that diameter. 

The Brocard points, real foci of the Brocard ellipse, being symmetric with 
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respect to the Brocard diameter, the imaginary foci of that ellipse lie on that 
diameter and therefore their common pedal circle, 7.e., the minor auxiliary circle 
of the considered ellipse, touches the nine-point circle at the orthopole of the 
Brocard diameter. 

On the general theorem here mentioned, see Weill, Nouvelles Annales de 
Mathématiques, 1880, p. 250; Mac Cay, Irish Academy, 1889; Fontené, Nouvelles 
Annales de Mathématiques, 1906, p. 505; the locus of the considered pairs of 
counter-points is Mac Cay’s cubic. About these theorems, see also our paper on 
the orthopole, Téhoku Mathematical Journal, 1926, pp. 77-125. 


II. Solution by Otto J. Ramler, Catholic University of America. 


We shall base our proof on a comparison of the sum or difference of the radii 
of the two circles with the distance between their centers. 

Let O be the circumcenter, K the symmedian point, S and S’ the Brocard 
points of the triangle ABC, and w its Brocard angle. Then, as is well known, 
Sand S’ lie on the Brocard circle whose diameter is OK, and situated symmetri- 
cally with respect to OK. Let SS’ intersect OK in M. Then M is the center of 
the Brocard ellipse and of its minor auxiliary circle. If p and gare the radii of the 
major and minor auxiliary circles respectively, we have 


pP- @= MS?. 


Now ? is the circumradius of the pedal triangle PQR of S, and since this 
triangle is similar to ABC we have 


p/R = PR/AB = sinw 


(Johnson, Modern Geometry, $441). 

Moreover, the area of POR is proportional to the power of S with regard to 
the circumcircle of ABC (Johnson, §198). Hence, letting F be the area of POR, 
and A the area of ABC (Johnson, §447b), 


R? — OS? = 4FR2/A = 4R* sin? w. 
Hence OS? = R2(1—4 sin? w) and (Johnson, $447c), 
MS: = SS’/2 = R sin w\/1 — 4 sin? wo. 





Whence the radius of the minor auxiliary circle of the Brocard ellipse is given 
by g?=p?— MS?= R? sin? w—R? sin? w(1—4 sin? w) =4R? sint w. And hence 
g=2R sin? w. 

Now by Aiyar’s theorem (Gallatly, Modern Geometry of the Triangle, $108), 
the product of the distances of two isogonal points from the circumcenter is 
equal to the product of the circumdiameter and the distance of the center of the 
nine-point circle from the center of the inscribed conic having the isogonal points 
as foci. Hence we may write OS?=2R- NZ, where N and Z are the centers of 
the nine-point circle and conic, respectively. Whence we readily obtain 
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NZ =OS?/2R=R2(1—4 sin? w)/2R=R/2—2R sin? w=R/2—q. Hence the 
minor auxiliary circle is tangent internally to the nine-point circle. 

Editorial Note. The proposer stated that the theorem of the problem is a 
particular case of the following generalization of Weill’s theorem, and that he 
expects to publish a simple synthetic proof of the generalization in Mathests: 

If a conic is inscribed in a triangle so that one of tts principal axes passes 
through the circumcenter of the triangle, the auxiliary circle for that axis is tangent 
to the nine-potint circle. 

We shall give a direct determination of the value of g in Ramler’s solution, 
since it gives the absolute normal coérdinates of the Brocard points, and then 
OS is easily found. If S and S’ are any pair of isogonal conjugates with respect 
to triangle A BC; if r is the radius of the common pedal circle of S and S’, and M 
is its center; and if (x, y, 3), (x’, y’, 2’) are the absolute normal coérdinates of 
S, S’; then from the solution of 3658 [1935, 258] we have xx! =yy! =22'=r?—c?, 
where c=.SM. In Ramler’s solution the right side of the above equation is de- 
noted by g?, and r is the same as p. In order to determine g when S, S’ are 
Brocard points, we consider a figure similar to the one in Johnson, p. 266. Let 
BC be parallel to CA cutting the tangent at A to the circumcircle (O) of ABC 
in C; then it is easily shown that CG cuts the circle determined by A, C, B in 
the Brocard point S. Let this circle be denoted by (O.) with the center O, and 
radius r-. The triangles ABC, BCA are similar, and hence r./R=AB/CA =c/b. 
Also ZBO,.S=2 ZBCS=2 ZBAS=2w. Then BS=2r, sin w=2K sin w(c/b), and 
x =2Rc sin? w/b; and similarly for y, , and x’, y’, z’. Thus the absolute normal 
coordinates for S, S’, and the value of g are 


2R sin? w(c/bd), 2R sin? w(a/c), 2R sin? w(b/a); 
2R sin? w(b/c), 2R sin? w(c/a), 2R sin? w(a/b); 
gq = 2R sin’ w. 

Let BS cut (O) again in 6; then BS-SB = R?2—(OS)?. Since BCS and ABC 
are similar, S8/b =SC/a=2R sin w/c. Hence BS: S83 =4R? sin? w, and (OS)? = R?® 
—4R? sin? w. Since we get the same result for (OS’)’, we have OS =O’. Then the 
Aiyar theorem finishes the proof without the use of p. 


3862 [1938, 122]. Proposed by V. Thébault, Le Mans, France. 

Through the vertices of a triangle ABC perpendiculars to its plane are drawn 

AA, = — AA2= BC, BB, = — BB, =CA, CC, = — CC, = AB. 
Show that the points A1, Bi, Ci, A>», Be, C2 and the vertices of the triangle anti- 


complementary to ABC lie on the same sphere. 


Solution by L. M. Kelly, Northeastern Univ., Boston, Mass. 


Let A’, B’, C’ be the anticomplementary triangle of the given triangle ABC, 
and let H be the orthocenter of ABC. Then a sphere with center [7 and radius 
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HC’ will pass through the nine points mentioned in the problem. For AC’=CB 
=AA,. Hence the two right triangles HAC’ and HAA, are congruent, and thus 
ITA, = HC’. Similarly, the rest of the nine points are at the same distance from H. 


3863 [1938, 189]. Proposed by S. B. Townes, University of Oklahoma. 


The vertices of a simplex in m dimensions are O, Pi, Po,---, P,. Let 
OP; = (aii)? and the cosine of the angle between OP; and OP; be a;;/(a;;a;;)"/?, 
(7, 7=1, 2,---,m). Show that r,, the radius of the circumscribed hypersphere, 
is given by 


’ 





n n 
r= > > aji0;;A;;/4| dij 


t=1 j=1 


where A; is the cofactor of a;; in the symmetric determinant |a,;|. This result 
in different notation, for »=2, appears in (10) page 160 of Dickson’s Studies in 
the Theory of Numbers. 
Solution by H. S. M. Coxeter, University of Toronto. 
Let /;;(=1;;) denote the edge P,P; of the simplex P)Pi--+-P,, so that, 
identifying Py with O, 
2 2 


Ls; —= lio — Ps = -_ 2liolo; cos (P; OR} => — 2a;;. 


By a known formula” for the circumradius in terms of the edges, 


2 2 Cent 1 mee | 
Oto los + + Ton a 
2 2 2 1 1 lor loo: > + Lon 
2 lio O lig: + Lin 2 2 2 
= 21, = + ).) io 0 lies ++ diy 
2 2 2 <r i 
bao Ini Ing: ++ O 2 2 2 


ieee a) Ape a 


When the first row and column are subtracted from every subsequent row and 
column, respectively, the former determinant becomes 


0 ay ye Ann 
a1 — 2a, — 2dyg* ++ — 241n 

= _— (— 2)"""ZLaia;;A ij 
Ann =: 2Gin oF 2an2 ae ta atten 


Similarly, when the second row and column are subtracted from every subse- 
quent row and column, respectively, the latter determinant becomes 
ee ee SS 





* Mathematical Gazette, December, 1930, 
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0 1 0 0 0 
1 0 ai @o2 °° * Qnn ay 42° ** Qin 
0 ayy — 2a11 = 2a\2 NG ZGin = —_ (— ihe 
Ani Qn2°** Ann 
0 Ann Ts 24n1 = 2an2 pi Bae Bilan 
Hence 


2 
— 2Tn = (2Da;ia;;Ai;)/(— 2 | ai; | ie 
as required. 


Editorial Note. The proposer stated that his proof was obtained by induction 
using a rectangular codrdinate system. 

The desired formula is an almost immediate consequence of the results given 
in the Note to the Solution of 3752 [1937, 404]. Let a; be the vector of the vertex 
P;, (¢=1, 2,--- , ), with the origin at the remaining vertex O of the simplex S; 
in the reference the letter b; is used in place of a;. Let ¢ be the vector of the cir- 
cumcenter of S. We then have directly from the reference 2¢ = Ya?a/ ; and hence 
472 =>Datata!-a/. Then by (1) |a:-a;| = V?, and the cofactor Aj; of aia; in 
this determinant is given by Ai;= V’a/ -a/, see the first line after (3). Finally 

22 2.2 
4Vr, = DLa; aj A sa 
which is the desired result. 
In order to show the relation of this result to the solution above, we write it 


in determinant form 


2 2 2 
QO a ae eae: Fe 
2 
ai a)°ai @a,;:ao°°* a1°an 
2 2 
4 | ai-a;| ', = @. @2°@, @2°'a2°°- ao an 
=2 
an a,°a@1 pe esd Ri * @n° An 


Using now on each side the simple determinant reductions of the above solution 
in reverse order, we easily obtain the formula with which that solution begins. 


3864 [1938, 189]. Proposed by H. D. Grossman, New York City. 

Prove that the condition that ax?-+bx +c are both factorable, where a, 0, ¢ 
are integers whose G. C. D. is unity, is ac=rs(r?—s*), £6 =r?2+5%, where 7 and 
s are relatively prime integers. 

Solution by W. V. Parker, Louisiana State University. 

The condition is obviously sufficient since 


be + 4ac = (r? + 5)? + 4rs(r? — s?) = (r? — s? + 2rs)?. 
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The condition is not necessary, for both expressions are factorable if b= k(r?+s?) 
and ac=k?’rs(r?—s?). For example 

2a? + 15% + 27 = (2% + 9)(x + 3), 

2x? -- 15% — 27 = (2% — 3)(x + 9), 
but 15 is not expressible as the sum of two squares. When b=r?-+? it is not 
necessary that r and s be relatively prime. For example 

15a? + 52% + 32 = (3% + 8)(5x 4+ 4), 

15x? + 52% — 32 = (15" — 8)(x + 4), 


and 52=4?+6?. If a, 6, c are prime each to each, the conditions as stated are 


necessary for then we must have k= +1. 
Solved also by E. P. Starke. 


Editorial Note. After the first sentence in the above proof, we may add for 
greater precision that the given two quadratic expressions are the products of 
linear factors with integral coefficients. This was shown by Starke, and he also 
proved that r and s need not be relatively prime. 





NEWS AND NOTICES 


Readers are invited to contribute to the general interest of this department by sending news items 
to R. G. Sanger, Eckhart Hall, University of Chicago, Chicago, Illinois. 


Dr. J. E. Eaton has been promoted to an assistant professorship at Hofstra 
College. 


The retirement of Professor Arnold Emch of the University of Illinois is 
announced. 


Dr. W. K. Feller of the University of Stockholm has been appointed to a 
lectureship at Brown University. : 


Dr. D. G. Fulton of Armour Institute of Technology has been appointed to 
an assistant professorship at Ohio Northern University. 


Professor W. C. Graustein of Harvard University has been appointed assist- 
ant dean of the faculty of arts and sciences. 


Assistant Professor J. A. van Groos of Oregon State College has been pro- 
moted to an associate professorship. 


Professor E. H. Hadlock, formerly of Chulalonghorn University, Siam, has 
been appointed to an assistant professorship at Boston University. 


Dr. Witold Hurewicz has been 


appointed to an assistant professorship at 
the University of North Carolina. 
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After a two-year leave of absence for work with the Home Owners’ Loan 
Corporation, Assistant Professor W. J. Kirkham has returned to Oregon State 
College. 


Dr. M.S. Macphail of Acadia University has been promoted to an assistant 
professorship. 


J. C. Oxtoby has been appointed to an assistant professorship at Bryn Mawr 
College. 


Dr. H. V. Park of North Carolina State College has been promoted to an 
assistant professorship. 


Professor R. D. Perry of State Teachers College, Bowling Green, Kentucky, 
has been given a leave of absence for six months to serve as chief statistician at 
Baylor University. 


Professor H. R. Phalen, formerly of Bard College, is at Brown University 
for the current academic year. 


Professor G. Y. Rainich and Assistant Professor L. J. Rouse of the Univer- 
sity of Michigan are on leave of absence for the second semester of 1939-40. 


Assistant Professor Francis Regan of St. Louis University has been promoted 
to an associate professorship. 


Dr. M. S. Robertson of Rutgers University has been promoted to an assist- 
ant professorship. 


The following appointments to instructorships are announced : 
Baldwin-Wallace College: E. R. Stabler 

Berkeley Institute, Brooklyn, New York: Miss Melita A. Holly 
Blue Ridge College: M. E. Terry 

Brooklyn College: Dr. Hyman Serbin 

Brown University: O. H. Schmidt 

University of California: Dr. A. P. Morse 

Catholic University of America: Dr. Joseph Daly 

Chicago Teachers College: Ralph Mansfield 

College of the City of New York: Dr. Max Shiffman 
Compton Junior College, Compton, California: R. W. Rector 
Duke University: A. V. Martin 

Elmhurst College: Miss Mary M. Handel 

Georgia School of Technology: C. L. Carroll 

Herzl Junior College, Chicago: Dr. B. H. Gere 

Hunter College: F. C. Hall 

Los Angeles City College: Dr. C. P. Brady 

University of Minnesota: Dr. Isaac Opatowski 

University of Nebraska: Dr. D. H. Rock 

University of Notre Dame: Dr. A. O. Linstrom 
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Oregon State College: Dr. C. B. Smith, Dr. Andrew Sobczyk 

Pennsylvania State College at Altoona: E. H. Umberger 

Pennsylvania State College at Pottsville: R. B. Kleinschmidt 

Pennsylvania State College at Uniontown: Dr. C. E. Sealander 

University of Rochester: H. P. Atkins 

Swarthmore College: Dr. Herbert Buseman 

University of Tennessee: D. M. Seward 

Agricultural and Mechanical College of Texas: Dr. G. L. Gross 

Tulane University: Dr. M. L. Kales 

University of Utah: W. H. Myers 

Wright Junior College, Chicago: Dr. W. H. Erskine 

Yale University: Dr. S. A. Jennings, J. C. Montgomery, R. R. Stoll, W. G. 
Swope. 


The death of Dr. Charles Hopkins of Tulane University on September 15, 
1939 is reported. 


The death of Dr. W. C. Mitchell of George Washington University is re- 
ported. 
Professor A. W. Smith of Colgate University, a charter member of the 


Mathematical Association, died February 11, 1940. He had taught at Colgate 
since 1902 and was head of the department since 1920. 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 


Twenty-third Summer Meeting, Hanover, N. H., September 9-12, 1940. 
Twenty-fifth Annual Meeting, Baton Rouge, La., December 31, 1940- 
January 2, 1941. 


The following is a list of the Sections of the Association, with dates of those Section meetings 
which have been scheduled for 1940 and reported to the Secretary. 


ALLEGHENY Mountain, Morgantown, NEBRASKA, Omaha, May 9-11. 

W. Va., April 20. NORTHERN CALIFORNIA, Berkeley, Janu- 

ILLINOIS, Bloomington, May 10-11. ary 27. 

INDIANA, Richmond. Ou10, Columbus, April 4, 

Iowa, Mt. Vernon, April 19-20, OKLAHOMA 

Kansas, Wichita, March 30. PHILADELPHIA, November 23 or 30. 
KENTUCKY, Lexington, April 27. Rocky Mountain, Fort Collins, Colo., 
LoulsIANa-MIssIssippt, Oxford, Miss., April 19, 

March 8-9, - SOUTHEASTERN, Athens, Ga., March 20- 
MARYLAND-DIsTRICT OF CoLuMBIA-Vir- 30. 

GINIA, Richmond, Va., May 11. SOUTHERN CALIFORNIA, Compton, March 2. 
MIcHIGAN, Ann Arbor, April 26-27. SOUTHWESTERN, Tucson, Ariz., April 22-23. 
MINNESOTA Texas, Dallas, March 29-30. 

MIssourI, Warrensburg, April 19-20, WISCONSIN, Milwaukee, 


AFFILIATED ORGANIZATIONS: THE NEw ENGLAND ASSOCIATION OF TEACHERS OF MATHEMATICS 
THE NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS. 


THE ANNUAL MEETING OF THE NORTHERN 
CALIFORNIA SECTION 


The second annual meeting of the Northern California Section of the Mathe- 
matical Association of America was held at the University of California, Berke- 
ley, California, on Saturday, January 27, 1940. Mr. A. L. McCarty, chairman 
of the Section, presided at both morning and afternoon sessions, with Professor 
Sophia H. Levy, vice-chairman, taking the chair for a short time during the 
afternoon session. During the noon recess luncheon was served for members and 
visitors at the Men’s Faculty Club. 

The attendance at the two sessions was approximately one hundred ten, in- 
cluding the following twenty members of the Association: H. M. Bacon, T. J. 
Bass, Jr., B. A. Bernstein, W. D. Cairns, G. C. Evans, Emma V. Hesse, A. A. 
Koch, Sophia H. Levy, A. L. McCarty, F. R. Morris, T. M. Putnam, Adeline 
M. Scandrett, Ethel Spearman, Pauline Sperry, Falka G. Sturges, Ruth G. 
Sumner, Gabor Szegé, Harriet A. Welch, A. R. Williams, B. C. Wong, and two 
applicants for membership: Grace A. Fuller, Marjorie Ley. 

The following officers were elected for the coming year: Chairman, Sophia H. 
Levy, University of California; Vice-Chairman, F. R. Morris, Fresno State Col- 
lege; Secretary-Treasurer, H. M. Bacon, Stanford University. Mrs. Ruth G. 
Sumner, Oakland High School, was re-elected to represent the Section as asso- 
ciate editor of the California Journal of Secondary Education. During the after- 
noon session Professor C. B. Morrey of the University of California described 
the new publication, Mathematical Reviews. Considerable discussion followed the 
presentation of Miss Welch's paper on “Shall we defer the teaching of algebra 
to the tenth grade?” and the following resolution was adopted without dissent: 

“The Northern California Section of the Mathematical Association of 
America and those in attendance at the meeting of the Section wish to 
go on record as favoring that a program of mathematics be provided in the 
secondary schools, beginning normally with algebra in the ninth year, to 
be available for those who wish to elect it or who otherwise need it in prepa- 
ration for college work. It is felt that a capable student should be able to 
secure solid geometry and trigonometry in the secondary school.” 


The main part of the program was given over to an address by W. F. 
Durand, Professor of Mechanical Engineering, Emeritus, Stanford University. 
Five other papers were presented. The list of titles and speakers follows: 

1. “A simple mathematical theory of economic relief” by Professor G. C. 
Evans, University of California. 

2. “Mathematics and the constructive arts” by Professor W. F. Durand, 
Stanford University, introduced by the Secretary. 

3. “Geometric representation of certain magnetic fields” by Professor F. R. 
Morris, Fresno State College. 

4. “Shall we defer the teaching of algebra to the tenth grade?” by Harriet A. 
Welch, Lowell High School, San Francisco. 
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5. “Some difficulties with mathematics in a core curriculum” by Dr. Vern 
James, Menlo Junior College, introduced by the Secretary. 

6. “A general solution of xi+x3+ --- +x,=m"” by A. L. McCarty, San 
Francisco Junior College. 

Abstracts of the papers follow, numbered in accordance with their listing 
above: 

1. Professor Evans considered the place of the term representing the amount 
for direct relief in a simplified economic system which is in equilibrium with re- 
spect to the conditions of strict competition, in particular with regard to the 
equation of exchange, where terms for hoarding or investment and incomplete 
consumption also occur. Labor, capital, and consumption commodity are the 
significant variables. The analysis is carried over into a system which is not in 
equilibrium but where a fixed interval is assumed as an average length of the 
process of production. In this case the equation of exchange, instead of being an 
identity which concerns merely price ratios, becomes one which relates present 
to past prices, and thus provides an essential element in the determination of 
the system. 

2. Professor Durand’s address has been submitted for publication in the 
MONTHLY. 

3. Professor Morris discussed the following problem: Upon a plane section 
of the earth’s magnetic field, an artificial field containing two poles is super- 
imposed with the poles in a north and south line. By choosing either pole posi- 
tive or negative, four distinct cases occur. A study was made of the lines of 
force and equipotential lines with particular attention to the analysis of multiple 
points where the compass behaves peculiarly. The potential, the third dimen- 
sion, is in each case an algebraic function, involving two radicals, of the Carte- 
sian coérdinates of the plane. Rationalization of any one of the four equations 
yields a twelfth degree equation including all cases. A plane section of this sur- 
face through the poles and the potential axis is composed of four cubic curves, 
rational cubic equations, though they do not correspond to the four cases. 

4. It was pointed out by Miss Welch that the movement to defer elementary 
algebra to the tenth year is unwise if applied to the better pupils. It deprives 
them of an opportunity to study a new subject within their capabilities, and 
handicaps them in their later courses. 

5. Dr. James stressed the fact that if two or more subjects are to merge 
successfully into a larger unit, they must be mutually helpful, and the teachers 
in each field must be aware of the needs for such a merger. Mathematics is es- 
sential in almost every phase of modern life. Moreover, it is enriched by its 
many applications in modern society. Mathematics teachers lack knowledge and 
and training in other fields, and teachers in other fields are woefully ignorant of 
mathematics. Our conventional courses have not met the needs of the new social 
order. Phe vast majority of American students have little knowledge of mathe- 
matical principles. Three-fourths of the secondary teachers in Pennsylvania 
who are teaching other subjects have had six or less units of college mathemat- 
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ics. We must reorganize our courses with new objectives, and teach the funda- 
mental concepts without requiring proficiency in the manipulation of mathe- 
matical symbols. 

6. Mr. McCarty showed that if 


%1 + Xet1 + Xst2 +: + Xntr-1 = (dy + boty + bgtg +--+ + Batya) 


2 2 


latm = —imta and 4) = 22 = °° =trri=—1, 
then 
m = (bi + be tbs t+ + ba), tr = Mbi— be — bs — +++ — by), 
ae = 2Adibe, x3 = 2Ndibs,- ++ , Xn = 2Zdidy. 


H. M. Bacon, Secretary 


PROJECTIVE CONSTRUCTIONS FOR CERTAIN 
ALGEBRAIC CURVES 


I. C. FISCHER, Milwaukee School of Engineering 


The projective constructions to be described were suggested by a certain 
metric curve that can be constructed by use of a well known geometric figure. 
It may be of interest to define this curve. 

Given a circle of radius a, with the line /; a tangent, and the line /; passing 
through the center A of the circle and cutting it in the point of tangency with h. 
We draw a ray through A cutting the circle at M from which perpendiculars are 
dropped to points L; and Lz on i and Js, respectively. The line LiL, cuts the ray 
through A at a point P on the required metric curve. If the origin is A and J; and 
I, are the lines x =a, y=0, respectively, then the polar and cartesian equations 
of the curve are: 


r = a/(2 — sec @), 


Aa?(x? + 2) — (x? + y? + ax)? = 0. 


The above quartic is a special case of a more general construction. The pro- 
jective generalization (see Figure 1) may be obtained as follows: Replace the 
circle by any conic K, and the two base lines by any two lines /; and /2. Let the 
triangle of reference be ABC. Draw a ray through A cutting K at M. From M 
rays are drawn through B and C, cutting h and Js, respectively, at L: and Le. 
The line through L; and LZ, cuts the ray through A at point P on the required 
curve. It will be shown that the curve is, in general, a proper sextic which may 
be reduced to branches of lower degree by proper orientation of the base ele- 
ments. To this end, we use the homogeneous coérdinates x, y, 2; the reference 
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triangle defined by the vertices A (0, 0, 1), B(1, 0, 0), C(O, 1,,0); and the follow- 
ing expressions for the generating and base elements: 


(1) «—hy=0, the flat pencil (A), on A; 

(2) y—mz=0, the flat pencil (B), on B; 

(3) x«—nz=0, the flat pencil (C), on C; 

(4) ax+biy+cos=0, the line 1; 

(5) aoax+boy+coz =0, the line Jy; 

(6) Ax?+By?+ Cs?+2Dxy+2Exz+2Fyz=0, the conic K. 








Fic. 1 


Now these formulations enable us to express the equations for the conic and the 
points Z in terms of the parameters, and we have 


(7) K(n, m, 1)=0, by combining (2), (3), and (6); 
(8) Li(—bm—«q, aim, a1), from (2) and (4); 
(9) Le(bem, —a2n—c2, be), from (3) and (5). 


The equation for line L,;L. can now be obtained, and elimination of the parame- 
ters with the help of (7), (1), (2), (3) will yield the sextic 


(10) Q?s?+O(Cr? —2Prs4+2a Cst) + 2aP(Cr—2Ps)t+a?C*t2 =0, 
where 
P=Ex+Fy, Q= Ax?+2Dxy +By?, 
1 = 102x* + by boy? + 2aboxy +aecixz +bicoys, 


S=Q1O.x+bocyy+cicog, t= xyz, 
a = Abo — ayy. 


The curve (10) is plotted in Figure 1. The reader can easily verify the fact 
that A is, in general, an isolated quadruple point, and D, and Dy are isolated 
double points. It may be of interest to note several special cases, 
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(a). If A lies on K, C=0 and (10) degenerates to a quintic branch and the 
line s=0; and s=0 is the line D,Daz, 


s(Q?s — 2PQr — 4aP%t) = 0. 


It will be noted that when A is on K and M is at A, Li is D; and Lz is Dy 
so that LZ» is the line D,D2; but the line AW is indeterminate so that P is 
anywhere on D,Da. 

(b). If ; is the line x=0, (10) has the factor x? and hence the degenerate 
sextic has a quartic branch and the coincident lines x? =0. If J; is taken as y =0, 
the factor y? is obtained, and again a quartic branch results, together with the 
lines y?=0. The metric curve discussed at the beginning of this paper is a special 
case of this reduction, provided that y=0 is taken as the line /.. 

(c). If, in case (a), /, is taken as the line x =0, (10) takes the form 


sPx|Q(ayx + cz) — 2b,Pyz| = 0. 


Thus we have a cubic branch together with s=0, P=0, x=0. P=0 is the 
tangent to K at A for this case. Figure 2 shows the cubic branch. 





RrGs 2 


(d). Now if, in (10), we let /; be x=0 and /; be y=0, two pairs of coincident 
lines and a conic results, since 


x?y2(40 + 4Pz + Cz*) = 0. 


The processes described will no doubt suggest a further generalization for the 
construction of curves of degree other than the sixth, by replacing the conic and 


base lines with curves of various degree. 
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NOTE ON COMPOUND INTEREST 
RICHARD KERSHNER, University of Wisconsin 


The fundamental principle on which the solution of problems in the mathe- 
matics of investments is based is the so-called principle of equivalence, according 
to which two sums of money at different dates are considered as equivalent, 
under a given interest rate, if the earlier sum would amount to the later sum, 
at the given interest rate, during the intervening time. Thus an interest rate 
may be said to establish an equivalence relation on the set of points (s, ¢) of a 
euclidean plane, where s represents a sum of money and ¢ a date on which a 
transaction involving this sum of money takes place. 

A binary relation 


(1) (si, 4) ~ (5a, te) 


is usually called an equivalence relation if the following three assumptions are 
valid: 


A,: The reflexive law: 
(s1, 4) ~ (51, 4). 
A2: The symmetric law: 
(si, 41) ~ (se, te) implies (So, te) ~ (sy, t1). 
A;: The transitive law: 


(S1, 1) ~ (52, te); (82, te) ~ (53, t) implies (51, tr) ~ (ss, ts). 


Actually, of the types of interest in actual use, only compound interest con- 
verted continuously establishes a relation (1) which satisfies this transitive law 
A;. The fact that the relation based on simple interest does not satisfy A; is 
usually expressed, in the elementary text-books, by saying that the solution of 
“equation of value” problems depends on thé focal date. For the usual com- 
pound interest law, the transitive law will hold if and only if the two time inter- 
vals involved, | tt and | ts —to| , each consist of an integral number of 
conversion periods. In fact, compound interest is more useful than simple in- 
terest in business practice precisely because the transitive law A; more nearly 
holds for compound interest. 

Thus it is seen that the equivalence relation established by the law of com- 
pound interest converted continuously is by far the most satisfactory of those 
in common use and, in fact, is the only one which deserves to be called an equiv- 
alence relation as the term is usually used. The fact that continuous conversion 
is not more widely used can be explained only on the basis of the fact that its 
calculation involves something more than grammar school arithmetic. It is with 


this equivalence relation that this note will be concerned. It is most symmetri- 
cally defined by the following: 
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(E): Si, ty) Pm (Se, te) if and only if $ye741 = Soyer Ft2, 


Obviously this relation (EZ) has much to recommend it for use in financial 
connections beyond the fact that it satisfies A1, As, A; and is thus a true equiva- 
lence relation. Some of the more fundamental properties of (£), from an abstract 
point of view, may be expressed in the present notation as follows: 


Ag: (81, 0)~(se, 0) implies s;= so. 

A;: For any (si, ti) there exists an So such that (s1, ty) ~(s2, 0). 

Ags: There exists an €>0 such that (s1, ti) ~(1, 0); | t1| <e; implies 3 <5, <2. 
Az: (S1, t1)~ (Se, to) tmplies (asy, ti) ~(ase, te) for any a. 

As: (51, ti) ~(S2, fe) implies (s1, h+h)~(se, te +h) for any h. 


Of these axioms, A, A;, and Ag are self-explanatory uniqueness, existence, 
and “reasonableness” axioms; A; states that the equivalence relation is not af- 
fected by a change in the unit of currency; and As expresses the fact that the 
choice of the date ¢=0 is arbitrary. 

It has already been pointed out that the compound interest law (£) is the 
only relation (1) in common use which obeys all the axioms Aj, - - - , As. The ob- 
ject of this note is to show that actually (£) is the only such relation, 7.e., that 
from the abstract laws A;,---, As alone it is possible to derive the precise 
formula (£) of compound interest. This fact seems to provide a more rational 
justification of the use of compound interest than those usually given. In fact 
it is very easy to convince oneself of the desirability of each of the axioms 
A,,---, As. Actually, the relation (EZ) would only be called compound interest 
in case j>0, since it is desirable for money to increase, rather than decrease, 
with increasing time; but it is clear that the relation defined by (£) satisfies all 
axioms Ay, --- , Asfor any j. Thus it is not quite correct to say that Ai,---,As 
completely characterize compound interest. The precise statement is as follows: 


THEorEM. The only binary relation (1) satisfying A1,- ++, As ts the relation 
defined by (E) for some j. 


Proof. For any (s, t) there is, by As, an s’ such that (s, t)~(s', 0). Now if 
(s, t)~(s’’, 0) then, by Az and As, (s’, 0)~(s’’, 0) so that S = S-', Dy Aao nus, 
there is a unique number s’ =¢(s, f) defined by the relation 


(2) (s, t) ~ (@(s, 4), 0). 
In particular, 
(3) (1, 4) ~ YW), 9), 


where y(t) = (1, #). 
Thus, by Az, with a=s, (s, t)~(sp(d), 0) so that, by (2) and A», A;, and Ag, 


(4) o(s, t) = spt). 
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Now, by (3), 


(5) (1,¢+ h) ~ (W(t + fh), 0). 
On the other hand, by (3) and Ag, 
(6) (1,¢+ h) ~ (yd), h). 
But, by (3) again, (1, h)~(Y(h), 0), so that, by A; with a=v(d), 
(7) (y(t), kh) ~ (Y(t)Y(A), 0). 
Now, according to As, (6) and (7) imply 
(8) (1,¢+ h) ~ (W(y(h), 0). 
Comparison of (8) and (5) gives, in view of As, As, Aa, 
(9) v(t + h) = ¥()Y(h). 
Now, from (3) and 4; with a=1/y(t), 
(1/P(2), t) ~ (1, 0), 


so that, by Ag, 
(10) ns ¥G) <2 if [rl <e. 


But it is well known that the only solution of the functional equation (9) which 
satisfies the boundedness condition (10) is the exponential 


v(t) = e#! 
for some j. Thus, by (2) and (4), 
(s, t) ~ (se-#, 0). 


The relation (£) follows immediately. 
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SPACE ANALOGS OF FUNCTION-THEORETIC RESULTS* 
E. F. BECKENBACH, The Rice Institute 


1, Introduction. That fundamental branch of mathematics known as func- 
tion-theory, or the theory of analytic functions of a complex variable, is inter- 
related with many other branches of mathematics. The Fundamental Theorem 
of Algebra is most easily proved as a theorem in function-theory. Potential 
theory and function-theory coincide through a long chapter, for both deal with 
harmonic functions. The topology of Riemann surfaces is a beautiful discipline. 
On the formal side, analogies between function-theory and the theory of sub- 
harmonic functions have been pursued recently by Privalof, Saks, Radé and 
others; and numerous systems of differential equations have been studied, as 
being generalizations of the Cauchy-Riemann differential equations. 

I am confining my remarks to analogies concerning the theory of surfaces. 
I trust this will lend some orientation and coherence to what I have to say; but 
more important is the fact that the most stimulating and fruitful purely analyti- 
cal problems and results often arise naturally in the course of the investigation 
of problems having physical settings. 

In looking for space analogs of function-theoretic results, one might make 
any of several different starts. For example, he might seek analogs of 


1.1. a theorem having an analytic setting, 
1.2. a theorem having a geometric setting, or 
1.3. a function-theoretic method. 


We shall look successively at these three approaches. 


2. Theorems having analytic settings. The Cauchy and Morera theorems. 
A fundamental theorem of function-theory states that the function 


w= f(z) = x(u, v) + ixe(u, v), 2=ut iv, 


defined in a simply connected domain D, is analytic in D if and only if the 
Cauchy-Riemann differential equations 


(1) Niu = 2,0, X10 = — X2,u 


are satisfied there. Any space analog of these equations should, I think, involve 
three (or 2) [1] functions 


x3(U, v), X(t, v), x3(t, V), 
and should be symmetric. Equations (1) imply 
2 2 2 2 
V1i,u +f X2,u = V1, ae V2.0, X1,u%1,v ah X2,u%2,0 = 0, 


which are symmetric, and which we can write as 





* An address delivered before the Mathematical Association of America at Columbus, Ohio, 
December 30, 1939, and at the Texas Section meeting, Dallas, March 29, 1940. 
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2 - 2 2 fa) 0 : 2 
> ere = 24% j,uXi,v = Xie) = > (= + 1 =) «| == yy (Ax;) = 0. 


j=1 tl Ou 


Now these equations generalize to 


3 3 3 3 
(2) oe iu = >> Xin, » Xj,uXjv = 0, or Ds (Ax) = 0, 

j=1 j=1 j=1 j=1 
which are the familiar H=G, F=0 characterizing conformal, or isothermic, 
maps. This is nothing new, but it indicates how one might in general go about 
setting up space analogs of function-theoretic formulas. A principal difference 
between (1) and (2) is that (1) implies that the x;(w, v) are harmonic, (j=1, 2), 
while (2) does not imply that the x;(u, v) are harmonic, (j =1, 2, 3). Indeed, by a 
theorem of Weierstrass, if (2) holds, then the x;(u, v) are harmonic, (j=1, 2, 3), 
if and only if the x;(u, v) are codrdinate functions of a minimal surface. 

On the other hand, we do obtain something new [2] if we treat the Cauchy 

integral equation 


(3) f f(z)dz = 0, 


which by the Cauchy and Morera theorems also characterizes analytic func- 
tions, as we did the Cauchy-Riemann differential equations. We have 


f f(z)dz = {; (41 + ixe)(du + idv) =| (xidu — xedv) + if (xedu + x,dv), 
14 Y 7 * 


so that (3) is equivalent to 


(4) ff sau =f ssdv, f na = =f xdu, 
ai Y Y 


y 


which are integral equations quite analogous to the Cauchy-Riemann differ- 
ential equations. Like the Cauchy-Riemann equations, equations (4) imply a 
symmetric set of equations, and the symmetric set generalizes to a set of in- 
tegral equations analogous to the differential equations E=G, F=0: 


3 2 3 2 3 
x f] vdu) = sal nd), >( f vdu)( f dv) = 0, 
j=1 7 j=1 Y j=1 7 Y 

or, combined, 


3 2 3 2 
(5) fy x (du + ie) = >( f vids) = 0. 
j=1 Y Y 


jun 


T r > _] ta & 4 - = 5 . tx 
Now the study of (5) yields several results. If we restrict the closed rectifiable 
Jordan curves ¥ to being circles C of radius r in D, and denote by o(r*) any quan- 
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tity (not always the same quantity) such that 


erry 
lim = 


r-0 r= 





3 


we have the following results. Suppose the x;(u, v) have continuous third deriva- 
tives in the simply connected domain D; we shall say they are coérdinate func- 


tions of a surface S; then 
3 2 
aC] nds) = g(r%) 
C 


j=1 


holds at each point D 

2.1. for a=4 if and only tf the map is conformal, or isothermic; 

2.2. for ~a=6 but not for a=8 tf and only if the map is an isothermic map on a 
Spherical surface, such that circles are not mapped on circles; 

2.3. for a=8 if and only if the map is an isothermic map either on a sphere such 
that circles are mapped on circles, or on a minimal surface. 

2.4. The sum of squares of integrals has the value 0 for all circles C in D, i.e., 


3 2 
(G/ nds) = 0, 
j=1\/ ¢c 


af and only tf condition 2.3 is satisfied, 1.e., 


>( if vids) = a(r’). 


2.5. Finally, (5) holds for all closed rectifiable Jordan curves y in D if and only 
if the map is an isothermic map on a plane surface. Thus in generalizing from 
plane isothermic maps (i.e., analytic functions f(z)), we are at last led back in 
a broader field to a characterization of these same maps. 

There remains the problem of lessening the differentiability assumptions in 
the above discussion, as has been done most brilliantly in the case of the 
Cauchy-Riemann differential equations by Looman, Menchoff, Menger and 
others. A first result in this direction is the following. The averaging functions 


(6) vial ) = — ff alu & 0+ nde 
wp Pty Sp 
are immediately suggested, since they have one more derivative than the given 
functions x;(u, v); denote by S, the surface of which the x;,,(w, v) are coérdinate 
functions. Then the above condition 2.3 holds if and only if for all p for which the 
functions (6) are defined, the map on S, is isothermic. This brings up the question 
of what sort of surface S, is, in the two cases occurring in 2.3. For the case of 
the minimal surface in isothermic representation, the coérdinate functions of S 
are harmonic, so that the averaging functions are equal to the functions them- 


selves. 
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ight, Uy = wiles, a); 


hence S, coincides with the minimal surface S. But for the case of the spherical 
surface in isothermic representation, with circles mapped on circles, it appears 
that we shall have the result that S, is not a spherical surface, but lies on a sur- 
face of revolution interior to the sphere S. 

Taking a new departure, we treat the coefficients e, f, g; E, F, G of the second 
and third fundamental quadratic differential forms as we have treated the coeffi- 
cients £, F, G of the first fundamental form. Since the coefficients of the second 
and third forms involve derivatives of the components of the unit normal vector 


Cor, 
3 3 ; 
Pe ae kh a, eh te: Chen; 
j7=1 | 


and since ¢ is constant for a plane surface, these forms are without interest in 
function-theory; but they are of great importance in the general theory of sur- 
faces. Integral equations analogous to 


e= 7 —0 and C= Gayo 


E(fxa)(firse) =o ant 31 fraao 


respectively. These last equations can be discussed as was (5), but we shall not 
now take the time to list the results. 


are 


3. Theorems having geometric settings. The principle of reflection; Bloch’s 
theorem; schlicht functions. We shall consider in this section three examples 
of generalizations to space of theorems having geometric formulations. The first 
is a very interesting result of J. Douglas [3], and is to the effect that if a piece 
of minimal surface is bounded in part by a segment of straight line, then the 
surface can be continued analytically by reflection in the line, so that the line 
is an axis of symmetry of the surface. This result might be compared with the 
less general theorem of Schwarz, that if a minimal surface contains a straight 
line in its interior, then the line is an axis of symmetry of the surface. As 
Douglas points out, his result is a generalization of a special case of the general 
reflection principle, and accordingly it suggests several other interesting prob- 
lems. 

As a second example of a generalization of a function-theoretic result having 
a geometric formulation, let us consider the theorem of Bloch: ; 


There exists a positive absolute constant B with the following property. Let 
w=f(z) be analytic for | z| =I, with| f’(0) | = 1; then in the w-plane there is an open 


we of radius at least B, which is the single-sheeted map of a bortion of the circle 
Z|) <1. . 
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Bloch’s theorem may be generalized as follows [4]: 


There exists a positive absolute constant M with the following property. Let the 
circle u>+-v* <1 be mapped isothermically on a minimal surface, with Ey =1, where 
Eo denotes the area deformation ratio at the origin; then on the minimal surface 
there 1s an open geodesic circle of radius at least M, containing no singular points, 
which is the one-to-one map of a portion of the circle u2+v2 <1. 


Now the above result suggests several other questions. If we let B be the 
least upper bound of values B that will serve in Bloch’s theorem, and let AC be 
the least upper bound of values M, then A< 8, since a plane is a particular 
minimal surface. But is 2(<8B or AC=B? And what classes of surfaces admit 
Bloch’s constants, and how does the Bloch’s constant vary with the characteriz- 
ing properties of such classes of surfaces? 

Our third example comes from the following consideration. If the functions 
x;(u,v), (7=1, 2,3), are codrdinate functions of a minimal surface in isothermic 
representation for (w, v) in a simply connected domain D, so that the x,(u, v) are 
harmonic in D, then these functions are the real parts of analytic functions of 
the complex variable z= u +71, 


x,(u, 2) = Riz), Gj = 1, 2, 3). 


If the three functions f;(z) are schlicht (i.e., yield single-sheeted maps of D), we 
might say that the minimal surface is of schlicht derivation [5]; this is a large 
but by no means exhaustive class of minimal surfaces. Many of the geometric 
properties of schlicht plane maps are possessed by maps on minimal surfaces of 
schlicht derivation. Thus we have the following generalization of Bieberbach’s 
theorem: 


If the circle u®+v* <1 is mapped isothermically on a minimal surface of schlicht 
derivation, with Ey21, where Ey denotes the area deformation ratio at the origin, 
then the minimum distance on the surface from the image of (0, 0) to the boundary 
is 21/4. No closer inequality holds for all surfaces of this type, and the sign of 
equality can hold only tf the minimal surface 1s a plane. 


4. The method of coefficients. Cluster values; coincident surfaces. We shall 
consider extensions of three general function-theoretic methods. The first is the 
sensitive method of coefficients. Let functions x;(u, v) be harmonic in a simply 
connected domain D, 


ia] 





aj,0 ; 
4(u, 0) = + ye, r"(a;,, cos nO + 5;,, sin 76), 
(7) 2 n=1 
u=u+rcosé, vy=v+rsiné. 


Then the harmonic function x2(u, v) is conjugate to x:(u, v), as is well known, if 
and only if 


(8) Ona Dan an Bins (n = 1, 2, ie a ys 
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Analogous though less simple relations among the coefficients can be shown to 
be necessary and sufficient conditions that three such harmonic functions be 
a triple of conjugate harmonic functions; that is, satisfy E=G, F=0; that is, be 
coérdinate functions of a minimal surface in isothermic representation. These 
conditions are [6] 


k-1 3 
Duk = ID (aj,10),n-1 — b5,1bj,0-1) = 0, (k = 2, 3,4,---), 
i=] i=) 
(9) k=—1 = 
DUR -~ DD (ajrbj,n-1 + 5;,10;,n-)) = 0, (k = 2, 3,4,-=+). 


1 7=1 


It might be interesting to note that conditions 


3 
Dd (4j,105,x-1 — 6;,1b;,n-1) = 0, 


j=1 

3 

De (45,10 ;,.0-1 + bj10;2-) =0, 1<k, Ot ye he |e 
7=1 


which are more restrictive than (9) but less than (8), turn out to be necessary 
and sufficient conditions that three harmonic functions (7) be codrdinate func- 
tions of a plane surface in isothermic representation. 

From a study of conditions (9) we can obtain various theorems concerning 
the area and length of boundary of a piece of minimal surface [7], and theorems 
analogous to the isolation of zeros of an analytic function, and so on [6]. We 
shall content ourselves by stating three results obtained by this method. 


4.1. If the functions (7) are coérdinate functions of a minimal surface S in 
isothermic representation for (u,v) in D, and of x;(u, v) =c;, (7=1, 2, 3), where each 
cj; 8 @ constant, on a set R of points with a cluster point P interior to D, then 
x;(u, v) =c; in D; that is, S is a point. 


4.2. Let the functions (7) be coérdinate functions of a minimal surface S in 
isothermic representation for (u, v) in D, and let the direction cosines of the normal 
to the surface at the image of (u,v) be denoted by X ;(u, v), (7 =1, 2, 3). If X;(u, v) =c,;, 
where each c;is a constant, ona set R of points with a cluster point P interior to D, 
then X ;(u, v) =c; in D; that is, S is a plane surface. 


4.3. Let Sand S’ be minimal surfaces given in isothermic representation res pec- 
tively by 


st ces x“ j(1, v), DE ime y (ut, v) , (J oa Ly 2; 3), (u, v) in D, 


and let the directions cosines of the normals to the surfaces at the images of (u, v) 
be denoted respectively by X ;(u, v), Y;(u, v); if x;(u, v) =y;(u, v), (j=1, 2,3), ona 
set R of points having a cluster point P interior to D, and uf X;(u, v) = Y;(u, v), 
(j=1, 2, 3), on a set R’ of points having the same cluster point P, then x;(u, 2) 
=y;(u, v) in D; that is, S and S’ are coincident surfaces. 
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5. Normal families. Lindelof’s theorem. The second method we shall con- 
sider is an extension to minimal surfaces of the function-theoretic method based 
on the notion of normal families. We shall say that an infinite set, or family, 
of triples of conjugate harmonic functions, having a common domain of defini- 
tion D, constitutes a normal family of triples of conjugate harmonic functions 
in D provided every infinite sequence of triples of the family contains a sub- 
sequence of triples which converges uniformly to a triple of conjugate harmonic 
functions, or for which x1 +23+43 converges uniformly to infinity, in every closed 
region in D. 

By using the notion of normal families, we are able to prove, for example, 
the following generalization of a theorem of Lindeléf [8]: 


Let x;(u, v), (7 =1, 2, 3), be a bounded triple of conjugate harmonic functions in 
the sector 


2 2 
0 < arc tan (v/u) < a, O<u +9 < Pro. 


Suppose the x;(u, v), (7 =1, 2, 3), remain continuous on the ray 0<u<ro, v=0, and 
x;(u, 0)—x;,0, (G=1, 2, 3), as wu +0. Then in every sector 


2 
0 < arc tan (v/u) << a—a, O<u + v < ro, where o >0, 
we have x;(u, v) >x;,0, (J=1, 2, 3), as (u, v)—>(0, 0) im any manner. 


6. Sub-harmonic functions and the theory of surfaces. The last method we 
shall consider is the principle of the maximum. If f(z) is analytic in a region R, 
then |f(z)| takes on its maximum on the boundary of R. The same is true of 
the distance in space, [}03-1(x;—a,)?]"/?, if the x;(w, v) are harmonic, as they are 
for example if they are isothermic coérdinate functions of a minimal surface. 
But the effectiveness of the principle of the maximum in the case of analytic 
functions of a complex variable depends essentially on the fact that sums and 
products of analytic functions are analytic functions. This situation does not 
seem to admit of any direct generalization, for example, to minimal surfaces. 
Nevertheless, many important applications of the principle of the maximum can 
be generalized to minimal surfaces and to other classes of surfaces: this depends 
on the fact that sums and products of non-negative functions having sub-harmonic 
logarithms are again functions having sub-harmonic logarithms. 

The notion of sub-harmonic function is a generalization, to functions of sev- 
eral variables, of the notion of convex function. A sub-harmonic function of two 
variables is a function x(u, v), continuous (it may be defined more liberally) in 
a domain D, and such that the following condition is satisfied : for each domain 
D’ comprised together with its boundary B’ in D, and for each function id v) 
harmonic in D’, continuous in D’+B’, and satisfying h(u, v) 2x(u, v) on B’, we 
have also h(u, v) =x(u, v) in D’. These functions are characterized by the mean- 


value inequality 
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1 2a ; 

(10) x(uo, Vo) S —| x(uo + p cos 8, v9 + p sin 8)dé, 
2r 0 

where p and (uo, vo) are the radius and the coérdinates of the center of an arbi- 

tary circle lying together with its interior in D. Further, if x(, v) has continuous 

second derivatives, it is sub-harmonic if and only if 


(11) AS ea ey 


We note that (10) and (11), with the inequality signs replaced by the sign of 
equality, characterize harmonic functions. For any region in the domain of defi- 
nition, a sub-harmonic function assumes its maximum on the boundary. Also, 
if x(u, v) is non-negative and [x(w, v) ]* is sub-harmonic, where a is a positive 
constant, then [x(w, v) ]* is sub-harmonic for all B>a; and log x(u, v) is sub- 
harmonic if and only if [x(w, v) |* is sub-harmonic for all positive a. 

We now give characterizations of certain classes of surfaces in terms of sub- 
harmonic functions. Let xj(u, v), (7=1, 2, 3), continuous in a domain D, be the 
coérdinate functions of a surface S. Then: 


6.1. The codrdinate functions are harmonic if and only if [dF (x; — a)? 2 1s 
sub-harmonic for all real constants a; [9]. We say that S is a harmonic surface in 
normal representation. That the “viewpoint” parameters a; are indispensable 
follows from the fact that for the surface 


41 = &, ta = 9, vg = (1 — vw? — 9?)1/2 | 
3 2 Redes ° ° . ° 
[DoF-1x9 ]!/2=1 is sub-harmonic, while x3(u, v) is not harmonic. 


6.2. The codrdinate functions are a triple of conjugate harmonic functions, 
that 1s, S is a minimal surface in isothermic representation, if and only if 
log [>03_1(x; —ay;)?]}/2 is sub-harmonic for all real constants «; [9]. 


6.3. If the x;(u, v) have continuous third derivatives and satisfy E=G, F=0, 
then the Gaussian curvature K of Sis <0 if and only if log E is sub-harmonic [10]. 


In section 8, we shall indicate further characterizations of the surfaces in 6.2 
and 6.3 in terms of sub-harmonic functions. 
We note in passing that the class of surfaces considered in 6.2 obviously is 


a sub-class of the class of surfaces considered in 6.1. The class 6.2 isa sub-class 
also of the class 6.3. 


7. The principle of the maximum: harmonic surfaces. Length of boundary. 
As an application of the characterization in 6.1, we give a theorem of T. Radé 
[11] generalizing a function-theoretic result of Csillag and Bieberbach: 

Let x;(u,v), (7 =1, 2, 3), be continuous for u2+v2 <1 and harmonic for w+v <1, 
Let I(p) be the length of the map of u?+v?=p?, for 0 Spl. Then l(p) is @ mono- 
lonically increasing function of p, for 0 Sp 31. The difficult and tricky point here 
lies in establishing the result for p 1 rather than only for p <1. 
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8. The principle of the maximum: surfaces of negative curvature. Length 
and area; the isoperimetric inequality ; the Lemma of Schwarz; Liouville’s theo- 
rem. The theorem of section 7 holds, for 0 <p <1, for isothermic maps on sur- 
faces of negative curvature: 

Let Six;=x,(u, v), (7=1, 2, 3), have the properties that in u2+v? <1 the x;(u, v) 
are continuous, and in u?+v? <1 they have continuous third derivatives, with E =G, 
F=0, and the Gaussian curvature K of Sis <0. Then I(p) is a monotonically in- 
creasing function of p, 0Sp<1. This leaves the problem of investigating /(1). 

Under the above hypotheses concerning the surface S with K <0, we have also 


(12) \(p) = 2npEo 


where Eo denotes the value of E at the center of the circle. The sign of equality holds 
in (12) if and only if the map ts an isometric map on a developable piece of surface. 

Suppose conversely that (12) holds for every circle in the domain of definition of 
the functions x;(u,v). It follows that E‘/* 1s sub-harmonic. Now what class of 
surfaces does the condition that £'/? be sub-harmonic characterize? It turns out 
not to characterize any class of surfaces; for it holds for some isothermic maps 
of plane domains on a piece of spherical surface and not for others. However, 
EF"? is sub-harmonic for all isothermic representations of plane domains on a 
piece of surface S if and only if K <0 on S; this is a second characterization (see 
6.3) of surfaces of negative curvature in terms of sub-harmonic functions. [t fol- 
lows that (12) holds for all isothermic maps of plane domains D on the surface S 
and for all circles C in D, if and only if K <0 on S [12, 13]. 

If a(p) denotes the area of the map on S of a circle of radius p, then a dis- 
cussion analogous to that of (12) holds for the inequality 


a(p) 2 mp?Eo. 


Also, just as we have here given a characterization, different from that given 
in 6.3, of surfaces of negative curvature in terms of sub-harmonic functions, we 
can similarly, by considering a class of conformally equivalent maps on S, give 
a second characterization of minimal surfaces in terms of sub-harmonic func- 
tions. 

The isoperimetric inequality is related to surfaces of negative curvature by 
the present method. We note that for a plane circle, 


a= rr? = —(2rr)? = —P, 
L eh ) Ar 


and for other plane Jordan regions, 


1 
a<-—-l*. 
ar 


Carleman has shown [14] that the isoperimetric inequality, 
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1 


ae 


4a 


IIA 


(13) s 


holds for all Jordan regions on minimal surfaces. Blaschke in his text on differ- 
ential geometry pointed out that Carleman’s result is almost immediate, pro- 
vided the minimal surface has a minimum area; for he pointed out that one 
can compare the area of the minimal surface with that of an inscribed develop- 
able, for which the inequality surely holds. But the inequality actually holds 
more generally than either Blaschke or Carleman showed. It holds for all simply 
connected regions bounded by analytic curves on surfaces of negative curvature, 
and actually characterizes these surfaces: 


Let S be an analytic surface. Then a necessary and sufficient condition that (13) 
hold for all simply connected regions bounded by analytic curves on S is that K $0 
on S. Further, if K<0 but K¥0 on S, then the strict sign of inequality holds in 
(13), while of K=0 on S, then the sign of equality holds in (13) only for geodesic 
circles on S [10]. 


Analytically, the above result concerning the isoperimetric inequality can 
be stated as follows: Let g(u, v) be continuous and =0 in a domain D, and let 
A (g*; uo, Yo; p) and L(g; uo, Vo; p) be area and circumference means: 


1 
Ate; Uo, Vo; p) = —ff g? (to “ie 4 Vo ie n)dédn, 
wp P+ a<p" 


Qn 


1 . 
L(g; 0, ¥0; p) = —{ g(uo + p cos 8, v9 + p sin 6)dé. 
T 


0 


Then 
[A (g?; wo, v0; p) ]1/? S L(g; ato, v0; p) 


for every point (u,v) in D and for every p, such that the disc [(u— 19) 2+ (v—v) 2] <p? 
is comprised in D, if and only if log g(u, v) is sub-harmonic in D. 


Various other theorems in function-theory admit generalizations by means 
of sub-harmonic functions to surfaces of negative curvature. One further ex- 
ample is a generalization [15] of a theorem of Fejér and Riesz: 


If D is mapped isothermically on a surface S with K S0, and if C is a circle 
in D, then the length of the image on S of any diameter of C ts less than or equal to 
half the length of the image on S of the circumference of C. 


With each such geometric theorem there is of course an associated analyt- 
ical theorem expressing a property of sub-harmonic functions. 

It is not surprising that conversely the consideration of these theorems on 
surfaces should occasionally suggest new theorems in function-theory, and that 
sub-harmonic functions should furnish the key to the proofs of the new function- 


bd 
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theoretic results. One such result is an analog [16] of the Lemma of Schwarz. 
Let w=f(s) be analytic for | s| <1, let d(r, 0; f) be the length of the segment on 


the w-plane between the image of the point z=0 and the image of the point 
z=re*? 


? 


d(r, 8; f) =| flre®) — f(0)| = | J “f'(oe*)dp 





and let /(7, 6; f) be the length of the image on the w-plane of the segment be- 
tween the points z=0 and z=re’*®, | 


U(r, 6; f) =) | f’(pe®®) | dp. 
0 


The Lemma of Schwarz may be stated as follows: 


If d(r, 6; f) S 1 forall (r, 0) with r <1, then 


(14) d(r,0;f) <r 
and 
(15) bX) set, 


The sign of equality holds in (14) (for r¥#0) and in (15), if and only if | f’(z) | =1. 
The analog is obtained by replacing d(r, 0; f) by l(r, 0; f) throughout: 
If Ur, 0; f) S 1 forall (r, 0) with r <1, then 


(16) CLP Bhs 
and 
(17) BAO) pee 


The sign of equality holds in (16) (for r#0) and in (17), if and only af | f’(2) | =f 


There is a corresponding theorem concerning sub-harmonic functions, a gen- 
eralization to surfaces of negative curvature, and a consequent generalization to 
space of the theorem of Liouville on bounded entire functions: 


Let the functions x;=x;(u, v) map the entire finite plane tsothermically on a sur- 
face S for which the Gaussian curvature K is less than or equal to zero wherever K 
is defined on S. If the length I(r, 0) of the image on S of the segment between the 
points (0, 0) and (r cos 6, r sin 6) ts bounded, 


I(r, 0) =| [E(p cos 0, p sin 0)|'"dp S M, 
0 


for all (r, 9), then S reduces to a potnt. 
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9. The principle of the maximum: minimal surfaces. The Lemma of 
Schwarz; the problem of Plateau; the Osgood-Carathéodory theorem. Since 
K <0 on minimal surfaces, the theorems we have proved for surfaces of negative 
curvature hold in particular for minimal surfaces. But also the characterization 
6.2 of minimal surfaces in isothermic representation yields a powerful tool for 
obtaining additional results concerning minimal surfaces. In particular, the 
Lemma of Schwarz generalizes directly to minimal surfaces. While the analog 
of the Lemma of Schwarz which we have been considering (see section 8) is 
concerned with distances on the surface, the Lemma of Schwarz itself is con- 
cerned with distances in the containing space. Our generalization to minimal 
surfaces is the following: 


Let Six;=x;(u, v), (7=1, 2, 3), be a minimal surface in isothermic representa- 
tion, with (0, 0) carried into (0, 0, 0). If S is contained in the unit sphere, 


3 


Ds [x;(u, v) |? = Ly 
j=1 
then 
3 
Dd, [x(u, »)]}? S u? + 2, 
j=1 
and 


Ue Ie 


The equality signs hold if and only if S is a simply covered circular disc with unit 
radius. 


The problem of Plateau may be stated as follows: Given a Jordan curve [ 
in the x1x2x3-space, determine functions x;(u, v), (7 =1, 2, 3), which area triple of 
conjugate harmonic functions (1.e., the codrdinate functions of a minimal sur- 
face in isothermic representation) for u2+v?<1, continuous for u*+v2<1, and 
which carry u2+v?=1 ina topological way into the Jordan curve I. 7 

Solutions of the above problem may be stated as follows: 


9.1. If P bounds some surface, of the type of the circular disc, with finite area, 
then the problem of Plateau is solvable for T. 


9.2. The problem of Plateau is solvable for an arbitrary T. 


Theorem 9.1 has been proved by several different methods, and Theorem 9.2 
then proved on the assumption that Theorem 9.1 is valid. But the. proof of 
: ee ae ss not necessarily dependent on the method of proof of Theorem 

-1. Using the principle of the maximum, one can readily prove the above men- 
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tioned generalization of the theorem of Lindeléf (see section 5) and also the fol- 
lowing generalization of a well known function-theoretic result: 


Let x;(u,v), (7 =1, 2, 3), bea triple of conjugate harmonic functions for u2+v? <1. 
Suppose the x;(u, v) remain continuous on an arc o of u2+v2=1, and 


%4(u, 0) = const. = 2;,0, 7 21,23); 
ono. Then x;(u, v) =x;,0, (j= 1, 2, 3). 


These two theorems make the passage from Theorem 9.1 to Theorem 9.2 
particularly easy and concise [8]. 

Finally, the principle of the maximum allows us to establish [9] a generaliza- 
tion to minimal surfaces of the famous Osgood-Carathéodory theorem. The fol- 
lowing result holds for a// minimal surfaces, not only for those whose existence 
is established in Theorem 9.2. 


A minimal surface S, bounded by a Jordan curve T, admits a representation 
(18) tj = x ;(1, v), G = is 2; 3). w+ty< i 


with the following properties: 


(i) the x;(u, v), (j=1, 2, 3), form a triple of conjugate harmonic functions in 
u*?+v?<1; 

(ii) the x,;(u, v) are continuous in u?+v?S1, and the equations (18) carry 
u>+v?=1 in a topological way into the Jordan curve TY. 


One might very well ask the general question as to what further classes of 
surfaces admit Osgood-Carathéodory theorems. 
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CURVES ON A SURFACE 
A. J. COLEMAN, Princeton University 


1. Introduction. Differential geometry has long been recognized as one of the 
most interesting branches of pure mathematics, and has lately gained new sig- 
nificance through its applications in mathematical physics. As C. E. Weather- 
burn has shown in his two-volume work, Differential Geometry, the use of vector 
methods permits great elegance in the proof of many classical results. It is the 
object of the present paper to give elementary proofs of a number of standard 
results, which are not proved by Weatherburn, concerning the relation of a 
curve to a surface which contains it. The reader, who need not have studied 
differential geometry hitherto, should be acquainted with line integrals and vec- 
tor analysis including the differentiation of vectors. 


2. Vectors. The scalar product of two vectors a and b is denoted by a+b and 
is equal to ab ccs a, where a and 6 are the magnitudes of a and b, respectively, 
and @ is the angle between them. 

The vector product aXb is a vector perpendicular to a and b, of magnitude 
ab sin a. The sense of the vector product is such that a, b, aXb constitute a posi- 
tively oriented triad. We recall that aXb= —b Xa. 


The triple scalar product [a, b, c| is equal to a+(bXc), and it may be shown 
that 


(2.1) [a, b, c] = [b, c, a] fat [c, a, b] ae [a, c, b| ae [c, b, a] Toy [b, a,c]. 
The triple vector product aX (b Xc) may be expanded as follows: 
(2.2) a X (b X c) = (a-c)b — (a-b)c. 


From (2.1) we find that 
(a X b)-(c X d) = [a, b, (¢ X d)] =a- {bx (cx d)}. 
Therefore by (2.2) we have, 
(hes) (a X b)-(c X d) = (a-c)(b-d) — (a-d)(bec). 


Finally, we recall a principle that will be very useful. The derivative ef a 
vector of constant magnitude is perpendicular to the vector. 
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3. Line integrals. Assuming that the reader remembers the meaning of a line 
integral, we merely recall Green’s Theorem in two dimensions which may be 
expressed as follows: 


a0 
(ond) i (= ~ — dud = i du! + QO du?, 
du} Ou 


where the line integral is taken along the curve which bounds the area over 
which the surface integral is taken. 


4. Curves. The vector r drawn out from the origin of codrdinates determines 
a definite point P, say. If r depends on the single parameter u, then as u varies P 
traces out a single infinity of points. If, as we shall assume, there is a one-to-one 
correspondence between the values of the parameter and the points of the curve, 
we may take the arc-length of the curve as the parameter. A dot over a vector 
will always denote differentiation with respect to the arc-length of the curve to 
which the vector is attached. 

Since the limit of the ratio of the length of an arc to the length of its chord 
is unity, t=r is a unit vector tangent to the curve. Since t has a constant magni- 
tude, t is perpendicular to it and we set 


(4.1) at 


where p is a unit vector called the principal normal to the curve. The first curva- 
ture, k, provides a measure of the arc-rate of turning of the tangent. 


5. Surfaces. When r depends on two independent parameters wu! and wu? such 
that there is a one-to-one correspondence between the points P and the pairs of 
values of the parameters, P has two degrees of freedom and traces out a surface. 
A relation such as 


f(w, u?) = 0 


between the parameters restricts P to a one-dimensional sequence of points, that 
is, to a curve on the surface. 

The equation, “2=constant, determines a curve on the surface and when the 
constant is varied a family of curves is generated which we shall call the «'-pa- 
rameter curves, since along any one of them wu! alone varies. Similarly we shall 
have a family of u2-parameter curves. It follows from our insistence on the 
one-to-one correspondence between pairs of parameter values and the points of 
the surface that each member of one family cuts each member of the other once 
and only once. Any two families of curves satisfying the above conditions will 
provide us with a coérdinate system which could be used to specify our surface. 

If A is any function, scalar or vector, defined for the points of our surface, 


we shall denote 
0A/du! and dA/du? 
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by A; and Ag, respectively. Thus r is a vector in the direction in which w* alone 
varies, or fm is tangent to the w!-parameter curve and therefore tangent to the 


surface. We write 


(ae4) Tiel) = di, Ty°Te = di2 = dai, ToeT2 = dee. 
Thus 
(5:2) t= “/ev; f=" */ Genk, 


where v and K are unit vectors. 

The a.3 are important because the distance between two neighboring points 
of the surface may be expressed in terms of them. The magnitude of the dis- 
placement dr from the point (z!, wu?) to the point (w!+du!, u*+du?) is ds where 


(ds)? = dre dr = (ridu) + redu?). (ridu! + redu?), 


or 


(aaa (ds)? = ayy(du!)? + 2ayedu'du? + aoo(du?)?. 


Formula (5.3) is known as the first ground form of the surface. 
The vector r X rm is orthogonal to two surface vectors and is therefore paral- 
lel to the unit surface normal n. From (2.3) we have 


2 2 2 2 
(ti. X re)* (ri X re) = 711 Te — (ri°f2) = d11d22 — aye. 


Thus 
(5.4) Mee (yi ocak yA 


Where @=4dy1422—a{,. By taking the positive square root in (5.4) we determine 
the positive direction of the normal, making it depend on the manner in which 
the coérdinate curves are numbered. 


6. Curves on a surface. We find that two quantities known as the normal 
curvature and the geodesic curvature are of peculiar importance in the discussion 
of the relation of a curve to a surface in which it lies. 


The normal curvature of a curve whose tangent is t is denoted by x, and is 
defined by the equation 


(6.1) kn = net = «n-p = x cos 0, 


where @ is the angle between the normal to the surface and the principal normal 
to the curve. For any curve on the surface, the curvature depends on the values 
of (w!, uw) and (ii, #2) at the point considered but, as we shall prove below, the 
normal curvature depends only on the value of (%1, w2). Thus all curves with 
the same tangent at a point of the surface have the same normal curvature; so 
the normal curvature is more a characteristic of the surface than of the curve. 
By (4.1) we have 
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se, dei 
kp =r = — (tu! + row?) 
ds 


(ryt! + rigtt”)w! + (ror! + roow?)w? + ry! + rei? 
Yyii! + Foti? + ryi(w")? + rye? + reo(w?)?. 
Therefore, by (6.1), we have 

(6. 2) Kn = dyr(Wt)? + 2pow!w? + doo(w?)?, 


where bag =N* fag. Since n-r,=0, we have 

(6.3) bog = NeTag = — NaelTg = — Ngee. 
The formula 

(6.4) Kn(ds)” = by,(du!)? + 2byedu'du? + beo(du*)? 


is known as the second ground form of the surface. 
We define the geodesic curvature, x,, by the equation 


(6.5) Kg = m-t, 


where m is the unit vector nXt. 

Since tis a unit vector, the magnitude of t gives the rate at which the tangent 
is changing direction. Thus the normal curvature is a measure of the rate at 
which the curve departs from the tangent plane, and the geodesic curvature in- 
dicates the rate of turning in the tangent plane. 


7. Christoffel symbols. Any vector may be expressed as a linear combination 
of three independent, (non-coplanar) vectors. Thus we can express fag in terms 
of n, fr, ff. We write 


1 2 
tat) Tas = bog + a +} ay Te, 


where | os } are defined as the coefficients in this equation. Taking the scalar 
product of both sides of (7.1) by n we see that the bag are the same as those de- 
fined in (6.3). Taking the scalar product of (7.1) by n Xf, we have 


1 
[n, Ie, Tas | =a [n, To, ril{ ot : 


By a similar argument we obtain 1 os} Thus noting (5.4) we have 


leat — [n, re, tas]/Va, 


ot = [n, 1, tas|/V4. 


The {25} are the Christoffel symbols of the second kind, and are very im- 


(7.2) 
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portant in modern differential geometry since they occur in the fundamental 
formulas of the absolute differential calculus. Formulas (7.2) give convenient 
expressions for them in the vector notation. 

The Christoffel symbols of the first kind are defined as follows: 


ig (aS; | = resets. 


Definition (7.3) may be immediately generalized to apply to a space of n 
dimensions, but formulas (7.2) are valid only for a two-dimensional surface im- 
mersed in a three-space. 


8. Darboux formula for geodesic curvature. At each point of any curve C 
of a surface there is a triad of mutually orthogonal unit vectors t, m, n, where 
m=n Xt. Also, if we set w=n Xv, where v is the unit vector tangent to the u! 
coordinate curve, we have at each point of C the triad of mutually orthogonal 
unit vectors Vv, w, n. 

Let 6 denote the angle between C and the uw! codrdinate curve. Then 


vet = cos@, vem = cos (6+ 7/2) = — sin @, 
w-t=sin@, w-m = cos @. 

Thus 

(8.1) t = cos dv + sin Ow, 

(8.2) w = sin #t + cos 6m. 


From (8.1) we get t, and hence 
(8.3) Ky = m.-t = (sin? 6 + cos? 6)6 + cos Ovem-+ sin@w-m. 
Since m, n, v are coplanar, [m, aig v| =0(0. Therefore 

m-w = |m,n,v] + [m,n,v] = [m,n,v] =tev. 
Thus 

Ko = 6+ (cos 0m + ie 

or using (8.2) we have 
(8.4) Kg = O0+wev. 


This formula has a simple geometric meaning and could perhaps have been 
written down without the above calculations. For 6 is the rate of change of 
direction of C with respect to the u! codrdinate curve and wev is the rate of 
change of direction in the tangent plane of the uw! curve, and thus their sum is 
the geodesic curvature of C. 


Referring to the definition of w and to (5.2) we transform (8.4) obtaining 
Ky = 6 4 [n, 1B he Ti |w'/ay, 4. [n, 1 Tio }t2/ay1. 


hus using the formulas for the Christoffel symbols (7.2) we have 
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: /a 2 Ja 2 
(8.5) b+} buy V ' ha 
ay, (11 ayy 12 
In the same manner we could show that 
= a a j \ a 
(8.6) — K = ¢@ + — bas 4 a ‘ ba, 
: d22 lai da, (22 


where ¢ is the angle which C makes with the wu? coédrdinate curve. 
If Cis the u! curve, then w!=1//ay, w2=0, and 6=0; so (8.5) gives 


(8.7) ale eds ean 
(ay)? lass 


for the geodesic curvature of the uw! coérdinate curve. Similarly 


(8.8) As eee | 
, (do2)3/? 22 


When the coérdinate curves are orthogonal, cos 0 = \/aytu! and sin 0 = \/ag:t” 
and we obtain Liouville’s Formula from (8.5), (8.7), and (8.8): 





(8.9) cop At Pa cos 86 + ies sin 6. 


9. Principal directions and lines of curvature. At any point P of a surface 
there is a normal n. If we move Paninfinitesimal amount dr, n will change by dn, 
say. Is it possible to choose the direction of dr so that dn will be parallel to it? 
In other words, can we satisfy 


(971) dr + pdn = 0, 
where p is a scalar? Equation (9.1) will be satisfied if its projections on three 


independent directions are satisfied. The projection of the left-hand side of the 
equation on nis identically zero. The projections on r, and rm give the conditions 


r,-dr + pr;-dn = 0, 


(9.2) 
fo- dr + pro-dn = 0, 


which, by the use of (5.1) and (6.3), may be written 


(ai aa pby,)du} + (ayo = pbi.)du* = Q, 


9.3 ; 
(dor = pbo:)du!} + (do. — phos) du* 


These equations can be satisfied only if 
di. — poi, diz — phir 

(9.4) = 0. 
do; — pboi, dee — pbae 


This quadratic equation in p will, in general, have two distinct roots p™ and p. 
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Corresponding to these roots there will be two directions at each point called 
the principal directions. We shall leave to the reader the pleasant task of showing 
that the principal directions give the maximum and minimum values of the nor- 
mal curvature for the point considered, and that these values are the reciprocals 
of p™ and p. 

A curve which is tangent at each of its points to a principal direction is called 
a line of curvature. There will be two families of lines of curvature, and if we take 
them as the codrdinate curves we have, in view of (9.1), 


(9.5) r= — pn, ta = — pn, 


which are known as Rodrigues’ Formulas. 
From n¢r,; =n+r2=0, we deduce 


Noe Ti + NeLyo = O = Nye le + NeIo), 
and hence 
Noe Ty — Nye lo = 0. 


But from (9.5) we see that the left-hand side of this equation is equal to 
(p —p™) nyeny. Thus r+re=0, and therefore the principal directions at any 
point are orthogonal. 


10. Gaussian curvature. The quantities p‘” and p® are characteristic of the 
surface. Thus the reciprocal of their product, which is called the Gaussian curva- 
ture and is denoted by K, is independent of the codrdinate system. From (9.4) 
and (6.3) we find that 


K = (b:1be2 — by») /a 
= (fie Mirae Ny — Fy+ Moy Nj) /a. 
Thus by (2.3) and (5.4) we have 
(10.2) K =s|[n, ni, nel/</c. 


(10.1) 


Let us consider [n, nj, no |, where the subscripts refer to any codrdinate sys- 
tem. We shall use the notation of §8. We have 


[n, Ni, n2 | = (Vv x W)- (n; x No) 


= V-NiW- Ne — Ve Nowe Ny, 


Vie NWo-N — VoeNwien, 
since ven=w-n=0. Also, since v-vi=v+-v2=0, we have 


[n, mi, no] = vy. (wo-nn + W2+ VV) — Vo-(wienn + w,-vv). 
Thus 


(10.3) [n, ni, no] = vie We — Vor wh. 
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We readily see from this that 
(10.4) [n, ni, ne] = (w-vi)2 — (weve). 


From (10.4) we can immediately deduce a well known expression for the 
Gaussian curvature, the usual proofs of which require elaborate calculations. 
From (10.2) and (5.2) we have 


K = [(wevi)2 — (we v2)1]/Va 


— = Wi =F 1 Ws —— : 
\/ a fai 2 / ai 1 


Thus, noting (7.2) and remembering that w=n Xv, we finally have 


hoe ace al ae (<< Lit)at 


By interchanging the réles of ut and uw? in the above proof we can show that 


(10.6) K= (4 iy-( tort Ja} 


These equations are alternative forms of the Gauss characteristic equation. Al- 
though we did not prove it, the Christoffel symbols may be expressed in terms 
of the dag and their first derivatives; so the Gauss characteristic equation tells 
us that K may be expressed in terms of the dag and their first and second deriva- 


tives. 
In orthogonal coédrdinates the last two formulas reduce to the simpler form 


Hoy) k= — alee (Va) + Ge Vande) |. 


11. Gauss-Bonnet theorem. If dS is the element of area | rdu! Xredu?| 
= | 1 Xfo| du'du? = \/adu'du?, we have , noting (10.2), 


ff xa=ff [n, ny, no|du'du?, 


where the integral is taken over the area of our surface bounded by a closed 


curve C. 
By (10.4) and (3.1), 


[J Kas =-{{ [(w-vi)o — (W+ V2)1|du'du* 


=— J wevidut + we vedi = = J weias. 
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Thus, using (8.4), we have 


(11.1) [[ Kast ff xoas = [ as 


If (C) has a finite number of corners such that the increase in @ at the 7th 
of them is 6“, then 


ERie2) f 6a + 20 = 27. 
C 


Comparing these last two equations we have the Gauss-Bonnet theorem 


(1153) ith K dS + [ruts + 20) = 2r. 


A geodesic may be defined as a curve along which x,=0. When C consists of 
a triangle whose sides are geodesics and whose interior angles are a, 6, and y, 
(11.3) reduces to 


(11.4) [f Kas=atpty-7, 


a result which was given by Gauss. The right-hand side of this equation is called 
the geodesic excess of the triangle. When our surface is a sphere of radius R, 
(11.4) gives the well known formula for the area, A, of a spherical triangle 


(11.5) A= R(a+B+y7-—7). 


Conclusion. Much of the simplicity of the above proofs results from the use 
of formula (7.2) for the Christoffel symbols, which does not seem to have been 
noticed hitherto. The introduction of the Christoffel symbols in courses on dif- 
ferential geometry is highly desirable, in view of.their importance in the tensor 
calculus. I have applied the same methods as above with considerable success 
in the proof of the Fundamental Theorem of differential geometry, the applica- 
tion of the calculus of variations to geodesics and minimal surfaces, the discus- 
sion of triply-orthogonal surfaces, and the treatment of differential invariants. 
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QUESTIONS, DISCUSSIONS, AND NOTES 


EpITED BY R. J. WALKER, Cornell University, Ithaca, N. Y. 


The department of Questions, Discussions, and Notes in the MONTHLY is open to all forms of 


activity in collegiate mathematics, except for specific problems, especially new problems, which are re- 
served for the department of Problems and Solutions. 


A NOTE ON TETRAHEDRAL RIEMANN SURFACE MODELS 
H. J. BARTEN, Baltimore, Md. 


In the April 1939 issue of this MONTHLY there appeared an article by Dr. 
Sadowsky entitled “A tetrahedral Riemann surface model of a closed finite 
locally-Euclidean two-space.” In this article the author proved that an elemen- 
tary parallelogram may be folded into a two-sheeted Riemann tetrahedral surface 
model. 

After a little investigation I find that this parallelogram may be folded into 
an eight-sheeted Riemann tetrahedral surface model. 

Procedure: 

1. In the elementary parallelogram V(11—-13-15-17) draw the diagonal 
V(13-17) between the two obtuse vertices. 

2. Divide the parallelogram into 32 congruent triangles as indicated. 

3. Make the following cuts: 

V(14-19) V(16-36) V(18-25) V(12-35) 
V(32-42) V(33-43) V (34-44) V(31-41) 


4. Fold sub-parallelogram V(14—-15-16-19) as explained by Dr. Sadowsky. 

The index numbers assigned to each V signify that any V’s containing the 
same first index number lie on the same vertex of the final tetrahedron and on 
the same vertex of the three other sub-tetrahedrons, the last number being used 
to prevent ambiguity in discussing the four different sub-parallelograms. Any 
edge formed by two neighboring V’s will coincide with any other edge formed by 
two neighboring V’s if the two first index numbers of the two sets of V’s are 
similar, regardless of order. 

5. Leaving the first tetrahedron folded, fold sub-parallelogram V(16—17-18- 
19) so that the first sub-tetrahedron is completely enclosed by the new sub- 
tetrahedron.* 

At this point cuts V(32-42), V(16-36), and V(33-43) may be annihilated, 
thus closing the interior of the first two sub-parallelograms. Also V(14-15) is 
joined to V(17-18) by a self-intersection. 

6. Now fold sub-parallelogram V(11-12-19-18) so that the first two sub- 
tetrahedrons are completely enclosed by the new tetrahedron. 

Again we may annihilate the cuts V(18-25) and V(34-44), thus closing the 
interior of the first three sub-tetrahedrons. V(16-17) and V(11-12) are joined 
by a self-intersection. 











* A sub-tetrahedron, in this case, is a two-sheeted tetrahedral surface formed by a sub-paral- 
lelogram. 
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7. Fold the final sub-parallelogram so the three former sub-tetrahedrons are 
completely enclosed by the latter. We now complete the closure by annihilating 
the cuts V(12-35) and V(31-41). Now the interior of the elementary parallelo- 
gram is completely closed.* By self-intersection edge V(11-18) is joined to edge 
V(13-14), and edge V(12-13) is joined to V(15-16). Now our tetrahedral sur- 
face is completely closed. 





It seems very evident that the possibility of the existence of an even-infinite- 
sheeted tetrahedral Riemann surface model derivable from an elementary paral- 
lelogram is by no means inconceivable. The difficulties of proving this by paper- 
doll cutting are multiplied by the folding of the large number of sheets. 
Personally, I should like to see this demonstrated mathematically instead of 
empirically. 


COMMENT ON MR. BARTEN’S NOTE 


BRYANT TUCKERMAN, Princeton University 


In connection with Mr. Barten’s conjecture, it may be pointed out that “A 
tetrahedral Riemann surface model of a closed finite locally-Euclidean two- 
space” can be constructed with any even number of sheets. The basic parallelo- 
gram of Mr. Barten’s 8-sheeted model is a 2X2 lattice of parallelograms of 
Mr. Sadowsky’s type (each consisting of eight congruent triangles) . It is shown 
here that a 2mn-sheeted model (where m and n are any positive integers) can 
be formed by cutting and reassembling an m Xv lattice of such parallelograms 
Let the vertices in alternate rows be numbered 1, 2, 1, 2, sae 1 oun 
Dy iy dy ey ee respectively, the last being 1, 2, 1, 2,---,1. While this paral- 
lelogram can be cut and folded as a single piece, the construction is clearer if 





l t 4 Sa ated to com let the re e i i 
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it is cut into its 8mmn elementary triangles. These triangles are assembled, accord- 
ing to the numbering of their vertices, into a 2mn-layered tetrahedron. It can be 
seen from the numbering that the various portions of the exterior of the paral- 
lelogram which are to be identified, as well as the two lips of each cut, are super- 
posed in proper orientation along the edges of the tetrahedron, and hence can be 
joined, closing the surface. 

The tetrahedron is then a 2mn-sheeted Riemann surface; and since the 
neighborhoods of edges and vertices are reassembled as in the original parallelo- 
gram, but with the identification of its opposite sides, the Riemann surface is 
everywhere locally-Euclidean as a two-space. Each neighborhood of a vertex of 
the parallelogram (with the identifications) has become a two-sheeted neighbor- 
hood of a vertex of the tetrahedron; access to other sheets is secured by paths 
around other vertices. (The metrical necessity of this pairing of sheets establishes 
the impossibility of an odd-sheeted model of the type under discussion. ) 


NOTE ON CRITERIA OF DIVISIBILITY 
W. S. McCuLLEY, A. and M. College of Texas 


In several familiar text-books on number theory* and algebraf appear prob- 
lems involving the establishment of criteria for divisibility of a given integer V 
by 7, 9, 11, 13, 73, and 137. It is possible to prove a more general theorem that 
yields these various criteria as corollaries. The first corollary, which was ob- 
tained independently by the author, was proved as a theorem by G. Loriaf in 
1902 in a form differing somewhat from that which follows. 


TuHEorEM. If m denotes an integer such that (10, m) =1, if N denotes any integer 
expressed in the form N= ;-oair', where r= 10‘, the a; denote integers such that 
0 <a;<r, and if either 

(A) 10‘=1 (mod m), and S= Daigle ey 
or 

(B) 10‘=—1 (mod m), and S = Dpao( —1)*a:, 


then N=S (mod m). 


Proof. Since r=10', we have, by (A), r=1 (mod m), hence to the modulus m 
Ay =A, Air =, Aor? =A2, + * » In?” =An; and therefore D"_oair'= Dj-0d: (mod m), 
where, by hypothesis, the a; denote residues less than r but not necessarily less 
than m. Therefore, if 10'=1 (mod m), then N=S (mod m). 





* Dickson, Introduction to the Theory of Numbers, Chicago, 1929, p. 8. Carmichael, Theory 
of Numbers, New York, 1914, p. 46. 

+ Barnard and Child, Higher Algebra, London, 1936, p. 422, 427. 

t G. Loria, Il Boll. Matematica Gior: Sc. Didat., Bologna, 1, 1902, 


224 QUESTIONS, DISCUSSIONS, AND NOTES [April, 


From (B) of the hypothesis 10‘'= —1 (mod m), r=10‘, hence r= —1 (mod m), 
and as before, except that the terms are now alternately plus and minus, we 
obtain L7_,air'=Lj_.(—1)'a; (mod m). Therefore, if 10‘=—1 (mod m), then 
N=S (mod m). Moreover, it follows immediately that if either NV or S is divisi- 
ble by m, the other is also. Thus we have the following: 


COROLLARY 1. A necessary and sufficient condition that an integer N be divisi- 
ble by an integer m is that S=0 (mod m). 


Computation establishes the following table of factors: 


10) l= 3" 10'+ 1 = 11 
10? —— iba 3°11 107 -- 1101 
LOPS) = St es7 10? + 1 = 7-11-13 
LOS Le SFe Tie tO 10* + 1 = 73-137 
10° — 1 = 3?-41-271 10°+ 1 = 11-9091 


Several criteria of divisibility may now be stated as corollaries to the theo- 
rem and corollary just proved, to indicate their applications. We have 10'=1 
(mod 9), where ¢ denotes any positive integer, and the definition of S in the 
theorem leads to the following: 


CoROLLaRy 1.1. An integer N is congruent modulo 9 to the sum of its digits, 
and 1s divisible by 9 if the sum of its digits is so divisible. 


Application of this corollary is commonly known as “casting out the nines.” 
The congruence 10°=1 (mod 41) yields the following: 


COROLLARY 1.2. An integer N is congruent modulo 41 to the sum of its digits 
taken five at a time from the right, and is divisible by 41 af this sum is so divisible, 


It should be noted that because of the notation N = 2j~04:r', the first set of ¢ 
digits on the right, as N is ordinarily written, is denoted by ap. It will, however, 
be more convenient for the statement of corollaries involving congruences of the 
type 10'= —1 (mod m) to replace this subscript and the succeeding ones by the 
ordinal numbers of the sets of digits. For example, since 10=—1 (mod 11), 
10°=1 (mod 11), the definition of S in the theorem leads to the following: 


COROLLARY 1.3. An integer N is congruent modulo 11 to the difference between 
the sum of the digits in the even-numbered places and the sum of the digits in the odd- 
numbered places, and N is divisible by 11 if this difference is so divisible. 


Application of this corollary is commonly known as “casting out the elev- 


ens.” A similar procedure will yield corollaries for the other divisors shown in 
the table. 


Corollaries 1.1 and 1.3 find their chief application in checking continued 


sums and products for errors which may arise either in writing down the num- 


bers themselves, or in the computations, as in multiple correlation tables and in 
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accounting, or, more generally, in any tables involving repetition of entries for 
purposes of computation. 

All the corollaries will, in many cases, considerably shorten the process of 
testing large numbers for divisors. Moreover, no other divisors besides those 
mentioned in the table will yield criteria which may be applied as advanta- 
geously as these. 


ON EXTENDING THE DEFINITION OF A HARMONIC FUNCTION 


J. H. Curtiss, Cornell University 


In a recent note in this MonTHLY (November, 1939, pp. 587-588) the follow- 
ing result is stated by John Beek, Jr.: 

“Let U(x, y) be a real function, defined for complex values of x and y, and 
satisfying Laplace’s equation. Then the conjugate function is the imaginary 
part of 2U[(s+c)/2, (s—c)/2i|, where z=x+7y, and c is a constant restricted 
only by the condition that the function be finite.” 

The author then gives a brief proof, which is not entirely complete from the 
rigorous point of view.* The theorem itself, however, is substantially correct 
if properly interpreted, and it calls attention to the existence of an interesting 
and curious formal relationship between an analytic function and its real part. 
It seems worth while, since the subject has been opened, to indicate just what 
this relationship is and how it may be established. 

The chief difficulty in interpreting Beek’s result lies in deciding upon a suita- 
ble definition of U for complex values of x and y. Thus for example, the function 
U= | | is harmonic in the half-plane lying to the left of the y-axis, but it would 
not do for Beek’s purposes to write 2 U[(s+c)/2, (g—c)/21|= 2| (s+c)/2| . Once 
we have arrived at a suitable extension of the definition of U(x, y), Beek’s 
proposition follows at once, and accordingly our main concern in this note will 
be to formulate such an extension. 

To state the problem in more exact language, let us consider three complex 
planes, which we shall call the z-plane, the z:-plane, and the 22-plane. The coérdi- 
nates of the point of affix zin the z-plane will be denoted by x and y; these letters 
will denote real numbers throughout this discussion. We shall suppose that to 
the arbitrary point z=x-+7y in the z-plane there corresponds the point 2:=% 
on the real axis of the z:-plane, and the point 22=y on the real axis of the z:-plane. 
Let U(x, y) be harmonic in a bounded, simply connected region R of the z-plane, 
and let V(x, y) be a harmonic conjugate of Uin R. The function V(x, y) may be 
represented by the formulat 


me TY aU We fe aU ; ) 
| vie, pat fo” (-Lart as), 
(1) (x, 9) Panes) ax 


* It should also be mentioned that Beek’s notation is somewhat ambiguous. By 2*, he means 
the conjugate imaginary of 2, but by f*(z) he does not mean the conjugate imaginary of f(z). 
+ Osgood, Lehrbuch der Funktionentheorie, fifth edition, Leipzig, 1928, volume I, p. 655, 
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where K is a real constant, (#9, yo) is an arbitrary point of R, and the path of 
integration is any rectifiable arc lying entirely in R with the indicated end- 
points. We shall denote the function U(x, y)+iV(x, y) by f(z); this function 
is an analytic function of z. Our problem is to formulate a natural and useful 
definition of U(z1, 22) for values of z; and zg. not on the real axes of the z;- and 
Zo-planes, respectively. 

The usual way to extend the definition of a real analytic function of a single 
real variable to complex values of the variable consists simply in replacing the 
real variable by a complex one in the Taylor series for the function and using 
complex algebra to evaluate the new series. An analogous method is readily 
available in the case of U(x, y), for it is known that there exist sequences of 
harmonic polynomials in x and y which converge uniformly to U in every closed 
sub-region of R.* For example, if R is the interior of a circle, properly arranged 
sections of the Taylor expansion of U about the center of the circle will consti- 
tute such a sequence. Our method, then, will be to replace x and y by 21 and 22 
in such a sequence of harmonic polynomials and to use the algebra of complex 
numbers to evaluate the resulting expressions. 

But there are an infinite number of different sequences of harmonic polyno- 
mials convergent to U in R, and it is natural to inquire whether we have arrived 
at a unique result in choosing any one of these sequences. Also, it is inconven- 
ient to restrict ourselves to sequences convergent throughout R, as the poly- 
nomials of such a sequence are usually difficult to obtain explicitly, and the 
question arises as to whether we should obtain the same definition of U(21, 22) 
for z and ge suitably restricted if we use one of the sequences which converge 
only in a sub-region of R. (The sections of the Taylor series about an arbitrary 
point in R give an example of such a sequence.) Then, too, questions arise as to 
the persistence of convergence after the change has been made to complex vari- 
ables. These considerations lead us to the following result, which is essentially 
a restatement of Beek’s proposition in more exact language. 


THEOREM. Let R, be a sub-region of R and let P,,(x, y), (n=0,1,2,---), be 
any sequence of harmonic polynomials of respective degreest n in x and y which 
converges uniformly to U(x, y) in every closed sub-region of Ry. If complex num- 
bers 2, and 2» be chosen so that the points of affix 2’ and 2’ both lie in R,, where 


i e a a . . =p ° 
Z =Zi1ti20, 2!’ = 2 —129, then lim, .. P,,(21, %) = [f(s’) +f(s’’)|/2 uniformly for z’ 
and z"’ in any closed sub-region of R. 


Thus it appears that an appropriate definition for U(z1, 22) is [f(s’) +f(z’’)]/2 


= 


provided that z’ and 3” both lie in R. It is worth noting that according to this 





* Walsh, The approximation of harmo 
rational functions, Bulletin of the Americ 

t By a real polynomial of degree n i 
summed over all non-negative integers h, 
of which may be zero, Similarly in speak 
any of the coefficients to be zero. 


nic functions by harmonic polynomials and by harmonic 
an Mathematical Society, vol. 35, pp. 499-544. 
nx and y, we mean an expression of the type Dajgxy*, 


k for which h+k< n, the ay, being real numbers any or all 
ing of a complex polynomial of degree m, we shall allow 
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definition, U(z:, g2) is an analytic function of the two complex variables z’ and 
z’’, since f(2) is an analytic function of z. 

To prove the theorem, we first observe that if P,(x, y) is a harmonic poly- 
_ nomial of degree n, then the conjugate 


OF. a ee 
(- ——— 0X iy) 
oy Ox 





(2) Ont) =f 


20,0 


is itself a polynomial of degree m in x and y. Furthermore, the function f,(z) 
=P,,(x, y) +7Q,(x, y) is an analytic function of z, and its (n+1)th derivative is 
O"*tP,, /dx"t1+7(0"t10,,/dx"t!) =0. Thus f,(z) is a complex polynomial of de- 
gree n. We may write 


n 
(Or Dit eats 
k=0 





2P,(x, vy) = fa(s) + falZ) = Do ana(a + iy)* + DO anye(a — iy)*, 
k=0 k=0 


2Pa(z1, 2) = Dy On,e(2’)* + Dy an,n(2")* = faz’) + fal”). 
k=0 k=0 


In (1) and (2) let (x, y) and (xo, yo) be points of R; and let the path of integration 
be the same in both integrals and lie in R;. Then 


Om . sob. ye ee FO 
(EM) ne GE) 0] 

Oy Oy Ox Ox 
Now if lim, ... P,(x, y) = U(x, y) uniformly in every closed sub-region of Ri, then 
by a well known theorem,* lim,.., 0P,,/0x =0 U/0x and limy +. OP, /dy =0U0/dy 
uniformly in every closed sub-region of Ri. It follows from this and from (3) 
that lim,.. Q,(x, y) = V(x, y) —K uniformly in any closed circular sub-region of 
R:, and therefore (by the Heine-Borel Theorem) in any closed sub-region of Ri. 
That is, lim... f.(z) =f(z) -iK and lim,.... fn(z) =f(z) +¢K uniformly in every 
closed sub-region of R;. This means that 


lim 2P,(¢:, #2) = f(s’) — iK + f@") + iK =f) + f@"), 


no 





(3) V(x, y) —Qa(x, 9) =K + { | 


v0.0 





uniformly in every closed sub-region of Ri. This completes the proof. It aa 
be observed that the final result is independent of the choice of K and o 


(xo, Yo) in (3). aed 
If now we let 2:=(z-+c)/2 and 2.=(s—c)/2i, so that 2° =2, 3 ’=¢c, we may 


write 2u [(2+0)/2, (@— 2/24) =f) (0), 


provided that z and élie in R. This is the formal relationship between a function 





* Osgood, op. cit., p. 682. 
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and its real part mentioned in our introductory remarks. Let c=¢,+1¢2, C1, C2 
real. The real part of 2U|[(z+c)/2, (g—c)/2i] is U(x, y) + U(a, —¢e) and the 
imaginary part is V(x, y)— V(ci, —¢2), in accordance with Beek’s assertion. 

How may this theory be used to find the conjugate of an explicitly given 
harmonic function? This is the problem that Beek evidently had in mind. 
Clearly the solution calls for a heuristic approach. If, when we substitute 
(s+c)/2, (s—c)/2i for x and y in the expression for U(x, y), we obtain an obvi- 
ously analytic function of z and of c of which the real part differs from U bya 
constant, then the imaginary part is a conjugate of U. If it is not apparent that 
we obtain such a function, then the substitution must be made in some con- 
venient sequence of approximating polynomials. In this case it will usually be 
found that (1) furnishes a more tractable solution. 


RECENT PUBLICATIONS 


EDITED BY VIRGIL SNYDER, Cornell University 


All books for review should be sent directly to the editor of this department at the Mathematical 
Association of America, 531 West 116th St., New York, N. Y., and not to any of the other editors 
or officers of the Association. 

NEW BOOKS RECEIVED 


The Mathematical Theory of Huygens’ Principle. By B. B. Baker and E. T. 
Copson. Oxford, Clarendon Press, 1939. 7+155 pages. $4.25. 

Modern Machine Calculation with the Facit Calculating Machine Model Lx. 
By H. Sabielny. Translated and revised by L. J. Comrie and H. O. Hartley. 
London, Scientific Computing Service Ltd., 1939. 74 pages. 5s. 

Three Copernican Treatises. The Commentariolus of Copernicus, The Letter 
against Werner, The Narratio Prima of Rheticus. Translated with introduction 
and notes by Edward Rosen. (Records of Civilization: Sources and Studies, 
no. 30.) New York, Columbia University Press, 1939. 10-+211 pages. $3.00. 

Elementary Calculus. By G. W. Caunt. Oxford, Clarendon Press, 1939. 388 
pages. $2.75. : 

Statistical Method from the View-point of Quality Control. By W. A. Shewart 
and W. E. Deming. Washington, D. C., The Graduate School, Department of 
Agriculture, 1939. 9+155 pages. 


REVIEWS 
Elementary Statics. A text-book for engineers. By M. Appleby. Cambridge, The 

University Press; New York, The Macmillan Company, 1939. 8 +164 pages. 

$2.25. 

The author, professor of applied mathematics in the Royal University of 
Malta, has based this book on lectures delivered to students of engineering. As 
stated in the preface, no attempt has been made to develop the subject rigor- 
ously from the minimum number of fundamentals; instead, the aim has evi- 


dently been to provide the prospective engineer with a tool for the solution of 
specific problems. 
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With this end in mind, general principles and theorems receive brief or no 
discussion, and nearly all of this small book is devoted to the consideration of 
rather simple examples chosen from various fields. The mathematics used is as 
elementary as the mechanics involved in these problems; apart from a short 
section on the application of the principle of virtual work, all the rest of the 
book is free of calculus. 

The following summary will indicate the scope and content of the book. 
Chapter I, Introductory, contains 2 illustrative examples and 12 exercises for 
the student; Chapter II, Translation and Rotation, 22 examples, 25 exercises; 
Chapter III; Work and Machines, 12 examples, 24 exercises; Chapter IV, Fric- 
tion, 17 examples, 25 exercises; Chapter V, Centre of Gravity, 10 examples, 
30 exercises; Chapter VI, Graphical Statics, 6 examples, 25 exercises; Chapter 
VII, Couples and Pure Rotation, 10 examples, 16 exercises; Chapter VIII, Mis- 
cellaneous (this includes Hooke’s law, virtual work, the energy test of stability, 
hydrostatics, and the suspended cable), 12 examples, 25 exercises; 50 miscellane- 
ous exercises on the book; answers to exercises; index. 

Within the limitations of scope and size indicated above, the treatment is 
thorough and clear, and the book should prove satisfactory for a short course. 
The style is somewhat choppy, and the notation is sometimes not explained but 
must be inferred from the accompanying figure or discussion. There appear to 
be few errors or misprints, among which the following were noted. Page 11, 
exercise 11: medium is written for median; page 56, last line: \/6/2 should be 
\/3/2; page 103, line 8: known is written for know; pages 138-139: length is 
denoted by / in the statement of Example 9, but by Z in the solution; page 140, 
Fig. 125: the point A, referred to in the solution, is not indicated; page 151, 
exercise 26: the answer 1/3 is obviously incorrect. 

F. H. MILLER 


Business Mathematics. Second edition. By I. L. Miller and C. H. Richardson. 
New York, D. Van Nostrand Company, Inc., 1939. 12+352 pages. $3.75. 


This book, which is an extension of the book Commercial Algebra by the same 
authors, is thought of as a text-book for a one-year course for students in busi- 
ness and finance. It does not presuppose any mathematical knowledge beyond 
first-year algebra. 

In the first nine chapters, the authors give a detailed account of the algebraic 
processes that are to be used in the later chapters of the book. Although some 
of the details in these first nine chapters could not withstand a rigorous investi- 
gation from the modern mathematical view-point, the authors have kept the 
text relatively free of such inexact statements as are usually found in books of 
this type. These chapters cover such subjects as the four rational operations, 
solutions of linear equations with several unknowns as well as quadratic equa- 
tions, powers, radicals, and logarithms, and arithmetical and geometrical pro- 


gressions. 
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Chapters X to XVI deal with commercial applications. Included in these 
chapters are discussions of percentage, simple and compound interest and dis- 
count, annuities and related subjects. The usual formulas of the theory of inter- 
est and annuities are derived in a rather general way. 

Chapters XVII to XXI give an elementary introduction into the theory of 
life insurance. In Chapter XVII, the authors have given a treatment of the ele- 
mentary theory of probability, i.e., the part of that theory based purely on 
combinatorial methods. In the following chapters, this theory is then applied to 
the most common problems in life insurance, in particular to life annuities, 
premiums, reserves, efc. The study of this part of the book cannot be considered 
as a sufficient background for a student who wishes to go into actuarial work, 
though it may be of considerable help for the layman interested in this subject. 

The fact that almost every article in the book begins with a clear definition 
of the terms involved is a recommendable feature of the book. Many chapters 
contain a summary of all the formulas derived in them and thus enable the stu- 
dent to compare these formulas. 

The book contains many illustrative examples as well as a large number of 
exercises and problems pertaining to the various subjects. However, the fact 
that the authors have not given the solutions to these problems may prove 
rather inconvenient to teachers and students alike. 

The authors have inserted at the end of the book thirteen tables, including 
a table of logarithms, compound interest tables, annuity tables, a mortality 
table, and other life insurance tables. 

Fritz HERZOG 


Bibliography of Early American Textbooks on Algebra Published in the Colonies 
and the United States through 1850, together with a characterization of the first 
edition of each work. Scripta Mathematica Studies, Number One. By Lao G. 
Simons. New York, Scripta Mathematica, 1936. 68 pages. $1.00. 


This bibliography is in many ways a sequel to the author’s Introduction of 
Algebra into American Schools in the Eighteenth Century, Washington, 1924. 

Only one of the titles listed belongs to the period of the earlier study. This 
is the Arithmetica of Cyffer-Konst by Pieter Venema, Neu-York, 1730, which de- 
votes over a third of its space to algebra. The remaining seventy titles belong 
to the time from the close of the American Revolution to 1850. During this 
period, algebra in its more elementary phases gradually shifted from being a 
subject for college students to that of being required for entrance to college. 
The dates of these requirements tell the story: Harvard 1820, Columbia 1821, 
Yale 1847, Princeton 1848. Professor Simons characterizes the period under con- 
sideration as follows: “During this period of time, algebra took its unquestioned 
place in the secondary school curriculum. The attitude of the author changed 
from one of apology or explanation or appeal to one of complete confidence in 
the acceptance of the subject among the recommended or required subjects.” 

The types of treatment are interesting. Between the American Revolution 
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and the close of the eighteenth century, algebra was included in three works, 
either as an integral part or as an appendix. The most important of these was 
the New and Complete System of Arithmetic composed for the citizens of the United 
States by Nicolas Pike, Newburyport, 1788. Pike had taken the precaution of 
submitting his manuscript to a number of prominent men and their letters of 
recommendation, which he duly published, were perhaps influential in the im- 
mediate adoption of the book as a text in the colleges in New England. In the 
early part of the nineteenth century, a number of compilations, translations, 
and reprints of foreign books appeared from American presses. It was not until 
1814 that an American author produced a volume devoted entirely to algebra. 
From this time on, algebras of many different types appeared. Of these, Pro- 
fessor Simons says: “While some of the books are as much alike as peas in a pod, 
in spite of claims by the author to the contrary, many of them stand out through 
the introduction of new topics, through the independence of treatment and ap- 
plications, or through the eccentricity of the author. Crank works, works cover- 
ing all possible topics, or just one or two topics were put out, a rich and varied 
fare. There is even one work prepared especially for the blind.” 

But this is more than a bibliography, although it is safe to say that no work 
of the period has escaped Professor Simons’ careful search and eagle eye. Besides 
giving details of the content and treatment, there are many quotations from the 
prefaces of these works. These alone well repay the reader. For example, 
Ebenezer Bailey, principal of the Young Ladies High School in Boston, writes 
in 1833, “This treatise is especially intended for the use of beginners. I have 
long wished that algebra might be introduced into common schools, as a stand- 
ard branch of education; and there seems to be no good reason why the study of 
this most interesting and useful science should be confined to the higher semi- 
naries of learning. The upper classes, at least, in common schools might be 
profitably instructed in its elements without neglecting any of those branches 
which they usually attend. .. . I have aimed to prepare a work, which any boy 
of twelve years, who is thoroughly acquainted with the fundamental rules of 
Arithmetic can understand, even without the aid of a teacher. . . . The subse- 
quent Chapters on Evolution and Equations of the Second Degree, have been 
added with a particular reference to schools for young ladies. It is presumed that 
the work, in its present form, contains as much algebra as this class of learners 
will, in general, find time to study.” Lest this seem a little conservative, consider 
Warren Colburn’s suggestions on method in 1825 which we might well take to 
heart today: “The best mode, therefore, seems to be, to give examples so simple 
as to require little or no explanation, and let the learner reason for himself, tak- 
ing care to make them more difficult as he proceeds. This method, besides giving 
the learner confidence, by making him rely on his own powers, is much more in- 
teresting to him, because he seems to himself to be constantly making new 
discoveries. Indeed, an apt scholar will frequently make original explanations 


much more simple than would have been given by the author.” 
VERA SANFORD 
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James Gregory Tercentenary Memorial Volume containing his correspondence 
with John Collins and his hitherto unpublished mathematical manuscripts, 
together with addresses and essays communicated to the Royal Society of 
Edinburgh July 4, 1938. Edited by H. W. Turnbull. London, G. Bell and 
Sons, 1939. 7+524 pages. 25s. 


The purpose and the spirit of this book are perhaps best described by the 
words of the Editor: “There is an element of tragedy in the story here unfolded. 
In his day Gregory was held to be second only to Newton: yet within a few 
years his greatest work was almost forgotten. The discovery of the St. Andrews 
manuscripts has made it possible to restore to Gregory something of the fame 
which is due to the memory of a genius.” And after one has finished reading this 
volume one must admit that these five hundred pages do restore “the fame due 
to the memory of a genius.” It would be purposeless to enumerate all the dis- 
coveries of Gregory. It is enough to mention that he knew before Leibniz that 
m/4=1—3+3-—7+ ---, that in the pre-calculus times he was able to establish 
the formula f sec x dx =log (sec x+tan x), and that he constructed a telescope 
which only in details differed from that of Newton. And one cannot help wonder- 
ing that this great mathematician was almost forgotten. The tercentenary vol- 
ume, edited with extreme care, forms an important and a valuable contribution 
to the history of our science. It should be highly recommended to every one 
interested in the history of mathematics and to those who seek in old pages in- 
spiration for their work. 


M. Kac 


Elementary Calculus. By G. W. Caunt. Oxford, Clarendon Press, 1939. 388 
pages. $2.75. 


The author states in his preface, “This book has been written in response to 
numerous requests for a book on Calculus smaller than my Introduction to the 
Infinitesimal Calculus. The treatment of the subject is on the same lines as in 
that book, but many of the articles have been rewritten. Many of the applica- 
tions to Physics and Mechanics have been omitted, and it has also been nec- 
essary, from considerations of space, to leave out the chapters on Partial 
Differentiation and Differential Equations.” 

The American student would find in this text little that is strange to him. 
There is the usual continental “misplacement” of the decimal point, references 
to pounds instead of the almighty dollar, the term “differential coefficient” in- 
stead of “derivative” and, on occasion, the most commendable “D” 
“a faa” 

A priori, one might think that an English text would expe 
cation on the part of its readers than the U. S. texts but thi 
case. There are, to be sure, two instances in which 
experience is assumed: 


instead of 


ct greater sophisti- 
s seems not to be the 
a little more firmly grounded 
first, in the use of trigonometric identities without a 
quaver or previous list; second, it is “taken for granted that the student is al- 
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ready familiar with as much of the theory and construction of graphs as is usu- 
ally included in text-books on elementary algebra, including the graphs of the 
functions y=ax+b, y=ax?+bx+c, x?+y?=a?, together with their simpler prop- 
erties, and also with the graphs of the circular functions sin y; Cos.%/ tans) cic.” 
But in the new material dealt with the author is unusually painstaking. There is, 
at times, a kind of postponed motivation for steps taken; that is, the reasons for 
taking the steps are often given afterward. Also, though applications are given, 
it is assumed that the student is interested enough in the subject for its own sake 
to take time and thought for its theory. If that be sophistication, make the most 
of it! 

The exposition and development is clear, slow, careful and accurate except 
for the usual fallacious “proof” for the asymptotes of an hyperbola—the “proof” 
that would show that y=mx+b has y=mx as an asymptote since y/x ap- 
proaches m as x becomes infinite. With this rather surprising exception, the 
author’s treatment of limits is very careful and could be understood by the 
average U. S. student, though the reviewer wishes in several cases the author 
had taken the one additional step necessary to make the theory completely pre- 
cise. One of the best features of the book is his application of this theory to the 
examples needed in the calculus. In particular, the derivation of the formula for 
the derivative of x” is refreshing. 

The topics covered are the ones usual to our texts except that there is more 
stress laid on limits, convergence, and applications to mathematics (such as 
envelopes) than is often the custom. There is an “appendix” of three pages on 
the conic sections. 

This book is especially to be commended for its insistence on a clear under- 
standing of some of the fundamentals of calculus and should be a very salutary 
text for those students really interested in mathematics whether or not their 


ability in the subject is above average. 
B. W. JONES 


A Short History of Science. By W. T. Sedgwick and H. W. Tyler. Revised by 
H. W. Tyler and R. P. Bigelow. New York, The Macmillan Company, 1939. 
21+512 pages. $3.75. 


The revised edition of Sedgwick and Tyler's History of Science (1917) at- 
tempts fo trace briefly the history of the foundations [of science | upon which recent, 
as well as earlier, advances were made; to correlate the steps of progress with the 
spirit of the time; and to increase the emphasis on the evolution of scientific meth- 
ods... . Like the original work it is the outgrowth of a course of lectures given for 
a number of years to undergraduates of Massachusetts Institute of Technology... . 
In comparison with the parent volume the space devoted to mathematical science has 
been considerably reduced by the omission of proofs and relatively technical material, 
as well as of quotations, and moreover forty pages of appendices containing source 
material have been removed. In consequence, new material has been added mak- 
ing the present volume larger and more satisfactory. 
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Within recent years considerable work has been done in the history of sci- 
ence. On the one hand an active periodical literature has been announcing dis- 
coveries to specialists; and on the other efforts have been made to select from 
this, material suited for presentation to the layman. It is being generally realized 
that the history of ideas and, specifically, that influential group of ideas known 
as science is a subject worthy of serious study. 

In the opinion of the reviewer, if the history of science were taught to upper- 
class science majors, the present volume would be an excellent text-book. The 
point of view adopted is that of the scientist rather than that of the antiquarian 
or philosopher. The book is obviously designed to be taught from. It is enriched 
by numerous well-selected illustrations and quotations, and also an excellent 
bibliography in English. This last point is important, since undergraduate sci- 
ence majors rarely have sufficient command of foreign languages to cope with 
the references usually found in other histories. 

SEYMOUR SHERMAN 


Higher Mathematics. With applications to science and engineering. By R. S. 
Burington and C. C. Torrance. New York and London, McGraw-Hill Book 
Co., 1939. 13+844 pages. 


This book is a text in advanced calculus with supplementary material in 
higher algebra and partial differential equations growing out of course work at 
Case School for Applied Science, and intended to meet the needs of students 
interested in the applications of mathematics to physics and engineering. There 
are, in general, three types of texts in this field; those which aim at a bird's-eye 
view of the subject without much attention to the more complicated parts of 
the subject which would arise from attempts to state the most general hy- 
potheses under which the theorems are applicable; those which narrow the fields, 
usually omitting much of the more complicated use of differential equations, 
especially partial differential equations, the theory of integration, and which 
omit numerical computations; and those books which are almost compendiums. 
This book is definitely of the third type. 

To cover the book completely would require a two-year course with a 
thorough course in the elementary calculus as a prerequisite. To this reviewer, 
however, a valuable feature of the book is that it may be used in a year course 
in advanced calculus to acquaint the student with the style and notation of a 
book which he can continue to consult when he wishes to learn more in the field 
than can be covered in class. A good student should be able to learn a great deal 
working alone with the book, and it should be valuable as a reference work in a 
small college where courses in advanced mathematics are necessarily few. The 
outstanding contribution of the book, however, is its collection of problems. No 
teacher who wishes to touch upon the subject-matter in the large number of 
fields where mathematical analysis is used can afford to overlook it as a source 
of material. 


The text is concerned with the differential calculus, integral calculus, ordi- 
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nary differential equations, infinite series and sequences, partial differential 
equations, calculus of variations and dynamics, and at the end a brief introduc- 
tion to real variable theory. There follows a bibliography of texts which may be 
consulted with profit for collateral reading, and a reasonably complete index. 
For so large a book the number of errors in proof-reading is quite small, most of 
those noticed being merely lost subscripts. 

There is an excellent level of rigor maintained throughout, great care having 
been taken to make matters clear and accurate; the only lapse noted is in Chap- 
ter 2, sec. 13, where the proof of the fundamental theorem about the existence of 
Riemann’s Integral (13.1) uses the theorem of the mean (differential) without 
having in the hypothesis of the theorem the necessary conditions about the 
derivative of this function existing, which is however done later (part c, chap- 
ter 2). It seems, however, to this reviewer that the old Darboux Theorem is 
needed at this point to give a rigorous proof. 

The various symbols introduced to separate the antiderivative, the limit of 
the sum, and the various other concepts which lead to integrals make this sec- 
tion look strange although it is, perhaps, a good idea to keep these concepts 
separate by means of a distinctive notation. 

Noteworthy inclusions in the text not usually found in older books of this 
type are: the section on algebra concerned with matrices and determinants; an 
extended section on tensor analysis; one on the solution of the partial differential 
equations of mathematical physics by separating the dependent variables into a 
product of functions of one of the independent variables, and then summing the 
solutions of this type to obtain a series solution in terms of the various orthogo- 
nal functions; a section on the application of matrices to electrical networks 
(which seems misplaced before the algebra section despite its connection with 
systems of differential equations); a more extended treatment of conformal 
mapping; and an amplified discussion of elliptic functions. 

There is one omission which seems unusual in so comprehensive a book, in 
that no treatment of integral equations appears, a subject of increasing impor- 
tance in the advanced fields of engineering and physics. 

On the whole this is an excellent book and deserves great popularity both 


as a reference work and as a text. 
T. C. BENTON 
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MATHEMATICS CLUBS 


Epitep sy E. H. C. HitpEBRANDT, New Jersey State Teachers College 


All reports of club activities, suggestions, topics with references, and other material of interest to 
clubs should be sent to E. H. C. Hildebrandt, State Teachers College, Upper Montclair, N. J. 


NOTICE TO ALL CLUBS 


We wish to remind each club that its final activity should be to close the 
year’s program with a report to this department. In the annual spring letter to 
each club we will stress again that we not only welcome a report on the topic 
discussed at each meeting and the speakers, but short critical summaries of 
these papers. Copies of any mimeographed material used at club meetings, 
magazines or publications, and bibliographies of topics are useful material for 
the department files. 


MATHEMATICAL GAMES, STUNTS, AND RECREATIONS 


1. Mathematico. In answer to requests of several clubs for games which may 
be played by either a large or a small group of persons, we recommend the 
game Mathematico which has often proved successful. The materials required 
are paper and pencil for each member of the group, and an ordinary deck of 
playing cards for the announcer. Before the start of the game, the paper is ruled 
off into 5 by 5 (25 cells) squares. (These may be done beforehand on mime- 
ographed sheets and distributed at the time of play.) 

The procedure: the announcer shuffles the cards, then turns up the upper- 
most one, and announces the number (not the suit) appearing on the face of the 
card. Each player then writes this number in any one of the 25 cells of his 
choosing. The position of a number, once written, may not be changed. The next 
card is turned up and the players write this number in one of the remaining 
cells. The purpose of the game is to place as many like numbers as possible in 


any row, column, or diagonal. The cards—ace, 2, 3, - - - , jack, queen, and king 
—may be given the numbers 1, - - - , 13, respectively, or single digits may be 
USEC, 169A je; one 299. Ta), aad tee the twenty-five cells have been 
filled, each player adds up his score based on the following table of points: 

2 numbers alike in a row or column | 10 points 

2 pairs of two numbers alike in a row or column 20 points 

3 numbers alike in a row or column 40 points 

3 numbers alike and two other numbers alike 80 points 

4 numbers alike in a row or column 160 points 

5 numbers of a sequence, not necessarily in order 50 points 

3 A’s and 2 K’s in a row or column 100 points 

Sequence of A, K, Q, J, T in a row or column 150 points 


4 A’s in a row or column 200 points 


For scores made diagonally, add 10 points to each of the above. 


The person with the highest number of points in three or more games wins. 
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An example of the game and the method of scoring is shown in the illustration 
given below (Fig. 1). The total of points scored in this case is 570. 





Fic. 1 


2. Cross-Sums. Cross-word puzzle fans and those delighting in the solution 
of magic squares may find a new interest in “Cross-Sums,” which is explained 
by a recent book of that title.* The solving of Cross-Sums can be a pastime for 
one person or can be turned into a competitive contest. In order to play the 
game, one must employ only the numerals given with each problem and each 
numeral must be used at least once. The object of the game is to arrange the 
numerals so that both down and across the totals will be the same. In competi- 
tion, two winners are possible, one being the competitor who arrives first at a 
solution in the time limit set at the beginning of the game, the second being the 
competitor whose 25 squares give the highest total. 

The following problems, two with solutions and a third to be solved by the 
reader, are taken from the book Cross-Sums. 

I. Problem: To arrange the 25 numerals so that both down and across the 
totals shall be the same. The numerals to be used are 01234567 8 and 9. Each 
of these numerals is to be used at Jeast once. It will be noted that in the solution 
given (Fig. 2), each line down and across totals the same, 7.e., 30. 





iicey, 


Il. Problem: Arrange numerals so that sums down, across, and of the four 





* Whitelaw, David, Crcss-Sums. Geoffrey Bles, Two Manchester Square, W. 1., London. 64 
pages. 2 shillings. 
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shaded squares shall each be the same. The numerals to be used at least once are 
12345 6and7 (Fig. 3). 





Fia. 3 


III. Problem: Arrange numerals so that sums down and across shall be the 
same, and the numerals in the shaded portion are to have the same sum. The 
numerals to be used at least once are 0 1 234567 and 8. The numerals 0 and 


6 are to be used once only (Fig. 4). 


_ VA | 


7 A LA 
Y 
pees 
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3. Squaring Four Points. An example of the use that can be made of a series 
of related problems appearing in Problems and Solutions departments of mathe- 
matics magazines appears in an article Squaring Four Points by the Reverend 
Edward C. Phillips, S.J., of Woodstock College, Maryland.* 

One of the first problems is to construct a square so that each side shall pass 
through a given point. It is suggested that interest in this problem can be pro- 
moted in the form of a recreation or game. At one club meeting, two persons 
unacquainted with the geometrical solution proceed as follows: one player marks 
four points on a piece of paper or blackboard and the second player is then re- 
quired to draw a rectangle through these four points, making it as nearly as 
possible into a square. Measuring two adjacent sides of the rectangle and taking 
the ratio of the longer to the shorter side, the ratio will be of the form 1+e. 
The second player then selects four points “to be squared” by the first player, 
and the ratio of these sides is found to be 1+f. The player who has the smaller 
remainder or excess over unity, wins the point for the trial. The play may con- 








* Phillips, Edward C., Squaring four points, Bulletin of the American Association of Jesuit 
Scientists, Oct. and Dec. 1939. 
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tinue until one player has won 2 out of 3, or 5 out of 9 “innings.” At a subse- 
quent meeting the geometrical solution of this problem may be given, along with 
solutions of the following related problems: 

I. Construct a square, given its four intersections with a line in its plane.* 

II. Given four points in a plane, to find the slope of the side of a square 
passing through the four points, and to determine the corners of the square and 
its area. T 

III. Show how to construct a square with one corner on each of four gen- 
erally placed straight lines in a plane. How many solutions are there in general? 
What constitute special cases ?f 

4. Stunt: Solving for a Partner. The Mathematics Club of New Jersey College 
for Women at New Brunswick used the novel form of a mathematical intrigue 
to acquaint the visiting members of the Mathematics Clubs of Rutgers University 
and Montclair State Teachers College during a recent joint meeting on their 
campus. In place of name identification cards, each person had pinned upon him 
a slip of paper containing either an equation or the solutions to an equation. 
During the social hour which followed the lecture, mathematical knowledge was 
tested by the ability of each club member to link his individual problem with 
the correct counterpart. Following is a group of equations and solutions, which 
are not listed in correct pairs: 


Lee 2 ae 

2. 4x?/3 = 9 2) —1S 2754 
3. x3 = 1 ee 

4. s;C, = 10 4) .30103 

5. «P, = 12 Ne Re 

6. sinx = cosx 6) 1/16 

7. tan4x = V3 7) wi 

8. cot-!x = 7/6 8) 45°, 225° 
9. etmz = | 9) 0,0, 0,0, 1 
10. cos (cos! x) = x 10) 5 

11. e7 +1=0 ie 
Ot 2 2a oie 
13. cos (log x) = 1 13) 0°, 180° 
14. eleer = © 14) 2,3 

15. x= "9125 15) —6 
16.57 = 1/5 16) 1 

17. log. 729 = 3 17) 7 

18. 5s = 5 15)01 5,00" 
19. x2 + cos27 = 0 19) +3 

20. x®» —x*=0 20) V3 








* Revista Mathematica Hispano-Americana, Sept. 1920, pages 228-29. See also Archibald 
R. C., this MonTRLY, vol. 28, p. 185. 

+ School Science and Mathematics, vol. 38, Feb. 1938, pages 222-223. 

t Clarke, W. B., this MONTHLY, vol. 46, May 1939, problem E381, p. 297. 
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PROBLEMS AND SOLUTIONS 
EpITeD By OTTO DUNKEL, ORRIN FRINK, JR., AND H. S. M. CoXETER 


ELEMENTARY PROBLEMS 


Send all communications concerning Elementary Problems and Solutions to H. S. M. Coxeter, 
69 Chaplin Crescent, Toronto, Canada. 

The Department of Elementary Problems welcomes problems believed to be new, and de- 
manding no tools beyond those ordinarily furnished in the first two years of college mathematics. 
To facilitate consideration of solutions, they should be submitted on separate, signed sheets within 
three months after publication of problems. 


PROBLEMS FOR SOLUTION 


E 416. Proposed by David Segal, Kosow Huculski, Poland. 
Prove that 
3-274 —:2'= + é % ") (mod p?) 
~ \Lp/4]7— 
where p is any odd prime. 
E 417. Proposed by J. F. Kenney, Northwestern University. 


Let E be any point outside a circle, ABE the diameter through EL, and CDE 
any chord through E. In the triangle BCE, show that the side CE is divided by 
D into segments (CD and DE) whose ratio is less than the ratio of the angles E 
and C. 


E 418. Proposed by W. E. Buker, Pittsburgh Public Schools. 
Find triangles with rational sides and angle-bisectors. 


E 419. Proposed by V. Thébault, Le Mans, France. 


In what direction must a billiard ball be hit in order to return to its starting 
point after a given (even) number of rebounds? Neglect spun of the ball. 


E 420. Proposed by Virgil Claudian, Bucharest, Roumania. 


Let WV be the point of intersection of the diagonals of a quadrangle inscribed 
in a circle with center O. Let parallels through M to the four sides meet the re- 
spective opposite sides at P, 0, R, S. Prove that these four points are collinear, 
that their line is perpendicular to OM, and that analogous results hold for a 
cyclic hexagon whose three main diagonals concur at a point MM, 


SOLUTIONS 
E 380 [1939, 297]. Proposed by W. F. Cheney, Jr., Connecticut State College. 


If the radius of a circle is any odd prime, p, there are just two different primi- 
tive Pythagorean triangles circumscriptible about that circle. Show that, for 
each such pair of triangles: 

(A) their shortest sides differ by one; 

(B) their hypothenuses exceed their corresponding longer legs by one and by 

two, respectively; 
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(C) the sum of their perimeters is six times a perfect square; 

(D) as p increases without limit, the ratio of their least angles approaches 
the limit 2; 

(E) as p increases without limit, the ratio of their areas approaches the 
limit 2; and finally, 


(F) the smaller triangle can always be placed inside the larger, so as not to 
touch it. 


Solution by C. W. Trigg, Los Angeles City College. 


The sides of a primitive Pythagorean triangle are of the form a=m?—n?, 
b=2mn, c=m?-+n?, where m is greater than n, one is odd and the other even, 
and m and » are relatively prime. If p is the in-radius, then c=a+b—2p, so 
p=n(m—n). In the present case p is an odd prime, so there are just two possi- 
bilities: either »=1, m=p-+1, and the sides are 


a, = p(p + 2), b; = 2(p + 1), a = p?+2p4+2; 
or n=p, m=p-+1, and the sides are 
d2=2p+1, bo =2p(pt+1), c= 2p?+2p41. 


(A) Since a,—b, = p?—2 and b2—a.=2p?—1, the shortest sides are }; and @e, 
which differ by 1. 

(B) a —a,:=2, and c—h,=1. 

(C) atd) +e +a.+bh2+c2=6(p+1)?. 

(D) The least angles, 7.e., the angles arc tan 2(p+1)/p(p+2) and arc tan 
(2p+1)/2p(p+1), tend to zero; hence their limiting ratio is equal to the limit- 
ing ratio of their tangents: limp +02(p+1)?/[(p+3)(p4+2) ] =2. 

(E) The ratio of the areas is 


Z deb 2p + 1 ; 3 


Pega pe a 








(F) The smaller triangle can never be placed inside the larger so as not to 
touch it, for they have equal inscribed circles. 
Also solved by W. B. Clarke and W. R. Talbot. 


E 382 [1939, 297]. Proposed by Virgil Claudian, Bucharest, Roumania. 


A, B, and C are three fixed points in space. (.S) is a sphere fixed in space, 
bearing A and B, but not C, on its surface. P is a point which moves over the 
surface of (S). (Q) is the sphere determined by 4, B, C, antursel is the plane 
tangent to (Q) at C. M is the plane ABP. Planes M and T intersect in the line /. 
Determine the locus of /. 
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Solution by Donald Boyd, University of Toronto. 

Consider the fixed point C as a null sphere (C). Then T is the radical plane 
of (Q) and (C), while / is the radical plane of (Q) and (S). Hence / is the radical 
axis of (Q), (S), and (C), and its locus is the radical plane of (S) and (C). 

Also solved by Melvin Preston, A. E. Roffey, V. Thébault, J. B. Walker, 
and C. G. White. 


E 383 [1939, 361]. Proposed by Cezar Cosnitd, Roumanian Mathematical In- 
stitute. 

The diameters from the vertices of the triangle ABC, in the circumscribed 
circle, cut the opposite sides in Z, F, and G, respectively. L, WM, and WN are the 
respective midpoints of AE, BF, and CG. Show that triangle LMWN is homolo- 
gous to triangle ABC, and that the axis of homology is the orthic axis of the 
triangle. 

Solution by L. M. Kelly, Boston University. 

The triangle LWW is obviously homologous to ABC, by perspective from 
the circumcenter. The only question, therefore, is whether the point P, where 
LM intersects AB, lies on the orthic axis, 7.e., the polar of the orthocenter with 
respect to ABC. To answer this, we calculate the ratio of PA to PB. Let R, S, T 
be the midpoints of BC, CA, AB. Suppose for definiteness that BC<CA, and 
let LM meet RS (produced) at Q. By similar triangles, we have 


RS 7 OR = OS : MR LS FG Fi singe A sin 2B 


PE PR “PT MP LT oF * BRP anc 1 ene 








2 sin (A — B) cos (A + B) — sin (A — B) — tanA-+ tan B 
2 sin C cos C i sin (A + B) . tan A + tan B 


and therefore 
PA PT + RS tan B 


PE Oni pe orn 





Thus P divides the side AB externally in the ratio tan B:tan A. Since the alti- 
tude from C divides AB internally in the same ratio, this shows that P lies on 
the orthic axis. 

Editorial Note. This result can be obtained without trigonometry by taking 
A, B, C to be the points (1/J, 0, 0), (0, 1/m, 0), (0, 0, 1/m) in the plane 
Ix-++-my-+nz=1, with the unit of measurement adjusted so as to make /?-++- m?2+-n?2 
=1. Then we easily find that the orthocenter is (1, m, n), and the circumcenter 
[((1—P)/21, (1 —m’*)/2m, (1—n*)/2n|, that E is [0, (1—m?)/m(1+P), 
(1—n?)/n(1i+?)], and consequently ZL is [1/22, (1 —m?*)/2m(1+P), 
(1—n?)/2n(1+P) ie From here on, it is convenient to regard x, y, s as homogene- 
ous coérdinates (by projection from the origin). Then L is (41, m-|—m, 
n~'—n), and similarly M is (I-1—1, m—!4.m, n~'—n). These points are clearly 
collinear with the point (1, — m, 0), in which the line s=0 (which is AB) meets 
the orthic axis x/l+y/m+2/n=0. 
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E 384 [1939, 361 |. Proposed by V. Thébault, Le Mans, France. 


Determine the envelope generated by the polar line w of the fixed point W, 
with respect to the circle Q, which is of constant size, but rolls around a fixed 
circle C. What happens if circle C degenerates into a straight line L? 


Solution by L. M. Kelly, Boston University. 


Let us first consider the envelope of the radical axis w’ of the circle Q and 
the null circle W. This radical axis lies mid-way between W and w, so its en- 
velope is homothetic to the envelope of w. From O, the center of C, draw OK 
perpendicular to w’. Take a point X on OK, so as to make OMWX a parallelo- 
gram, M being the center of Q. Then the product 2 OK- MW is constant, being 
equal to the difference of the powers of O with respect to the circles W and (Q. 
Since OK -OX is constant, the envelope of w’ is the polar reciprocal of the locus 
of X. But X is the symmetric of M with respect to the midpoint of OW (which 
is a fixed point). Since M describes a circle with center O, X must describe a 
circle with center W. Thus the envelope of w’ is the polar reciprocal of a circle, 
1.e€., a conic. Finally, the envelope of w is a similar conic. 

When C degenerates to a straight line, it is simplest to use codrdinates. 
The polar of the point (a, 0) with respect to the circle x?+(y—#)?=06? is 
ax —ty+t?=b*. Differentiating with respect to ¢, —y+2¢=0. Eliminating ¢, we 
obtain 


y? = 4(ax — b?). 


Thus the envelope is a parabola. 

In C. Michel’s Complements de Géométrie Moderne, p. 298, the following more 
general theorem is proved: “L’enveloppe des polaires d’un point donné W par 
rapport aux cercles (d’une méme famille) tangents 4 deux cercles donnés est une 
conique.” 


E 385 [1939, 361]. Proposed by C. W. Trigg, Los Angeles City College. 


What is the largest prime whose square contains no duplicate digits? 


Solution by G. W. Wishard, Norwood, Ohio. 


Any number of ten digits, all different, is divisible by 9, and so cannot be 
the square of a prime. We therefore seek such a square with nine digits. Since 
this is congruent to 1 modulo 3, the omitted digit must be 2, 5, or 8. Let p be 
the prime sought. Since p? <987,654,310, we have p <31,427. It appears that p 
has to be hunted down by testing the squares of various primes. In doing this 
we can make use of various devices to save labor; for instance, if p >30,000, it 
cannot end in 3 or 7. Barlow’s Table of Squares shows eventually that p = 21,397 
and p?=457,831,609. 

Also solved by the proposer, who points out that 13,147 and 20,089 are the 
only other primes whose squares have nine digits, all different. 
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E 386 [1939, 361]. Proposed by W. O. Pennell, Exeter, N. H. 

A certain irregular polygon has its 1 sides skewed in space. From each of its ” 
vertices vectors are drawn to the midpoints of each of the »—2 non-adjacent 
sides. Show that the vector sum of these n?—2n vectors is zero. 


Solution by C. W. Trigg, Los Angeles, City College. 

Start at any vertex, O, and consecutively indicate the sides of the polygon 
as vectors, di, @2, °° +, Gn, so that >>" ,a;=0. Join the midpoint of each side to 
the midpoints of its adjacent sides, thus forming another n-gon. Indicate the 
join of the midpoints of a; and a2 as vector 1, and continue the vector represen- 
tation of the sides consecutively as be, b3, - - - , bn. Then 10: =0. 

The sum of the vectors from O to the midpoints of the non-adjacent sides is 


(301 + b1) + (301 + 51 + be) +--+ + (Gar + bi + be +--+ + bas) 
= 3(% — 2)ai + (m — 2)bi + (m — 3)bo + --- + dn. 
Likewise the sums of the vectors from the successive vertices are 
a(" — 2)a2 + (m — 2)bo + (m — 3)bs+--- + dyn, 
2("% — 2)a3 + (m — 2)bs + (wm — 3)bs +--+ + dn, 


4(n — 2)an + (m — 2)bn + (m — 3)br + ++ + bas. 


When these sums are added, we have the vector sum of these »(m—2) vectors, 
namely }(m—2)Do7.ait [1+2+ --- +(n—2)]307.,0;=0. 
Also solved by F. M. Fletcher, and the proposer. 


ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, Washington 


University, St. Louis, Mo. All manuscripts should be typewritten, with double spacing and with 
margins at least one inch wide. 


Problems containing results believed to be new or extensions of old results are especially 
sought. The editorial work would be greatly facilitated, if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well known textbooks or results found in readily accessible sources will not 
be proposed as problems for solution in this department. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems. 


PROBLEMS FOR SOLUTION 


3952. Proposed by N. A. Court, University of Oklahoma. 


The spheres of a coaxal net which meet a given straight line in p 


airs of points 
in involution form a coaxal pencil. 


3953. Proposed by N. A. Court, University of Oklahoma. 


If L is a point on the radical axis r of a coaxal net of spheres, 
polar line of r with respect to a variable sphere (S) of the net, the 
circle of intersection of (.S) with the plane Lq is a sphere. 


and q is the 
locus of the 
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3954. Proposed by Oystein Ore, Yale University. 


From three elements a, 0}, ¢ in given order one can form two products, 
namely, (ab)c and a(bc) when the associative law is not assumed. Similarly four 
elements a, b, c, d give Ns=5 products; [(ab)c]d, [a(bc) |d, a[(bc)d], a[b(cd) J, 
(ab) (cd). Find the general expression for the number JN, of products with 7 fac- 
tors. 


3955. Proposed by V. Thébault, Le Mans, France. 


A triangle with unequal sides has one angle of 60°, or 120°, and a side ad- 
jacent to that angle of length m, a prime. (1) Determine the lengths of the other 
two sides so that they are integers. (2) Show that to each value of m there 
correspond two triangles such that the difference of their perimeters is a perfect 
square in one case, and in the other case the sum of the perimeters increased by 
unity is the sum of squares of two consecutive integers. 


3956. Proposed by V. Thébault, Le Mans, France. 


An arbitrary diameter A of the circumcircle of an equilateral triangle cuts 
the sides BC, CA, AB in the points a, 8, y. Show that the Euler lines of triangles 
ABy, Bya, Caf determine a triangle T symmetrically equal to ABC with the 
center of symmetry on A. 


3957. Proposed by Otto Dunkel, Washington University. 


Given a triangle ABC with angles A <B<C, show that there are precisely 
one, two, three straight line segments which bisect both its perimeter and area 
according as 


sin A > 2 9 9 
B = 2 tan (A/2) tan* (B/2), 





sin 
where we may replace B by C. If B=C, there are one, two, three such segments, 
according as ASAo, where sin (Ao/2) =/2—1. 


SOLUTIONS 


3865 [1938, 190]. Proposed by H. D. Grossman, New York, N. Y. 

Prove that the general solution in integers of ab=cd, a+b=c—d, where 
a, b, c, dare integers whose G. C. D. is unity, isa=r(r—s), b=s(r+s),c=r(r+s), 
d=s(r—s), where r and s are relatively prime integers. It will be observed that 
a—d, b+c, ac—bd, bc—ad are each perfect squares. If a is unity in the preceding 
problem, the roots of the given two polynomials are the a, b, c, d in this second 
problem. 

Remarks by E. T. Bell, California Institute 
of Technology, Pasadena, California. 

The theorem is inexact, as shown by the example r=3, s=1, when a=6, 
b=4, c=12, d=2, and these have 2 as their G. C. D. In order that the stated 
formulas shall give the general solution in integers a, , c, d with G. C. D. unity, 
it is necessary and sufficient that 7, s be relatively prime integers one of which is 
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even and the other odd. This follows simply from: (1) The general integral solu- 
tion of xy =zw is x=eg, y=fh, z=eh, w=fg, where e, f, g, h are integers and h, g 
are relatively prime; (2) If 7, s are relatively prime and of opposite parity, then 
r+s, r—s are relatively prime. The essential argument for (1) is given in L. E. 
Dickson's Introduction to the Theory of Numbers, p. 43, Exercise 5. 

Solved also by E. P. Starke. 

Editorial Note. Starke, by a different analysis, obtained the result in the 
second sentence of the above solution. He also showed that: If the roots of 
x?+ Bx+C=0 are called a and 8, and the roots of x?+Bx—C=0 are c and —d 
(not d); then a+b=—B, c+(—d)=—B, ab=C, c(—d)=—C. Thus we have 
a+b=c—d and ab=cd, the hypothesis of the present problem. (See problem 
3864 [1940, 187].) A further property of the numbers a, b, c, —d is the follow- 
ing: their sum, the sum of their squares, and the sum of their cubes form a 
geometrical progression; if the four numbers be divided by (r?+s?)/2, the result- 
ing numbers have these three sums each equal to 2. (See problem E 313 [1938, 
630 |.) 


3866 [1938, 190]. Proposed by J. M. Feld, New York, N. Y. 
Show that the equation of the circumcircle of the triangle whose sides have 


the equations L;=a;x+biy+c;=0, =1, 2, 3, can be written in the form 
Ps 2 2 2 2 2 
(a, + 61) (a2b3)LoLl3 + (a2 + be)(a3by)L3L1 + (a3 + b3)(aib2) LiL, = 0, 
where (a;b;) =aib;—ajb;. 
I. Solution by M. W. Aylor, University of Virginia. 
For Ki, Ks, and K; arbitrary constants, the equation 
(1) Kilol3 + Kel3l; + K3Lil2 = 0 


represents a locus through the vertices of the triangle formed by L:=0, L2=0, 
L;=0. This equation is of the second degree in x and y, and will represent a 
circle if the coefficients of x? and y? are equal and the coefficient of xy 1s zero. 
These conditions give the equations 


(2) Ky(d2a3 — bobs) + Ko(aya3 — b1b3) + K3(ayag — b1b2) = 0, 
(3) Ky(agbo + deb3) + Ke(ayb3 + a3);) -f K3( a,b + ab) —— 4a 
In solving (2) and (3), we get 


: 2 2 - 2 
Ki, = (ay = bi) (abs) , Ke = (de a bs)(asbs), K3; = (a3 + bs)(a1bs). 
The substitution of these values in (1) leads to the required equation. 


II. Solution by the Proposer. 


The conics through the vertices of the triangle are given by 


(1) ki LoLs =f RoL3L\ + k3L Le = QO. 
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In order that the conic be a circle it must pass through the circular points at 
infinity. By writing L;=0 in homogeneous form in the variables x, y, t, and re- 
placing x, y, and ¢, respectively, by 1, 7, 0, we obtain from (1) 


Ri(d2 + 1b2)(a3 + ibs) + ko(as + ibs)(ai + ibs) + h(a + ib:)(a2 + ibe) = 0, 
or, since a7 +b? ~0, 
Dki/(ai + ib;) = 0. 
Therefore 
Dki(ai — ib:)/(a; + bi) = 0, 


and since the a;, b;, and k; are real, 


Sesaiaebj=00, Dhbifle:-+b) = 0; 


Solving for the k; we obtain 


kit Ra: ks = (a1 + b1)(aobs) 2 (ag + bs)(agbs) 2 (ag + bs)(aybs), 


from which the required equation follows. 

Solved also by E. F. Allen, W. V. Parker, O. J. Ramler, F. C. Smith, E. P. 
Starke, R. Stephens, M. J. Turner, F. Underwood, Maud Willey, and S. Zucker- 
man. 

Editorial Note. Stephens stated that a solution of this problem was given 
by P. A. Caris in this MonrTHLY, 1927, p. 254. Ramler used the equation of the 
circle in absolute normal coédrdinates, which leads easily to the desired result. 


3867 [1938, 190]. Proposed by V. Thébault, Le Mans, France. 


Given a hexagon A,42A3A4A;5A¢ whose consecutive sides are perpendicular, 
show that: (1) The diagonals A1A4, A2A5, A3A¢ meet in a point MV. Let Ai and 
Ay, Ap and A;, As; and A, be the perpendiculars to A1A4, A2A5, A3A¢ at their cor- 
responding extremities; and let Bi, Bo, B;, Bs, Bs, Bs be the intersections of 
(Ac, Ar), (Ai, Az), (As, As), (As, Aa), (Aa, As), (As, Ac). The hexagon B,B,B;B.BsBs 
is inscriptible in a circle through M. (3) The areas of the A and B hexagons are 
equal. 

Editorial Note. The proposer gave no proof, but stated that the proof offered 
no difficulty and that the theorems of the problem are special cases of more gen- 
eral theorems which will appear in Mathests. 

In the following proof the given hexagon is denoted by (B) with the vertices 
B; and the derived hexagon is denoted by (A) with the vertices A; in order to 
conform with the notation of 3861 [1940, 118]. Suppose first that the sides 
BiB, B;B,, B;Bs are parallel to one direction, and that the remaining three 
sides are parallel to another direction. We shall prove that the diagonals 
B,B,, B2B;, BzBs meet in a point M. Let «ax; be a variable segment parallel to 
B,B; with x, moving on the straight line of BsB, and x; on the straight line of 
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B;Bs. The two pencils of rays Bo(xs) and Bi(xs) are projective and have a self- 
corresponding ray through B, and By. Hence the locus of P, the intersection 
of corresponding rays, is a straight line. When x, is at Bs so also is P, and when x5 
is at Bs so also is P. Hence the locus of P is the straight line of B;Bs; and the 
proof of this simple generalization of (1) is complete. There are obviously two 
types of (B) when no side has a zero or infinite length: in one type, no two sides 
have a point in common within each of their segments; in the other, two opposite 
sides intersect in a point within the segment of each side. In this second type 
may be at infinity, and this happens when the directed area of (B) is zero. Thus 
if B3;B, and B,B, intersect in K within each of these two opposite sides and if 
B;K:-KB,=B;K:KBy,, the point M is at infinity and the vector area of (B) is 
zero; and conversely. 

In what follows the two directions above are perpendicular, that is, consecu- 
tive sides of (B) are perpendicular. We shall prove the following theorem: 

The two given perpendicular segments B;B, and B,B, with distinct finite 
end-points are such that the intersection of B,B, and B3B, is a finite point MW 
distinct from the B; points; the two points A; and A, are determined so that the 
orthogonal projections of A: on WB, and MB, are B, and Bes, and the orthogo- 
nal projections of A, on MB; and MB, are B; and By. Then AA, subtends a 
right angle at M. 

The points Ai, Bi, Bs, M are concyclic and determine the circle (Oi) with 
the diameter WA, and similarly B;, By, As, M determine the circle (O4) with a 
diameter MWA,. The tangent to (O,) at M is antiparallel to BsB, with respect to 
the angle formed by BB, and B;Bg, and the tangent to (O,) at M is antiparallel 
to B;B, with respect to the same angle. The two tangents at M must be per- 
pendicular, since B;B, and ByB, are perpendicular; and therefore the two diame- 
ters MA, and MA, must be perpendicular. 

The four points B;, By, Bs, B, determine a hexagon (B) of one or the other 
type of the problem, and the point M; and (B) determines an (A) hexagon. 
From the above theorem the diagonals A144, AoA;5, A3A5 of (A) subtend a right 
angle at M. We now show that (A) is inscribed in a circle (O) which passes 
through M. Considering first the sides B;B, and B,B,, and the circle (O) through 
M with diameter A,Ay,, the straight lines of B,B: and of BB, cut this circle (0) 
again in Ag and A;. We shall show that Z Ad B,;M=7/2, and therefore Af =Ag, 
and similarly Aj =As3. 

We have two rectangles B;44A¢ Bs and KB,B;Bs, where B3;By, and B,B, or 
their extensions, intersect in K. Let B,Bs and A,A¢ intersect in By;; then the 
circle (B;Bys) on B3;By; as diameter passes through By and Ay. The circle (1A,) 
on MA, as diameter passes through B; and By: these two circles must coincide 
since they have B;, By, Ay in common. Then Z MByA,=7/2, since MAyisa 
diameter, and MB, A¢ By is therefore a rectangle. The circle (BeBss) on BeByg 
as diameter passes through A¢, Bs, M, and it has MA as a diameter. There- 
fore ZAé B;M=7m/2 and Ad =Ag. Let B, Bz cut MBy; in By, then circle (Bs Bi) 
passes through B; and M. Also circle (Aj) passes through B; and By, and the 
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two circles must coincide, having M, Bi, Bs in common. Hence ZAiBy,M=n7/2 
and By lies also on A,A. The circle (B3;Bi2) passes through A/, M, Bo; hence 
ZMB.Aj =7/2 and Aj =A3. 

It remains to prove that A, and A; lie on (O). The argument is obtained by 
adding 2 to each subscript and reducing mod 6 in the above reasoning. This 
gives the two perpendicular sides B;By, B;Bs and the diameter A345. This com- 
pletes the proof of (2) for all cases of (B) of either type. It was shown in the 
solution of 3861 [1940, 118] that the areas of (A) and (B) are equal, and also 
that the converse theorem of this problem is true. 

The following facts regarding the configuration of (B) with its associated 
(A) may be proved. If (B) is of the first type it must have a re-entering angle, 
say B;BsB,; and M must lie within the right triangle B;BsB,. A necessary and 
sufficient condition that (4) be convex with distinct vertices is that M lies 
within the oval overlapping area of circles (B;Bs) and (B.B:), where the seg- 
ments within the parentheses are diameters. The only vertices of (B) lying 
within the segments of corresponding sides of (A) are B; and Bg. If M lies on the 
(B;B.) boundary of the oval, the exterior angle at A: is 7/2, and (A) consists 
of a rectangle and the two tangents at the ends of a diagonal. There is a similar 
result if J lies on the other boundary. If (B) is of the second type, (A) is not 
convex and each B; vertex lies within the segment of its corresponding side of 
(A), A:Aisi1; and thus (B) lies within (QO). 


3868 [1938, 253]. Proposed by Arnold Dresden, Swarthmore College. 
Prove that, if 0<a<x,<x2 and 7 is a positive integer, then 


1/ 1/ 1/n 1/n 
% —% S(%2—a) —(%,—a) . 


I. Solution by Margaret Gurney, Washington, Conn. 

Consider the function y(x)=«x!/". Since its derivative decreases as x in- 
creases, the increment of y corresponding to a given interval on the x-axis de- 
creases as that interval moves to the right. In the problem the interval (x1, x2) 
is obtained from the interval (x; —a, *2—«a) by shifting the latter through a dis- 
tance a to the right. Hence we have y(x2) —y(«1) S$ y(%2—a@) —y(x1—-@), and the 
required proof follows. 

This discussion is applicable whenever n is any positive number greater than 
or equal to unity. 


Il. Solution by E. S. Pondiczery, Princeton, N. J. 
This is a special case of 
(1) (x2) — o(41) S o(x2 — a) — ("1 — @), 


where 0<a<x1<x2 and ¢(x) is continuous and concave on x1 —aSxSxe. (In 
particular, the’requirement that m is an integer is redundant.) To prove (1), 
we use the relation 
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b(y4) — O(¥3) — O(¥2) — (91) 
(2) < 


V4 = V3 Veo — V1 











which is known to hold for a concave ¢ if yi <y2<y3 <4 (see Hardy, Littlewood, 
and Pélya, Inequalities, p: 94, where the reversed inequality for a convex @ is 


given). If ys—v3s=ye—1, (2) gives 
(3) o(y4) — (ys) — 6(y2) + o(y1) S 0, 


which is clearly valid (by continuity) if some of the y’s coincide. We have either 
x1 — a LX LX. —-A LX Or X11 —ALX2.—A Lx SX; using these points for y1, ye, y3,V4, 
we have in either case ys4—y3=y2—1, and, by (3), 


$(%2) — o(%2 — a) — o(x1) + o(41 — a) S 0,7 


which is (1). 

It is interesting to consider when equality can actually occur in (1). There is 
clearly equality if a=0, if x1=.s, or if @ is linear on (x1—@, x2) (this is the case 
n=1 of the original inequality). It is easy to verify analytically that there is 
equality in no other case. It is, however, perhaps more illuminating to reason 
geometrically. The concave curve y=¢(x) is characterized by the property that 
no point of any chord lies above its arc. Suppose that we have equality in (ly 
with 11 <%2,a>0. Then 


$(x2) — o(x2 — a) = 6(x1) — (a1 — a) 


states that the chord whose end-points have abscissas X2—Q, X2, is parallel to 
the chord whose end-points have abscissas x1—a@, 1. These chords must lie in 
the same line, since otherwise we could clearly draw a chord which would be 
above its arc at some point; but if the chords are in the same line, the curve 
must coincide with the line, since otherwise we could again draw a chord having 
some point above its arc (this is obvious if one draws a figure). 

We could also have reasoned geometrically im establishing (1). 

Solved also by Harry Gershenson, Michael Goldberg, V. W. Graham, Roy 
MacKay, C. E. Melville, E. G. Olds, H. D. Ruderman, E. P. Starke, F. Under- 
wood, Morgan Ward, C. W. Williams, R. H. Wilson, Jr., and the proposer. 
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NEWS AND NOTICES 


Readers are invited to contribute to the general interest of this department by sending news items to 
R. G. Sanger, Eckhart Hall, University of Chicago, Chicago, Illinois. 


A conference in topology will be held at the University of Michigan from 
June 24 to July 6, 1940. 


Professor Julian L. Coolidge, senior member of the department of mathe- 
matics at Harvard University will retire on September 1, 1940, with the titles 
professor of mathematics emeritus and master of Lowell House emeritus. Pro- 
fessor Coolidge has been a member of the department of mathematics for forty 
years and master of Lowell House for ten years. 


Assistant Professor Mina S. Rees of Hunter College has been promoted to 
an associate professorship. 


Dr. Samuel Saslaw has been appointed to an assistant professorship at the 
University of Miami. 

A. R. Turquette of Florida Southern College has been promoted to an as- 
sociate professorship. 


Dr. S. E. Warschawski of Brown University has been appointed visiting 
assistant professor at Washington University. 


C. W. Williams of Washington and Lee University has been appointed to a 
professorship at Armstrong Junior College, Savannah, Georgia. 


Professor John von Neumann of the Institute for Advanced Study has been 
appointed to a Walker-Ames professorship in mathematics for the first term 
of the summer quarter 1940 at the University of Washington. 


U. S. Hanna, professor emeritus of mathematics at Indiana University, for 
forty-two years a member of the department, died on February 18, 1940. He 
was a charter member of the Mathematical Association. 


Miss Beulah Russell, associate professor of mathematics at the College of 
William and Mary, died February 23, 1940. She had been a member of the 
Association since 1923. 


Dr. J. H. Tanner, professor of mathematics at Cornell University from 
1904 until his retirement in 1926, died on March 11, 1940. 


SUMMER COURSES 


The following courses in mathematics are announced for the summer of 1940. 


University of California at Los Angeles. July 1 to August 9. In addition to 
the usual courses in algebra, trigonometry and calculus, the following advanced 
and graduate courses will be offered: By Dr. P. G. Hoel: Statistics. By Professor 
Glenn James: Selected topics in groups and number theory. By Professor G. T. 
Whyburn of the University of Virginia: Seminar in analytic topology. 


252 NEWS AND NOTICES [April, 


Catholic University of America. By Dr. Joseph Daly: Fundamental concepts. 
By Professor Finan: Modern algebraic theories. By Professor Rice: Analytic 
geometry of three dimensions. By Professor Ramler: Differential equations, 
Synthetic projective geometry. 


University of Chicago. June 19 to August 23. By Professor Bliss: Partial 
differential equations. By Professor Lane: Modern theories of differential geom- 
etry, Projective differential geometry. By Professor Logsdon: Elliptic functions, 
Solid analytic geometry. By Professor Barnard: Theory of functions of real vari- 
ables, Infinite series and definite integrals. By Professor Albert: Theory of 
groups, Introduction to algebraic theories. By Professor Bartky: Theory of 
sampling with applications, Celestial mechanics. By Professor MacLane: Linear 
algebras. By Professor Myers: Metric differential geometry. By Dr. Schilling: 
Theory of algebraic numbers, Differential equations. 


University of Colorado. By Professor Kempner: Advanced calculus (both 
terms), Group theory and Galois theory (both terms), Selected topics in ele- 
mentary modern geometry (first term only). By Professor Hutchinson: Ad- 
vanced teachers course (each term), Fundamental differential equations of 
mathematical physics (both terms). 


Duke University. First term, June 12 to July 23. By Professor Carlitz: Mod- 
ern algebra, Modern geometry, Thesis seminar. By Professor Rankin: The 
teaching of mathematics. By Professor Roberts: Modern developments in 
mathematics, Introductory topology, Thesis seminar. By Professor Ward of the 
California Institute of Technology: Complex variable, Number theory, Thesis 
seminar. Second term, July 25 to September 3. By Professor Elliott: Differential 
equations. By Professor Gergen: Thesis seminar. By Professor Miles: Complex 
variable, Fourier series and spherical harmonics. By Professor Thomas: Modern 
algebra, Thesis seminar. 


University of Illinois. In addition to the usual elementary courses, the follow- 
ing advanced courses will be offered: By Dr. Bower: Elementary statistics. By 
Dr. Moore: Fundamental concepts. By Dr. Mendel: Theory of equations. By 
Professor Bourgin: Advanced calculus, Complex variable. By Professor Levy: 
Projective geometry, Theory of matrices. By Dr. Chanler: Geometry. By Pro- 
fessor Crathorne: Calculus of variations, Theory of statistics. In addition, a 
seminar and thesis course will be arranged. 


The State University of Iowa. By Professor Chittenden: Differential equa- 
tions, Topology. By Professor Reilly: Advanced algebra. By Professor Craig: 
Statistics, Analytical methods of mathematical statistics. By Professor Woods: 


Projective geometry, Studies in secondary algebra. By Dr. Oberg: Vector 
analysis. 


University of Michigan. June 24 to August 16. A Conference in Topology will 
be held at the University of Michigan from June 24 to July 6, 1940. In addition 
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to elementary courses and the standard courses in differential equations, theory 
of equations and determinants, advanced solid analytic geometry, and advanced 
calculus, the following courses will be offered: By Professor Anning: Modern 
geometry, Teacher's seminar in algebra, History of geometry and trigonometry. 
By Professor Ayres: Transformations in topology. By Dr. Bartels: Fourier 
series. By Professor Carver: Finite differences, Theory of statistics I. By Pro- 
fessor Coe: Vector analysis. By Professor Craig: Theory of statistics II, Ad- 
vanced theory of statistics I. By Professor Dwyer: Social statistics. By Dr. 
Elder: Theory of numbers. By Professor Field: Synthetic projective geometry, 
Differential geometry. By Dr. Greville: Theory of probability. By Professor 
Hildebrandt: Theory of functions of a complex variable, Calculus of variations. 
By Dr. Nesbitt: Modern algebra. By Dr. Rainville: Functions defined by in- 
finite processes. By Professor Rouse: Empirical formulas. By Professor Wilder: 
Introduction to the foundations of mathematics, Unified topology. In addition 
there will be an orientation seminar, a seminar in pure mathematics conducted 
by Professor Hildebrandt and other members of the staff, and a seminar in 
statistics by Professor Craig. 


University of Minnesota. In addition to the usual elementary courses, the 
following courses will be offered: First term, June 17 to July 26. By Professors 
Underhill and Carlson, Dr. Koehler: Selected topics in senior college mathe- 
matics. By Professor Underhill: Differential equations. By Professors Jackson, 
Underhill and Carlson: Selected topics in advanced mathematics. By Professor 
Jackson: Advanced algebraic theory, Limits and series. By Professor Carlson: 
Projective geometry. Second term, July 29 to August 30. By Professor Gibbens 
and Dr. Campaigne: Selected topics in senior college mathematics. By Professor 
Gibbens: Selected topics in advanced mathematics. 


University of North Carolina. In addition to the regular courses through the 
calculus, the following courses will be offered: First term, June 13 to July 20. 
By Professor Mackie: College geometry, Advanced calculus. By Professor 
Linker: Differential equations. By Professor Browne: Theory of equations. By 
Professor Henderson: Special relativity. Second term, July 22 to August 28. By 
Professor Cameron: Differential equations (continued). By Professor Hill: The- 
ory of equations (continued). By Professor Lasley: Higher plane curves. 


Northwestern University. In addition to courses in algebra, analytic geom- 
etry, trigonometry and the calculus, the following advanced courses will be 
offered: By Professor Curtiss: Infinite series and differential equations, Differ- 
ential equations of mathematical physics. By Professor Simmons: Number 
theory. By Mr. Kenney: Theory of statistics. By Dr. Wescott: Algebra for 
teachers. By Dr. Hellinger: Higher algebra. 


Ohio State University. June 17 to August 30. In addition to the usual courses 
in trigonometry, analytic geometry and the calculus, the following advanced 
courses will be offered: By Professor Bamforth: Solid analytical geometry, 
Differential equations. By Professor LaPaz: Advanced calculus, Tensor analy- 
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sis. By Dr. Wylie: Fundamental ideas in algebra and geometry. By Dr. Hend- 
rickson: Probability. 


University of Pennsylvania. June 24 to August 6. In addition to the regular 
undergraduate courses in mathematics, the following advanced courses will be 
offered: By Dr. Clarkson: Analytic geometry of three dimensions. By Professor 
Kline: Differential equations. By Professor Beal: Infinite series and products. 
By Professor Hallett: Galois theory of equations. By Professor Caris: Diophan- 
tine analysis. 


University of Southern California. Six weeks session, June 29 to August 8. The 
following advanced courses will be offered: By Professor Gurney, Mathematical 
astronomy. By Professor Butter: Calculus III, Theory of numbers. By Professor 
Steed: Vector analysis, Differential geometry. Four weeks session, August 8 to 
August 31. By Professor Ames: Theory of probability and statistics, History of 
mathematics. 


Teachers College, Columbia University. July 8 to August 16. By Professor 
Upton: Teaching arithmetic in primary grades, first three grades (July 8-26), 
Curriculum problems in elementary arithmetic (July 8-26). By Professor Bres- 
lich: Teaching and supervision of mathematics in the junior high school, Teach- 
ing and supervision of mathematics in the senior high school. By Professor 
Clark: Teaching geometry in secondary schools, Demonstration class in plane 
geometry. By Professor Shuster: Modern business arithmetic, Field work in 
mathematics. By Miss Sutherland: Teaching arithmetic in intermediate grades, 
fourth, fifth and sixth (July 8-26). By Dr. Swenson: Professionalized subject 
matter in senior high school mathematics, Demonstration class in high school 
calculus. By Dr. Lazar: Teaching algebra in junior high school, Logic for teach- 
ers of mathematics. By Dr. R. R. Smith: Teaching algebra in secondary schools, 
Teaching of trigonometry, solid geometry and advanced algebra. 


University of Texas. In addition to the regular elementary courses, the fol- 
lowing advanced courses will be offered: First term, June 4 to July 15. By Pro- 
fessor R. L. Moore: Introduction to the foundations of geometry, Theory of 
sets. By Professor E. L. Dodd: Actuarial mathematics, Infinite processes. By 
Professor H. S. Vandiver: Introduction to the foundations of algebra, Theory of 
linear associative algebras. By Professor H. J. Ettlinger: Ruler and compass 
constructions, Research in differential equations and applications. By Mr. R. H. 
Sorgenfrey: Advanced calculus. By Professor A. E. Cooper: Group theory of 
differential equations. By Professor R. N. Haskell: Dynamics. Second term, July 
15 to August 26. By Professor P. M. Batchelder: Difference equations. By Pro- 
fessor R. G. Lubben: Non-Euclidean geometry. By Dr. F. B. Jones: Advanced 
calculus. By Professor E. G. Keller: Advanced applied mathematics. 


Texas Technological College. First term, June 6 to July 15. In addition to 
the usual elementary courses, the following advanced courses will be offered: By 
> 2 ai . “ . ea “xr . . E a . 3 
Professor Michie: Differential equations. By Dr. Ollmann: Vector analysis. By 
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Dr. Hazelwood: Research and reading course for Master’s thesis. Second term, 
July 16 to August 23. By Professor Heineman: Complex variable. By Professor 
Michie: Advanced calculus, Research and reading course for Master's thesis. 


University of Virginia. First term, June 17 to July 27. By Professor McShane: 
Functions of a complex variable, Functions of a real variable. Second term, July 
29 to August 31. By Professor W. M. Whyburn of the University of California 
at Los Angeles: Foundations of geometry, Functions of real variables. 


University of Washington (Seattle). By Professor McFarlan: Differential 
equations. By Professor Jerbert: Selected topics in mathematics. By Professor 
Cramlet: Vector analysis. By Professor van Neumann: Selected topics in oper- 
ator theory, Theory of games (evening lectures). 


University of Wisconsin. By Professor Langer: Lie theory of differential 
equations, Topics in the history of mathematics, Differential equations. By 
Professor MacDuffee: Higher algebra, Topics in the theory of projective geom- 
etry, Theory of equations. By Professor March: Fourier series, Topics in dimen- 
sional analysis, Theoretical mechanics. By Professor Trump: College geometry, 
The teaching of mathematics. By Dr. Kershner: Advanced calculus. 


ENROLLMENT IN JUNIOR COLLEGES 


Enrollment in junior colleges in the United States has doubled in the last seven 
years, according to the 1940 Junior College Directory, just issued by the American As- 
sociation of Junior Colleges. 

Enrollment has increased from 155,588 to 196,510 in the last year. This 41,122 in- 
crease, which is 26.4 per cent, is the greatest ever reported, according to Walter C. Eells, 
secretary of the association. There are now 575 junior colleges, as compared with 556 
reported a year ago. 

For eleven leading states the number of junior colleges (shown in parentheses) 
and the number of enrolled students are as follows: California (64) 73,669; Texas (40) 
12,804; Iowa (36) 3,409; Oklahoma (29) 5,394; Missouri (24) 7,831; Kansas (24) 5,398; 
Illinois (23) 14,711; Pennsylvania (23) 3,246; Mississippi (21) 4,645; North Carolina 
(21) 4,592; Georgia (20) 5,925. 

A junior college, it is explained, is one which does work of college or university 
grade for two years beyond high school. Twenty-seven of these institutions include also, 
however, the last two years of high school. 

The largest junior college is the San Bernardino Valley Junior College in California, 
which has 8,317 students. This number includes 7,499 special students, most of whom 
are adults. An extensive adult education program is offered by eight California junior 
colleges. Los Angeles City College, with 6,687 full-time students, has the largest full- 
time enrollment of all junior colleges in the country. 

There are 33 junior colleges in the country with enrollments of more than 1,000. 
The size which is most general is between 100 and 200, in which group there are 153 
reported. There are 212 junior colleges with enrollments between 200 and 1,000. The 


average for all is 349. 
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EXAMINATION QUESTIONS FOR THE THIRD WILLIAM LOWELL PUTNAM 
MATHEMATICAL COMPETITION, MARCH 2, 1940 


MORNING SESSION: 9:00 A.M. to 12:00 Noon. (Answer the questions in any order and by any method. 
Show all your work, and indicate your answers clearly. No tables or other books permitted. Synthetic 
proofs are admissible in the geometric problems.) 


1. Prove that if f(x) is a polynomial with integral coefficients, and there exists an integer k 
such that none of the integers f(1), f(2), - - + , f(R) is divisible by k, then f(x) has no integral root. 


2. Let A and B be two fixed points on the curve y=f(x), where f(x) is continuous and has a 
continuous derivative, and the arc AB is concave to the chord AB. If P is a point of the arc AB 
for which AP+PB is a maximum, prove that PA and PB are equally inclined to the tangent to 
the curve y=f(x) at the point P. 


3. Find f(x) such that 


Jlreolar = [| freer’, 


when constants of integration are suitably chosen. 


4. The parabola y? = —4x rolls without slipping around the parabola y? =4px. Find the equa- 
tion of the locus of the vertex of the rolling parabola. 

5. Prove that the simultaneous equations 

at — a2 = yt — v2 = of — 2? 

are satisfied by the points of four straight lines and six ellipses, and by no other points. 

6. f(x) is-a polynomial of degree m, such that a power of f(x) is divisible by a power of its 

: ; ; , So DRL y a Pe iC See 

derivative f’(x) i.e. [f(x) ]" is divisible by Lf’(x) |"; p, g, positive integers. Prove that f(x) is divisible 
by f’(x), and that f(«) has a single root of multiplicity n. 

7. If ht+u+---andvtu+---are convergent series of real constants, prove that 

(uw — 1)? + (2 — 2)? + +++, pan integer => a 


is convergent. 


8. A triangle is bounded by the lines 





Aw + By+C, = 0, Axx + By + C, = 0, A3x + Bsy + C; = 0. 
Show that the area, disregarding sign, is 
Ay, By, G3 
Az, By, C2 
A;, B3, Cs 
f | rhea Age Gi A, By 
A;, Bs; Ai, B Az, Bz 











AFT - <> . . . s * 
=A nk be SESSION: 2 :00 P.M. to 5:00 p.m. (Answer the questions in any order and by any method. 
Show alt your work, and indicate your answers clearly. No tables or other books permitted.) 


9. A projectile, thrown with initial velocity vo in 
tal, is acted on by no force except gravity. F 
plane through the starting point. Show th 


’ a direction making angle a with the horizon- 
ind the length of its path until it strikes a horizontal 
at the flight is longest when 


sin a log (sec a + tana) = 1, 
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10. Acylindrical hole of radius r is bored through a cylinder of radius R(r < R) so that the axes 


intersect at right angles. (a) Show that the area of the larger cylinder which is inside the smaller 
can be expressed in the form 





1 foul 
S= sr f : dv, where m = nee 
0 V(1 — v?)(1 — my?) R 





(d) If 


dy 1 — my? 


1 1 
oo |p ene py aa 
0 V(L— v%)(1 — m%?) 0 i 


show that S=8[R2E—(R2—r?) K]. 





11. From any point (a, b) in the Cartesian plane, show that (a) three normals, real or imagin- 
ary, can be drawn to the parabola y?=4px; (b) these are real and distinct if 4(2p—a)3+27pb? <0; 
(c) two of them coincide if (a, b) lies on the curve 27 py? =4(x—2p)8; (d) all three coincide only if 
(a, b) is the point (29, 0). 


12. Prove that the locus of the point of intersection of three mutually perpendicular planes 
tangent to the surface 


ax? + by? + cz? = 1 (abc 40) 
is the sphere : 


c 


1 1 
a Ie a ata ec 
a b 


13. Determine all rational values for which a, b, c are the roots of 


x* + ax? + bx +¢ = 0. 


14. Prove that 


2 
atk, ad, M03,°** , Gdn 
2 
aM, a2 +k, d2d3,+ ++ , d2dn 
2 
an, anQ2, an43, oe ne an + k 


is divisible by k”~! and find its other factor. 


15. Which is greater 
(J/n)v"4 or (/n + 1)", 
where 2 >8? 


(Copyright 1940, by The Mathematical Association of America, Inc.) 


Note. Chairmen of mathematics departments may obtain copies of the examination questions 
: . . > 
for the Putnam Competition for 1938, for 1939, and for 1940 by writing for them to Professor 
W. D. Cairns, 97 Elm Street, Oberlin, Ohio. 
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THE SUMMER MEETING OF THE MATHEMATICAL ASSOCIATION 


The twenty-third summer meeting of the Mathematical Association of 
America will be held at Dartmouth College, Hanover, New Hampshire, Mon- 
day, September 9, 1940, in conjunction with the meetings of the American 
Mathematical Society and the Institute of Mathematical Statistics. Because 
the meetings are held a week later than usual, the Association holds its first 
session at ten o’clock Monday morning, in order to facilitate the week’s sche- 
dule and to accommodate those who must leave for their college teaching Thurs- 
day afternoon or Friday morning. It will be entirely feasible, with careful plan- 
ning, for those attending the meetings to reach Hanover Sunday afternoon or 
early Monday morning in time for the first session. 

The meetings of the Society will begin Tuesday morning and will continue 
through Thursday. A series of four colloquium lectures will be given by Pro- 
fessor G. T. Whyburn of the University of Virginia. The full program, with 
further details of the meetings of the Society and the Institute, will be sent to 
the members of the Association in July. 

The dormitories of Dartmouth College will be available to the visitors at a 
reasonable price and may be occupied from one p.M. Sunday until Friday noon. 
Rooms are also available at the Hanover Inn for those who prefer hotel accom- 
modations. Meals will be served in the college restaurant. 

A reception Monday evening, the joint dinner Tuesday evening and an ex- 
cursion to Franconia Notch in the White Mountains Wednesday afternoon will 


be attractive features of the week. 
W. D. Carrns, Secretary-Treasurer 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 


Twenty-third Summer Meeting, Hanover, N. H., September 9-12, 1940. 
Twenty-fifth Annual Meeting, Baton Rouge, La., December 31, 1940- 
January 2, 1941. 


The following is a list of the Sections of the Association, with dates of those Section meetings 
which have been scheduled for 1940 and reported to the Secretary. 


ALLEGHENY Mountain, Morgantown, NEBRASKA, Omaha, May 9-11. 

W. Va., April 20. NORTHERN CALIFoRNIA, Berkeley, Janu- 

ILLINoIs, Bloomington, May 10-11. ary 27. 

INDIANA, Richmond. Out10, Columbus, April 4. 

Iowa, Mt. Vernon, April 19-20. OKLAHOMA 

Kansas, Wichita, March 30. PHILADELPHIA, November 23 or 30. 
Kentucky, Lexington, April 27. Rocky Mountain, Fort Collins, Colo., 
LoutIsIaNa-Mississipp1, Oxford, Miss., April 19. 

March 8-9, SOUTHEASTERN, Athens, Ga., March 29- 
MARYLAND-DiIstrRict oF COoLUMBIA-VIR- 30. 

GINIA, Richmond, Va., May 11. SOUTHERN CALIFORNIA, Compton, March 2, 
MicuiGan, Ann Arbor, April 26-27. SOUTHWESTERN, Tucson, Ariz., April 22-23, 
MINNESOTA TEXAs, Dallas, March 29-30, 

Missouri, Warrensburg, April 19-20. WIsconsINn, Milwaukee, 


AFFILIATED ORGANIZATIONS: THE NEW ENGLAND ASSOCIATION OF TEACHERS OF MATHEMATICS 


THe NATIONAL CouNcIL OF TEACHERS OF MATHEMATICS, 


MODULAR FIELDS* 
SAUNDERS MAC LANE, Harvard University 


1, Introduction. The general theory of modular fields, though elementary in 
its presuppositions, offers an instructive cross-section of modern algebraic meth- 
ods. These fields exhibit the generality of subject-matter inherent in abstract 
algebra, and at the same time illustrate the intimate connection between alge- 
braic and arithmetic problems. 

Modular fields arise first in number theory in the consideration of congru- 
ences with a prime modulus #. For integers a and } the ordinary definition states 


that 
a = b (mod p) means that p divides (a — 6). 


Any integer @ on division by p yields a quotient g and a remainder 7, 
c= 97? +1, SF <p: 

hence a=r (mod p), where the remainder ¢ is one of the integers 
(1) iP OA I Oe ee eee Oe es 
Any integer is congruent to one of those in this set of numbers. 

With these numbers alone one can still carry out algebraic operations, pro- 
vided one adds and multiplies these numbers in the ordinary fashion, and then 
reduces the answer by congruence to one of the numbers (1). For example, if 


p=5, the product 2:3=6 should really be 2-3=6—5=1. In this fashion one 
can make multiplication and addition tables for p=5, as shown. It is strange 
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that this idea has not appeared moret in texts on number theory, for the idea 
is an essentially simple one. One can introduce it by the intuitively natural 
algebra of the words “even” and “odd,” as 


even * even = even, even « odd = even, odd + odd = odd, 


even + even = even, even + odd = odd, odd + odd = even. 


This is just the algebra of integers modulo p=2. 








* An address delivered before the Mathematical Association of America at Columbus, Ohio, 


December 30, 1939. 
+ Cf. remarks in Weiss [26]. 
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A congruence modulo # has all the properties of an equation; congruences 
can be added and multiplied term by term, and the relation of congruence 1s 
reflexive, symmetric, and transitive. If the modulus is fixed, one might just 
as well dub congruence “equality.” Every integer is then “equal” to one of the p 
symbols, 0, --- , —1, and the sums and products of these symbols, so identi- 
fied, give exactly the algebra of the integers modulo p, as described above. 

If one objects to rebaptizing “congruence” by fiat, one may adopt the more 
sophisticated procedure* of replacing each remainder r modulo p by the class rp 


of allintegers 7,7 +p,7+2p,--- congruent to it. Such “congruence classes” are 
then added and multiplied according to the rules 
(2) Tot Sp = Gan ey 1p'Sp = (FS): 


Furthermore the congruence classes 7, and sy will be equal (7.e., will contain 
the same elements) if and only if the integers r and s are congruent, so the de- 
sired “equality” has now been properly introduced. In any event the integers 
modulo p form a finite set of objects (1) satisfying all rules of algebra. 

The presence of such arithmetic objects, which are certainly not ordinary 
numbers but which still obey ordinary algebra, is the reason why modern alge- 
bra is abstract. To separately discuss the algebra of numbers, then the algebra 
of congruence classes, then the algebra of functions, and so on would be most 
inefficient. Instead, theorems are better. proved for any (abstractly conceived) 
system of objects whatever to which the basic rules of algebra apply. 

These laws of algebra for a set F of objects, such as the integers modulo , 
are codified as follows: For a and b in F there is uniquely defined a sum a+b 
and a product a:b. This product is commutative [ab=ba] and associative 
[a(bc) =(ab)c], as is also the sum. The distributive law a(b+c) =ab+ac holds 
for all a, b, and c. The set F contains a zero 0 and a unit 1, with the charac- 


teristic properties 
a+tO=a=0-+4a4, l-a=a=a-l, 


respectively. Finally, subtraction and division are possible, which is to say that 
the equations a+x=0 and b-y=1 have solutions x and y in F, except when 
b=0. Any set F of elements with all these properties is called a field. One may 
say that a field is any system of elements within which addition, subtraction, 
multiplication, and division (excluding division by zero) can be carried out in 
the usual fashion. 

Well known fields are: (a) the set of all rational numbers; (b) the set of all 
real numbers; (c) the set of all complex numbers. The field (1) composed of the 
integers modulo p is often called the Galois field GF[p]|. A modular field is any 
field containing such a GF[p]. 

These fields GF[p] are not the only finite fields. One may construct larger 
fields by simply adjoining to a GF[p] the roots of certain algebraic equations. 
The process resembles the construction of the complex numbers from the field R 








* Cf. Albert [1, p. 7]; van der Waerden (27, p. 13]; or Mac Lane [17, Chapter I]. 
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of real numbers. Here one adjoins to R a symbol i representing a root of the 
equation x*+1=0; the field C of all complex numbers a+6i then contains 
everything which can be expressed rationally in terms of i and real numbers. 
The fact that C is generated over R by adjoining i is symbolized by C= R(i). 
Note in particular that the polynomial x?+1 used to generate this extension is 
irreducible over R, because it cannot be factored into polynomials of smaller de- 
gree with coefficients in R. 

In similar vein consider the polynomial f(«) =«?-++-x+1 over the field Fy with 
two elements (the integers modulo 2). Neither f(1) nor f(0) is zero, so this poly- 
nomial f(x) has no roots in Fe, hence has no linear factors, hence is irreducible 
over F:. Invent a symbol u to denote a root of f(x) =0, so that 


u+tu+i=d0, w=—-u—-1i=u+1. 


(Recall that —1=-+1, modulo 2.) All higher powers of u can thereby be suc- 
cessively reduced to linear expressions in wu. Reciprocals can be similarly re- 
duced, so that the field generated by uw contains all told just four linear 
expressions: 0, 1, wu, «+1. These combine under addition and multiplication 
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as shown in the tables. The process of obtaining this field by adjoining to the 
original F, a root u of x?+x-+1 is known as algebraic extension of Fz, and the 
resulting field F2(z) is called a Galois field of 4 elements. 

For each prime p and each integral exponent 7 one may analogously extend 
the field of integers modulo / to a field consisting of exactly* p” elements. As 
E. H. Moore first showed, any two fields with p” elements each are algebraically 
indistinguishable (isomorphic). The arithmetic origin of all these finite fields is 
the study of algebraic integers. If p is a prime ideal in a field K of algebraic 
numbers, then the congruences modulo this ideal behave as do ordinary con- 
gruences, and yield like them a finite field with p" elements, where p” is the 
so-called “norm” of the ideal p. The properties of the resulting finite fields play 
an essential réle in the class field theory and in the study of rational division 


algebras (Albert [2, ch. 9]). 


2. Characteristics. The integers modulo p have one peculiar property. The 
unit 1, added p times to itself, yields p=0 (mod p) as answer; hence 


(3) i1+1i+-:--+1=0, (p summands). 





* See detailed discussion of finite fields in van der Waerden [27, §31]; or Albert [1, p. 166]: 
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On multiplying this equation by any integer a, one has 
(4) ata+::--+a=0, (p summands) , 


in the Galois field F,. Any field F, all of whose elements @ have the property (4), 
is called a field of characteristic p, or a modular field. It can be shown* that any 
non-modular field has an infinite characteristic, in the sense that a#0 entails 
ata+---+a%0, for any number of summands. Any finite field of p” ele- 
ments essentially contains the integers modulo p, hence satisfies (3) and there- 
fore (4). Thus any finite field is modular. 

Watch the effect of (4) on the binomial expansion, 


(a +b)? = a? + partb + (p(p — 1)/2)a?-*B? + - + - + pabrt + br. 


According to the genesis of this expansion, the term pa?’—'b second on the right 
really represents a sum of p products a?“"b-++a?'b+ °° +a?—1b. In a field of 
characteristic p this sum is zero. The other intermediate terms of the binomial 
expansion suffer the same fate, for each binomial coefficient p(p—1)/2,---,p 
is a multiple of the characteristic p. One has left only 


(5) (a + b)? = a? + BP, (a, b in F of characteristic p). 


As S. C. Kleene has remarked, a knowledge of the case p=2 of this equation 
would corrupt freshman students of algebra! 
The pth power of a product is always a product of pth powers, so the rules 


(6) (a+ 6)? = a” bP, (ab)? = aPb?, (a/b)? = a?/b” 


hold in any field of characteristic p. These rules state that the process of raising 
to a pth power leaves the operations of addition, division, efc., unchanged. This 
process yields a correspondence 


(7) ac—a?, (from F to F?), 


which carries the field F into the field F? composed of all pth powers from F. 
The correspondence is one-to-one, for the equality of two pth powers a?=b? 
would entail 0=b”—a?=(b—a)?, and hence b=a. To summarize, the corre- 
spondence a¢—~a? is an isomorphism, where an isomorphism between two fields 
is defined to be any one-to-one correspondence which preserves sums and prod- 
ucts. 

Repeated application of the rules in (6) shows that the pth power of any ra- 
tional expression can be computed by applying the exponent p to each term or 
factor in the expression. In particular, 


(8) (At 4---- +1)? = 1729+ 1794+ --- +17? =1414.--41 


holds in the field of integers modulo p. If we use m summands here, this is 
m?=m. In terms of congruences this is m?=m (mod p), which is the little 
Fermat Theorem! 





* Cf. Albert [1, p. 30]; Mac Lane [17, §21]; van der Waerden [27, §25 ]. 
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3. Algebraic and transcendental extensions. Our major concern is the struc- 
ture of the general modular field, finite or infinite. In the analogous case of 
fields of numbers it is customary to distinguish the algebraic numbers, such as 
1/3, which satisfy some polynomial equation with rational coefficients, from the 
transcendental numbers (e, 7), which satisfy no such equation. In general, let 
a given field F be contained in any larger field K. An element u of K is algebraic 
over Fif «is a root of a polynomial 


(9) f(x) = FRO kde op Onyx"! 4 not"? + oe ae ax ai ao 


with coefficients a; in F. If this equation f(«) =0 for u be chosen with a degree 1 
as small as possible, the polynomial f(x) is irreducible over F. For, a reducible 
f(x) would have factors f(x) =fi(x)fe(«) with coefficients in F, and uv would satisfy 
one of the equations fi(x) =0, fo(x) =0, of degree smaller than 7. An element u 
in K not algebraic over F is called transcendental; for u transcendental, f(u) =0 
implies that all the coefficients in f(x) are zero. 

Important is not the element u in K by itself, but the field F(w) which it 
generates. The field consists of all rational combinations of « with coefficients 
in F, and is called a simple extension of F, “algebraic” or “transcendental” ac- 
cording as u is algebraic or transcendental over F. This dichotomy is the root of 
one of the basic results found by Steinitz in his pioneering investigations of 
fields (Steinitz [23]): Any modular field can be obtained by successive transcen- 
dental and algebraic extensions of a field (isomorphic to the field) of integers modulo p. 

Such extensions can be used not only to build up a given field K from a sub- 
field F, but also to manufacture new fields from old. Given a polynomial f(x) 
irreducible over a field F, one can concoct a symbol u for a root of this poly- 
nomial and construct therewith an algebraic extension F(u) generated by the 
root u. In point of fact, F(w) consists of elements expressible as polynomials 
bo tou+ --- +b,-1u"—!, with coefficients in F and of degree less than the de- 
gree 1 of the given f(x). 

Alternatively, a variable ¢ over a modular field gives rise to rational functions 


g(t) Bo tht tes + be 
h(t) cotet+--- + nt™ 


Under the usual rules for adding and multiplying such expressions, the totality 
of these rational functions is a field F(t) which is a simple transcendental exten- 
sion of F. If Fis a finite field, the resulting field F(t) is the simplest instance of 
an infinite modular field. 


(c;, b; in F, not all c;=0). 





(10) 


4, Inseparable equations. Over the transcendental extension F(t) there are 
in turn algebraic extensions, such as that generated by a root of the polynomial 
f(x) =x?—t. This f(x) is irreducible over F(t), for if it could be factored, the 
denominators in ¢ could be eliminated, and we could write x? —t=g(x, L)h(x, 1), 
with factors which are polynomials in x and ¢. Since the product of these two 
polynomials is linear in ¢, one of them must be linear in ¢, while the other cannot 
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involve fat all! This is absurd unless one of the factors is a constant; hence f(x) 
is indeed irreducible. 

But trouble arises with the introduction of a root u for this equation 
x? —{=(. Since this u is a pth root of t, we have a factorization 


(11) x? — t= oP — uP = (4 — u)?, 


according to the rule (6) for the pth power of a difference. This means that u 
is a p-fold root of x?—#, so this irreducible polynomial has all its roots equal, 
and ¢ has only one pth root. 

This differs drastically from the usual situation with ordinary complex mth 
roots, for an irreducible polynomial f(x) with rational coefficients can never have 
a multiple root. Let us trace the proof of this fact. If f(x) has a complex number r 
as m-fold root, then f(x) =(x—r)”g(x), with m>1. The derivative is 
(12) f= Gy lee) a eae 
Since m>1, this insures that f(x) and f’(x) have a common factor («—r)™7}, 
not a constant. But the highest common factor of f(x) and f’(x) can be found by 
the euclidean algorithm, using only rational operations. This highest common 
factor then has rational coefficients, and its degree is at most that of f’(x). It 
must divide f(x), counter to the assumed irreducibility of that polynomial. 

Can this contradiction be deduced for a polynomial f(x), irreducible not over 
the rationals but over some modular field, and having a multiple root 7 in a 
larger field? The derivative f’(x) of calculus is no longer available, but for any 
polynomial f(x) as in (9) a “formal” derivative can still be defined as 


(13) f'(%) = na,x"" + (m — 1)a,1%"-? + (m — 2)a,_-20"§ + --- + 4). 

Here the coefficient za; of the term x‘! is to denote the sum 

(14) iaj =a; ta+---+ai, (7 summands). 

Apply this derivative to the troublesome polynomial x” —¢ of (11). We find 
(x? — t)’ = pxrP l= gpl... +x7-1=0, (pf summands). 


No wonder that an argument on the H. C. F. of x?—#t and 0 runs aground! 
Looking back, one sees that the argument following (12) about multiple roots 
will work, except in such cases when f’(x) vanishes. 

When do all coefficients za; of f’(x) vanish? In a modular field ia; =0 means 
either that a; itself is zero, or that the number 7 of summands, in (14), isa 
multiple of the characteristic p. A coefficient a; can thus differ from zero only 
for terms a,x' with exponent i=0 (mod p). The vanishing of f’(x) means there- 
fore that f(x) can involve x only as powers of x”, so that f(x) has the form 


(15) g(x) = bme™? + bmx"? +... 4 ber 4 bo. 


An irreducible polynomial g(x) of this form must always have p-fold roots. Such 
a polynomial is called inseparable (its roots cannot be “separated” into distinct 
roots). Many properties of ordinary equations fail for inseparable equations. 
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An element u algebraic over a modular field F is called separable over F if 
the irreducible equation for « is separable (i.e., has no multiple roots). Of the 
inseparable algebraic elements the simplest examples are pth roots which satisfy 
inseparable equations x? =a. Consider an arbitrary inseparable element w, root 
of an inseparable polynomial (15) of degree mp. This polynomial involves only 
pth powers of its variable, so u” is a root of an equation 


(16) h(y) = bny™ + Beer ee = et 01 oe bo, 


of smaller degree m. The adjunction of the root w to our field F can then be 
effected in two stages 


F > F(u?) > F(w?, </u?) = F(u). 


The element u? first adjoined may still belong to an inseparable equation 
h(y)=0; in that event the process can be reapplied to get uP?” satisfying an 
equation of still smaller degree. The adjunction of an inseparable algebraic ele- 
ment to a modular field can be accomplished by adjoining successive pth roots 
of a suitable separable algebraic element (Steinitz [23 ]). This reduction of alge- 
braic extensions to separable extensions followed by extensions by pth roots, 
indicates that the novel properties are concerned chiefly with the latter type 
of extension.* 


5. Perfect fields. There are no inseparable algebraic elements over the field 
of integers modulo #, for this field already contains the pth roots of all of its 
elements—indeed, the Fermat Theorem, a’=a, asserts that every element is its 
own pth root. A perfect field F of characteristic p is a field in which each element 
a has a pth root. Over such a field each pth root equation x? =a is reducible, as 
x? —a=(x—wv/a)”. More generally any inseparable polynomial g(x) involving 
only pth powers of x must be reducible over a perfect field. For, each coefficient 0; 
of the polynomial g(x) in (15) has in Fa pth root b\'?; according to the simple 
behavior of pth powers this gives a factorization 


1l/p m —1 


Pen eit Pee by ae bse) 

Every finite field F is perfect, hence has no inseparable algebraic extensions. 
To prove this, recall the correspondence aa? of (7), which is a one-to-one 
correspondence between all elements of F and those elements a” which are pth 
powers. Since there are but a fnite number of elements in F, there must be the 
same number of pth powers. This means that every element is a pth power. 

A simple transcendental extension F(t) of a modular field can never be per- 
fect. To verify this we need only produce an element with no pth root in the 
field. The variable ¢ itself is such an element, for if £ had as pth root some ra- 
tional function g(t)/h(¢) in the field, t would equal [e(t)/h(t) |, a pth power 





* Technically, the least power q = p* such that u? is separable over F is known as the exponent 
of u over F. The degree of u over F is the degree of its irreducible equation, while the degree of ua 
is known as the reduced degree of wu. 
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which can be calculated by the rule (6). In the notation of (10), the result is 
(co + cit) ++ tent” t= bo + bi +e + Be, 

an identity which clearly cannot hold good. For similar reasons a multiple tran- 

scendental extension F(t, f,---, tn), consisting of all rational functions of 

independent variables ¢;, cannot be a perfect field. 


6. Galois theory. To what extent can one generalize to modular fields the 
ordinary properties of fields of rational and algebraic numbers? A major topic 
is the Galois theory, which analyzes the solvability of a polynomial equation 


f(x) =0 over a field F. The roots 1, ---, 7, of this equation generate over Fa 
root field 
Oy R= FG Fa, ie rele where f(x) = (4 — n)(% — re) -- + (4 — ra); 


the Galois Theory studies K in terms of its group of automorphisms, each of 
which is an isomorphism of the field K with itself, induced by a permutation of 
the roots 7; Should these roots all be equal, the only such permutation is the 
identity, and the theory breaks down. Only if one assumes that the roots are all 
distinct, 7.e., that f(x) is separable, does the standard theory of root fields hold* 
over a modular F. 

This straightforward generalization does not suffice for irreducible insepara- 
ble polynomials. The first process to fail is the construction of a “Galois resol- 
vent,” which is an equation with a root u in K such that all the roots r; can be 
rationally expressed in terms of this single quantity wu. In terms of fields, this 
means that the multiple algebraic extension K = F(n, -- - , rn) can be repre- 
sented as a simple extension F(w). Over an imperfect field F there may be multi- 
ple algebraic extensions which cannot be so represented. Consider for instance 
the rational function field, 


(18) Fo = P(t, te), P perfect, 


in two independent variables ¢, and f. An adjunction of pth roots will yield an 
extended field 
(19) Ko =Fo(m, 2); w= bh, un = bp 


“) 


which consists of all elements expressible as polynomials 
(20) w= ye di; {UUs = h(m, ue), (4,9 = Ose p — 1), 
emf 


with coefficients a;; in Fy. This field Ky is not a simple extension Ko = Fy(w) for 
any w. For, if there were a generator w, then by the rule for pth powers, 


= Pp ip jp as S| 
w= > Q;jUuy Ug = > Q;jtile 
ij 


1,7 











* Cf. Albert [1, ch. VIII ]; van der Waerden (27, ch. 7]; Mac Lane [17, $68 ]. 
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isin Fo, so wis a pth root of an element of Fo. That such a single pth root could 
generate the field Ky containing two independent pth roots # and us is unreason- 
able. This hunch can be substantiated by an argument on the degree* of the 
extension Ky of Fo. 

If a multiple extension does not have one generator, what is then the mint- 
mum number of generators? Miriam Becker [6] has recently found the answer. 
Over the particular field P(t, f2) of (18) it appears that any multiple algebraic 
extension can be expressed by two generators, just as in the case of the special 
extension Ky of (19). The underlying reason is the presence of just two inde- 
pendent pth roots, ¥/f, and V/f:, not in the field P(h, 2); the pth root of any 
other rational function g(t, f2) in the field can be expressed by the rule (6) in 
terms of these two pth roots, together with pth roots of coefficients which al- 
ready lie in the perfect base field P. 

Over any modular field F one calls the 7 pth roots gil? gil? ..-., al’? p-in- 
dependent if no one of them can be rationally expressed in terms of F and the 
others. Becker proves that any multiple algebraic extension of an imperfect field F 
can be generated by m elements, where m is the maximum number of independent 
pth roots over F. lf m=0, F is perfect: if m=1, any multiple algebraic extension 
is simple, as shown by Steinitz. 


7. Derivatives. The solution of an ordinary equation f(x) =0 by radicals (if 
possible) proceeds in successive stages which correspond to successive fields ly- 
ing between the coefficient field F and the root field K. For a separable equation 
the whole array of possible intermediate fields is finite—but not so for some in- 
separable extensions. Between the fields and Ky of (19) lie infinitely many 
distinct fields Fo((t:+22)'/”), with m=1, p+1, 2p+1,-°-. For a separable 
equation the fields intermediate between K and F can be put into one-to-one 
correspondence with the sub-groups of the Galois group of automorphisms of K 
over F. This certainly fails for an inseparable extension like (19), for in that case 
the Galois group of Ko over Fy consists of the identity alone and so has no proper 
sub-groups to correspond to intermediate fields. Specifically, the Galois group 
consists of all isomorphisms of Ko with itself which leave fixed each element in 
the base field Fy; but an isomorphism leaving fixed the elements f; and f2 of Fo 
must likewise leave fixed their unique pth roots m1 and uw, and hence must leave 
all elements of Ko fixed. 

For this description of intermediate fields by the Galois group Jacobson has 
found a substitute, in the special case of extensions K obtained by adjoining any 
number of pth roots to a modular field F, as 


1/p 1/p 1/p 


(21) Ro iy ag on) each a; inF. 


By a piece of poetic justice, his solution depends on exploiting the very formal 











* This degree is the maximum number of elements of Ko “linearly independent” over Fo. This 

2 if . ° Eh ee 

maximum is /’,, for any w is linearly dependent on the p elements 1,14, of (20). For a simple exten 
sion F)(w) the degree would be only p. Hence Fy(w) cannot equal Ko. 
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derivatives whose misbehavior (cf. §4) is at the root of inseparability. For ex- 
ample, in the field Ko of (19) one has two “derivative” operators D; and Dz, 
defined for the arbitrary element w=h(im, u2) of (20) by 


(22) h(t, u2)D, = h(a, u2)/dM1, h(a, U2)D2 = Ah(aM1, U2) /dU2. 


This time the properties of pth powers are fortunate, for u?D,=pu?-'=0, as it 
ought to be, for u? =¢, is in the base field and so should have derivative 0 accord- 
ing to the definition (22). These derivatives can be used to characterize sub- 
fields of Ko; for example, the sub-field Fo(w1) consists of everything annihilated 
by the operator D» (1.e., of all w with wD2=0). 

In general, Jacobson considers [12] all formal differentiation operators D 
which map K into itself by a correspondence w—wJD which carries elements of F 
into zero and which obeys the usual formal rules for differentiation: 


(v+ w)D=vw+ wD, (vw) D= v(wD) + (wD)w. 


From any two such operators D; and D2 one may construct new differentiations 
D,+Dz., D?, and Dc, for cin F. Furthermore, the commutator [D,, Dz | = D,D, 
— D2D, is again a formal differentiation. This commutator satisfies the identity 


[[D:, Dz], Ds] + [[De, Ds], Di] + [[Ds, Di], D2] = 0, 


which is one of the essential postulates for a Lie algebra. The set & of all differ- 
entiations is in fact a Lie algebra over the base field F. This algebra acts as a 
substitute for the Galois group of a field K of type (21), in the sense that there 
1s a one-to-one correspondence between the fields intermediate between K and F and 
the restricted Lie sub-algebras of the algebra & of all formal differentiations of K 
over F. For this purpose a restricted sub-algebra of & is a sub-set @ of 2 which is 
itself a Lie algebra and which is restricted to contain D? for each D of 2’. 


8. Algebraic geometry. A skew curve can be represented as the intersection 
of two surfaces, which may often be taken as cylinders 


(23) f(x,y) =0, — g(x, 2) = 0 


with axes parallel to the z and y codrdinate axes, respectively. If f and g are 
polynomials, the intersection of these cylinders is an algebraic curve. Alterna- 
tively, x may be viewed as a quantity transcendental over the field C of complex 
numbers; the polynomial equations then make the quantities y and s algebraic 
over the field C(«) of rational functions of x. All told they give a field C(x, y, s 
generated by “algebraic functions” y and g of x. This field is the algebraic invari- 
ant of the curve (23). The ordinary analytic theory of these algebraic function 
fields can be developed, without using the geometry of the Riemann surface, if 
the base field C of complex numbers is replaced by a perfect modular field P 
or even by an imperfect one.* 





* Cf. general discussion of these abstract algebraic functions in Mac Lane-Nilson [19] or 
Schilling [21]. Especially interesting is the introduction of a Riemann Zeta function when P is 
finite (Hasse [9]), the peculiar behavior of the Weierstrass points whenever P is modular (Schmidt 
[22]), and the generalizations of Abelian functions (Schilling [20]). 
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In an n-dimensional euclidean space an r-dimensional algebraic manifold can 
be described as the set of points common to x—r suitable algebraic hypersur- 
faces. These hypersurfaces may be taken, as in (23), in the form of “cylinders” 


C24) Tia, = * , Vey Vor) = falyi, *** 5 Vrs Vrea) = °° = faarlyi, + + 5 Vr, Yn) = 0, 


where each f; is an irreducible polynomial actually containing y,,;. As coeffi- 
cients in (24) we use not complex numbers but elements from a perfect modular 
field P. If this field P is finite, this means that we are considering a manifold in 
some finite affine (or projective) geometry, consisting of a finite number of 
“points” specified by coérdinates in P. Algebraically, the symbols 1, --- , ¥n 
related by (24) generate a field K=P(y1, +--+, Yr, Vri1, °° * 5 Yn), Consisting of 
all rational functions of these quantities, subject only to the rules of algebra and 
the special conditions (24). This field is obtained from the base field P by r suc- 
cessive simple extensions by the transcendentals y,, > ~~, ¥,, followed by n—r 
successive algebraic extensions by the roots yyy1,°°°, Yn of the polynomial 
equations (24). In a sense, the geometry of the manifold depends on the struc- 
ture of this field. 

What of the presence of inseparable equations in the definition (24) of such a 
manifold? Suppose, for instance, that the equation f,=0 is inseparable in y,41, 
so that this variable appears only as a pth power. Certainly this could not 
simultaneously be the case for all the variables y1, - - - , Yr, ¥r41 in fi, for in that 
event we could extract the pth root of every term in the equation f,;=0, thus 
making fi=(gi)”, counter to the assumed irreducibility of fi over the perfect 
field P. Suppose then that ; is one of the variables which does not appear in 
filyi, °° * » Vrs Yr¢1) Only as a pth power. The equation fi(yi, «°°, Yr4i), which 
originally defined y,,1 inseparably over the field P(y1,- °°; y,), can be turned 
about and viewed as a definition of y, as a quantity separable and algebraic 
over the field P(y2, - >: , Vr, Vri1), generated by the r independent transcenden- 
tals yo,-- +, Yrui- A further juggling of the independent variables can then be 
applied to any subsequent equations of (24) which may be inseparable. Hence 
the result: If a field K=P(y1, ++ , Yn) ts obtained from a perfect field P by adjoin- 
ing a finite number of elements Yi,*** 1 Yn, One can find for K a generation 
K=P(h,- ++, tr} U1 ** +» Un—r) tnvolving r simple transcendental extensions by 
variables t;, followed by n—r separable algebraic extensions. Whenever independ- 
ent transcendents ¢; in K have this property, that every element in K is separable 
and algebraic over P(t, °°: , tr), we say that the h,---, é form a separating 
transcendence basis for K over P. 

This construction of separating transcendence bases was discovered inde- 
pendently for different purposes: by the author, in connection with Albert’s 
theory of pure forms (Albert [4]); by van der Waerden [28], for a new proof of 
the theorem that two distinct irreducible algebraic manifolds M, and M,_, in 
projective n-space intersect in a finite number of points, and, moreover, that 
the “number” of points, properly counted, is the product of the degrees of 
Mana, =: 
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9. Preservation of independence. The troubles of inseparable equations can 
be avoided whenever we find a separating transcendence basis for the field under 
consideration. Unfortunately this cannot always be done. Suppose, for instance, 
that the base field is the field Fo = P(t, te) of all rational functions of two tran- 
scendents t; and fz over a perfect field P, and construct a larger field L by adjoin- 
ing first a new transcendent z and then an algebraic element uw, with 


(25) uP = ty + fez”, Le= Fools, 4). 


Since the pth root wu is inseparable over Fo(z), this z is surely not a separating 
transcendence basis for L over Fo. The order of adjunction might have been 
inverted, adding w first as a transcendent to Z and then gz, but the equation (25) 
indicates that z would then be a pth root. The same trouble would always arise: 
one can prove that L has over Fy no separating transcendence basis.* The same 
troublesome example arises in Krull’s general ideal theory [13]. 

To find the reason for this absence of separability one must look at the 
possible independent pth roots in the base field Fo. In §6 we saw that the pth 
roots ¥/t; and /fz were p-independent there, because neither can be expressed 
in terms of Fy and the other. These pth roots are no longer p-independent in the 
top field L, for the defining equation (25) of that field gives an expression 
Wh=u—2zV/lr. This suggests that we restrict attention to those extensions L 
over F which preserve p-independence, in the sense that any set of p-independent 
pth roots over F remains p-independent over L. The relevance of this concept 
is indicated by the following alternative description: a field L preserves p-inde- 
pendence over F if and only if the adjunction to F of any finite set of elements 
M1, ° °° >In from L yields a field F(y1, +--+, Yn) which has over Fa separating tran- 
scendence basis. 

This concept also makes it possible to find explicit conditions that given ex- 
tensions have separating transcendence bases (Mac Lane [16]). One simply 
stated result is this: If a field K has a finite separating transcendence basis over a 
sub-field M, then any field L between K and M also has a finite separating tran- 
scendence basis over M. In other words, one can find a set 5S of independent tran- 
scendents in LZ, such that every element of L satisfies over M(S) an algebraic 
irreducible equation without multiple roots. 


10. General field towers. What can be said of the structure of arbitrarily 
complicated modular fields? The fields P(y1, +++, Yn) associated with algebraic 
manifolds had separating transcendence bases over a perfect field P. Does every 
modular field have a separating transcendence basis 7 over a suitable perfect 
sub-field ? 

The answer is no. A simple counterexample may be built from the extension 
P(t) of a finite field P by a transcendental ¢. We saw in §5 that P(t) is imperfect 
because thas in it no pth root. If we try to embed P(#) in a larger field P’ which 





Even though, according to the Theorem of §8, LZ has over the original perfect field P a 
separating transcendence basis consisting of u, z, and t. 
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will be perfect, we must have in P’ a pth root ¢!/? and hence the whole rational 

function field P(t'/”) generated by this root. In this field ¢!/” has no pth root, so 
—2 e 

we add ¢? ', and so on, till we have the “tower” 


(26) P(t) ¢ P(t?) ¢ P(t? *) c P(t?) - 


The field enveloping everything in this tower may be called P(t? *); it consists 
of all elements lying in any one of the fields (26). Furthermore this sum field 
P(t” *) is perfect, for an element in any one of the fields of (26) does have a pth 
root in the next field of the tower. 

This perfect field P(t? °) can have over P no separating transcendence basis. 
Any such basis would consist of a single transcendent ¢’, which must lie in some 
one of the fields P(#” *) of the tower (26). The generating element ¢? “*” of the 
next field is then a quantity inseparable over P(t’), so ¢’ cannot have been the 
desired separating basis. 

The tower (26) as written shows P(t? “) generated by a transcendental ex- 
tension followed by successive (inseparable) extractions of pth roots. Neverthe- 
less each field of this tower, considered by itself, is a simple transcendental 
extension of P by ¢? ©. The whole field is thereby approximated by a tower of 
fields, each of which has a separating transcendence basis over the base field P, 
and each of which consists of pth powers of elements in the next field. F. K. 
Schmidt has shown that any perfect field P’ has a similar “separating tower” 
over any one of its perfect sub-fields. He also stated without proof an analogous 
tower theorem for an imperfect field, but it was later shown by examples* that 
this general theorem could not hold. Recently F. K. Schmidt and the author 
have jointly [18] found a modified tower theorem: Jf a modular field K is gen- 
erated from a perfect sub-field P by a denumerable number of elements, then there is a 
sub-field L with a separating transcendence basis over P and a tower of fields 
LeM,¢M,c¢ --- which collectively exhaust K, such that each M; has over La 
separating transcendence basis and is generated over L by pth powers from Mix1. 
The non-denumerable cases can then be broken down into a transfinite sequence 
of denumerable steps, each of which “preserves p-independence” in the sense 
discussed in §9. 

The separability of these field towers is essential to get polynomials with 
distinct roots, in order to apply an implicit function theorem. f This is used in 
the proof of the structure theorem for p-adic fields (cf. Hasse-Schmidt [10]). 
These p-adic fields are fields topologically complete with respect to a suitable 
norm (or “absolute value”), obtained by extending the norm for the p-adic 
numbers of Hensel.t These p-adic fields are not themselves modular fields, but 
they determine a congruence relation a=) (mod p) from which modular fields 
can be obtained by the standard arithmetic device. 





* Cf. Mac Lane [15]. Curiously enough, these examples involve a use of the modular law of 


lattice theory! 
+ The so-called Hensel-Rychlik theorem; cf. Albert [1] or Mac Lane-Nilson [19, §11]. 


t See the description in C. C. MacDuffee [14]. 
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11. Troublesome examples. The extent of our ignorance of general modular 
fields can be forcibly illustrated by various startling examples. The field P(t? *) 
used to illustrate §10 was still manageable, for though it had no separating 
transcendence basis, it at least was itself perfect. But can there be an imperfect 
field K which has no separating transcendence basis over some perfect sub-field 
P? There is indeed such a K, for which P may even be chosen as the maximum 
perfect sub-field. Over a finite field P choose a countable set of indeterminates 
ty, fo, -- + , and then introduce additional algebraic elements in accord with the 


inseparable relations 


i P 
(27) V1 Satya Vaile tate ve te itis, | a 


Our example is the field K=P(t, t2,--- ; y1, ¥2,°*~*). Since the y’s are pth 
roots, the ?¢’s clearly cannot form a separating transcendence basis. One might 
try to invert the equations (27) to define everything in terms of the basis 
th, t2, Vi) V2) Ys,° °°, but that still leaves the pth roots such as #3 =(y1 —h)/te. 
It can be shown that no method of picking a transcendence basis for K over P 
will yield a basis which is separating, and this example is but a taste of the 
trouble possible (cf. [15], [16]). 


12. p-Algebras. The relevance of the study of inseparable extensions to other 
algebraic questions is clearly illustrated by the p-algebras, which are defined* 
as linear algebras over a field F of characteristic which have as degree some 
power of the characteristic. The theory of these algebras, which culminates in 
the theorem that every such algebra is “similar” to a cyclic algebra, depends 
essentially on the construction of inseparable fields contained in the algebra (in 
technical parlance, every p-algebra has a purely inseparable splitting field). To 
illustrate this, choose as the base field the field P(¢) of all rational functions of ¢ 
with coefficients in a perfect field P. Introduce a pth root u, with u?=#, and a 
a quantity v with v=v+4t. The set of all sums 


w= De ain’, (4=0,:--,p—-1;7 =0,-+-,p—1;a;;inF), 
4] 


nae forms a linear algebra of degree p over F, if one uses the multiplication 
table 


Tk gee $ v=ytt, vu = u(v+ 1). 


The essential point for the theory is that this algebra contains both the insepara- 
ble extension F(z) and the cyclic separable extension F(v) of the base field F. 

There are many further ways in which modular fields can arise in other alge- 
braic investigations. We mention here only the use of fields of characteristic 2 in 
discussing Boolean algebras (Stone [24]), the theory of matrices over a modular 
field (Albert [5]), the definition of modular fields by special polynomials (Carlitz 
[7]), and the quasi-algebraic closure of finite fields (Chevalley [8 ]). | 


* Cf. Albert [2, ch. 7 ]; and also Jacobson [11 |, Teichmiller [25]. 
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13. Summary. Modular fields include finite fields, Galois extensions of fields, 
algebraic function fields, and fields for algebraic manifolds, as well as for more 
bizarre types. The study of such fields is suggested by their origin in arithmetic 
questions about congruences, p-adic numbers, and ideal theory. On the other 
hand, an independent survey of their structure is indicated by the program of 
abstract algebra: first the development of the abstract concept (“field”) in order 
to cover the variegated known examples, then the derivation of general theo- 
rems touching this concept, and lastly a classification of the types of systems 
which fall under the concept. We have seen that the straightforward generaliza- 
tion of the known properties of number fields is but one phase of our structure 
theory. There is also the investigation of characteristic new phenomena, of in- 
separability, of p-independence and the like, which distinguish the modular 
fields from the non-modular. The presence of curious examples of fields, which 
must at present still be given individual treatment, indicates that the present 
situation abounds in new questions, and that abstract algebra can very well 
give rise to concrete conundrums. 
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PROPER CONTINUED FRACTIONS 
WALTER LEIGHTON, The Rice Institute 


This paper generalizes the so-called “regular” continued fraction expansion 
of a real number. The treatment includes as a special case the “continued co- 
tangent” expansion of Lehmer [2]. 


1, The expansion of a real number into a proper continued fraction. Let yo 
be any real number and dq, dz, a3, - - - an arbitrary sequence of positive integers. 
If yo is an integer we shall say that its expansion into a proper continued fraction 
terminates and is given by 


Vo mw bo, 
where bo= yo. If yo is not an integer, let by be the greatest integer <+o (in sym- 
bols bo=[yo]) and define real numbers V1, Ya, Y3,°** and positive integers 
by, be, bs, + - + by the relations 
An 
(1.1) v= ——_——_) bx, = lyals 
re | Dra 

successively for n=1, 2, 3,---. It is clear from (1.1) that each b,2a,, 
(n=1, 2, 3,---). If, eventually, some Yn, SAY yx, is itself an integer, we shall 


say the expansion terminates, and that the proper expansion of yo into a con- 
tinued fraction is given by 


ay ae Qr-1 ax 


(Ci) VYo~ bo + — 2 a 
b + bo +--+ 4+ Dry + bd, 


We note that b, >a,. If no y, is an integer, the expansion will not terminate and 
the proper continued fraction expansion of yo will be given by 





(bo, = Ve). 


. a 1 
(1 ) Vo ~~ bo -f- ast “a 
bb t+bo+-:-, 
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It is clear from (1.1) that a simple induction proves that 
ay, ag an 
(1.4) y=bt— — —, (w=1,2,3,---). 
bb tbe tes + yn 


As usual we shall define the mth approximant A,,/B, of (1.2), for n<k, and 


of (1.3) by the recursion relations 
(1 a = bo, A, = bobi + aq, An = byAn-1 aE GrAn—s, 
: Bo = ihe By, = bi, Be = ied Pe + Ns ae (n =, 2, 3, 4, sare 3 


THEOREM 1.1. A ferminating expansion ts the rational number yo which gen- 
erated tt. 


This theorem follows at once from (1.4). 
THEOREM 1.2. Jf yo ts rational, its expansion terminates. 


The theorem follows from the definition, if yo is an integer. If yo is not an 
integer, write it as p/g, where p and g>0 are relatively prime integers. We ob- 
serve that y, is either an integer >0 (in which case the expansion terminates) 
or it is a positive rational number /;/q:, where 


pi = aq, gq = p — bog. 
Since by is the largest integer <p/q, we have 
Oro =" bagi: 
Continue the process. Each y,=pn/qn, where p, and q, are positive integers and 
eae Hor 4 oe Us 


Some g, must therefore be unity and the corresponding y, an integer. The proof 
is complete. 
We turn now to a consideration of the non-terminating proper continued 


fractions. 


THEOREM 1.3. Every proper non-lerminating continued fraction converges to the 
real number yo which generated it. 

To prove the theorem we observe that by (1.4) and (1.5) we have 
Ae es ata TrAn—e 
be 1S Be Bas - 


It will be sufficient to show that 


in(»—4) 
1m ey sae ie 
n> 2 ae Dees 





But, as is easily seen, 
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An—2 “ @1d2°*** Gn—2 Gn—1¥n 


vee are ane 
(1 “EL Yo ee ( ) Bas Vn Bal + pts PES 





where we have used the well known formula 
An-1Br-s — An—aBnai = (— 1) "aida = > G51. 


Using the fact that 6, 2a, one can show readily by induction that the first frac- 
tion in the right-hand member of (1.7) remains less than one in absolute value. 
To prove that the second fraction tends to zero we write it in the form 


An-1 
an 

Baek + a By-2 
yn 


Since every term in the expression is positive, it is sufficient to prove that 
lim a@,-1/B,1=0. The recursion relations (1.5) insure that the integers B, are 
strictly increasing. If the integers a, remain bounded, the proof is immediate; 





otherwise, lim a,d2 - + - @,_1= + and the proof is completed by observing that 
Gn-1 an-1 
Dany G49 °° *° Gn—2Gn-1 


THEOREM 1.4. The even approximants A2z,/B2, in the proper expansion of Yo 
are less than yo and the odd approximants Aor41/Bory1 are greater than yo. 


The proof follows at once from (1.7) by replacing m by 27+2 first, and then 
by 2r+3. 
We proceed with the following result. 


THEOREM 1.5. Each approximant of the proper continued fraction is a closer 
approximation to yo than the preceding. 


To prove the theorem we use (1.6) and observe that 


A n—1 en eens A n—2 
(1.8) Jo = (>. = ); 
Beet Vn dB By-2 














The coefficient of yop —A,_2/B,_2 in the last member is absolutely less than unity 
since y,2b, 2a, and the continued equality is impossible. 


2. Conditions that a given continued fraction be proper. In this section we 
establish necessary and sufficient conditions that a continued fraction 


(2.1) Ba ee 


where the numbers 6, and a,, (n=1, 2, 3, +--+), are positive integers, be a proper 
expansion of some real number yp. 
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From (1.1) we see that a necessary condition for this is that },=da,, 
(n= 1,2, 3; > +). 


THEOREM 2.1. Jf (2.1) is non-terminating, a necessary and sufficient condition 
that (2.1) be a proper expansion of a real number yo into a continued fraction is that 


(2.2) Dy = Cn, (n= | BY BS PEC a8 ie 


If (2.1) terminates, a necessary and sufficient condition that (2.1) be proper ts that 
conditions (2.2) hold and in addition that the final b be greater than the final a. 


It remains to prove the sufficiency of the conditions. Suppose first that (2.1) 
is non-terminating. If A,,/B, is the nth approximant of (2.1), we have [1, pp. 16, 
17] 





























An41 ‘2 A = ‘ee 1)" Q109°°*°* Ani 
Basi By Bani 
(2.3) 
Ant Ae ( 1) 5 a1a2°°° Onbn41 
Ba Baey Bei Dart 
It follows that 
Ag Ag A4 
BT eS ae , 
Bo Be By, 
Ai A3 As 
——: = or - > do 
By B3 Bs 
Thus 
Aon 
fe ak ry 
n>0 Bony 
and 
" Aon 
lim =p, 
no Bon 


where) is finite and » may possibly be infinite. However, by the first line of (2.3) 
and an argument strictly analogous to that used in the proof of Theorem 1.3, 


Aon Lon 
im (["" — =") = 0, 
Lf ho Bonsai Bon 
and hence p=A (finite). The continued fraction (2.1) subject to (2.2) therefore 
converges. It is clear, further, that 





yo > bo, 


where yo=u=A. Similarly, the continued fractions 
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Ak+1 
by + (hia, 2am) 
; Oxy a 


converge to numbers y; in similar fashion and 
Ve UE, (k = 1, 2, 3,-<«-). 
Let the proper expansion of yo associated with the set of positive integers 
a3, Qo, a3, °° ° of C250) be 
ay ag 


Bit Bat: 


We shall show that 8,=0,, (n=0, 1, 2,--- ). 
To that end we note that by a well known principle [1, p. 22] 


Bo + 


ay 
Yo=L=bt+—: 
Ey 


Since y, >); 24, it follows that bo = [yo]. Hence Bo= bdo. Similarly, y2>b2 >a: and 


ae 
Vio 
ye 
Hence 6, = [y,]=(;. A simple induction completes the proof of the theorem for 
the case that (2.1) does not terminate. The proof for the case that (2.1) termi- 
nates is immediate. Thus the theorem is proved. 
Conditions (2.2) suggest the term “proper” for continued fraction expansions 
of the type considered in this paper. 
If one sets a,=a2=a,;= --- =1, the proper expansion of yo becomes the 
usual regular continued fraction. The conditions of Theorem 2.1 become familiar 
ones. 


If we set 
pee ee ee (Wl 2 Bice), 
where the sequence 79, 71, ra, > is defined recursively by the relations 
ro = bo, 
fae Fost Ua (n = 1, 2,3,---), 


the proper continued fraction expansion reduces to the “continued cotangent” 


expansion of Lehmer [2]. The conditions of Theorem 2.1 are then precisely his 
regularity conditions. 


3. Rapidity of convergence of a proper continued fraction. In this section 
we shall investigate the question of the rapidity of convergence of a proper con- 
tinued fraction. It is natural to consider the differences 


1940] PROPER CONTINUED FRACTIONS 279 


Ay Ay—1 


B,, fs a 


@\d9°*** Ay | ; 
—————— n= Ih Boe 
B,1B,, ? pI ? ? iF 








a, =| 





inasmuch as the number yo lies between each two successive approximants, and, 
as is well known, 


; Ag +(2 V4 (4 \ + 
Io ————e ee oe 
Bo By Bo Bs B, 


bo + >> (— 1)"-A,. 
1 








We note that 











An4+ cet 1 1 
= Anti a 
A, Bris 1 a0 DaiiDn 1 + an 
Gait Bat 


inasmuch as 


B, > Daas bn = An. 


It is clear that A,,4:/A, can be made arbitrarily small by choosing the integer 
a, sufficiently large. Further, every proper continued fraction converges more 
rapidly than a geometric series with ratio 1/2. 


4. Examples. It is clear that all the examples of regular continued fractions 
and those of Lehmer’s “continued cotangent” now become examples of this 
theory. A few others are given below. Each is a periodic representation of a 
quadratic surd. The general question of periodic proper continued fractions will 


be discussed in a later paper. 
The expansion of \/3 corresponding to the set of partial numerators dsny1=1, 


a= 2, Gania 4, (2=0, 1, 2,.** *), 18 given by 
Weer es i 2 Syed 248 
ees etd pe ee Gee 
The period in a periodic proper continued fraction may be longer or shorter 


than that of the regular continued fraction for a given quadratic surd, as the 
following examples demonstrate. First 


J/5+1 
et 1 1 
2 pert ee wee (a = 1), 
tee ad oe 
= io 2 2 2 2 
34+84+44+8+4+ (a = 2), 


while on the other hand 
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VEL evi 5 2 Leo 
2 —_— = —= eae iy 
34+343+4-:- 
Tt, ee ie 
a net i rea at we On ne ce eta we 
References 
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ON THE DIOPHANTINE EQUATION x(x+1) --- (aw+n-—1)=y** 
L. LOUISE JOHNSON, Reed College 
Let the product of consecutive integers be 
P,= «(x+1)--- (x+n-— 1), pearly tad ba 
The equation 
(1) Pa ve. y and & integral, LL Oa te 


has been studied by many mathematicians. Their results give particular values 
of m and k for which (1) is impossible, or restrict the conditions under which (1) 
may occur. 


One of the earliest and most important results is the following theorem of 
Liouville, published in 1857 [1]: 


THEOREM L. Jf at least one of the integers x,x+1,---,x+n—1 is prime, or 
uf x<n-+5, then P,~y*. 


The demonstration depends upon Bertrand’s postulate (first proved by 
Tschebyscheff [2]) that between « and 2x —2, x >3, there is always a prime. 

Between this date and 1920 numerous papers were published [3], the results 
of which may be summarized as follows: P.,A#y*; PsXy*; Piuxy*; P,Xy? if 
n=203; P,¥y* if n=4, 5, 6, or 9. It will be noted that none of these theorems, 
except that P,#y*, gives any information about the equation P,=y*, n>3, for 
k>3, except for those cases settled by the fact that if P, is not a kth power, it 
cannot be an mkth power. 

A paper published by R. OblAth in 1933 [4 | considerably extends these re- 
sults. He shows that P,= y* is impossible for a certain infinite set of prime values 
of k, which includes all primes <107 except 31, 59, 89; that P,#~y*, 5SnS13, 


* Part of a thesis submitted to the faculty of the University of Colorado, 1938, in partial 
fulfillment of the requirements for the Ph.D. degree. 


Read before the Rocky Mountain Section of the Mathematical Association of America, April, 
1939, 
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k=3 or k=5; and that P;=y" and Ps=y’ are impossible for x less than certain 
very large numbers. Oblath proves also the following extensions of Theorem L: 
if one of x, x+1,--:,x-+n-—1 is ap, p prime, a8, or if x<m?, then P,~y*. 
The last mentioned result is a consequence of the following theorem of Sylvester 
[5] and Schur [6]: 


THEOREM S. At least one of the n consecutive integers x, x+1,---,x+n—1, 
x =n, is divisible by a prime >n. 


The theorem of Liouville and its extensions by Oblath state certain condi- 
tions on x, 2, and k under which P,=y* cannot hold. This paper contributes a 
group of more strongly restrictive theorems (I-IV below) of a similar type, 
and proves that Ps,~y*, and that P,, =y* has at most one solution for 7 =4, 5, 6, 
or 7,ka prime 27. 


THEOREM I. Jf x S(n+1)*—n7, then P, ¥y*. 


Proof. Suppose P,=y*. By Theorem L, x>n. Then, by Theorem S, P,, is 
divisible by a prime p>. Only one of the m consecutive integers x+1, 
(i=0, 1, ---,—1), can be divisible by a number p>n, and if P,=y*, then p* 
must divide this one. Hence 


xtun—-12 pez (n+1)*, 
or 
x >in + 1)*—n, 
from which the theorem follows. 
Coro.uary. If x <5*—4, then P,#y*. 
For P,=y*, n=4. Hence, by Theorem I, x>5*—4. 


THEOREM II. If any one of x +i, (t=0,1,---,n—1),14s divisible by a product 
of distinct primes p1, po, > ++ 5 Puy each of which ts greater than n, and tf, moreover, 
x<(n+1)*—n, then P,#~y*. 


Proof. Suppose that P,, = y*and that one of the x+7 is divisible by pipe : : + Pus 


where p,>n, (r=1, 2,---,m). Only one of the » consecutive integers «+7 can 
be divisible by p,; hence pips --- pi, must divide this one. Then we have in 
succession, 


Pep ey pee et 1), 
x=(n+i1)"—n+1, 
x >(n+1)"—n. 


THEOREM III. Jf any one of x+1, @=0, 1,-°°, n—1), 1s expressible a 
product of powers of u distinct primes, py py ++ pit, with yo ar<k, then Pr¥y”. 
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Proof. Suppose P,=y*. Suppose one of x+7, where 1=0, 1,---, n—1, is 
poopy --- pit, where p, is prime and a,>0 for r=1, 2,---, ym. Then either 

(a) at least one a,2k, and then yee Or 

(b) every a, <k. . 
Now p* must divide P,,; hence if a, <k, p, must divide another of the «+7, and 
this is possible only if p,<m. Hence if every a, <k, then every p,<n, and 


Bb 
x < Pi po tee ee <(n—-— hfs where s= + lr. 
r=1 
But by Theorem I, x >(~+1)*—n. Hence 


(2) (n —1)8 > (n+ 1)* — nn. 
Now 
(n+ 1)*—-n=[m—1)+2]*—1 
= (n—1)*+ k(n —1)*1-24+--- 424 —n 
a(t — 1) 1) (since k= 2) 
Pn ae 8 Ok pW hi (since 2 > 4/3) 


> (n — 1)* for BS k. 


Hence (2) can be true only for S>k. This completes the proof. 
For the conditions of part (b), it is seen that the following slightly stronger 
theorem has been proved: 


THEOREM III A. Jf any one of x+i, (¢=0, 1,---,m—1), ts expressible as 
a product of powers of distinct primes, pipy--- pM, with every a,<k and 
dota, <k+1, then P,X~y*. 


It may be of interest to examine a few special cases of Theorems III and 
IIT A. For w=1, a,=1, we have the original Liouville Theorem L. If any one 
of the consecutive integers in P, is a power of a prime, then P, is not a higher 
power of an integer. If any one of the consecutive integers is a product of a 
distinct primes, then P, is not a wth or higher power. 


THEOREM IV. If one of x+i, ((=0, 1,---, n—1), ts a*, a<p, where p is 
the greatest prime which divides P,,, then P, Ay". 


Proof. Suppose P,=y*. Let p be the largest prime which divides Fas 4a, 
Theorem S, p>n. Then one of the x +7 must be mp*. Suppose another of them 
is a*,a<p. Then p=a+1, and 


n > mp* — ak => m(a + 1)* — ak 
= (m — 1)a*+ m(kat-14+... +1)> ka*', 
Then a< (n/k)"C-) and 


(3) %S a* < (m/k)RCe-1) 
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But by Theorem I, 
x >(n+1)*—n, and 
(4) (n+ 1)* -—-n=n*+ kn*14+.---4 (k-—1)n4+1 
> n> (a/k)* > (a/R) ONY. 
Hence (3) and (4) can never both hold, and the theorem is proved. 


THEOREM V. The equation Px,=y* 1s impossible. 


Proof. Let 
Po, = x(a + 1) - ++ (@ + 2k — 1) 
= II [a + (2k — 1)x + (i — 1)(2k — i)] 
= II (eee) 


where g=x?2+ (2k—1) x and a;=(i—1)(2k—i), ((=1, 2,:--,k). Then 
Poy = 2* + cya*-! + cept 2 +--+ feet r++ ++ + ce = F(3), 


where Cr= > Aids -+-a,, (r=1, 2,---,k), are the elementary symmetric func- 
tions of the a’s. 

Let A, G, Hbe respectively the arithmetic, geometric, and harmonic means of 
the zta;. Now G= V/F(z) = ¥/P2. Hence to prove that G is not integral is 
to prove the theorem. But A >G>ZH. Then if 


(5) A—H 1, 





there is at most one possible integral value for G. Now 


S. (z + ai) > a; 











r — t=] Ae, ae wae i Bes 
- k aaa k “Ok 
and 
k 
kI] (z + ai) 
cae k = tok 
= ; (2 + ai) - ++ (2 + ann) 
>> 1/(s-+ai) d 
iat 
kF (sz) _ Ch (2) 


A ——. as 





~ F(z) RCO "() 


where 
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k 


¢(z) = >| —r+1) “= — re fr 





Then A —H=¢(z)/F'(z), and (5) holds if 
(6) F'(z) — o(z) 2 0. 
Computing coefficients and combining terms in (6) gives the condition in the 
form 
(7) Oye® he ageh =" a fb pee Opes ae 
where 
Oa dy = (R—r+1)G1(1 — «1 /k) + r¢,, (y = 2,-<-, R). 
In order to get an expression for an upper bound for the zeros of the polynomial 


of (7), it will next be shown that a, is the negative coefficient of greatest absolute 
value in (7). Remembering that a;=0, we have 


Ck = a1a2::-azp = 0, 
Ck-1 = Qo°*:* Qk = (2k = 2), 
and hence 


Now ¢,=).a,=k and hence (1 —c:/k) $0; therefore a, <0. In the expression for 
a,, the second term, rc,, is never negative and the first term, which has always 
the factor (1—c,/k), is never positive. Hence a; will be the negative a, of great- 
est numerical value if 


(ha 7eh DearS: QR 2), Ole 


Now 6;-1=) aids -»> a,x has (k—1)!/[(r—1) (R71) !] terms, since there are 
(k—1) non-zero a’s; since a;<a,.<--- <a,, the largest of these terms is 
Ok—ry2 °° + U=(k+r—2)!/(k—r)!. Therefore 


(rt Dees Papi ee 
(r—1)k—r)!  (k— 7)! 


r(r+1)--- (k — 2)(k — 1) 











= (k—r+1) 
: [(e — 1° 
| (2k — 2)! 
(k+r—1)(k+1r)--- (2k — 2) 
Pe baad ar k — 2)! 


~ 2[ = piP © 


IIA 


(2k — 2)!, as was to be shown. 
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It follows that | a,.| /a,+1 is an upper bound for the zeros of the polynomial of 
(7). 


Our next step is to show that this upper bound is less than (2k)?*-2. Now 


ee (2 1) +1 
ay - k k 





Moreover [(2k —2)!]1/(24—2) is the geometric mean of the integers 1,2, ---,2k—2, 
and their arithmetic mean is }(2k—1). Hence 


(2k — 2)! < [3(2k — 1)]?*-2. 
Since the largest a; is a, =(k—1)k, we see that 


a/k = >> a/k S k(k — 1), 
a/k-1S kh? —k—1. 


| ai. | 1 /2k — 1\2k-2 
al -( Cys 
ay k 2 


I 


Hence 





A 





eign ee 
(2k — 1) a+ 
< (2k — 1)24-2 < (2k)24-2, 
It follows that (7) holds and hence (5) holds if z= (2k)?*-?. Now 


A =g+ > a/k, 


ya = (i - fiepe2) = = Yi + (2k + 1) oi 20 
= — k(k + 1)(2k + 1)/6 + (2k + 1)k(R +-1)/2 — 2? 
= k(k — 1)(2k — 1)/3. 
Then 
A=2+(k — 1)(2k — 1)/3. 


If k=1 or 2 mod 3, (k—1)(2k—1) =0 mod 3 and A is integral. Hence in this case 
G is not integral if z= (2k)?*-?. If k=0 mod 3, (k—1)(2k—1) =1 mod 3, and the 
only integer between A and // is 

A—1/3 =3 + (k= 1)(2k — 1)/3 — 1/3 
2g + (2k? — 3k)/3. 


Hence, in this case, G is integral only if 
[z + (2k? — 3k)/3]* — F(z) = 0. 


The constant term of this equation is [(2k23—k)/3]*, since F(z) has no constant 
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term, and all of its coefficients are integers. Hence for the last equation there is 
certainly no integral root greater than [(2k?—3k)/3]*. But 
2k2 — 3h\* (2k2)* (2k)2* — (2k) 2 
ee 


Fo ape ee 
3 3k 23k ~ (2k)? 


Therefore G is not integral, which is to say P»; is not a kth power, if 
(8) ee (2h) *. 


But by Theorem I, P, is not a kth power if x S$(n+1)*—n. Then a fortiori P,, 
is not a kth power if x <n", and Px, is not a kth power if x <(2k)*, or 


(9) aS (2k)?* + (2k — 1)(2k)*. 


Always, at least one of the inequalities (8) and (9) holds. Therefore P2; is never 
a kth power. 


THEOREM VI. The equation P,=y", for n=4, 5, 6, or 7, k prime, R=7, has 
at most one solution. 


Proof. Suppose P,=y*. Any common divisor of two of the x-+i, 
(c=0, 1,---, —1), must divide their difference and hence be less than n. 
Any divisor of only one of the «+7 must appear in that one to a power mk, 
m21. Therefore every x+7 can be written in the form 


(10) eh eee Se 
where 2, 3,-- +, pare all the primes less than 2 with 


OSs ks 0 ys be Oe ee eet 


and 
n—1 n—1 n—-1 

(11) yap) DP BS = ee mea 
i=0 i=0 i=0 


(A) Let »=4. Then, since the only primes less than 4 are 2 and 3, (10) be- 
comes 


: ai By k ; 
ea i 2 ae, (i = 0, 1, 2, 3). 


5] 


Two of the a; are 0, say a-42=a,=0, with r=0 or 1. Since of two consecutive 
even integers one is divisible by 2 and one by a higher power of 2, one of the 
other two a’s is 1 and, by (11), the other must be k—1. For the @’s, either 

(a) all are 0, since if only one of the x+7 is divisible by 3, it must be divisible 
by 3™*, or 

(b) B1=B.=0; since of two consecutive multiples of 3 at least one is divisible 
by 3 but not by 32, one of the other 8's is 1, and then by (11), the other is &—1. 


If (a) holds, we would have hig—x*=2, (r=0 or 1), which is impossible. If 
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(b) holds, it is possible to choose a pair of consecutive integers such that their 
difference gives an equation of the form 


k—1 
? 


k k 
(12) Q%41 — bx, = 1, with |ab| = 2-3 


and x,4; and x, relatively prime, since they are factors of consecutive integers. 

(B) Let n=5. Again 

oti = 2°93" ai, (= 0,1,-++,4). 

(1) For the a’s, either 

(a) two are 0 and the others 2, 1, and k—3, or else 1, k—2, and 1; or 

(b) three are 0 and the others 1 and k—1. 
(2) For the #’s, either 

(a) all are 0; or 

(b) three are 0 and the others 1 and k—1. 
If (2a) holds, we would have v0 = 2, (r=0 or 1), which is impossible. If 
(2b) holds, it is again possible to choose a pair of consecutive integers of which 
the difference gives an equation of the form (12). 

(C) Let n=6. Then (10) becomes 


Bo ah a Reread 


Three of the a’s are 0 and the other three are 1, 1, k—2, or 1, 2, R—3. Four of 
the 6’s are 0 and the other two are 1 and k—1. For the y’s, either 

(a) all are 0; or 

(b) y1=7¥2=7¥3=741=0 and the others are 1 and k—1. 
One of the x+7 is divisible by 6; hence only four are divisible by 2 or 3. If (a) 
holds we would have x* —x* <6, with x, >5, by Theorem IV, which is impossible. 
If (b) holds, it is possible to choose a pair of consecutive integers such that their 
difference gives 


(13) aXr41 _ bx, = 1, with |ad|= DS ee 
(D) Let 7=7. Then (10) becomes 
AA ear aL (peer 6) 


(1) Either 
(a) ap =2=a,=a¢=0, and the other three a’s are 1, 1, and k—2 or 1, 2, 
and k—3; or 
(b) a,=a3=a;=0, and the other four are 1, 1,2, k—4. 
(2) Either 
(a) four of the 6's are 0 and the other three are 1, 1, R—2; or 
(b) five are 0 and the others 1 and k—1. 
(3) For the y’s, either 
(a) all are 0; or 
(b) five are 0 and the others 1 and k—1. 
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Either one or two of the «+7 are divisible by 6. In the case when four of the x+7 
are divisible by 2 and three by 3, both x and x+6 must be divisible by both 2 
and 3, and hence two of the x+/ are divisible by neither. Any other combination 
from (1) and (2) gives at most six numbers divisible by 2 or 3 even if they are all 
distinct. But since 6 must divide at least one, they cannot be all distinct. There- 
fore at most five of the x +7 are divisible by 2 or 3. Hence if (3a) holds, we would 
have 


Pe — PM <b] 
with x, >7 by Theorem IV, which is impossible. If (3b) holds, a pair of consecu- 


tive integers can again be chosen such that their difference gives (13). Hence 
for n=4, 5, 6, or 7, if P,»=y*, an equation of the form 


k-1 


(14) renee ~ Be a | ab | Sa 2a5e 


with x,41, x, relatively prime, must be satisfied. 
C. L. Siegel gives the following theorem [7]: 


THEOREM. The equation | ax" —by"| Sc, a, b, c integral, c>0, n=3, has at 
most one solution in relatively prime positive integers if 





(15) | ab n/2—1 = Ager cs 

where 

(16) hn = (nT pircns), 
pin 


where p runs over all prime divisors of n. 


In (14), suppose k prime, k=3. Applying Siegel’s theorem, (16) becomes 
he = A(R RUC-D)& = ARRICR-D | 
and (15) becomes 
| ab [F212 > 4p sc-D 
Then (14) has at most one solution if 
(2-3k-1) R21 > ARR IC) | 
or, in succession, 


2 (k—-6) /23 (k—-1) (k—2) /2 > hk? /(k-1) 
= ’ 


2 (k—-6) (k-1) /23 (k—-1)?(k-2) /k? > 2 
b] 


2) 
log 3 = 2 log k, 


(17) 








; 9 log 2+ \ ls 
k? p2 
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Let the function on the left of (17) be designated by fi(R), the one on the right 
by fo(k). Then 


filk) = (1 — 7k + 6k-*) log 2 + (k — 4 + Sk! — 2k-2) log 3, 
fi (k) = (Tk? — 12k-*) log 2 + (1 — 5k-? + 4k-*) log 3, 
fe (&) = 2/k > 0. 
Then we will have 
(18) fi (k) = fr (k) 
if 
(7k — 12) log 2 + (k*? — Sk + 4) log 3 = 2k? 
or 
(19) k® log 3 — 2k? + (7 log 2 — 5 log 3)k + 4 log 3 — 12 log 22 O. 


Now | 7 log 2—5 log 3| <1 and 3<|4 log 3—12 log 2| <4. Therefore an upper 
bound for the zeros of the polynomial in (19) is 4/(log 3) +1<4+1=5. There- 
fore (18) is satisfied for k=5. Now fi(7) >fe(7), and we have shown fi (k) >fz (k) 
>0 for k=7. Hence (17) is satisfied for k2=7. Therefore (14) has at most one 
solution for k prime, k=7. Therefore P,=y", n=4, 5, 6, or 7, k prime, k27, 
has at most one solution. 

Added, February 22, 1940. Since this paper was written, Dr. P. Erdés has 
published proofs that P, is never a square [8], and that for k>2, there exists 
an m9=n0(k), such that for n=, P,=y* has no solutions [9]. Erdés has also 
an unpublished proof that P2,#y*, and reports that G. Szekeres has proved that 
P,,~y* for n <9, which of course includes Theorem VI above. 
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MATHEMATICAL EDUCATION 


Epitep By C. A. Hutcuinson, University of Colorado 


This department of the MONTHLY affords a place for the discussions of the place of mathematics in 
education, and other matters emphasizing the educational interests of those who teach mathematics. 
Address correspondence to Professor C. A. Hutchinson, University of Colorado, Boulder, Colorado. 


REPORT OF THE COMMITTEE ON TESTS* 


1. Introduction. The Committee on Educational Testing of the American 
Council of Education proposed that the Mathematical Association of America 
collaborate with this sub-committee of the Central Committee on Personnel in 
the construction of tests in first and second-year college mathematics. A com- 
mittee of the Association was appointed to consider this proposal. The members 
were H. S. Everett (Chairman), W. L. Hart, C. J. Jaeger, C. N. Moore, and 
Clara E. Smith. This committee reported on December 31, 1934, at the Pitts- 
burgh meeting, recommending that the Association appoint a committee on 
test construction to codperate with the Committee on Educational Testing, 
stipulating that the Association’s committee be free to adopt its own procedures. 

Following the recommendation of the Everett Committee and authorization 
by the Board of Trustees of the Association, President Curtiss appointed a Com- 
mittee on Tests with the following members: Ralph Beatley, E. W. Chittenden 
(Chairman), A. R. Crathorne, L. L. Dines, and H. S. Everett. Marie M. Johnson 
was added to the committee in the fall of 1935 to assist in the secretarial work 
of the committee and in the construction of tests. H. S. Everett withdrew from 
the committee because of the press of other duties in 1937 and was replaced by 
R. G. Sanger. The Codperative Test Service of the American Council on Educa- 
tion,t directed by Dr. Ben D. Wood, undertook to publish, distribute, and 
analyze the tests prepared by the committee. 

The committee met in Chicago on the week-end of April 18, 1935, in con- 
junction with a meeting of the American Mathematical Society and prepared a 
program of test construction. 

The committee prepared a pre-test in three forms which was administered 
in the fall of 1935 to 2625 students of first-year college mathematics in six in- 
stitutions. From the budget of tested questions thus obtained, a revised test in 
two forms was constructed and tried out in the fall of 1936. The tests were ad- 
ministered to 1750 students in five codperating institutions. The revised forms 
are now listed in the Catalog of the Coéperative Test Service. The 4375 papers 
obtained contain a mass of hitherto inaccessible information regarding the rela- 
tive capacities and training of entering college students in institutions in differ- 
ent parts of the country. During the years 1936-1939 the analyses of the Codper- 
ative Test Service were supplemented extensively by studies supported by 
NYA. Part of the results of these statistical investigations is presented below. 
The committee has prepared and offered for general use a comprehensive ex- 


* ~ : ati ~ ; i ik 
A condensation of the report presented to the Trustees of the Association at Madison, Wis- 
consin, September 8, 1939, by a Committee on Tests. 

| 500 West 116th Street, New York City. 
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amination in college algebra. Two forms have been constructed, of which one 
only has been printed. Two forms of a comprehensive examination in trigo- 
nometry have been constructed but not printed. Copies of these can be obtained 
by application to Secretary Cairns. The committee has accumulated a budget of 
five hundred tested questions on Junior College Mathematics. It is hoped that 
this collection will be increased and become useful to college teachers who wish 
to compare the work of their students with that done at other institutions. 


2. Objectives and administration of pre-tests. The pre-tests were designed 
to give information regarding the preparation of entering college students in 
fundamental algebraic skills. Certain items were introduced to test the effect 
on difficulty of various small changes in wording and form. The tests were 
limited to algebra because it was found impracticable to devote more than a 
single class period to their administration and it is generally recognized that 
success or failure in college mathematics is largely dependent on preparation in 
algebra. It was expected that the tests would be useful for sectioning or place- 
ment, diagnosis, prediction of subsequent performance, and provide a basis for 
the measurement of growth. 

The committee decided to allow two weeks for review, so the pre-tests were 
administered uniformly on the ninth class day. No norms are available for the 
results of administration prior to review. Because of the difficulty of these tests 
there is reason to believe that scores obtained without preliminary review would 
be low and of less predictive value. The easier lowa Placement Examinations* 
have proved valuable for prediction and placement under these conditions. 

3. Distribution of scores on pre-tests. The following table shows the dis- 
tribution of the scores obtained from the administration of these forms. Forms 
A(1935) and C(1935) contain 44 items. Form B(1935) has 42 items. Many of 
the items in the 1935 forms had several parts. The item was not scored correct 
unless all the parts were answered correctly. Several studies were made in which 
the parts of the items were used as units. The resulting scores will be referred 
to as partial scores. It is believed that the 1935 tests are too difficult. Each of 
the revised forms A(1936) and B(1936) contains fifty items, nearly all from the 
preceding tests. Some items were added to fill gaps in the order of difficulty. 


TABLE | 


Distribution of Scores in Pre-Tests 








Total Number of students having given scores 


























Form jnumber of 

students | 0-4 5-9 | 10-14 | 15-19 | 20-24 | 25-29 | 30-34 35-39 | 40-44 | 45-50 
A(1935) 1499 15 148 334 348 289 227 105 28 ks 0 
B(1935) 554 9 67 140 150 105 54 20 9 0 0 
C(1935) 572 1 32 93 164 148 78 37 17 2 0 
A(1936) 835 3 11 35 68 120 147 168 164 83 36 
B(1936) 915 2 23 (fl 123 183 183 168 89 60 13 














* Published by the Bureau of Educational Research, University of Iowa, Iowa City, lowa. 
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4. Pre-test scores and grades. The coéperating institutions supplied first 
semester grades for all students taking the pre-tests. The correlation between 
semester grades and test scores was computed by the Codperative Test Service 
from samples for each institution and each of the five forms. These correlations 
vary from 0.42 to 0.74. The mean is 5.9 and the median 5.8. The correlation 
between test scores and grades is highest for groups with a high average score 
on the pre-test. Studies of homogeneous groups with three or more semesters of 
preparation in high school algebra show correlations with grades consistently 
over 0.6. 


5. Sampling of pre-test scores. The forms administered in the years 1935, 
1936, were arranged in fifteen groups with respect to three grades of preparation 
in high school algebra, (Pi) one year, (P2) one and one-half years, and (P3) two 
years, and the five forms. The papers in each form were arranged by institutions 
and representative samples were selected in as random a manner as possible 
preserving the relative proportions of the students in the different institutions. 
The total number of papers in the various samples was 1100. The very laborious 
task of sorting and tabulating the responses item by item was accomplished by 
students under NYA. 


6. Comparison of Part I and Part II, 1935 forms. The 1935 pre-tests were 
divided into two parts. Part I was composed entirely of formal questions dealing 
with routine skills, and the emphasis was on manipulation. Part II was intended 
to contribute a subjective element and contained problems. The subjective part 
of the examination did not affect the scores reported to the committee or the 
subsequent analyses. Part I contained more questions than Part II in each of 
the three forms, and received the time allowance of 25 minutes, while Part II 
was given only 20 minutes. Analyses were made of the scores on Part I in rela- 
tion to the scores on Part II for each of the nine groups. The results presented 
in Table II show clearly that the two parts measure different skills. 


7. Construction of the 1936 pre-tests. Because the scores were low on Part II 
and it was not possible to draw satisfactory conclusions from the separation of 
Parts I and II, it was decided to build the new examinations in a single series 
of items. The 1935 tests showed gaps in range of difficulty and an attempt was 
made in constructing the 1936 tests to produce an examination of more carefully 
graduated questions. This necessitated the construction of questions of un- 
known validity and difficulty in the effort to fill the gaps. The experience of 
the committee with the 1935 examinations and the analyses of items which 
could be scored either in whole or in part showed that there were slight advan- 
tages, if any, to be gained by combining several units in a single item, and there 
were some obvious disadvantages. 

The new forms contained fifty items for convenience in analysis and were 
easier and shorter than those of 1935. This produced a higher mean score, a 
psychological advantage, and a better distribution of the low scores. As the pre- 
dictive value of a forty-five minute test proved to be small for the students of 
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highest quality, the lack of spread in the higher scores is not a serious disad- 
vantage. The correlations between test scores and grades are about the same for 
the two sets of forms, 1935 and 1936. 


8. Value of a short examination. A study was made of the predictive power 
of a short test. A group of 10 items was selected from Form A and the scores 
on these items were compared with scores on Form A and also with grades. The 
correlation between the first semester grades and scores for a group of 189 stu- 
dents on these 10 questions was .39 with a probable error of .04. The correlation 
of partial* scores on Form A for a sample of 200 students with the scores on the 
selected items is .84 with probable error of .01. 


TABLE II 


Analysis of Pre-Test Scores (1935) 
Correlation between Scores on Part I and Part II 














Partial scores* Absolute scores 
Form | Preparation N 

r PE? r deeds e 
A P,=1 yr. 50 che .07 45 .07 
P,=1}3 yrs. 100 .61 .04 .54 .05 
P;=2 yrs. 50 .56 .06 .49 .07 
all 200 .63 .03 oo .03 
B Py 50 aH 08 a5 09 
P, 50 Fao 08 23 09 
P3 50 66 05 60 06 
all 150 .59 04 53 04 
© Py 50 48 07 50 07 
P2 50 [os 07 55 07 
P; 50 .76 04 iG .05 
all 150 .70 .03 .70 .03 





* As stated in paragraph 3, a number of items in the pre-tests of 1935 were divided in parts. 
For example, item 3 of Form A reads: 


3. a) 3(—6) —4(—5) = 


b) 2+0= 

c) 0-3= 
0 

d) Pe 


Scorers were instructed to count this item only in case all parts were answered correctly. The pur- 
pose of dividing an item into parts was to avoid overweighting certain topics in the text and to 
secure information regarding a student's capacity to respond to part of a question which he could 
not answer completely. 

For the samples studied in the tables above, the partial scores were computed and compared 
with the official test scores which are, for convenience, called absolute scores. 





* Cf. paragraph 3. 
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TABLE III 


Comparison of Scores on Form A (1935) and Scores on Part I of that Form with the 
Number of Correct Responses to the Ten Items 2, 4, 5, 9, 15, 17, 20, 23, 29, 32 











Scores Partial scores on Part I 
1B tion N 
as Yr Par Y (Paar 
Py 50 .79 .04 .88 .02 
P, 100 .83 .02 .89 Or 
P; 50 nO .04 stl .04 
all 200 84 .02 .89 01 





9. Preparation and grades. The following table presents a distribution of a 
sample of 874 students with respect to grades secured in their first semester in 
college and their preparation in college algebra. 


TABLE IV 


Percentages of 874 Students in each Preparation Group receiving a Given Grade 














Preparation group 

Py Py, P3 
Number in group 280 438 156 
A (Es ii. & 10.9% 
B 19.6 20.2 28.2 
C Siew 29 29.5 
D and E 23 233 23.1 
Failed 14.2 fe (ys 
Dropped P| Sef 0.6 
Miscellaneous 0 | 0 


These tables show a tendency for increased preparation to increase the num- 
ber of high grades and decrease the number of failures. 

We have no evidence that the amount of preparation affects the number of 
non-passing grades except that we note a tendency for a smaller percentage of 
failures among students of first-year mathematics who have had two years of 
high school algebra. For example, in one group of 166 students with one and 
one-half years of preparation in algebra there were 33 (20%) non-passing grades, 
while of 17 with two years of preparation there were no non-passing grades and 9 
(50%) attained the grade B. 

Vernon Price has computed tetrachoric correlations between satisfactory 
grades (A, B, or C) and unsatisfactory grades for a large number of items, A 


few items provide significantly large values of tetrachoric r, For some items r is 
negative. 
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10. A special study of Form A (1935). Miss Nura Turner analyzed 300 papers 
selected at random from the 1499 papers written on Form A in the fall of 1935. 
These papers were divided into 3 groups, representing the 3 degrees of prepara- 
tion in algebra. She found that in general students with 13 years of algebra in 
high school omitted fewer items than people who had had only 1 year of pre- 
liminary training and responded correctly to more items than the less prepared 
group. The difference in rights, wrongs, and omissions corresponding to different 
degrees of preparation, are indicated by the following table. 


TABLE V 
Percentages of Right, Wrong, and Omitted Responses 














Preparation group 
Character of response 
P P2 P3 
Right 40 Si 60 
Wrong 25 22 20 
Omitted 34 26 20 











11. Frequency of satisfactory and unsatisfactory grades. The following fre- 
quency table is based on a study of 275 papers from Miss Turner's sample of 
300 and gives the distribution of scores of students receiving satisfactory (A, B, 
or C) grades or unsatisfactory (D, F, or Withdrawn). 


TABLE VI 
Frequency of Satisfactory and Unsatisfactory Grades 











To- 

Score 0) 412°): 14.) 18°17 -21 | 24.) 27 | 30 |.33 |-36 5) 39 | 42) 45 | 48°) S52) tal 
Satisfactory pe | 10 9 S22 Bre0 2a 2) 21, 18 9 7 3 3 | 178 
Unsatisfactory |1|} 7 | 14 | 14 | 15 | 11 | 13 | 11 6 5 97 








The bi-serial correlation is found to be —.51, indicating that unsatisfactory 
grades decrease substantially with increasing score. No failures occurred among 
students who completed the course and scored above 39. 

12. A group of related items. In the construction of the 1935 pre-tests cer- 
tain groups of items were introduced for purposes of comparison. One of these 
groups is given below. It consists of items 13, 14, 15, 16 of Form A. The relation 


between difficulty and complexity is evident. 
Difficulty Validity 





13. Solve for x: 3x —5 = 8x + 10. lt 8 
14. Solve for W: 3W — W = 3. 52 8 
Ry esl 1 on ; 
15. Solve for y: Sasi eis 
MT—G 


35 el 





16. Solve for T; L= 7 
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13. A Comparison of college and high school students. In the spring of 1936, 
the 1936 State Scholarship Contest was given to 52 Iowa high school students 
who were completing their first year of high school algebra. These students 
ranged in age from 13 to 16, and were exceptional pupils since they were final 
competitors in the state academic contest. 

The test given to these 52 pupils was composed of 51 items, the first 33 of 
which coincided with Part I of the pre-test, Form A, 1935. For a number of 
reasons the comparison between the work of the college and high school stu- 
dents is limited to items 1—24 which are counted as 27 items because item 3 of 
Form A has three parts. The expected superiority of the gifted contestants is 


shown in Table VII below. 
TABLE VII 


Percentage of Items Right, Wrong, and Omitted 




















se ti 
Character of Soar ave High school 
response P P, P; students 
Right 52 66 75 85 
Wrong 31 24 19 ip 
Omitted 16 9 5 
a ee es See eS eee 
TABLE VIII 
Frequency of Scores on 33 Items of Part I of Form A (1935) 
made by 52 High School Students 
Score 20 | 21 | 22 | 23 | 24 | 25 | 26 | 27 | 28 | 20 S05 STG Say esa 
Frequency 1 Nn Wes AP: ee a Ree) 5 reyes 1 5 
























































14. Constancy of the difficulty ratio. A comparison of the per cents right on 
items taken from 1935 tests with the per cents right on the same items in 1936 
shows remarkably close agreement. For the entire list of items jn the 1936 pre- 
tests which were used in 1935 the correlation is Form A, r= .904; Form B, r=.99, 
In evaluating this result we must consider the fact that a year elapsed between 
administration of the tests and the fact that there was a considerable degree of 
inhomogeneity of the population examined. It should also be noted that in 1935 
the test was administered in separate parts, with a time allowance for each part 
This agreement indicates that these items refer to common elements in the tr , 


ain- 
ing of the groups examined. 


15. Effect of the position of an item in a test. F. E. Satterthwaite kindly 
made an analysis of items from the 1935 tests repeated in 1936 with respect to 
the effect of position. The changes due to position f o 
able errors. 


16. A study of a group of first-year students. Th 


ration group of 117 students of first-year mathem 
who were given the pre-test Form A (1936) w 


all within the range of prob- 


€ response of a (P:) prepa- 
atics at the University of Iowa 
as studied in detail with respect 
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to a number of factors. The distribution of scores obtained is normal in type. 
The sub-classes of this group obtaining the grades A, B, or C made scores with 
a wide range, distribution skewed toward the higher scores, and means increas- 
ing with grades. 

An effort was made to find a response to the form which was more character- 
istic of the group of twelve receiving the grade A in the gross score. It was 
found that no reliance could be placed on the response to individual items, how- 
ever difficult, on the response to groups of items toward the end of the test, or 
on several other factors. But, all of these students scored well on the first forty 
items, and there were only three other students of the 117 who scored as well 
on these items, and of these two made B, the third C. Thus the high grade stu- 
dents of this group were: (1) informed, (2) rapid, and (3) accurate workers. If a 
high degree of intelligence signifies ability to respond rapidly and accurately to 
new and complex situations, there is no evidence here that this group of twelve 
students possesses outstanding intelligence. Is it generally true that the three 
qualities listed above are sufficient for high grade work in college mathematics? 
This is an educational problem of some interest. 

17. Tests at the college level. During the winter of 1935-36 a list of several 
hundred questions on college mathematics was submitted to the various coéper- 
ating institutions. Many of these questions were used as examination questions 
in final examinations in courses and the scores on these questions were reported 
to the committee. This practice was continued through the winter of 1936-37, 
and resulted in a substantial list of tested questions which may be used by 
instructors who wish to compare the work of their classes with that done in 
other institutions. Those items in the list which have been tried extensively give 
interesting information regarding the level of ability of students of college math- 
ematics. The list of items with difficulty ratings was available in an appendix 
to this report. 

The following pages contain a selection of items which were extensively used. 
With each item we give the number JN of students examined, the number R of 
correct respones, and the percentage D of correct responses obtained. 


TRIGONOMETRY 
N R D=R/N 
93. Given cos x= —2/3 and angle x lying between 180° and 270°, 457 96 21 
i t 
evaluate jae Nia lad and simplify the result. 
sec x-+tan x 
30. Evaluate: sin (—120°)-+cos 330°+tan 60° Site 246 43 
Sega ST carat NAN Ji tial <r acai 
2 cot 135°-cos 180° 

36. Express sin (—156°) in terms of a function of a positive acute 543 290 203 

angle. 
76. What trigonometric function of A is equal to a/se? A—1 > 620 424 .68 

a/tan? A +1 


120. If log A=m, log B=n, then log AB?=......----- 525 233 44 


298 MATHEMATICAL EDUCATION [May, 





ALGEBRA 

23. Which of the following equalities are identities? Answer by hy 362 .65 

number. 

(1) = ) (2) x*—4=(x—2)(x+4+2), 

x1 
x x 
—— = | 4+—— 4) x?=4x+1, 

Q) =I (4) 

(5) \/a?+b?=a-+b. 
46. If 2isa root of 5x3—kx?+4 =0, what is the value of k? Sit 425 14 
60. The sum of the roots of a quadratic equation is 1/2 and their 613 376 .61 


product is —15/2. What are its roots? 


75. Write and simplify the first four terms of (2x3—y?)§, 655 397 .61 


PLANE ANALYTIC GEOMETRY 


N R D 
5. The vertices of a triangle are A(0, 0), B(a, 0), C(0, c). Find the 103 93 .90 
coordinates of the midpoints of the sides AC, BC. 
22. Name the curve: x?+3y?—x—y=0. 105 44 .42 
38. Find the equation of the locus of a point which moves so that 176 58 an 5 
its distance from the origin is twice its distance from the line 
x=4, 
50, Find the equation of the line through the intersection of the lines 110 SF .52 
x+y+1=0, x—2y—3=0, and parallel to the line 2x—y=0. 
86. Find the equation of a parabola whose vertex is (2, 5) and di- 139 27 .19 
rectrix is the x-axis. 
: DIFFERENTIAL AND INTEGRAL CALCULUS 
1. If y=e-', find dy/dt. 324 274 .84 
4. If x*—4xy4+x+y+3=0, find dy/dx. 275 182 .66 
7. If y=(log x), find dy/dx. 274 219 .80 
8. If x=a (0+sin 0), y=a (1—cos 8), find dy/dx. 289 192 .66 
33. Find the values of « for which the tangents to the curves y=x? 9 264 156 .60 


and y=x° are parallel. 


18. Comprehensive examinations in first-year college mathematics. Because 
of the practical impossibility of producing standardized examinations which 
could be used as final examinations throughout the codperating institutions, 
the committee abandoned its plan to construct a comprehensive examination in 
first-year mathematics, and undertook the construction of examinations over 
portions of first-year college mathematics. A test covering a full year’s work in 
college algebra was prepared in two forms on the basis of the committee's experi- 
ence and approved in the summer of 1936. For a variety of reasons this test was 


not printed until the fall of 1937. Copies of the test were given in an 


appendix 
to the full report. 
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The revised pre-tests in two forms and one form of the comprehensive alge- 
bra test are now offered for general use by the Coéperative Test Service and 
listed in their catalog. 

A two-hour examination in trigonometry in two forms has been prepared 
and typed copies were submitted in the full report. No significant trials of these 
examinations have been made. 


CONCLUSIONS AND RECOMMENDATIONS 


19. Test construction. The committee has considered seriously the question 
of the types of items best adapted for tests in mathematics. The multiple choice 
type of question has been used very extensively in tests prepared by the Coéper- 
ative Test Service and others. This type of item is not used in tests constructed 
by the committee because it is possible to construct tests in mathematics which 
are entirely objective without the use of multiple choice items, and the direct 
type of question used demands that the student produce the answer from the 
given data without other assistance. This makes each question a positive meas- 
ure of achievement. The attempt to select a correct answer from a given selec- 
tion of answers leads to guessing, to the process of working for the answer, and 
in some cases to the diversion of energy in an attempt to verify erroneous an- 
swers to numerical problems. The direct type of question gives information re- 
garding the student’s ability to check his work as well as to obtain answers. 

The committee observes a tendency for authors of objective tests to be so 
concerned about the power of a test to discriminate markedly between able stu- 
dents, that tests contain too many questions. The use of a large number of easy 
questions puts a premium on speed and tends to overstrain students taking the 
examination. The committee recommends that examinations be moderate in 
length and that the desired discrimination between able students be effected by 
careful graduation of the questions with respect to difficulty. This graduation of 
questions can be obtained by the introduction of complications and by analyses 
of questions with respect to difficulty. 

As far as practicable, it is desirable that each question refer to a single unit 
of instruction. It is also desirable to distribute topics considered in the examina- 
tion well over the {Id of the examination. It is desirable that the number of 
topics considered be reasonably large in order to give a fair estimate of the stu- 
dent’s accomplishment. 

20. The objectives of test construction. It is the opinion of the committee 
that the following objectives are desirable and obtainable in test construction. 
Questions relative to a knowledge of the vocabulary and concepts should form 
part of a good examination in mathematics. There should be questions in an ex- 
amination to test comprehension and reason; other factors are well known de- 
vices for testing technique and accuracy in computation. 

It is desired to call attention to the use of classroom tests for the purpose of 
emphasizing important topics. The classroom test can be used for review or even 
to propose questions which are actually preparatory for later work. The use of 
tests as a teaching device is recommended. 
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A final examination should be broad enough to require preparation in the 
essential features of the subject of the examination. 

21. Comprehensive examinations. The trend toward the use of comprehen- 
sive examinations covering the work of one or more years in college mathematics 
is approved by the committee. The committee undertook the preparation of 
standard tests in first and second-year mathematics and accumulated a mass of 
information regarding the difficulty of objective questions in algebra, trigonome- 
try, and calculus. It was later found that funds for the printing of examinations 
in these subjects were not available and that it was also impracticable to test 
them in advance of publication. Since it was not possible to submit carefully 
tested examinations to the public, the plan to construct these tests was aban- 
doned. 

We did not obtain norms for comprehensive examinations because college 
courses in mathematics announced under the same title differ widely with re- 
spect to content and duration. Even in the case of the codperating institutions 
no uniform final examinations could be given. At present final examinations in 
college mathematics are a local problem. 

Many teachers of college mathematics are opposed to the introduction of 
standardized examinations. Since the teaching of mathematics is undergoing 
transformation under the influence of a number of factors including changes in 
college entrance requirements and the desire to introduce into the college world 
some of the features already extensively used in secondary school work, it is 
apparent that the publication of a set of standardized examinations under the 
auspices of the Association might interfere with the introduction of desirable 
changes in the curriculum. 

A factor of considerable importance in this situation is the great difference 
which exists between the preparation of students in colleges in different parts 
of the country and corresponding differences in the intellectual level of first-year 
college courses. It is, of course, important to recognize that junior college mathe- 
matics has been dominated by the curriculum requirements of students of engi- 
neering. : 

22. The use of pre-tests. Pre-tests published by the University of Iowa have 
been quite extensively used by colleges throughout the country over a period of 
years and the sustained demand for these tests indicates that they are valued by 
teachers of mathematics in colleges. As a part of a program of the committee, 
pre-tests were prepared because it was found possible to secure joint action in- 
volving large numbers of students. Pre-tests published by the committee 
through the Codperative Test Service are available for the purposes of meas- 
uring the relative capacities of entering students, diagnosis of weaknesses which 
are likely to seriously interfere with progress, and estimating probable success 
in college mathematics. 

These tests can be used to section students on the basis of ability, but the 
separation into more than two (possibly three) grades of students mav not be 
ideally successful. No statistics are available on this point. 
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23. A recommendation. The committee believes that the study of examina- 
tions is of great importance to the progress of the teaching of college mathe- 
matics and recommends that the Mathematical Association of America form 
a permanent Committee on Tests with an allowance for expenses in the budget 
of the Association. 

24. Acknowledgment. Finally the members of the committee desire to ex- 
press their appreciation of the patient codperation and financial support of the 
Coéperative Test Service and its director, Dr. Ben D. Wood, and of the cordial 
support which has been given by the officers of the Association. Many of the 
studies reported here were made possible by the NYA. The work of Sarah 
Patterson, Vernon Price, F. E. Satterthwaite, and Nura Turner, graduate stu- 
dents of the University of lowa who have assisted with the statistical analyses, 
is gratefully acknowledged. Much of the labor of preparation of the 1936 tests 
was done by Marie M. Johnson, who also compiled the list of questions on Junior 
College Mathematics, and the comprehensive examinations in trigonometry. 
The assistance given by Secretary W. D. Cairns has been of great value. 

Editorial Note. Appendices of the report by the committee were presented as 
follows: 


I. The report of the Everett Committee. 
II. Conclusions reached by the Committee on Tests at its conference at Chi- 
cago, April 18, 19, 1935. 
III. Comparison of items on College Board Examinations with items of Pre- 
Tests, by E. W. Chittenden. 
IV. Iowa Placement Examinations in Mathematics, by E. W. Chittenden. 
V. The 1935 Pre-Tests, Forms A, B, C with validities, difficulties, and keys. 
VI. A circular letter on the Pre-Tests. 
VII. The 1936 Pre-Tests, Forms A, B, with validities, difficulties, and keys. 
VIII. A budget of tested questions on Junior College Mathematics. 

[X. Comprehensive Examination in College Algebra, Forms A, B, with keys. 
X. Comprehensive Examination in Trigonometry, Forms A, B, with keys. 
XI. Report on the Mathematics Examinations of the College Board, by Ralph 

Beatley. 
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QUESTIONS, DISCUSSIONS, AND NOTES 


Epitep By R. J. WALKER, Cornell University, Ithaca, N. Y. 


The department of Questions, Discussions, and Notes in the MONTHLY is open to all forms of 
activity in collegiate mathematics, except for specific problems, especially new problems, which are re- 
served for the department of Problems and Solutions. 


ON THE EQUATIONS OF CONICAL SURFACES 
T. F. Mutcrong, S.J., Spring Hill College 


Many text-books in solid analytic geometry propose a comparatively lengthy 
method of finding the equation of a conical surface. The following artifice, apart 
from the fact that it often requires no more than mental calculation, draws at- 
tention to the fact that the nature of a conic surface depends primarily upon the 
nature of the base assumed as a directing curve, and that the equation of such 
a surface is homogeneous if the vertex of the cone is at the origin. 

Consider the most important conical surface, that of the second order. The 
general equation of the directing curve is 


(1) Ax? + Beayt+Cy?+ Dx+ Ey+F =0, 
(2) Ix+ My+ Nz= K. 


Using the customary notation, let P(x, y, z) be any point on the conical sur- 
face, and Q(Q:, Qy, Q.) the point where the generator through P intersects the 
directing curve. And since we are concerned only with cones having their ver- 
tices at the origin, (0, 0, 0), we may write the equations of the generator VQ 
in the symmetric form x/Q,=y/Q,=2/Q., and 


(3) QQ: = «Q,/y, 
(4) Ov = Q,, 
(S) Q. = zQ,/y. 


Now since Q is on the directing curve, by the substitution in (1) of Q, for y, 
and the value of Q, from (3) for x, we have, after collecting terms, 


(6) Qi(Ax* + Bry + Cy’) + Qyy(Dx + Ey) + Fy? = 0; 


and likewise upon the substitution in (2) of (3), (4), and (5), we have, after 
collecting terms, 


(7) Q,(Lx + My + Nz) = Ky. 


Eliminating Q, between (6) and (7) we have the general equation of a conical 
surface of the second order, 


KA x? + Buy + Cy?) + K(Lx + My + Nz)(Dx + Ey) +F(Lx + My + Ns)?= 
¢ ¢ re dh Nae” , 


a homogeneous equation of the second degree. 


But we arrive ¢ -ecisely . anyats ; 
c are Wi precisely the same equation when we convert equation (1) 
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to a homogeneous equation using the operator (Lx-++-My+Nz)/K, or powers of it 
as multipliers of those terms in (1) which are not of the second degree. Note that the 
operator is derived from (2), the equation of the plane of the directing curve, 
and that it is equal to unity for points on this plane. 

Although we have confined the consideration to the conical surface of the 
second order, it is readily seen from the nature of the operations involved that 
the method is applicable to surfaces of any order. 

A few examples will make the procedure clearer. 

Find the equations of the following conical surfaces with vertices at the 
origin, where: 

a) The trace in the plane z=2 is y?= 8x. 

Solution. The operator is 2/2. Hence y?=8x-z/2; that is, y?=4s. 

b) The directing curve is y=x‘, s=2. 

Solution. The operator is 3/2. Hence y- (z/2)*=<*; that is, 8xt=y2". 

c) The directing curve is y?+3?=y, x +y=1. 

Solution. The operator is x+y. Hence y?+s?=y(x+y); that is, s?=«xy. 

d) The directing curve is the circle x?+y?+s?=1, x+y+s=1. 

Solution. The operator is x+y+sz. Hence x?+y?+s?=(x+y+2)*; that is, 
xy +x2+yz=0. 

This method is also applicable when the vertex is not at the origin, provided 
the axes are translated so that the new origin is at the vertex before the homo- 
geneous equation is formed. 


THE RELATION BETWEEN THE TERMINAL RESERVE AND THE AMOUNT 
OF INSURANCE 


G. M. Ew1na, University of Missouri 


Texts which treat the subject of life insurance explain that the reserve for a 
given policy is a fund accumulated during the early policy years to help bear 
the increased cost of insurance later on. Though held by the company, the re- 
serve belongs to the policy holder and may be withdrawn, perhaps subject to a 
penalty, if he surrenders his policy. The text-books seem to give little explana- 
tion of how the reserve helps carry these increased costs except as the reader 
extracts this information from the prospective and (or) retrospective methods 
for computing it. Often the (false) impression is given that a $1000 insurance 
policy provides term insurance for $1000 during each policy year, and that the 
difference between the cost of such term insurance and the premium paid is 
supplied by the reserve. 

Consider a $1000 ordinary life policy taken at age 30. Using the American 
Experience Table of Mortality, the terminal reserve increases monotonely from 
0 at age 30 to $1000 at age 96. If rates are computed with the interest rate 
i=.035, the net annual premium is $17.19. The terminal reserve at age 80 is 
found to be $773.70, whereas the natural premium (7.e., the cost of one-year 
term insurance) at age 80 is $139.58 per thousand. It is clear, therefore, that if 
the insured lives to be very old his premiums of $17.19 plus interest on the re- 
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serve will not be enough to provide term insurance for $1000 each year without 
exhausting the reserve, contrary to the known fact that the reserve must in- 
crease. The explanation is that an $R insurance policy means one whose total 
death benefit is $R and not one which provides insurance for $R during each 
year. 

Again, well informed people as well as students taking courses in the mathe- 
matics of finance may wonder why a $1000 policy with a reserve of $200 does 
not pay $1200 upon death. Does not the $200 reserve belong to the insured? 
Yes, but the $1000 refers to the total death benefit and not to what is called in 
this article the “amount of insurance.” 

Consider any $1 insurance policy taken at age x. Let V,, denote the terminal 
reserve for (or reserve at the end of) the mth policy year. Suppose for simplicity 
that death claims are payable at the end of the year in which death occurs. 
If the insured should die in the (x+1)th policy year, the accumulated reserve at 
the end of that year would be (1+7) V,; and, in order for the total death benefit 
to be $1, it is necessary and sufficient that the policy holder shall have been 
insured for 1—(1+7)V, during that year. This difference between the total 
death benefit mentioned in the policy and the accumulated value of the reserve 
will be called the “amount of insurance.” For an $R policy, multiply this result 
by R. It is convenient for our present purposes to think of every life contract asa 
series of one-year term contracts embodied in a single policy. The “amount of 
insurance” provided in a given year by an $R policy is never $R unless the re- 
serve is zero. This will happen only in the first policy year. 

In our example of the man aged 80 with an ordinary life policy taken at 
age 30, there is a reserve of $773.70 which will accumulate to $800.78 in one 
year. Hence the amount of insurance required is only $199.22. 

The cost of one-year term insurance for $T at age (x-++m) is known to be 
L'Cz4n/Drin, where Cz,, and Dz, are defined in any text on the mathematics of 
insurance. The cost of insurance, Zn41, for the (n+1)th policy year for an 
amount equal to the amount of insurance is therefore 


(1) Zur = [1 — (1+ t)Vn]Copn/Dasn- 
One verifies readily that 
(2) (1 SI 1) Vial ctnet + (1 -- bial Pata a Zn41) — Vasil ernias 


/,, denoting the number of people, shown to be living at age k by the mortality 
table. Equations (1) and (2) are equivalent to the well known Fackler accumula- 
tion formula, which thus furnishes a check on our analysis of the problem. 

Is it possible to devise a life contract for which the amount of insurance is 


constant, say $1 for each year, and whose death benefit is 1+(1+7) V,? To do so 
replace (1) by 


(3) Lowet — Col Dae 


From (2) and (3) with n=95—x we find Pos_,=1/(1 +1) =v; and, if we assume 
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equal net annual premiums, P,=v for n=1, 2,---, 95—x. We are led to 
V,=Snji, the amount of an annuity certain. A contract with these provisions 
meets the stated conditions; but it has lost the essential feature of life insurance 
in that the value of the contract at the end of a given year does not depend upon 
whether or not its holder is alive but only upon how many premium payments 
have been made. 


INVESTIGATION OF LAGRANGE’S TANGENT METHOD ON DIOPHANTINE 
BINARY CUBICS 


H. D. GrossMAN, New York City 


Lagrange in his Oeuvres, vol. 4, pp. 396, 397, gives what he calls the tangent 
method (mentioned in Dickson’s History of the Theory of Numbers, vol. 2, p. 595) 
for deriving from one rational solution of the general binary cubic another ra- 
tional solution and so in general an infinite chain of them. His method in simpler 
notation is essentially this. 

If (x, y) is a rational solution of f(x, y) =k where f is a cubic form and k isa 
constant, then another is (x—f,g, y+f:g) where 


= 8 fifo — UW ehahev + Safes) 
b= Tar Bf Yufaw + 3fdhfeer — felons 
Let A be the differential operator 
af a af a 


Ox Oy dy Ox’ 





then g may be written most elegantly and simply in the symbolic form 
g=(—3A2f)/(A*f). This solution may be easily proved by expansion: 


af ava ae Co) 
i(3 re Pas :—| = f(a;.9) “1s Chae ee / 


g’/of a Giio.\2 E70) <0 of ay” 
‘s (~ -= —)fto(——-— —)f. 
2\Ox dy Oy Ox 6 \Ox Oy Oy Ox 


The series ends here because f is only of third degree. Hence 


h=k +0+ 4g°d*f + bg'a¥f, 








and 
g=0 or (— 3A*f)/(A*f). 


This method gives for the following equations the corresponding solutions 
if in each case (x,y) is a solution: 


x(a + 2y)? y(2x + y)? ). 
(= panera (x + 2y)(« — y)/? 





(1) ty + xy? = &, 
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k, 


x(ax3 + 2by%) y(2ax* + by?) 
(2) ax® + by (— Si ae ee ae 


ax*® — by eat tye 





9ax4 < 21a 9ax8 mi ) 
v3 — by? = k, ER ae en 
(3) ss : Ge 8b? y3 2by 


Merely a special case of (3) with a=b=1 is Euler’s solution 





; say2 6 nOape 4 
(= = 27x5 — 36x ye ~~) \e a y? Bay 

4y? 8 y3 
if (x, y) is a solution (Euler’s Algebra, vol. 2, 1770, chap. 8, art. 121, cited in 
Dickson's History of the Theory of Numbers, vol. 2, p. 535). 

Lagrange’s method fails when A*f=0; e.g., when x=y in (1), ax?=4y* in (2), 
or y=0 in (3). It sometimes fails to give new solutions; e.g., when x=0 in (1), 
(2), or (3). It sometimes gives only a finite chain; e.g., the chain (2, 3), (0, —1) 
for x*+1=y*. And it may not give the general solution even when it gives an 
infinite chain; e.g., it omits the solution (452, %2) in giving the chain (1, 3), (3, 3), 
(4s", Ae"), -- + for 10x3—y?=1, The solutions (4, 9) of x8+x?+1 =y" and (4, 2), 
(72, 611) of x3+x+1=y? can be only initial members of chains. 

Note by the Editor. The significance of the term “tangent method” is obvious 
when the geometric meaning of the method is considered. If P(x, y) is a point 
of the curve C whose equation is f(x, y) =k, then for any value of ¢ the point 
(x—f,t, y+f.t) lies on the line tangent to C at P; and g is the value of ¢ which 
gives the residual intersection of the tangent line with C. Each of the special 
types of behavior considered above has a simple geometric interpretation. 

There are some obvious generalizations of the tangent method. If Pi(x1, y;) 
and P2(x2, ye) are points of C with rational coordinates, the third intersection 
of the line P:P, with C also has rational coordinates. Writing the line P,P. in 
the parametric form 


%= % + Ax, y= 91 + tay, 


where Ax =x2—~%, Ay=y2—%1, we find that the third intersection js given by 
t= —2L/(Q+2L), where L=f,Ax+f,Ay, QO=frrhx?+ 2f,,AxAy+f,,Ay?, the de- 
rivatives being evaluated at P,. This “secant method” does not give rise to a 
chain of solutions, but taken in conjunction with the tangent method it will 
often give solutions otherwise unobtainable. Another generalization of the tan- 
gent method would be the determination of the sixth point of intersection with 
C of the conic having five-point contact with C at P. This would usually lead toa 
chain of solutions, but the calculations involved would be so complicated that 
the method would be of little value. R. J. W. 
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EDITED BY VIRGIL SNYDER, Cornell University 


All books for review should be sent directly to the editor of this department at the Mathematical 
Association of America, 531 West 116th St., New York, N. Y., and not to any of the other editors 
or officers of the Association. 


NEW BOOKS RECEIVED 


Rules of Partitions. By Hansraj Gupta. Madras, Indian Mathematical So- 
ciety, 1939. 81 pages. Rs.5. 

Mathematics in Action, Book Three. By W. W. Hart and Lora D. Jahn. 
Boston, D. C. Heath and Co., 1940. 6+442 pages. $1.28. 

Advanced Algebra. By S. Barnard and J. M. Child. London, Macmillan and 
Company, 1939. 10+280 pages. $4.00. 

Textes Mathématiques Babyloniens. Edited and translated by F. Thureau- 
Dangin. Leiden, E. J. Brill, 1938. 8+-245 pages. 25 guilders. 

Encyklopaidie der Mathematischen Wissenschaften .... Second edition. 
Band I,, Heft 5. Leipzig and Berlin, B. G. Teubner, 1939. 54+54+28 pages. 
RM 7.20 for foreign countries; RM 9.80. Allgemeine Modul-, Ring-, und Ideal- 
theorie, by W. Krull; Theorie der Polynomideale und Eliminationstheorie, by 
W. Krull; Die Theorie der Verbinde, by H. Hermes and G. Kothe. 

Encyklopddie der Mathematischen Wissenschaften .... Second edition. 
Band I,; Heft 4, Teil 1. Leipzig and Berlin, B. G. Teubner, 1939. 51 pages. 
RM 2.85 for foreigners; RM 3.80. Allgemeine Gruppentheorie, by W. Magnus. 

Differentialgeometrien in den Kugelrdumen. Band II: Laguerresche Differ- 
entialkugelgeometrie. By T. Takasu. Tokyo, Maruzen Company, 1939. 20+444 
pages. $3.50. 

Theory of Probability. By Harold Jeffreys. (The International Series of Mon- 
ographs on Physics.) Oxford, Clarendon Press, 1939. 7+380 pages. $7.00. 

Mathematical Methods in Engineering. An Introduction to the Mathematical 
Treatment of Engineering Problems. By Theodore v. Karman and Maurice A. 
Biot. New York and London, McGraw-Hill Book Company, 1940. 12+505 
pages. $4.00. 

Elements of Statistical Reasoning. By A. E. Treloar. New York, John Wiley 
and Sons; London, Chapman and Hall, 1939. 11+261 pages. $3.25. 


REVIEWS 


A Supplement to Magic Squares of (2n+1)? Cells. By M. J. van Driel. London, 

Rider and Company, 1939. 31 pages. 

This is a supplement to the author’s book, Magic Squares of (2n+ 1)* Cells, 
which was reviewed in this MONTHLY, vol. 45, 1938, p. 467. 

The supplement is confined entirely to a discussion of magic squares of order 
5. The author’s purpose is to show how the number of magic squares, of this 
order, found in the book, may be considerably increased. This is done in two 
ways: first, by certain permutations of rows and columns; and, second, by find- 
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ing more general transformations of the fundamental semi-magic squares of the 
book which will make the principal diagonals magic. 

' The expression in the second line of page 10 contains a confusing mis- 
print. It should read (7 —3)(n—4)n!2/8. The statement that the total number of 
pandiagonal magic squares of prime order 7 is given by this expression is incor- 
rect. It gives the correct number for the cases n=3 and n=5 only. For n prime 
and greater than 5 the total number of pandiagonal magic squares exceeds the 
number given by this formula. 


G. E. RAYNOR 


Mathematics in Action, Book Two. By W.W. Hart and Lora D. Jahn. New York, 
Heath and Company, 1939. 9+374 pages. $0.96. 


The second volume of this series, as the preceding one, aims to present stu- 
dents with an “understanding and appreciation of the réle of mathematics in 
many phases of modern life”; and to this end, fundamental skills serve as a 
means of solving problems arising in real life. 

The book meets the requirements of a second year’s work of a practical, 
socialized course in mathematics for the junior high school. The twelve units of 
work cover a review of fundamentals, geometry in industry, formulas, mensura- 
tion, percentages and its uses, insurance, banks and banking, taxes, investments, 
equations, indirect measurement, and positive and negative numbers. Each unit 
is provided with diagnostic tests, cross reference to re-instruction, cumulative 
review material, as well as unit and survey tests. In short, the majority of tech- 
niques of modern text-book writing are employed. 

The units devoted to the subjects of insurance, banking, taxes and invest- 
ments are especially noteworthy. Emphasis is placed upon content rather than 
skills in computation, and timely material includes group and hospital insur- 
ance, income taxes, and unemployment and Federal old-age insurance. The final 
units of the book are “exploratory previews” of topics to be studied in subse- 
quent grades and are offered as adequate first instruction for an introduction to 
algebra. / 

It seems rather unfortunate that in presenting a rule for the order of opera- 
tions, the authors should decide upon the rule calling for multiplications first, 
divisions next, and finally additions and subtractions, instead of the customarily 
accepted rule of performing multiplications and divisions in order from left to 
right, followed by additions and subtractions. Since the book is not provided 
with answers, it is impossible to discover how consistently the rule has been 
applied throughout the remaining pages. 

The reviewer feels the typography of this book suffers from the same draw- 
back as its predecessor—poor page make-up. Presumably to condense the total 
n umber of pages, material has been crowded into every available space, giving 
the impression of endless pages of printed matter with nothing to relieve the 
monotony. A wise deletion of some of this m 


lonot aterial would have improved the 
effect immeasurably, 


R. A. HARRISON 
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Mathematics of Statistics. By John F. Kenney. New York, D. van Nostrand 
Company, Inc., 1939. Part I, 10+248 pages. $2.50. Part II, 9+202 pages. 
$2.25. Parts I and II bound together, $4.00. 
These books are intended to serve as text-books for a college course in math- 

ematical statistics. Part I is elementary, and deals with the type of material 

which may be understood by students with no mathematical preparation be- 
yond the usual freshman algebra course. Part II is for students of the calculus, 
and is concerned with such topics as the Pearson curves, continuous bivariate 
distributions, multiple and partial correlation, and the theory of small samples. 

Part I is by no means the first text-book to appear in its field; but Part II at 

the moment seems to stand quite alone as an up-to-date statistics text-book 

which can be used as a mathematical introduction to the more modern theories. 

A survey of the contents reveals that in spite of certain important omissions, 
the author’s choice of topics is, on the whole, a good one. Chapters I-V of Part I 
contain a description of observed frequency distributions, their graphical repre- 
sentation, and their moments. There is a brief but adequate discussion of Shep- 
pard’s corrections. Chapter VI is concerned with a descriptive treatment of the 
normal distribution. The notation of the integral calculus is used here, but a de- 
tailed explanation is given as to what the symbols mean. Chapter VII contains 
a treatment of curve fitting. Several methods are given for fitting a straight line 
to empirical data. The fitting of exponential curves, parabolas, and the Gom- 
pertz curve are also discussed. The last chapter of Part I is on simple correlation. 
Although this chapter contains one or two unnecessary complications (Theorem 
IV is an immediate consequence of Theorem IX, p. 44, and Theorem V is an 
immediate consequence of the work on p. 96), nevertheless it is on the whole a 
good introduction to the observational phase of the subject. Blakeman’s test 
is presented, together with Fisher’s criticism of it. The formula for the rank cor- 
relation coefficient p is derived, and Pearson’s relation r = 2p sin (7/6), which may 
puzzle some teachers as well as students, is stated without a reference.* Part I 
concludes with a table of ordinates and areas of the normal curve, a five-place 
table of logarithms, and an index. 

Chapter I of Part II contains an elementary discussion of the probabilistic 
groundwork of statistics. The theorems of total and compound probability, 
Bernoulli’s Theorem, and the DeMoivre-Laplace Theorem are stated without 
proof (the last two, however, are proved in later chapters). The Poisson ex- 
ponential is described. Chapter II is entirely mathematical, and introduces the 
reader to the Gamma and Beta functions. Chapter III is concerned with the 
general concept of a continuous distribution in one dimension, and in particular 
with the Pearson and Gram-Charlier systems of curves. Chapter IV is devoted 
to continuous joint distributions. A number of important basic definitions are 
given and theorems proved without the assumption of normality; the normal 
surface is then treated as a special case. Chapter V presents the observational 





* Karl Pearson, Mathematical Contributions to the Theory of Evolution, XVI. Drapers’ 
Company Research Memoirs, Biometric series IV. 
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theory of multiple and partial correlation. Chapter VI is concerned with the 
theory of large samples, and in particular, the distribution of the mean. The 
derivations are given by applying the fundamental theorems of expected value 
to a set of N identically distributed variables representing undetermined obser- 
vations. Tchebycheff’s inequality is proved and applied to the mean of a sample. 
The concepts of a null hypothesis and of a significance test are introduced and 
are illustrated by appropriate examples. 

Chapters VII and VIII are of especial interest in that they lead the reader 
into some of the more recently developed fields of statistics. A fairly complete 
set of references is given at the end of each of these chapters, and of Chapter VI. 
Chapter VII commences with a discussion of unbiased estimates and of degrees 
of freedom. Then a derivation of the distribution of “Student’s” ¢ is presented; 
the author chooses (probably wisely) to transform the volume element by ap- 
peal to N-dimensional geometry. This leads to Fisher’s z-distribution, which is 
applied to the analysis of variance. The chapter is concluded with various mod- 
ern tests of the significance of the correlation coefficient. Chapter VIII consists 
of two quite distinct parts. In the first part, the x? distribution is derived as an 
approximation to the multinomial distribution and is applied to testing simple 
and composite hypotheses concerning frequency distributions. In the second 
part, the concept of statistical inference is studied. After deriving Bayes’ Theo- 
rem and indicating its limitations, the author reproduces an exposition recently 
given by Rietz in this MonrTHLY, and gives applications to finding fiducial 
limits for the mean and variance of a sample for the difference of two means. 
The appendix contains tables of ordinates and areas of the normal curve, 
Snedecor’s table of the 5 per cent and 1 per cent points of F, and a table of 
the x? scale. There is an adequate index. 

In the main, adverse criticism is on minor points. In Part I, as might be 
expected, the most vulnerable sections are those which attempt to present con- 
cepts from the calculus to readers who are supposed to be ignorant of this sub- 
ject. Thus both Chapters VII and VIII of Part I, which to a certain extent 
must necessarily be based on such concepts, contain several inaccurate state- 
ments and inadequately defined terms. 

In Part II, in addition to minor inaccuracies, the reviewer noticed several 
more important slips. The first of these is that the statement of Bernoulli’s Theo- 
rem on page 9 is practically meaningless. The second is that the restriction to a 
random sample of a Bernoulli distribution, stated on page 27 in connection with 
Pearson's derivation of the standard error of a class frequency, is quite unneces- 
sary and likely to be rather confusing to the beginner. Also, the demonstration 
under IT on page 146 seems to be invalid as it stands. The error can be rectified 
by writing w=s,—5, instead of w= 5} —s2 and altering the numerators of (47) 
and (47a) correspondingly. There is a misprint in the sixth line from the bottom 
on that page: Ni— Ny should be replaced by Ni+ Np. (Incidentally, there is a 
fairly large number of misprints in both Parts I and IT.) Finally, the curves on 
page 158 were taken from the wrong page of Fisher's Statistical Methods. They 
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are the curves for the distribution of the intraclass correlation coefficient, on 
page 205 of Fisher’s book (fifth edition), rather than the curves for the inter- 
class correlation coefficient (as alleged), which will be found on page 187 of 
Fisher’s book. 

The nature of these criticisms, together with certain other pieces of internal 
evidence (such as the fact that one or two of the exercises are completely worked 
out in the text), suggests that the final draft of the manuscript for Part II may 
have been prepared somewhat hurriedly. However, the errata which the re- 
viewer noted are all of the type which may easily be corrected in a revised edi- 
tion, and they are by no means characteristic of the work as a whole. On the 
contrary, as compared with the average elementary text-book on applied mathe- 
matics, both Parts of this one are really quite carefully written from the mathe- 
matical point of view. Definitions are usually stated clearly and emphatically, 
and their consequences are developed logically, often in formally stated and 
proved theorems. Proofs are eventually given for almost all of the important 
formulas. At the same time, much attention is paid to the practical aspects of 
the subject. The author never for a moment forgets that he is writing a text- 
book on a branch of applied mathematics in which the mathematics is very 
easily misapplied. Detailed common-sense motivations are provided for a num- 
ber of the developments, and there are a number of passages containing useful 
advice concerning the application of the theory to experimental work. A good 
set of exercises is provided with each chapter both in Part I and in Part II. 

The reviewer is willing to venture the opinion that at the present moment, 
Part I of Kenney is the best available text-book on elementary statistics using 
the mathematical type of presentation. The usefulness of Part IT will be ad- 
mitted without question by most teachers of statistics, as well as by students 
with some mathematical background who desire to look into the proofs of the 
newer developments in statistics. Both parts taken together certainly constitute 
one of the most important contributions to the field of text-books on mathemati- 


cal statistics that has appeared in some time. 
J. H. Curtiss 


Portraits of Famous Philosophers Who Were Also Mathematicians. With biographi- 

cal accounts by Cassius J. Keyser. New York, Scripta Mathematica, 1939. 

12 folders. $3.00. 

This set of portraits and accompanying essays will be a delight to all mathe- 
maticians philosophically inclined and all philosophers mathematically inclined. 
The list of “heroes” included may be rather startling to the mathematician— 
Pythagoras, Plato, Aristotle, Epicurus, Roger Bacon, Descartes, Pascal, 
Spinoza, Leibniz, Berkeley, Kant, Charles Peirce—but Professor Keyser has 
good reasons for including them all. - 

Each portrait, quarto size, is inserted in a four-page double sheet containing 
the biographical account. The portraits themselves would be a valuable addition 
to any library. The whole set is enclosed in a heavy folder fronted with Raphael’s 
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Plato and Aristotle at the School of Athens. It is throughout an artistic work. 

The biographies are written in the same style which makes all Professor 
Keyser’s works worth reading. It is to be hoped that the reception of this latest 
effort will encourage him to make this set one of a series of Portraits. 

A reviewer can not possibly express the satisfaction obtained in studying 
these portraits and essays. The portraits can not be shown here, but it is possi- 
ble to reproduce a few sentences from the essays. They may help to convey the 
spirit of the whole. 

“It is no exaggeration to say that in the history of philosophy after 347 B.C. 
there is to be found neither insight nor utterance quite so divine as the vision 
and voice of Plato.” 

Speaking of Kant, “On principle he addressed his lectures mainly to the 
students of middle ability, for dunces, said he, cannot be helped and geniuses 
can help themselves.” 

“Was Spinoza a great mathematician? If the term is to designate only such 
as have made important contributions to so-called ‘pure’ mathematics, the an- 
swer is No. But if it be applied also to those who have masterfully applied the 
mathematical method to no matter what kind of concrete subject-matter, the 
answer is Yes.” 

This makes one wonder if perhaps the second type of mathematician may 
not be just as great as, or sometimes greater than, the first. 

HARRIET F. MONTAGUE 





MATHEMATICS CLUBS 


EDITED By E. H. C., HILDEBRANDT, New Jersey State Teachers College 


All reports of club activities, suggestions, topics with references, and other material of interest to 
clubs should be sent to E. H. C. Hildebrandt, New Jersey State Teachers College, Upper Montclair, N.J. 


SUGGESTIONS FOR PRESENTING A TOPIC BEFORE THE MATHEMATICS CLUB 


Better presentation of topics at club meetings has become the aim of a number of clubs during 
the past few years. Since practice in public speaking is not always a part of the background of 
those majoring in mathematics, it has seemed practical for the mathematics club to supply some 
training in this field in connection with oral presentation of mathematical topics. Professor C. W. 
Munshower, adviser, has sent in the following list of suggestions which are handed to the members 
of the Mathematics Club of Colgate University before the preparation of the first paper. 

1. Dress neatly. 

2. Know the topic so well that a small, concise set of notes is sufficient. 

3. Start by telling what you propose to do—stating the problem or reading the title of the paper 
to be presented usually will not suffice; elaborate so that the listeners will appreciate what you 
are trying to do. The history of the problem, simple examples to illustrate the meaning of new 
concepts and terms included in the problem statement, and the relation of the proble 
familiar to the listeners are some means of motivating the audience. 

4. Speak to the audience and not to the blackboard; speak distinctly, 

5. Place a record of your work on the blackboard; in general, proceed from left to right; write 
neatly, on horizontal lines, with good alignment. Paragraph the work. Number the important 
relations so that you can refer to them by their numbers. 


m to facts 
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6. Use the eraser only when an error has been made; the blackboard should contain a complete 
record of your talk when you finish. To make clear some minor point, step to a blackboard at 
one side and erase your work when finished. 

7. Words, as well as symbols, should appear on the blackboard; use symbols which are standard. 

8. Be very careful to use the correct word in writing or in speaking, particularly when it is a 
mathematical term; know the definitions of the terms you are using. 

9. Do not leave out a single “step” the omission of which might confuse the listeners. 

10. Do not obstruct the blackboard work; after a short interval of writing upon the board move 
far enough away so that all can see; repeat this movement continually. 

11. Do not remain silent for longer than a few seconds at any time. 

12. Simple examples are useful to illustrate what you are doing at any point in the discussion. 

13. Conclude by summarizing briefly; make reference to the blackboard record. 

14. When you have concluded, inform the chairman that you will try to answer questions and that 
you will appreciate hearing comments related to the topic discussed. 

15. Do not erase the work from the blackboard until the chairman indicates that the discussion 
period following the presentation has ended. 

16. When acting as chairman: (1) arrive early and be certain that the necessary supplies are pres- 
ent and that the meeting room is ready for use, (2) start the meeting on time, (3) introduce 
each speaker briefly, (4) direct the discussion at the end of each paper, being prepared to take 
the lead yourself if necessary, (5) know how long each paper will take so that you can limit the 
discussions to proper lengths, (6) close the meeting promptly. 


READINGS IN MATHEMATICS FOR SUMMER LEISURE 


Many clubs have found that members enjoy spending some time during the summer months 
reading in mathematical fields for which time is not always available during the rush of the college 
year’s activities. Those interested in preparing such a list for use this summer are referred to the 
list of Books for Clubs which have appeared in past numbers of this department.* 

In addition, we wish to call attention to the following titles taken from the list which Professor 
R. C. Archibald of Brown University has presented to his students in the spring for several years. 
We quote: “There are many publications more or less mathematical in character which enable the 
general reader to enlarge and to enrich his intellectual outlook, while exploring regions of no little 
interest. May the following brief list arouse curiosity and excite the desire for adventure and voy- 
ages of discovery, especially on the part of those students who have had a year of mathematics in 
college. We suggest such cruising as one form of summer recreation especially profitable.” 


Aspects of Science, by J. W. N. Sullivan, New York, Knopf, 1926, first series, “Mathematics and 
music,” pp. 185-206; second series, “Mathematics as an art,” pp. 80-96. 

Omar Khayyam as a Mathematician, by W. E. Story, 1918, 13 pages; may be purchased from G. E. 
Stechert and Co., New York. 

Three Students, by Haldane Macfall, New York, Knopf, 1926, 359 pages. Delightfully written 
romance of the life of the mathematician, astronomer, and poet of the Rubaiyat. 

The Torchbearers: Watchers of the Sky, by Alfred Noyes, New York, Stokes, 1922. The first of the 
trilogy by a gifted poet; see especially the sections on Galileo, Newton, William Herschel 
(astronomer and musician), pp. 131-243. 

The Fourth Dimension Simply Explained, a Collection of Essays Selected from those Submitted in 
the Scientific American Prize Competition, edited by H. P. Manning, New York, Munn, 1910, 
251 pages. 

Through Space and Time, by James H. Jeans, New York, Macmillan, 1934, 238 pages. Based on 
lectures by the distinguished scientist. : 

Numbers and Numerals, A Story Book for Young and Old, by D. E. Smith and J. Ginsburg, New 
York, Columbia Univ., 1937, 52 pages. (Contributions of Mathematics to Civilization Series, 
no. 1.) 


* This MonTHLY, vol. 44, pp. 656-7; vol. 45, pp. 44-5, 183, 245-6, 317-8, 385, 688-9. 
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The Living Past, A Sketch of Western Progress, by F. S. Marvin, New York, Oxford Univ. Press, 
fourth edition, 1920, 312 pages. A happy sketch of the history of civilization with special 
reference to the contributions made by mathematicians. 

On Growth and Form, by D’Arcy W. Thompson, Cambridge Univ. Press, 1917, 809 pages. This 
beautifully written work by the veteran professor of natural history at the University of 
St. Andrews is filled with discussions of mathematical interest such as those concerning leaf 
arrangements, forms in the shell of the “chambered nautilus” (read the poem of 0. W. 
Holmes), and the bee’s cell. This volume is out of print but may be procured in libraries or 
second-hand book shops. ns 

“Mathematics and Astronomy,” in The Legacy of Greece, by T. L. Heath, edited by R. W. Living- 
stone, Oxford, 1922, pp. 97-136. The whole volume, by a group of specialists, is fascinating. 

Isaac Newton 1642-1727, by J. W. N. Sullivan, New York, Macmillan, 1938, 295 pages. at have 
long been impressed by the fact that Isaac Newton, besides being the greatest of scientific 
geniuses, was also one of the most singular and fascinating characters of which we have any 
record,” From the “prefatory note” of the late gifted author who was one of the constant edi- 
torial contributors to the London Times Literary Supplement. 

Outline of the History of Mathematics, by R. C. Archibald, fourth edition, Oberlin, O., Mathe- 
matical Association of America, 1939, 66 pages. From the time of the Babylonians (2500 B.c.) 
to the early nineteenth century. 


CLUB REPORTS, 1938-39 


Reports from some clubs contain interesting topics used for papers and discussions that might 
well be added to our Club Topics. The following list is representative of some of the subjects dis- 
cussed at meetings of the respective organizations. This does not attempt to note the complete 
club program in every instance, since many duplicates would arise. 


Pi Mu Epsilon, Oklahoma A. and M. College 


The parallel postulate from plane geometry 

A different approach to spherical trigonometry 

Prime numbers,—is there a last one? 

The history of zero 

Some topics and problems in permutations and combinations 


Mathematics-Physics Club, Haverford College 


Some interesting theorems of Newton : 
Orders of infinity 

Development of logarithms 

Lightning calculation exposed 

The problem of Plateau 


Junior Mathematical Club, University of Chicago 


Green’s function 

Interpolation by polynomials 

The theory of lattices 

The mechanics of cell deformation in biology 
Finite projective geometries 

Matrix equations 

Transfinite numbers 

Families of planes in five-dimensional space 
Analytic functions of hypercomplex variables 
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Delta Rho, Southern Illinois Normal University at Carbondale 


Life and work of Lobatchewsky 

Philosophy of mathematics 

Theory of aesthetic measure as applied to polygons 
Algebraic fallacies 

Group theory 


Mathematics Club, Rutgers University 


The Chordel spiral 

Continued fractions 

Trisection of any angle by the use of marked straight edge 
Transfinite numbers 

How to become an actuary 


Mathematics Club, Adelphi College 


The use of mathematics in art 

The use of mathematics in psychology 

The influence of mathematics in training for citizenship 
The golden section 

The history of arithmetic, algebra, geometry, trigonometry 


Mathematics Club, Cooper Union Institute of Technology 


Paraboloids of revolution 

The method of differences 
Mathematical and physical research 
Prime number theory 


Mathematics Club, University of Cincinnati 


The use of matrices in the study of plane analytic geometry 
Finite calculus 

Mean values and convex functions 

When is a number irrational? 

Certain Diophantine problems 

Flatland 

The Laplace transformation 


Kappa Mu Epsilon, State Teachers College, Pittsburg, Kansas 


The duodecimal system 

Standards of weights and measures 
Repeating decimals 

Computing devices 

Indian knot records 

Japanese mathematics 

Ancient and modern operations with fractions 


Pythagorean Club, Milwaukee State Teachers College 


Arithmetic and emotional disturbances 
Stewart’s theorem 

Ceva’s theorem 

Mathematics and fortune telling 
Mathematics and World’s Fair architecture 
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Harvard Mathematical Club 


Number theory 

Integration theory 

What is topology? 

The fundamental theorem of the integral calculus 
The hypergeometric function 

The rigidity of polyhedra 

Map projections 

Stirling’s formula 


Mathematics Club, Boston University 


Evolution of logarithms 
Dimensional equations* 
Women in mathematics 
Some figurate numbers 
Rational triangles 


Mathematics Club, Oberlin College 


A certain quartic surface and its reflecting propertiest 
Constructions with compasses 

The new 200-inch telescope 

Circle inversions 

Complex numbers 


Mathematics Club, Hunter College of the City of New York 


Applications of calculus to interest 
Savings bank life insurance 

Some aspects of continuity 
Construction of a mortality table 
Indeterminate equations 

Games and puzzles 


Mathematics Club, University of Buffalo 


Absolute values 

Relation between descriptive and analytic geometry 
Consistency of axiomatic systems 

The monad and the swastika 

Graphical solution of the cubic 

Parametric equations 

Curve of pursuit 





* See Dimensional Analysis, by Bridgman. 
ft See this MonrTuLy, vol. 33, pp. 132-36, article by A. R. Williams. 
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RECREATIONS 


In the April number of the MONTHLY several games and recreations were 
given in this Department. Another is as follows: 


5. How old is Pi Delta Theta? An interesting graphical solution to the prob- 
lem “How old is Pi Delta Theta” which appeared in this department* has been 
submitted by Professor L. S. Shively of Ball State Teachers College. 

Problem: “The combined ages of the University of Denver and Pi Delta 
Theta are 86 years. The University of Denver is fifteen-sixteenths as old as Pi 
Delta Theta will be when the University of Denver is nine-sixteenths as old as 
Pi Delta Theta will be when Pi Delta Theta is twice as old as the University 
will be when the University of Denver is twice as old as Pi Delta Theta. When 
was Pi Delta Theta founded, and how old is the University of Denver?” 

Solution: Four different times are referred to in the problem and they are 
indicated by marginal numbers (1), etc. The abbreviations D and P are used 
for the University of Denver and Pi Delta Theta, respectively. The problem 
may be restated as follows: 

The sum of the ages of D and P is 86 years. 

(1) D is 15/16 as old as P will be 
(2) when D is 9/16 as old as P will be 
(3) when P is twice as old as D will be 
(4) when D is twice as old as P. 
Required the age of D and the date of founding of P. 


In the following diagram (Fig. 5), (4) represents the ages of D and P in 
terms of an arbitrary length a taken as P’s age at that time. In passing from (4) 
to (3), etc., we observe that the difference in ages at any time is constantly repre- 
sented by the length a. The remainder of the graphic work is obvious. 


(Aye 

D P 
(3)_-——___—_ 2 1 

D P 

(= 

D P 

CERES? 
DP 


Fic. 5 


Therefore 75a/64+11a/64=86, and a=64. . 
Thus D’s age at present is 75 years and P’s is 11 years. Pi Delta Theta was 


founded in 1928. 


OS EE 
* This MonTuLY, vol. 46, Aug.—Sept. 1939, p. 451. 
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PROBLEMS AND SOLUTIONS 
EDITED BY OTTO DUNKEL, ORRIN FRINK, JR., AND H. S. M. CoxeETER 


ELEMENTARY PROBLEMS 
Send all communications concerning Elementary Problems and Solutions to H. S. M. Coxeter, 


69 Chaplin Crescent, Toronto, Canada. 

The Department of Elementary Problems welcomes problems believed to be new, and de- 
manding no tools beyond those ordinarily furnished in the first two years of college mathematics. 
To facilitate their consideration, solutions should be submitted on separate, signed sheets, within 


three months after publication of problems. 
PROBLEMS FOR SOLUTION 

E 421. Proposed by N. A. Court, University of Oklahoma. 

Given four spheres having a point in common, construct a secant through 
this common point, meeting the spheres again in points P, Q, R, S, so that we 
shall have, both in magnitude and in sign, 

PQ: PR: PS = uiv:w, 
where uw, v, w are given. 
E 422. Proposed by J. E. Trevor, Cornell University. 
Let s, (7 <10) be the sum of the first 2 terms of the series 


LP 12' 123 ta 1 234 aa 
and let S, (7<10) be the sum of the first 2 terms of 
Ae 21521 432] ee 
Find closed expressions for s, and Se and deduce the linear relation 
10S, — (9n — 2)s, = n(m + 1)(n + 2)/2. 


E 423. Proposed by C. W. Trigg, Los Angeles City College. 


Squares are constructed on the sides of a right triangle ABC. Denote the 
centroid of the square on BC and exterior to ABC by A’, and the centroid of 
the square on BC and “interior” to ABC by A’’. Use corresponding notation for 
the centroids of the other four squares. Show that: 

(i) the centroids of ABC, ARE Cale pe Ce coincide; 

(1) (ABYC and ABYC" ara never equilateral; 

(ili) two vertices of A’B’C’ (or A’’B’’C"’) fall on an altitude of A’"B’’C”” 
(or A’B’C’), and the third vertex falls on the side to which that altitude is 
drawn; 

(iv) one side of A ‘B'C’ (or A" B"'C") and the altitude to that side are equal; 
the foot of this altitude divides the side into segments proportional to the legs 
of the right triangle; 

(v) the sum of the areas of A’B’C’ and A’’B’’C"’ equals one-half the area 
of the square on the hypotenuse; 

(vi) the difference of the areas of A’B’C’ and A’’B’’C”’ equals twice the 
area of ABC. 
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E 424. Proposed by V. Thébault, Le Mans, France. 


If the number 123 - - - (n—2)n, in the scale of +1, is multiplied by a two- 
digit number, the sum of the two digits being m, show that the digits of the prod- 
uct are all alike, save that the final digit may be zero. 


SOLUTIONS 
E 381 [1939, 297]. Proposed by W. B. Clarke, San Jose, California. 


Show how to construct a square with one corner on each of four generally 
placed straight lines in a plane. How many solutions are there in general? 
What constitute special cases? What happens if the lines are placed askew in 
space ? 


Solution by Edward C. Phillips, Woodstock College. 


This problem (in the plane) was solved trigonometrically by L. N. M. Carnot 
(Géométrie de Position, Paris, 1803, pp. 374-377), but he failed to notice that 
four given lines generally determine not only three but six squares. For a simpler 
and more complete solution we use a preliminary problem and a preliminary 
theorem. The problem is: to draw a square with two opposite vertices on given 
lines and a third vertex at a given point. The theorem is: when three vertices 
of a variable square move along fixed lines, the locus of the fourth vertex is a 
fourth line. 

To solve the problem, let P be the given point, b and d the given lines. Let 
PL be the perpendicular from P to d. On the line through P perpendicular to PL 
lay off asegment PN equal to PL. Draw NM perpendicular to d, meeting 4 in Q. 
Join PQ, and let the perpendicular line through P meet d in S. Complete the 
rectangle PORS. This will be a square, since triangles PON, PSL are congruent. 
Since the segment PN can be laid off in either of two opposite directions, the 
problem has two solutions; the order of the vertices P, Q, R, S is clockwise for 
one, counterclockwise for the other. To cover the case when 6 and d are per- 
pendicular, we have to allow Q, R, S to be at infinity, unless P is equidistant 
from b and d. 

To prove the theorem, let P be the point (x, y), b and d the lines y= mx and 
y=0. Then L is (x, 0), N is (x+y, y), Q is (w+, m{x+y}), S is ({1+m}x 
+ {m1 \y, 0), and R is ({1 +m}x+my, mx— {1m \y). If P moves along a 
line, so that « and y are linear functions of a parameter, the coédrdinates of R 
are linear functions of the same parameter, and the locus of R is another line. 
The case when } and d are parallel requires separate treatment, but presents no 
difficulty. This theorem was proved trigonometrically by Thomas Clausen 
(Bull. de l’Acad. des Sciences de St. Petersbourg, vol. 7, 1864, cols. 177-181) 
and by C. M. Hebbert (Annals of Math., ser. 2, vol. 16, 1915, pp. 38-42, 67-71). 
The latter observes that if one vertex of the variable square moves along its 
line with constant velocity, the other three vertices also move with constant 
velocity, each along its own line. 
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We come now to the main problem: to construct a square with its vertices 
on four given lines a, b, c, d. First draw any two squares with three of their 
vertices lying in (say) clockwise order on b, c, d, respectively. (This is most 
easily done by taking one square with a side along } and a vertex where } meets 
c, and the other with a side along d and a vertex where d meets c.) Next join the 
fourth vertices of these two squares by a line e, thus getting the locus of the 
fourth vertices of the infinite set of such squares. The point P, where e meets a, 
gives the position of a vertex of that particular square of the system which has 
its vertices on all four lines. (So far, this is Clausen’s solution.) Finally, we use 
the “preliminary problem,” constructing the clockwise square PORS with Q on 
b,and Sond. Then R will lie on c, as required. 

Since the lines J, c, d could have been so designated in any one of the six 
possible orders of arrangement, six squares can, in general, be drawn with their 
vertices on four given lines of a plane. To save space, we refrain from describing 
the special cases where there are fewer than six. Of course, if the four lines hap- 
pen to be situated as b, c, d, e, above, the number of squares will be infinite. 
The above method is easily generalized from squares to rectangles of given 
shape; there are then, in general, twelve solutions. 

For further literature on this and related problems, see Smith and Bryant, 
Euclid, London, 1901, p. 407; Arnold Emch, Amer. Jott Maths vol s5n1914. 
pp. 407-412; R. C. Archibald, this MONTHLY, vol. 28, 1921, p) 185)and EAS 
Phillips, Bull. Amer. Ass. of Jesuit Scientists, December, 1939. 

Also solved by L. M. Kelly, using the method advocated by Smith and 
Bryant (op. cit.). | 

Editorial Note. The corresponding problem for lines placed askew in space 
has, in general, no solution. For, if three vertices of a variable square describe 
given lines, the locus of the fourth vertex will be a curve (or straight line?) which 
will not, in general, meet the fourth line. 


E 387 [1939, 513]. Proposed by Thorold Gosset, Cambridge, England. 

A rabbit runs straight at a constant speed. A dog (not directly behind him) 
runs on an ever-changing course directly towards him, at a constant (greater) 
speed, until he catches him. Show that the distance traversed by the dog is the 
same as it would have been if he had run straight half-way to the rabbit’s initial 
position and then straight to the point of capture. 


Solution by Jack Lotsof, University of Buffalo. 


Let P; and P; be the initial positions of the rabbit and the dog, O the point 
of capture, and M the midpoint of P,P». Let P,\P:=p, OP\=D, angle OP, P,=¢, 
and let the ratio of the rabbit's speed to the dog’s be e. Then we know that 


D = pe(1 — €cos $)/(1 — ae 


(See A. J. Lotka, Families of curves of pursuit, and their isochrones, this 
MONTHLY, vol. 35, 1928, p. 422.) By the cosine law, 
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MO? = {p* + D(D — pcos >) = fp? + p’e(1 — € cos $)(e — cos $)/(1 — e*)? 
Seg let es — Ze cos @)*/(1/=—¢%)?. 
Hence 
MO = 3p(1 + & — 2 cos ¢)/(1 — €2) = (D/e) — 4p. 


Since D/e is the distance travelled by the dog, this proves the desired result. 

Also solved by R. E. Gaines, L. S. Johnston (referring to E. M. Berry’s 
solution to Problem 3573 [1933, 436]), H. D. Larsen, F. C. Smith (referring 
to Osgood’s Advanced Calculus, p. 332), E. P. Starke, W. I. Thompson, F. Un- 
derwood (referring to S. L. Loney’s Dynamics of a Particle and of Rigid Bodies, 
pp. 42, 43), H. H. Downing and the proposer. 


E 388 [1939, 512]. Proposed by V. Thébault, Le Mans, France. 


On the lateral surface of any right prism, find the length of the shortest 
route from end to end of one lateral edge, winding times round the prism on 
the way. 


Solution by H. D. Larsen, University of New Mexico. 


Let p be the perimeter of the base of the right prism, and h the length of a 
lateral edge. Consider the prism cut along a lateral edge and laid flat to forma 
rectangle. Place m such rectangles edge to edge. Clearly, the required shortest 
distance is the diagonal of the resulting rectangle, i.e., (h?-+n*p*)"*. 

Also solved by W. E. Buker, E. P. Starke, C. W. Trigg, and the proposer. 


E 389 [1939, 512]. Proposed by C. W. Trigg, Los Angeles City College. 


Show that there is but one five-digit integer whose last three digits are alike 
and whose square contains no duplicate digits. 


Solution by W. E. Buker, Pittsburgh, Pa. 


We see immediately that the last digit is 1, 2, 4, 5, or 7. If the square con- 
tains all ten digits, it is divisible by 9. So the number itself must be divisible by 
3, and the first two digits form a multiple of 3 between 32 and 100. This reduces 
the number of possibilities to 115. Using a four-place table of squares, we ex- 
amine the first three and the last four digits of the square. Duplicate digits are 
found in all but nine cases: 63777, 69444, 78555, 81111, 81222, 84222, 84555, 
87111, and 96222. Squaring all of these reveals the unique solution 


(81222)? = 6597013284. 


There remains the possibility that the square contains nine digits, so that 
the number itself begins with 10, 11,---, or 31. Proceeding without support 
from “casting out nines,” we try the 110 possible numbers as above, but get no 


more solutions. 
Also solved by E. P. Starke, Alan Wayne, and the proposer. 
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E 390 [1939, 512]. Proposed by H. T. R. Aude, Colgate University. 


Two freshmen work on a problem. At one point in their progress they com- 
pare their calculations and find that they have the same number N which is 
greater than 1. They agree to four significant figures, which are all they use. 
Thereupon one takes the cube root, while the other freshman divides by 3. 
Again they compare and find that their results agree—reading from the left—in 
the first, second, and fourth figures, but differ by 1 in the third figure. Find the 
number JV. 


Solution by E. P. Starke, Rutgers University. 


If x/3=«x"/8 with «>1, we have x=27'/2=5.196 to four significant figures. 
But we desire | V/3—N/*| to equal .01 when the difference is correct to the 
third decimal place. Put N=271/?+ 6. Then 


N*/8 = 31/2 + §/9 + (terms involving higher powers of 8), 
N/3 = 312 + 5/3. 


Thus |V/3—N43| =a 5|/9 is approximately .01, whence 6 is approximately 
+.045. These values give the two solutions 


N = 5.196 + .045 = 5.241, N/3=1.747, N'8 = 1.737; 
N = 5.196 — .045= 5.151, N/3=1.717, N= 1.727. 


Since these calculations were approximate, other values of N, differing slightly 
from the above, may satisfy the conditions. By actual calculation we determine 
that V must be one of the above values, or differ from one of them by +.001. 

Also solved by Ida M. Becker, Daniel Finkel, H. D. Larsen, Herbert Sauer, 
C. W. Trigg, E. E. Whitford, and the proposer. 


ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, Washington 
University, St. Louis, Mo. All manuscripts should be typewritten, with double Spacing and with 
margins at least one inch wide, 

Problems containing results believed to be new or extensions of old results are especially 
sought. The editorial work would be greatly facilitated, if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well known textbooks or results found in readily accessible sources will not 
be proposed as problems for solution in this department. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems, 


PROBLEMS FOR SOLUTION 
3958. Proposed by Michael Goldberg, Washington, D. C. 


What is the probability P,, of making a sequence of at least r throws ofa 


number in ” throws of a die when the probability of throwing that number in a 
single trial is p? 
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3959. Proposed by N. A. Court, University of Oklahoma. 


The four pairs of reciprocal transversals a, a’; b, b’; c, c'; d, d’ are situated, 
respectively, in the faces BCD, CDA, DAB, ABC of the tetrahedron ABCD. 
(1) If the lines a, 6, c, d are coplanar, so are also the lines a’, b’, c’, d’ (the pro- 
poser’s Modern Pure Solid Geometry, p. 121). (2) If the lines a, b, c, d form a 
hyperbolic group, so also do the remaining four lines. 


3960. Proposed by R. E. Gaines, University of Richmond. 


If a series of triangles be constructed so that the sides of each are equal to 
the medians of the following one, then (1) the area of each triangle is three- 
fourths of the area of the one following; (2) the alternate triangles are similar; 
(3) excluding the case of equilateral triangles, no two consecutive triangles of 
the series are similar. 


3961. Proposed by V. Thébault, Le Mans, France. 


Each face angle of a given trihedral angle O—X YZ is 7/3, and on the re- 
spective edges the points A, B, C are located. Show that the Monge point of 
the tetrahedron OABC describes a sphere as A, B, C vary on the edges so that 
OA?+0OB*+OC? remains constant. 


3962. Proposed by V. Thébault, Le Mans, France. 


A circle (C) with a given radius rolls on a fixed circle (C’). Find the form of 
the locus of the points of intersection of (C) with the polar of a fixed point P 
with respect to (C). Consider the cases where (C’) reduces to a point, or a 
straight line. 

SOLUTIONS 
3869 [1938, 253]. Proposed by Otto Dunkel, Washington University. 


Two perpendicular planes are tangent to a paraboloid and their intersection 
has a given direction. Determine the form of the surface generated by the inter- 
section as the pair of planes varies. This supplements problem 3773 [1936, 111] 
solved 1938, page 124. 

Solution by the Proposer. 


A paraboloid S is a quadric surface which is tangent to the plane at infinity 
a, at a point T.,. There are two types: for one type S cuts 7. in only one real 
point 7.,, while for the other the intersection consists of two real straight lines, 
generators of S, g.. and g./, intersecting in T,,. The intersections d of pairs of 
perpendicular tangent planes to S cut 7, in the point P, and we shall suppose 
that P is not at T., or on any one of the two generators in the second type. The 
polar plane 7 of P with respect to S cuts S in a conic C, and it cuts 7, in a 
straight line through 7., which is necessarily tangent to C at T,. Thus Cis a 
non-degenerate parabola, and it is also the locus of the points of contact of 
planes through P tangent to S. Since each d is the intersection of a pair of per- 
pendicular tangent planes to S, each d cuts 7 in a point which is the intersection 
of tangents to C cut from m by the corresponding pair of planes. These intersec- 
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tions have a locus K in z, and we shall show that K is a straight line. From this 
it will follow that the locus of d is a plane. 

The envelope of all tangent planes through P is a parabolic cylinder with C 
as a directrix curve. Let 7’ be a plane chosen perpendicular to the parallel lines 
d; then 7’ cuts from this cylinder a right section C’ which is the orthogonal 
projection of C upon 7’. Hence C’ is also a parabola. The pair of tangents to C 
which intersect on K project into a pair of tangents to C’ intersecting in a point 
of the projection K’ of K. Since this corresponding pair of tangents to C’ are 
perpendicular, the curve K’ must be the directrix of the parabola C’; and it now 
follows that K must also be a straight line. In the excluded cases above the prob- 
lem loses its meaning. 

An analytic solution using the method of Springer in his solution of 3773 
[1938, 124] is as follows. Write the equation of S in the form ax?+by?—4z=0. 
Then 


2 


2 

2 lL = om 

Lax + mmy + ms = — (—+ — 

a b 
is a tangent plane to S whose normal has the direction cosines h, m1, m1; anda 
perpendicular tangent plane has the same form with the subscripts 2. Let a, B, y 
be the constant direction cosines of their intersection d, and choose the sets of 
direction cosines and their order so that their determinant is unity. The addition 
of each member of the equations of the two perpendicular planes gives as the 

locus of d 


bah 8 1 — p? 
a b 


3872 [1938, 323]. Proposed by Ellis R. Ott, University of Buffalo. 


One man has m coins and another has n. They match coins until one player 
has won all the coins. Find the average number of tosses required to end the 
game, ? 








1 
ayx + Byy + (vy? — 1)2 = — 


Solution by George W. Petrie, State School of Mines, Rapid City, S. D. 


Let M, be the average number of tosses required to end the game if one 
player has x coins and the other has m+n—x. Thus M,)>=0 and Mm+n=0. Also 
by symmetry M,= Mnin_-. Since after the next match the man who had x coins 


will either have x—1 or x+1 coins with equal probability, the following recur- 
rence relation is deduced: 


M, = (M,1+ 1)/2 + (May + iy? 
or 
= Men + 2M, = Mii=2, for 0<x <m+n, 


By summing both sides for values of x from 1 to m-+-n—1 inclusive and using 
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Mo= Mnin=0, 
Mi + Main-1 = 2(m + n — 1), 
or since My = Myyn—1 by the symmetry relation 
M, = Magri =mt+n-—ti, 
Mz is found by the original recurrence relation for x=1, 
Mz = 2M, — M, —2= 2(m+n-— 1) -—0-—2 = 2(m+n-— 2). 


This suggests M@,=x (m-+n—-x) which is proved by induction, 7.e., assume the 
relationship holds for x=k and x=k—1, 


M, = k(m+n— k) and Mia = (k —1)(m+n—k-+1). 
Then 
Mis: = 2M, — Mi-1 — 2 = 2k(m+n— kh) —(k—-1)(m+n—k+1)-2 
(k+1)(m+n—k-—1), 


orforzs=m, 
Mn =m(m+n—m)=mn, 


the required average number of tosses required to end the game. 

Solved also by J. P. Ballantine and the proposer. 

Editorial Note. The remaining solutions obtained the same result by deriving 
a similar recurrence relation, but differed in the treatment of this relation. 
Ballantine considered also the case of three players where the result depends 
upon the rules of the game. The proposer stated that the problem was suggested 
by a similar problem in Whitworth’s Choice and Chance, Fifth edition, p. 288, 
Ex. 836, where (m, n) =(5, 6) and the given result is 30. 

The recurrence relation may be written A?M,= —2, and so its solution must 
be M,= —x?+Ax+B. The initial conditions then give Mz=x (m+n—x). 


3873 [1938, 323]. Proposed by G. T. Coate, Student, Tulane University. 
Evaluate the mth order determinant whose elements are given by 


@éi=@;=¢n = 1; and e;= Ci-1,j 1 4, 7-15 Nae Sy Se 


Solution by V. W. Graham, High School, Dublin, Ireland. 


Denote the given determinant by D,, the jth column by c;, and the 7th row 


by 7;. (1) Replace c; by ¢;—¢;-, (j=2, 3,---,). (2) In the resulting determi- 
nant replace 7; by 7i—7ia, @=2, 3, °°; n). This results in replacing @;; by 
e;/, where ey =1, e,/ =e =0, and e;; =e:-1,;-1, as consequences of the definition 
of Cij- Hence D= De = ate = ,—1, 


Solved also by Norman Anning, Wallace Givens, Emma Lehmer, B. G 
Moore, M. A. Scheier, F. Underwood, and the proposer. 
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Editorial Note. The proposer, Anning, and Moore used reductions similar to 
the above; Underwood used only (2) above. The remaining solutions used the 
fact that ¢:;=44;-2Cj;-1. Givens wrote ¢;;=) je ¢-1Cr—1 j_-1Cr-1, where pCq=0, if 
qg>p. Hence D,= | i-1C,1| =1, since the determinant on the right has unity 
for its value. Mrs. Lehmer replaced c, by )47_1(—1)"~/ »1C;_1¢;, and this makes 
allelements of the last column zero except e’,, =1. HenceD, =D,1=+--=D,=1. 
Rev. M. A. Scheier replaced 7; by >) '74(—1)* :-1Cnri_n, (G=2, 3,---, n), and 
this reduces D,, to a determinant with a principal diagonal of unit elements and 
zeros below this diagonal. Hence D, =1. 

The proposer stated that this problem, for n=4, is given in Dickson’s First 
Course in the Theory of Equations, p. 114, Ex. 4. Anning referred to p. 82 in 
Fischer, Determinanten, Sammlung Géschen 402. 

The reduction may be put in a different form, which we state briefly. From 
the definition we have Ae;;=e;41,;-1, and hence A‘ le,;=e;, ;-i41. The member on 
the right of this equality is zero if 7 <i, and unity if j=i. A determinant with 
elements e,;, with any definition, is unchanged in value if each such element 
is replaced by A*'¢,;, or, what is the same, if 7; is replaced by A*'7, 
(c=2, 3,---, m). In the present case the ith row becomes 0; 0,2 = 40 ae 
Cz, €i3, °° * , €in—i41; and the determinant has unity for its value. Or we may 
leave the other rows unchanged and replace 7, by A*—!7,; and this shows 
that D,=D,1. The explicit form of the transformation is given by 
AM n= (U= 1) =) yD)! il, U1) Car ie ehoee 
the relation of these reductions to the above solutions, excluding the interesting 
method of Givens. 


3875 [1938, 223]. Proposed by John Tom Hurt, Texas A. and M. College. 


Let iy hae = ig ee = bela sequence of positive numbers which tend to 
nfi nity and which are such that the sum of their reciprocals is a divergent series. 
ict Ay*=(1+hy)(1+he) --- (1 +hn41), and let the elementary symmetric func- 

ons of fy, he, - ++, h, be B,,x, that is, B,., is the sum of all products taken 
4 at a time formed without repetitions from the first of the h’s. Prove that 
aupllsBen y= 1, for p=0, 1,2, 3.06 +. 


Solutions by the Proposer. 


(I) The identity was originally obtained as follows. In the paper by Hurt 
and Ford entitled Polynomial expansions in the Borel region, Proc. Edinburgh 
Math. Soc., Ser. 2, vol. 5, Pt. II, pp. 82-89, it is shown, under the conditions 


of the problem, that an analytic function f(z) may be expanded in a series of 
polynomials 


f(2) = Pols) + Pils) + Pals) + --- 


If both sides of this equation are differentiated p times, using the explicit form 
of P,(z), and z is set equal to zero, we have the identity of the problem, 

Once the identity was obtained it became of interest to prove it by more 
direct means, to regard the problem as one in algebra. 
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(II) Let 


’ 


p+m—1 


(1) fab) = DY HnBnn—ss 


n=p 


so that the problem is to prove that 


(m = 1, 2, 3,--- 


lim fm(p) = 1 for each B= Cale Diam 


Since by definition 
0 < fm(p) < mail?) 
the existence of the limit 


lim fn(p) = 1 


m—+ © 


o2/ 


follows upon showing that fn(p) <1 for all m and p. This is done by establishing 


that 


m—1 


(2) fm(P) = I eet > Biimke 
k=0 
The definition of B,,, gives the relation 
(3) Das = el (1 + hx) a ‘ Dae 
k=1 k=0 


and the fundamental recurrence formula 

(4) Bete Baek ot nib 

For consistency define 

1 for k=0, 

0 for k>n or k< 0. 


I 


By,k 
(S) 


From (1) we have that 
filp) = H,B,.=H, 


so that (2) holds for the value m=1. Assume that (2) is true for the value m; 


then from (1), 
m—1 


fmii(P) = Bc aD Botmk af A p4mB pp-m,m 
k=0 


which is, by the definition of Hp4m, 
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I 


: m—1 
fmnsilp) psn} (1 + hpi m+1) 2, Botma + Poel 


k=0 


I 


m m—1 
Hein Dy Botmk 1 > haimtsBrina} : 
k=0 


k=0 
Using (5) we have 
fmii(P) as Ff ptm ye (Baek ots hpi mB p}mk-1) » 
k=0 


and from (4) 


fen) = Bon >) Bones 
k=0 
which is precisely (2) with m replaced by m+1. Thus (2) has been established 
by induction. 
Using (3) we may write (2) in the form 


m—1 ptm Pp 
3 Beek De Bormk i IS eel 
k=0 k=m i=0 

G in) Sipe cat aie mae ae 
ae De ith as Boysmk It (1 ae hy) 
=O k=0 k=1 


This shows that f,,(p) <1 for all m and p, and thus that 
ie PAG) | 


m— © 


exists for each p. 
With the relation (3) we have that 


Bim, mri p+m Sis Bowe 
p+m | : 
II (1 + hy) ee pim,pt+m 
k=] 


The fraction on the right is readily seen to be an elementary symmetric function 
of hr', hy*,---, hp}, where the products consist of p—i of the h-’s. The 
terms of this symmetric function are included among those of 


p+m ie p—t 
( i:') ’ (¢ =.0, 1,2,---, p). 
k<1 


Hence the fraction 


Bb -+-m,m+i abt, — = 
ts <( Yu’) (p80, 2s «eis 
k=1 


B P+m,p+m 





1940] PROBLEMS AND SOLUTIONS 329 


Since by hypothesis h,— », h¢-!<1 except for a finite number of the first 
of the h’s. If he! <1, then 
1+ ke > exp (hh, ). 
Therefore, for values of m sufficiently large, 


ptm aS 1 p+m se 
Ila +h, )> K exp ( > mi’). 


k=1 2 k=1 


The constant K, 0<K <1, takes care of the finite number of the h’s greater than 
or equal to one. It follows that 


p+m i p—i 
B ( dX hy ) + 
m,m+it i ptm 
ptm = = ~ | p+m a 0 as 3 he — > COl. 
I] a + &) K exp ( >> is’) * 
ce 


2 kel 


In the expression (6) for fn(p) there are only a finite number, p+1, of such 
terms, therefore lim,,.. fm(p)=1, and the identity is proved. 


3877 [1938, 389]. Proposed by Louis Weisner, Hunter College, New York. 

Show that it is possible to construct a set S consisting of an infinite number 
of positive, and an infinite number of negative integers, which has the follow- 
ing properties: (1) If the integers of S are arranged in ascending order of magni- 
tude, the difference between consecutive positive integers, and the difference 
between consecutive negative integers of S, tend to infinity. (2) If f(x) is any 
non-constant polynomial with integral coefficients, S contains an infinite num- 
ber of the integers represented by f(x) for integral values of x. The problem 
becomes trivial if the first requirement is omitted; we could then take S as the 


set of all integers. 
Solution by the Proposer. 


The set of all non-constant polynomials with integral coefficients and posi- 
tive leading coefficient is enumerable. Let 


filx), fo(x), fa(x),° °° 
be one enumeration. Choose x; so that fi(x:1) >0. Now construct the set S con- 
sisting of the integers 
fils), fala); filas), falas), falas); file), falar), fale), fal); 
filxro), fo(xrr), fa( are), falas), fo(ara); °° 
and their negatives, the integers «1, %2, +--+, being chosen so that if fi(x,) and 


fj(Xn41) are consecutive terms, then 


fi %n41) > Nn = ee 
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This is always possible as the leading coefficient of f;(x) is positive and Xn41 
may be chosen so that f;(x,41) is arbitrarily large. The set S thus constructed 
clearly has the required properties 


NEWS AND NOTICES 


Readers are invited to contribute to the general interest of this department by sending news items to 
R. G. Sanger, Eckhart Hall, University of Chicago, Chicago, Illinois. 


A symposium on the foundations of topology was held at the University of 
Notre Dame on April 10-11, 1940. The principal speakers were R. L. Moore, 
Karl Menger, E. W. Chittenden, J. W. Tukey, A. N. Milgram, and Solomon 
Lefschetz. 


The National Council of Teachers of Mathematics will hold its 1940 summer 
meeting on July 1, 2, and 3 in Milwaukee, Wisconsin. The headquarters will be 
the Hotel Pfister. The theme of the meetings is: How Mathematics Serves Our 
Community. Questions and suggestions should be addressed to A. E. Katra, 
525 West 120th Street, New York, N. Y. 


The Division of Mathematics at Harvard University has awarded the 
William Lowell Putnam Memorial Scholarship for 1940 to A. M. Gleason of 
Yale University. This scholarship is awarded to one of the five ranking highest 
in the Putnam Competition for the year. 


Assistant Professor D. H. Lehmer of Lehigh University has been appointed 
an associate professor at the University of California, Berkeley. 


At Columbia University Assistant Professors B. O. Koopman and P. A. 
Smith have been promoted to associate professorships, and Associate Professor 
L. P. Siceloff has been promoted to a full professorship. 


Associate Professor Helen M. Walker of Teachers College, Columbia Uni- 
versity, has been promoted to a full professorship. 


Professor Oscar Zariski of Johns Hopkins University is on leave February— 
October, 1940, on a Guggenheim Fellowship. 


Dr. G. H. Dowker and J. L. Kelley have been appointed to instructorships 
at Johns Hopkins University beginning September 1940. 


C. A. Lindemann, professor emeritus at Bucknell University, died April 28, 
1940. He joined the staff at Bucknell University in 1902, retired in 1938. He 
had been a member of the Mathematical Association since 1924. 


Professor emeritus F. N. Willson of Princeton University died November Lo 
( oe . : . 5 . 
1939. He was a charter member of the Mathematical Association. 
Professor George Sarton of Harvard University writes: “I am preparing a 
study on the French mathematician, Joseph Louis Lagrange (1736-1813). and 
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would welcome any information concerning MSS of him (letters from him or to 
him) in public or private libraries. I would gladly pay for photostatic copies of 
such MSS and the owner’s courtesy would be fully acknowledged.” 





THE WILLIAM LOWELL PUTNAM MATHEMATICAL COMPETITION 


The following results of the third annual William Lowell Putnam Mathematical 
Competition held March 2, 1940, have been determined in accordance with the rules of 
the Competition agreed to by the representatives of the Mathematical Association and 
the trustees of the William Lowell Putnam Intercollegiate Memorial Fund. The con- 
testants were known to Association officials and to the readers only by number up to 
the time of this announcement. 

The first prize, five hundred dollars, is awarded to the department of mathematics 
of the University of Toronto, Toronto, Ontario. The members of the team were W. J. R. 
Crosby, J. C. Maynard, G. H. K. Strathy; to each of these is awarded a prize of fifty 
dollars. 

The second prize, three hundred dollars, is awarded to the department of mathe- 
matics at Yale University, New Haven, Connecticut. The members of the team were 
J. E. Brewster, A. M. Gleason, G. R. MacLane; to each of these is awarded a prize of 
thirty dollars. 

For the third prize, two hundred dollars, there is a tie between the department of 
mathematics of Columbia University and the department of mathematics of Cooper 
Union Institute of Technology, both in New York, and the prize is awarded half to each 
department. The members of the Columbia University team were Laurence Annenberg, 
Julius Ashkin, Paul Marcus; the members of the Cooper Union team were Murray 
Klamkin, Benjamin Lax, Samuel Manson; to each of these is awarded a prize of ten 
dollars. 

The five persons ranking highest in the examination, named in alphabetical order, 
were: W. J. R. Crosby, University of Toronto; A. M. Gleason, Yale University; E. L. 
Kaplan, Carnegie Institute of Technology; J. C. Maynard, University of Toronto; 
R. M. Snow, George Washington University. Each of these will receive a prize of fifty 
dollars. The order of the names in this list has no relation to their rank in the examina- 
tion. 

The following teams won honorable mention: Department of Mathematics, Univer- 
sity of California, Berkeley, the members of the team being Julia H. Bowman, W. M. 
Kincaid, C. W. Lippman; Department of Mathematics, University of California at Los 
Angeles, Los Angeles, the members of the team being Richard Arens, Robert James, 
Harold Shniad; Department of Mathematics, Carnegie Institute of Technology, Pitts- 
burgh, the members of the team being S. N. Foner, E. L. Kaplan, W. E. Stuermann. 

Five individuals are given honorable mention, the names listed in alphabetical order: 
G. R. MacLane, Yale University; Samuel Manson, Cooper Union; Paul Marcus, Colum- 
bia University; G. H. K. Strathy, University of Toronto, J. E. Wilkins, Jr., University 


of Chicago. 
The order of the names in both lists for honorable mention has no relation to their 


rank in the examination. 

The following is a list of all colleges and universities which entered teams in the Com- 
petition. (This list is arranged alphabetically, and the order of the names here has no 
relation to the rank of the teams in the examination.) Adelphi College, University of 
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British Columbia, Bryn Mawr College, University of California, University of California 
at Los Angeles, Carnegie Institute of Technology, Colorado School of Mines, Cooper 
Union Institute of Technology, Columbia University, Denison University, Florida 
Southern College, George Washington University, Goshen College, Harvard University, 
Heidelberg College, College of Idaho, Iowa State College, John Brown University, 
Kansas State College, Lafayette College, Massachusetts Institute of Technology, Col- 
lege of the City of New York, New York University, Ohio State University, University 
of Oklahoma, University of Pennsylvania, Queen’s University (Ontario), Rutgers Uni- 
versity, St. Bonaventure College, College of St. Francis, St. Olaf College, College of 
St. Thomas, University of Saskatchewan, Swarthmore College, University of Tampa, 
University of Texas, University of Toronto, Union College (Schenectady, New York), 
Virginia Military Institute, University of Washington, Wayne University, Webb Insti- 
tute of Naval Architecture, Western Reserve University, Whittier College, Yale Uni- 
versity. 

In addition to these forty-five teams, there were seventy-three individual contest- 
ants from these and twenty-three other institutions, making a total of two hundred 
eight individuals representing sixty-eight institutions. 


W. D. Cairns, Secretary-Treasurer 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 


Twenty-third Summer Meeting, Hanover, N. H., September 9-12, 1940. 
Twenty-fifth Annual Meeting, Baton Rouge, La., December 31, 1940- 
January 2, 1941. 


The following is a list of the Sections of the Association, with dates of those Section meetings 
which have been scheduled for 1940 and reported to the Secretary. 


ALLEGHENY Mountain, Morgantown, NEBRASKA, Omaha, May 9-11. 
W. Va., April 20; Grove City, Pa., NORTHERN CALIForNIA, Berkeley, Janu- 
November 2. ary 27. 

ILLINoIs, Bloomington, May 10-11. Oxt10, Columbus, April 5. 

INDIANA, Richmond. OKLAHOMA 

Iowa, Mt. Vernon, April 19-20. PHILADELPHIA, November 23 or 30. 

Kansas, Wichita, March 30. Rocky Movuntain, Fort Collins, Colo, 

KENTUCKY, Lexington, April 27. April 19. 

LoutstaANa-MississipP1 Oxford, Miss., SOUTHEASTERN, Athens, Ga., March 29- 
March 8-9. 30. 

MARYLAND-DistrIctT OF COLUMBIA-VIR- SOUTHERN CALIFORNIA, Compton, March2. 
GINIA, Richmond, Va., May 11. SOUTHWESTERN, Tucson, Ariz., April 22-23. 

MIcHIGAN, Ann Arbor, April 26-27. Texas, Dallas, March 29-30. 

MINNESOTA WIsconsINn, Milwaukee. 


Missourt, Warrensburg, April 19. 


AFFILIATED ORGANIZATIONS: THE NEW ENGLAND ASSOCIATION OF TEACHERS OF MATHEMATICS 
THE NATIONAL CoUNCIL OF TEACHERS OF MATHEMATICS, 


THE APRIL MEETING OF THE OHIO SECTION 


The twénty-fifth annual meeting of the Ohio Section of the Mathematical 
Association of America was held at the Ohio State University, Columbus, Ohio, 
on Friday, April 5, 1940, with an afternoon session, dinner, and evening session. 
Professor Wayne Dancer, chairman of the Section, presided at these sessions, 
assisted by Professor Lincoln La Paz, chairman of the Program Committee. Pro- 
fessor and Mrs. Emil Artin were guests of the Section. 

Sixty-three persons registered attendance, including the following forty-two 
members of the Association: W. E. Anderson, Emil Artin, Max Astrachan, 
F. R. Bamforth, I. A. Barnett, H. M. Beatty, H. A. Bender, Henry Blumberg, 
J. B. Brandeberry, O. E. Brown, R. S. Burington, I. W. Burr, V. B. Caris, 
Rufus Crane, Wayne Dancer, C. R. Eason, T. M. Focke, Margaret E. Jones, 
E. M. Justin, H. W. Kuhn, A. C. Ladner, Lincoln La Paz, R. H. MacCullough, 
H. M. MacNeille, Florentina Mathias, C. C. Morris, Max Morris, J. R. Mussel- 
man, W. A. Patterson, Ruth M. Peters, Jesse Pierce, H. S. Pollard, S. E. Rasor, 
R. F. Rinehart, N. S. Risley, S. A. Rowland, S. A. Singer, C. F. Thomas, C. C. 
Torrance, J. H. Weaver, R. B. Wildermuth, C. R. Wylie, Liv: 

The following officers were elected for the coming year: Chairman, J. R. 
Musselman, Western Reserve University; Secretary-Treasurer, Rufus Crane, 
Ohio Wesleyan University; member of Executive Committee, C. R. Wylie, Jr., 
Ohio State University; member of Program Committee, H. S. Pollard, Miami 
University. A committee was appointed to investigate the possibility of some 
sort of codperation with the Ohio Academy of Science. It is expected that the 
next meeting will be held at the Ohio State University, probably on Thursday, 
April 3, 1941. 

The following eight papers were read: 

1. “Some loci connected with a triangle” by Professor J. R. Musselman, 
Western Reserve University. 

2. “A remark on the area of surfaces” by Dr. Paul Reichelderfer, Ohio State 
University, introduced by Professor Rado. 

3. “Some results of a mathematical test” by Professor H. A. Bender, Uni- 
versity of Akron. 

4. “An inverse problem in the calculus of variations” by Professor W. A. 
Patterson, Fenn College. 

5. “Products of consecutive integers equal to kth powers” by William Scott, 
Ohio State University, introduced by Professor La Paz. 

6. “Mathematics entrance requirements in Ohio colleges today” by Profes- 
sor O. L. Dustheimer, Baldwin-Wallace College. 

7. “Fundamental concepts in undergraduate mathematics” by Professor 
Wayne Dancer, University of Toledo. 

8. “Introduction of coérdinates in affine geometry” by Professor Emil Artin, 
Indiana University, by invitation of the program committee. 

In the absence of Professor Dustheimer, paper number six was presented in 
mimeographed summarized form by Professor Bender. 
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Abstracts of these papers follow: 

1. This paper appears in this issue of the MONTHLY. 

2. Let L(.S) denote the Lebesgue area of a continuous surface S: z=f(x, y) 
defined over the unit square Q. If S,: s=f,(x, y) is a sequence of continuous 
surfaces defined over Q and converging to S, for which L(S,) and L(S) are finite, 
then McShane (On a certain inequality of Steiner, Annals of Mathematics, vol. 
33, 1932, pp. 125-138) has shown that a necessary condition in order that L(S,) 
converge to L(S) is that the quantity F, = [(fnz—fz)? + (fn —Sy) )2]/2 converge to 
zero in measure. Dr. Reichelderfer showed that, if L(.S,,) converges to L(S), then 
F,, exhibits a much stronger type of convergence, namely, convergence to zero 
with respect to every positive exponent less than 1; that is, JJqFndxdy converges 
to zero for every exponent A between 0 and 1. Since McShane (loc. cit.) has 
shown that JJoF ndxdy does not generally converge to zero when L(S,) con- 
verges to L(S), this result is the best obtainable in this direction. 

3. A mathematical test given to 257 high school students and to 93 college 
freshmen showed that all classes or sections rate about the same on any given 
question, and the high school students just finishing algebra are only about five 
per cent better than the college freshmen. The same error is not repeated by 
different students but the mistakes are for the most part different. Professor 
Bender stated that the greatest number of different answers was given to 
2(x —3)/(x+2) —3, which was answered correctly by only 34% of the high school 
students and 23% of the college students, with 67 different answers counted 
from 179 students. 

4. In this paper Professor Patterson considered the problem of finding the 
most general first order double integral variation problem of which the extremal 
surfaces are the integral surfaces z=2(x, y) of the equation R(p, g)r+2S(p, q)s 
+T(p, gt=0. 

5. It has been shown that the equation 


(1) a(e-+1)---(#+n—1) = y*, (o> OS ley Oe 


has no solutions in integers for the following cases: for all k if »=2, 3, or k: 
for all nif k=2; for k=3 or 5 if 413; and, finally, when any one of the fac- 
tors in the left member of (1) is prime, and therefore in particular when x=1. 
It has also been shown that for any fixed &, if solutions of (1) exist at all they 
are finite in number. Mr. Scott showed that for all &, (1) has no solutions if 
4 <n S13, and that (1) has no solutions for all k=n—1 if 14<n<19. The proof 
is based principally on the following: 

Lema. If 4<n<16, then in any set of n consecutive integers, x, x+1, 
x-+n—1, there 1s at least one integer which ts relatively prime to all of the others 
of the set. 

6. Professor Dustheimer presented a fourteen-page report on college en- 
trance requirements for mathematics, in which he summarized the replies to 
a questionnaire sent to the heads of mathematics departments of all the Ohio 
colleges and several of the colleges of Pennsylvania, Kentucky, Indiana, and 
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Michigan. This report revealed the following important facts: (1) Most of the 
colleges still require at least one year of elementary algebra and one year of plane 
geometry. (2) For the most part, if a student is deficient at entrance, the re- 
sponsibility for making up the deficiency is placed on the student. (3) Several 
institutions have special courses for such students. In one or two cases, college 
credit is being given for such work, but in most cases only high school credit 
is permitted. (4) A complete analysis of replies would lead one to feel that cer- 
tain pressure has been brought to bear upon the mathematics departments of 
some institutions in regard to this matter. 

7. Emphasizing the function of mathematics in replacing hazy notions by 
precise ideas, Professor Dancer outlined the way in which the fundamental no- 
tions of unity, aggregate, order, and correspondence form the basis for the study 
of mathematics. He traced the need for the concept of infinity through the 
courses in secondary schools and colleges, and showed how the idea of infinite 
set is related to the concepts of order and correspondence. Other notions of pri- 
mary importance in college mathematics, such as function, limit, number, con- 
tinuity, efc., depend upon the fundamental concepts. The author pleaded for 
greater clarity in presenting the underlying ideas of mathematics. 

8. The group of dilatations of an affine geometry has an invariant sub-group, 
the group of all translations. If there are translations in different directions, then 
this sub-group is commutative. It can be shown, without the use of Desargues’s 
theorem, that the homomorphisms of this group form a field. Professor Artin 
showed this as a very easy way of introducing coérdinates and establishing the 


equations of the straight lines. 
Rurus CRANE, Secretary 





THE ANNUAL MEETING OF THE MISSOURI SECTION 


The annual meeting of the Missouri Section of the Mathematical Association 
of America was held at Central Missouri State Teachers College at Warrensburg 
on Friday, April 19, 1940, in conjunction with the annual meeting of the Mis- 
souri Academy of Science. Professor L. M. Blumenthal, Section chairman, pre- 
sided during the presentation of the first four papers. Following a recess, the 
Secretary, Professor G. M. Ewing, presided. 

The total attendance was about twenty-five including the following eleven 
members of the Association: V. W. Adkisson, L. M. Blumenthal, J. H. Butchart, 
Theodosia T. Callaway, J. E. Case, B. F. Finkel, G. M. Ewing, W. L. Graves, 
Lena Cole Hadley, U. G. Mitchell, F. W. Urban. 

The officers elected for the coming year were: Chairman, J. E. Case, St. 
Louis University; Secretary, J. H. Butchart, William Woods College. 


The following papers were presented: | 
1. “Tabulation of positive reduced binary quadratic forms” by Raymond 


Allen, St. Louis University, introduced by the Reverend J. E. Case. 
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2. “The altitude quadric of a tetrahedron” by Professor J. H. Butchart, 
William Woods College. 

3. “Curves of the fourth harmonic of a C, with respect to conics” by the 
Reverend J. E. Case, St. Louis University. 

4. “On approximate cubature” by Professor G. M. Ewing, University of 
Missouri. 

5. “Testing infinite series” by Professor W. C. Doyle, Rockhurst College, 
introduced by the Secretary. 

6. “On the theory of matrices in a non-commutative field” by L. J. Heider, 
St. Louis University, introduced by the Reverend J. E. Case. 

7. “On a new method of tabulation of reduced indefinite binary quadratic 
forms” by A. Lorenz and J. Andrews, St. Louis University, introduced by the 
Reverend J. E. Case. 

8. “Some remarks concerning a new class of spaces” by Professor L. M. 
Blumenthal, University of Missouri. 


Abstracts of the papers follow: 


1. Mr. Allen has constructed a table of positive reduced binary quadratic 
forms for determinants —1 to —1000 following the method of H. N. Wright 
(Quadratic Forms of a Negative Determinant, University of California Press, 
1914). Mr. Allen explained the method of constructing the table and showed a 
reproduction of it on film. 

2. Professor Butchart’s paper appears in this issue of the MONTHLY. 

3. Professor Case pointed out that curves of the fourth harmonic of a given 
curve C,, of order m with respect to conics are curves C, of order 2n, the trans- 
formation being birational. Properties of the Co, and corresponding properties 
of the C,, were discussed. 

4. Professor Ewing exhibited a simple generalization of the prismoid formula 
applicable to n-fold integrals and discussed the form which the integrand must 
have in order for the formula to be exact. : 

5. Professor Doyle discussed a method for testing infinite series for con- 
vergence. The method is applicable to the generalized Lambert series with 
(dnb,2*")/(1—@nz"") as general term. Many familiar series are special cases. 

6. Mr. Heider considered the theory of matrices in a quasi (7.e., non-com- 
mutative) field. He explained that his development follows that of E. H. Moore 
but pointed out that the use of partitioned matrices simplifies the notation and 
the proofs. 

7. Mr. Lorenz presented the joint paper. He discussed the method used for 
constructing the table of reduced indefinite binary quadratic forms, which in- 
volves the making of a basic table and the expansion of the entries in this table 
into chains. The method is believed to be much simpler th 
Cayley. 


an the classic one of 


> aT ., as F . oo . 
8. Professor Blumenthal designated as “ptolemaic” a metric space with the 
property that, for each quadruple of points bi, 2, ps, ps of the space, the determi 
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nant C(p1, pe, ps, Ps) = | (pip;)?| , (i, 7=1, 2, 3, 4), formed for the six distances pip; 
determined by the four points is negative or zero. A very brief proof shows that 
the euclidean four-point condition D(p1, p2, ps, Ps) 20 implies the ptolemaic in- 
equality C(pi, pe, ps, Ps) £0, this implication being valid even when hypotheses 
weaker than metricity are made on the space. An investigation of the between- 
ness relation in ptolemaic spaces was sketched. 


G. M. Ewin, Secretary 





THE APRIL MEETING OF THE IOWA SECTION 


The twenty-ninth regular meeting of the Iowa Section of the Mathematical 
Association of America was held at Cornell College, Mt. Vernon, Iowa, on 
Friday and Saturday, April 19-20, 1940, in conjunction with the fifty-fourth 
regular meeting of the Iowa Academy of Science. Professor Henry Van Engen, 
chairman of the Section, presided. 

The attendance was about forty-five, including the following twenty-six 
members of the Association: J. W. Beach, J. O. Chellevold, E. W. Chittenden, 
L. M. Coffin, N. B. Conkwright, Marian E. Daniells, Franc C. Earhart, H. E. 
Ellingson, Cornelius Gouwens, Gertrude A. Herr, Dora E. Kearney, L. A. 
Knowler, O. C. Kreider, Ruth O. Lane, R. B. McClenon, F. M. McGaw, J. V. 
McKelvey, Mrs. J. V. McKelvey, E. E. Moots, E. N. Oberg, J. F. Reilly, Fred 
Robertson, W. J. Rusk, Henry Van Engen, L. E. Ward, Roscoe Woods. 

On Friday evening the members and friends of the Association and the Iowa 
Academy of Science had a joint dinner. The officers of the Section elected for 
1940-41 are as follows: Chairman, Fred Robertson, Iowa State College; Vice- 
Chairman, H. E. Ellingson, Luther College; Secretary-Treasurer, Cornelius 
Gouwens, Iowa State College. 

A motion was made and passed that the new chairman appoint a committee 
of five to make a thorough study of the status of and the need for survey courses 
in college mathematics. A resolution expressing the appreciation of the members 
of the Section for the hospitality and courtesy extended to them by the host, 
Cornell College and the Department of Mathematics, was adopted at the busi- 
ness meeting. The invited address was given by Professor Roscoe Woods of the 
University of lowa. The following twelve papers were read: 

1. “Some functions resembling Bessel functions of order n+1/2” by Pro- 
fessor L. E. Ward, State University of Iowa. 

2. “Exponential operators” by Fred Robertson, Iowa State College. 

3. “The solution of certain integral equations” by Louis Garfin, State Unt- 
versity of Iowa, introduced by Professor Oberg. 

4. “A topological formula of Kuratowski” by J. W. Kitchens, State Univer- 
sity of Iowa, introduced by Professor Chittenden. 

5. “A sphere-point transformation” by Professor J. V. McKelvey, Iowa 
State College. 

6. “Transformations of the complex plane which regularize certain differen- 
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tial equations” by Professor R. S. Jacobsen, Luther College, introduced by the 
Secretary. 

7. “An application of stratified sampling” by Vernon Price, State University 
of Iowa, introduced by Professor Rietz. 

8. “Enumeration of isomeric hydrocarbons” by Professors E. S. Allen and 
Harvey Diehl, Iowa State College, introduced by the Secretary. 

9. “A note on a Bolzano function” by Professor Marian E. Daniells, Iowa 
State College. 

10. “Joint life annuities on a mortality table given by Makeham’s first modi- 
fication of the law of Gompertz supplemented by double geometric laws” by 
J. S. McCollum, State University of Iowa, introduced by Professor Rietz. 

11. “Report of the Joint Commission on the Place of Mathematics in the 
Secondary Schools” by Dr. Ruth O. Lane, University High School. 

12. “Some applications of a certain elementary theorem in modern geome- 
try” by Professor Roscoe Woods, State University of Iowa. 

Abstracts of the papers follow, numbered in accordance with their place on 
the program: 

1. Professor Ward discussed a solution of the differential equation, 


xy” + xy’ + (a? + pax — ny = 0, 


where wisareal constant and nis any one of thenumbers0, + 1/2, +1, T23 / 2 ee 
in the form of a contour integral along a closed path encircling the points 1 and 
—1 in the positive sense. Several deformations of the path were made and an 
asymptotic formula for the solution, valid when the real part of x is positive 
and large, was given. 

2. Mr. Robertson developed the generalized Leibnitz theorem for operators 
¥(x,D), (x, D) from the theorem of the same name in ordinary calculus. The 
exponential form of the operators in which D means d/dx was used. The Leibnitz 
formula was used to prove the transfer theorem of Robert Murphy (Theory 
of analytical operations, Phil. Trans., London, 1837, pp. 179-210.), namely, 
F(D)e? =e F[D+¢'(x) ]. The Leibnitz theorem was applied to a class of ex- 
ponential operators which yields trigonometric operators. An example of the 
meaning of the operators sin (x)D, and cos (x)D was given. The application of 
these operators to the solution of a class of infinite order differential equations 
was discussed, and two examples illustrating the method were given. 

3. Mr. Garfin indicated how the solution of some special types of integral 
equations can be made to rest on the solution of a differential equation or a dif- 
ference equation, depending upon the nature of the kernel in the particular 
problem considered. The methods for these cases were presented and their ap- 
plication illustrated, 

4. Mr. Kitchens discussed the formula eieiA =eiA established by Kuratow- 
ski for point sets, where the closure operation eA satisfies e(A +B) =eA+eB, 
AsecA, eA=eA, e€0=0 and the interior operation is defined in terms of com- 
plements by iA =cecA, and showed it can be extended to non-complemented lat- 
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tices where e and 7 are postulated and satisfy the conditions e(A+B)=eA+eB, 
1(AB)=1AiB, iA SA SeA, eA =eA, i?A =iA. 

5. In the transformation discussed in this paper, Professor McKelvey made 
the sphere defined by x?+y?+s?—2hx —2ky—2lzs+m=0 in space of three di- 
mensions S3 correspond to the point (h, k, 1, m) in Ss. He examined the proper- 
ties of the linear system of spheres S+aS’=0, the correspondence between 
circles in S; and lines in S;, found the condition that two spheres intersect at a 
fixed angle and associated this condition with certain pole and polar properties 
with respect to the hyperquadric defined by x?+y?+s?—u=0. 

6. Several transformations which regularize the differential equations of mo- 
tion in the restricted problem of three bodies were determined by Professor 
Jacobsen. The transformations were made to fulfill the same conditions as those 
which G. D. Birkhoff used in determining a similar transformation in an article 
in Rendiconti del Circolo Mat. di Palermo, 1915, vol. 39. 

7. The standard error of a given proportion P, as calculated from a random 
sample, is given by the formula gp =1/ PO/N. When calculated from a stratified 
sample, this formula is op=/ PO/N—o?/N, where op is the variance of the 
proportions in the strata taken about P. To illustrate the use of these formulas, 
Mr. Price presented information concerning test papers written by groups of 
college freshman students classified according to preparation in algebra. Strati- 
fied samples were drawn from each group and the percentages of correct re- 
sponses to each item calculated. The paired percentages were then composed by 
referring the ratio (Pi— P2)/\/op,+ap, to a normal probability table. 

8. In the early thirties H. M. Henze and C. R. Blair gave the best series of 
studies, up to that time, of the number of isomers and of stereoisomers among 
certain types of hydrocarbons. In the case of alcohols (C;,H2n4:0H) and meth- 
anes (C,,H,.2) Professors Allen and Diehl followed recursion methods similar to 
those of Henze and Blair; the results are more comprehensive, in that the num- 
ber of isomers with a given number of forms—differing as to right- and left- 
handed orientation—is obtained. A similar study of glycols (C,/72,(OH)2) yields 
a recursion method for their enumeration. 

9. More than thirty years before Weierstrass constructed his well known 
continuous, non-differentiable function, Bernhard Bolzano devised a function 
that is continuous for all values of the independent variable but does not pos- 
sess a derivative for any value of that variable. Professor Daniells explained the 
construction of this function and gave a demonstration of its properties. 

10. Many attempts have been made to graduate the American Men table by 
means of Makeham’s Law of Mortality but with unsatisfactory results because 
of the flatness of the curve of mortality in the younger ages. Mr. McCollum 
suggested a method of graduation by means of a double geometric law, supple- 
mentary to the Makeham law, thereby permitting the substitution of equal 
ages for unequal ages in the computation of joint life annuities. 

11. The Report of the Joint Commission of the Mathematical Association 
of America and the National Council of Teachers of Mathematics is published 
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as the Fifteenth Yearbook of the National Council of Teachers of Mathematics. 
This report aims to bring up-to-date the epoch-making 1923 report, The Re- 
organization of Mathematics in Secondary Education. It is prepared for all those 
interested in the mathematics curriculum in grades seven to fourteen inclusive 
as well as for the classroom teacher. The reader is oriented by an introduction 
on “The Réle of Mathematics in Civilization” and then for several chapters the 
attempt is made to look at education in a broad way and the place of mathe- 
matics in it. The curriculum plans which follow are neither revolutionary nor 
arbitrary, but rather present suggestions in regard to patterns which are in use 
in some of our schools at the present time. The aim is to leave opportunity for 
adaptation and experimentation. Several chapters of especial interest to teachers 
deal with evaluation, the problem of retardation and acceleration, analysis of 
mathematical needs, the transfer of training, vocabulary and equipment. 

12. Professor Woods dealt with the properties of points which are isogonally 
conjugate with respect to a given triangle A BC. He showed that the foci of every 
conic inscribed in the triangle ABC are a pair of isogonally conjugate points. 
Special attention was called to the inscribed conic which has the circumcenter 
and the orthocenter as foci, since its eccentricity is \/1—8 cos A cos Bcos C. The 
properties of the so-called isogonal transformation were then discussed. Under 
this transformation, a general line is transformed into a conic circumscribing the 
triangle ABC; the conic being a hyperbola, a parabola, or an ellipse according 
as the line cuts, touches, or does not intersect the circumcircle. Diameters of the 
circumcircle transform into rectangular hyperbolas, each of which passes 
through the orthocenter. The transforms of various conics were then consid- 
ered with particular reference to the Apollonian circles of the triangle ABC. 

CORNELIUS GOUWENS, Secretary 





THE MARCH MEETING OF THE SOUTHERN CALIFORNIA SECTION 


The twentieth regular meeting of the Southern California Section of the 
Mathematical Association of America was held at Compton Junior College, 
Compton, California, on Saturday, March 2, 1940. Professor G. R. Livingston, 
chairman of the Section, presided. 

The attendance was eighty-five, including the following forty members of 
the Association: L. J. Adams, O. W. Albert, C. K. Alexander, L. D. Ames, 
Harry Bateman, Clifford Bell, E. T. Bell, L. T. Black, Jessie R. Campbell, 
Myrtie Collier, G. S. Cook, P. H. Daus, D. C. Duncan, Iva B. Ernsberger, 
H. H. Gaver, Harriet E. Glazier, W. H. Glenn, J. R. Gorman, W. L. Hart, 
G. H. Hunt, C. G. Jaeger, G. R. Kaelin, G. R. Livingston, I. P. Maizlish, A. B. 
Mewborn, A. D. Michal, B. C. Moore, P. M. Niersbach, W. T. Puckett, Jr., 
Lena E. Reynolds, J. M.. Robby Gek, E. Sherwood, D. \. Steed, W. I. Thomp- 
son, C. W. Trigg, S. E. Urner, Morgan Ward, W. M. Whyburn, B. R. Wicker, 
Euphemia R. Worthington. 


rhe following officers were elected for the coming year: Chairman, O. W. 


1940] MEETING OF THE SOUTHERN CALIFORNIA SECTION 341 


Albert, University of Redlands; Vice-Chairman, L. J. Adams, Santa Monica 
Junior College; Program Committee, D. V. Steed, Chairman, H. J. Hamilton, 
and the Secretary. The next meeting was tentatively scheduled to be held on 
March 8, 1941, at the University of Redlands. 

The following eight papers were read: 

1. “Ideal numbers defined over the field of rational numbers” bye lia kr, 
Walton, San Diego State College, introduced by Professor Livingston. 

2. “Junior college mathematics” by L. J. Adams, Santa Monica Junior Col- 
lege. 

3. “Some aeronautical applications of Heaviside’s operators” by Dr. W. R. 
Sears, California Institute of Technology, introduced by Professor Bateman. 

4. “The problem of determining the rank of certain correlation matrices” 
by Dr. P. G. Hoel, University of California at Los Angeles, introduced by Pro- 
fessor Daus. 

5. “A view-point for the curriculum in secondary mathematics” by Professor 
W. L. Hart, University of Minnesota. 

6. “Projections in Minkowski spaces” by Dr. H. F. Bohnenblust, Princeton 
University. 

7. “Generalization of a formula involving an inverse differential operator” 
by Professor D. V. Steed, University of Southern California. 

8. “The theorem of Jordan-Hélder” by Professor Morgan Ward, California 
Institute of Technology. 

Abstracts of the papers follow, numbered in accordance with their place on 
the program: 

1. Mr. Walton presented a few concrete examples of the methods used by 
J. von Neumann in his development of the ideal numbers of Heinz Priifer. 

2. Mr. Adams called attention to the fact that comparatively little has been 
published concerning junior college mathematics in the educational and mathe- 
matical journals. He described a typical mathematics program common to many 
junior colleges, and made brief remarks dealing with each item of the program. 

3. Dr. Sears described the operational treatment of the differential equation 
of motion of airplanes with various initial conditions and applied (control) forces, 
and the operational treatment of certain integral equations in the theory of air- 
foils in non-uniform motion. 

4. The connection between the problem of determining significant factors in 
test analysis and the rank of certain correlation matrices was pointed out by 
Dr. Hoel, as well as the assumptions underlying such problems and the réle of 
statistical methods in handling them. 

5. In his discussion of secondary mathematics, Professor Hart placed his 
main emphasis on a suggestion that the “college preparatory” label for sub- 
stantial secondary mathematics should be dropped and this field should be 
placed strongly on its own feet without college props, to aim at independent 
objectives in addition to its essentially automatic objectives as an introduction 
to college mathematics. In developing this main point, he recommended (1) a 
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placement division of secondary students into two (or more) groups on the basis 
of mathematical intelligence rather than unreliable and confusing collegiate in- 
tentions, and (2) special curricula of suitable types for the groups. The sub- 
stantial 33- or 4-year program recommended for the upper group was consistent 
with all classical aims of secondary mathematics and, besides, included a one- 
year course in applied mathematics to present the high school students with 
authentic attained objectives, particularly of the socialized variety. 

6. Professor Bohnenblust discussed in his address the relation between the 
notion of base in a Banach space and the existence of certain projections with 
bounded norms. He gave examples of Minkowski spaces in which no projections 
on more than one-dimensional sub-spaces have norm one. 

7. The well known formula for finding the particular integral of the linear 
differential equation with constant coefficients, f(D?)y=sin ax, by applying the 
inverse differential operator fails in the case where f(—a?) =0. Professor Steed 
developed a new formula which is valid when —a? is an m-fold root of f(D?) =0 
and which includes the old formula as a special case. 

8. Professor Ward discussed the analog of the theorem of Jordan-Hélder 
with respect to lattices by the introduction of a non-transitive binary relation 
and an appropriate set of four postulates, so that the length of the chain of in- 
clusions connecting two lattices was of precise length. 

P. H. Daus, Secretary 





THE SPRING MEETING OF THE ALLEGHENY MOUNTAIN SECTION 


The fourteenth regular meeting of the Allegheny Mountain Section of the 
Mathematical Association of America was held at West Virginia University, 
Morgantown, West Virginia, on Saturday, April 20, 1940. Professor J. S. Taylor, 
chairman of the Section, presided at both the morning and afternoon sessions. 

The attendance was forty-six, including the following twenty-two members 
of the Association: C. S. Atchison, O. F. H. Bert, Elizabeth F. Brown, P. N. 
Carpenter, H. A. Davis, L. L. Dines, H. L. Dorwart, J. A. Fiesland, H. C. Hicks, 
M. L. Manning, David Moskovitz, J. H. Neelley, E. G. Olds, F. W. Owens, 
Helen B. Owens, C. N. Reynolds, J. B. Rosenbach, J. S: Taylor, Bird Wi 
Turner, C. H. Vehse, M. L. Vest, W. J. Wagner. 

At the close of the afternoon session, the ladies of the Mathematics Depart- 
ment of the University served tea for the guests. A vote of thanks was extended 
to the staff of the University for their generous hospitality. 

The Section accepted the invitation of Grove City College to hold its fall 
meeting there. The date of this meeting was set for November 2, 1940. The in- 
vitation from Grove City College includes an invitation to the wives of visiting 
mathematicians, for whom a social program is being planned. . 

After the opening address by President C. E. Lawall of West Virginia Uni- 
versity, the following eight papers were read: | 

1. “The Westinghouse educational program in Sharon, Pennsylvania” by 
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M. L. Manning, Secretary, Educational Committee, and Research Engineer, 
Westinghouse Electric and Manufacturing Company at Sharon. 

2. “A birational 75,5 associated with the secants of the twisted cubic” by 
Professor H. A. Davis and A. B. Cunningham, West Virginia University. 

3. “Non-involutorial space transformations associated with a Qj)» con- 
gruence” by A. B. Cunningham, West Virginia University, introduced by Pro- 
fessor Davis. 

4. “Mathematical Reviews” by Professor H. L. Dorwart, Washington and 
Jefferson College. 

5. “A projected compendium of mathematical applications” by Professor 
E. G. Olds, Carnegie Institute of Technology. 

6. “Families of conics with a trigonometric parameter” by Professor H. L. 
Dorwart, Washington and Jefferson College. 

7. “Any root of any number” by Elizabeth F. Brown, Arsenal Junior High 
School, Pittsburgh, Pa. 

8. “A birational 79 associated with the secants of the twisted cubic” by 
M.L. Vest, West Virginia University. 

Abstracts of the papers follow, numbered in accordance with their place on 
the program: 

1. Mr. Manning outlined a successful graduate educational program which 
has been in existence for the past three years in the Transformer Division of the 
Westinghouse Electric and Manufacturing Company in coéperation with the 
University of Pittsburgh. Three questions were discussed in the paper: (1) What 
qualities in engineers does industry demand? (2) What courses should be offered 
to develop these qualities? (3) What is the tangible evidence that these qualities 
are developed? Temperamental traits, mental characteristics and education were 
the qualities of engineers discussed. Suggestions for the organization of courses 
to develop these qualities were outlined. A knowledge of applied partial and 
differential equations, vector analysis, complex variable theory, operational cal- 
culus, the design and the application of transformers, applied symmetrical com- 
ponents, human relations in engineering, technical foreign languages, and a 
sound written and oral course in English were emphasized. The attainment of 
a rich and useful vocabulary by wide reading in scientific and humanistic articles 
and books was stressed. The cultivation of effective oral English by much prac- 
tice in public speaking was urged. The subject-matter and special teaching de- 
vices used for these courses were discussed in detail. And the concrete results 
such as the increasing percentage in enrollment of engineers from year to year, 
the development of insight and self-reliance, the improvement in business cor- 
respondence, the stimulation of research and the advantages of the codperation 
of industry and school were evaluated. 

2. The authors called attention to the work of Caldarera who has discussed 
the most general birational transformations J and 745 which belong to the com- 
plex of secants of a twisted cubic. Davis and Black have discussed a 73 which 
differs from Caldarera’s 7; in several respects. The present authors presented 
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a T9.. which is quite unlike either of the aforementioned transformations. Con- 
sider the twisted cubic 7, the points of which are projectively related to the 
quadrics of a pencil | F| :y and the planes of a pencil baie Through a generic 
point P passes one quadric F of | F| . The line ¢ through P and the point P, of r 
associated with F, cuts the associated F’ of | F’| in a point P’, image of P in 
the 7 thus defined. 

3. Mr. Cunningham presented some space transformations associated with 
the congruence of lines which meet a conic r and a secant s of it. Given two 
projective pencils of surfaces 


/ iz t am? 
Pee so. LF ae a | sy sm 7 


where nSm-+1, n’Sm’+1. A point P determines an F of | F| , and the unique 
line ¢ through P, 7, s meets the associated F’ of | F’| in one residual point P’, 
image (7) of P. The transformations are of three types; Case I: n=m+1, 
n'=m'+1; Case Il: n<m-+1, n’<m'+1; Case III: n=m+1, n’<m'+1. 

4. Professor Dorwart outlined the activities and progress of the new periodi- 
cal Mathematical Reviews, and exhibited copies of those numbers which have 
already been published. 

5. Professor Olds discussed the Seventeenth Yearbook of the National 
Council of Teachers of Mathematics which will be entitled, Compendium of 
Mathematical A pplications. It is contemplated that the principal topics of arith- 
metic, elementary algebra, geometry and trigonometry will be listed alphabeti- 
cally, together with type problems illustrating their application in various fields, 
such as home economics, agriculture, biology, and architecture. A cross index by 
fields will enable the reader to find the illustrations drawn from any particular 
field. In the selection of problems the probable breadth of information and inter- 
est of students will be taken into account and references will be supplied to 
provide necessary background. All teachers who find any problems which ex- 
emplify the practical value of mathematics are asked to send them to the 
speaker, who is acting as chairman of the committee in charge of preparing 
the Yearbook. : 

6. Professor Dorwart raised the question of the nature of one-parameter 
families of conics whose semi-axes are trigonometric ratios, and discussed some 
of the more interesting of these families. This paper will be published in The 
Mathematics Teacher. 

7. Miss Brown presented a method by means of which any root (or power), 
integral, fractional, or decimal, of any rational number may be found to any 
desired degree of accuracy, using only the processes of elementary arithmetic 
and the laws of exponents, not the binomial theorem or Horner's method. The 
same method may be applied to the determination of integral roots of polyno- 
mials. The process is self-correcting in that accidental errors are automatically 
eliminated. By an extension of the process, exponential equations of the form 
a*=b may be solved directly for x, leading to a method for calculating loga- 
rithms as actual powers of 10, or of any other rational base. ee 
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8. Mr. Vest considered the twisted cubic 7, the points of which are projec- 
tively related to the quadrics of two pencils F| :y and | F’|:r. Through a ge- 
neric point P passes one quadric F of | F| . The line ¢ through P and the point P, 
of r associated with F meets the associated F’ of | F’| in P, and a residual point 
P’, image of P in the T thus defined. Davip Mosxovitz, Secretary 

















THE FEBRUARY MEETING OF THE OKLAHOMA SECTION 


The regular meeting of the Oklahoma Section of the Mathematical Associa- 
tion of America was held in connection with the annual convention of the Okla- 
homa Education Association at Oklahoma City on Friday morning, February 
16, 1940. Professor J. O. Hassler, chairman of the Section, presided. 

Seventy-five representatives of high schools and colleges attended the meet- 
ing, including the following seventeen members of the Association: E. F. Allen, 
Joseph Barnett, Jr., J. C. Brixey, N. A. Court, A. H. Diamond, E. P. R. Duval, 
W. V. N. Garretson, H. L. Hall, J. O. Hassler, E. E. Heimann, J. E. LaFon, 
Dora McFarland, W. C. Randels, W. T. Short, C. E. Springer, E. B. Wedel, 
B.S. Whitney. 

At the business session the following officers were elected: Chairman, A. H. 
Diamond, Oklahoma A. and M. College; Secretary, J. C. Brixey, University of 
Oklahoma. 

The program consisted of the following four papers: 

1. “On the presentation of certain fundamental concepts in elementary cal- 
culus” by Professor A. H. Diamond, Oklahoma A. and M. College. 

2. “A one-parameter Lie group” by Professor E. F. Allen, Oklahoma A. and 
M. College. 

3. “The relation of three conics with the vertices of a triangle for foci” by 
Professor W. T. Short, Oklahoma Baptist University. 

4. “Incidence matrices in combinatorial topology” by Professor C. E. 
Springer, University of Oklahoma. 

Abstracts of these papers follow, the numbers corresponding to the numbers 
in the list of titles: 

1. Professor Diamond discussed definitions and proofs relating to limits, to 
derivatives, and to certain physical concepts. 

2. In this MonrTHLY, vol. 33, 1926, p. 31, Professor Allen obtained a formula 
for an involution of the uth order. It was now shown that the transformation 
given by the formula upon assuming that the variables are complex numbers is a 
representation of a one-parameter Lie group. The differential equations invari- 
ant under the group, and the path curves were studied. 

3. Professor Short showed that if three ellipses have two vertices of a tri- 
angle for foci and pass through the third vertex, then the line of intersection of 
two of the ellipses is the line joining the symmetric of the orthocenter with re- 
spect to the circumcenter to the excenter corresponding to the common vertex 


of the two ellipses. 
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4. In his expository paper Professor Springer explained how to calculate the 
homology groups of a finite simplicial complex by means of incidence matrices. 


J. C. BRIxEy, Secretary 





‘A PARADOX, A PARADOX, 
A MOST INGENIOUS PARADOX’’* 


L. M. BLUMENTHAL, University of Missouri 


1. Introduction. Frederic, the simple, artless hero of Gilbert and Sullivan’s 
operetta, Pirates of Penzance, shared with most individuals an interest in para- 
doxes. Indentured when a lad to a pirate instead of to a pilot by a nurse some- 
what hard of hearing, Frederic has attained his majority when the play opens 
and believes himself free to abandon the vile life to which he was so inadver- 
tently delivered. But a technicality dashes his hopes. For the luckless boy was 
born on the twenty-ninth of February and the indentures bound him to the 
pirates until his twenty-first birthday. Confronted with this news, it is the para- 
dox involved rather than the wrecking of his plans that engages his attention, 
and he exclaims: 

“How quaint the ways of paradox! 
At common sense she gaily mocks! 
Though counting in the usual way, 
Years twenty-one I’ve been alive, 
Yet, reckoning by my natal day, 

I am a little boy of five!” 


Are there mathematical theorems that also mock at common sense? Are 
there paradoxes in mathematics, and, if so, can some of the most remarkable 
of them be appreciated by those who are without an extensive mathematical 
education? These questions admit, I believe, an affirmative answer, but first let 
us be quite clear about the word “paradox.” This word is derived from zapa 
“contrary to” and dda “opinion,” and I shall use it in almost exactly this sense. 
More precisely, an assertion will be called a paradox provided it is seemingly con- 
tradictory or opposed to common sense. Thus, a paradox may be (1) a true state- 
ment that seems to be false, or (2) a false statement that seems to be true. This 
makes, to be sure, the labelling of an assertion as paradoxical a purely subjective 
matter—a kind of test of an individual’s sophistication. This is as it should be. 
To the omniscient there are no paradoxes! 

An effective paradox of type (1) is a true statement that “most” people would 
unhesitatingly pronounce to be false, if required to give an immediate opinion 


— 





* Presented to the Mathematics Section of the Missouri Ac 


re ademy of Science, by invitation, 
at Springfield, Missouri, April 29, 1939, 
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concerning it, since it appears to violate previously held conceptions. These re- 
marks are illustrated in the examples given in this paper. Some, perhaps, will 
be paradoxical only to the mathematically immature, while, on the other hand, 
some are considered paradoxes by the most mature mathematicians. Even a 
clear understanding of the proofs of these latter paradoxes does not entirely 
deprive them of their astonishing character. 


2. Paradoxes for the naive. All of the paradoxes mentioned in this paper 
derive their paradoxical nature from the fact that they seem to contradict com- 
mon sense notions concerning the congruence of figures. Now anyone who has 
had high school geometry knows what is meant by saying that two figures (in 
the plane or in space) are congruent; namely, that the figures may be made to 
coincide, point for point, by superposition. Thus, two figures are congruent in 
the sense of elementary geometry when one can be moved rigidly so as to coincide 
with the other. Whenever two figures (7.e., two sets of points) are called con- 
gruent in this paper that is exactly what is meant, for all the point sets to be 
considered will be part of the line, plane, or three space. Since each rigid motion 
may be accomplished by a rotation which leaves a given point (the origin) fixed 
and a translation (or either alone), it follows that two point sets in euclidean 
space are congruent if and only if one set may be “sent into” the other by rotat- 
ing it about a fixed point and then translating it, or by either of these two opera- 
tions alone. 

Evidently each figure is congruent with itself, but certain figures are con- 
gruent with parts of themselves as well.* This seems rather surprising if the word 
“floure” makes one think of those figures (e.g., line, triangle, parallelogram, 
pyramid, sphere) treated in elementary geometry, for no one of these figures is 
congruent to a part of itself. But consider the figure consisting of an arbitrarily 
selected point A of a horizontal line L, together with all points of L to the right 
of the point A. Call this figure Ri and let B be a point of Ri distinct from A, 
Then the figure Rs consisting of B and all points of Ri to the right of B is clearly 
a part of R, and Ri ~ Rz, since Ri can be made to coincide with R» by translating 
R, along the line Z so that A coincides with B. 

As soon as the notion of a figure is extended to include sets like R; it no 
longer seems remarkable that a figure may be congruent with a part of itself. 
Other examples (e.g., the analogs of Ri and R» in the plane) will doubtless occur 
to the reader. It may be observed that the sets Ri, R: do not have lengths (linear 
measures), and the analogs of these sets in the plane do not have areas (plane 
measures). We shall see that this lack of measure is a peculiarity of some of the 
sets that enter into the paradoxes to be given later. { 





* Throughout this paper, “part” is used in the sense of “proper part.” 

+ The notation R,~ R; is used to denote the congruence of these two sets. If cartesian coérdi- 
nates are introduced in L, then R; is the closed ray x 2a and Ris the closed ray x=b, where a, } 
are the coordinates of A, B, respectively. 

t In this paper, measure always refers to (finite) Lebesgue measure. A brief discussion of the 


notion is given in Section 4. 
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It is natural now to ask whether there is any bounded sub-set of the line con- 
gruent toa part of itself. It may be shown that such sets do not exist. On the other 
hand, bounded sub-sets of the plane with this paradoxical property are easily 
described. Let 6 denote an angle whose radian measure is incommensurable with 
7 (e.g.,@ may be one radian), and mark the points of the plane with polar coérdi- 
nates (1, 2), (7=0, 1,---). The set A of points so obtained is situated on 
the circumference of the unit circle with center at the origin, and hence A is 
surely bounded. The sub-set B of A obtained by deleting the point (1, 0) from 
set A is congruent with A, for a (counter-clockwise) rotation of A about the ori- 
gin through the angle @ evidently makes this set coincide with its sub-set B. 

Though, as remarked above, no bounded sub-set of a line is congruent to a 
part of itself, there is a paradoxical property of a line segment (a bounded por- 
tion of a line consisting of all points of the line between and including two 
points) that is of much interest. Obviously no segment can be sub-divided into 
infinitely many non-overlapping congruent segments, but every segment S (and 
it is immaterial whether two, one, or no end-points of S are included) can be 
decomposed into a denumerable infinity of sub-sets S1, Sx, +--+, Sn,++ + such that no 
two of the sets S;, S;, (t¥j), have points in common, and BP ey el My at be Pang) 
This decomposition, which derives its paradoxical character from the fact that 
the sets S; are denumerably infinite (such a decomposition of S into uncountably 
many sets could evidently be obtained by letting the sets consist of single points 
of S, while a decomposition of S into a finite number of such sub-sets offers no 
difficulty) is effected with the use of the axiom of choice, to be discussed in sec- 
tion 6. It may be noted here that no one of the sets S; hasa measure, though each 
S; is, of course, bounded. We shall verify this later. 


3. The Sierpifiski-Mazurkiewicz paradox. In the examples offered in the 
preceding section, we saw how certain sets A may be divided into two parts, 
A =A,+Az, such thatt 410, A2:#0, A1-A2=0, and A ~4A,. What of the re- 
maining part Ay? Beyond assuring ourselves that it was not empty, so that A, 
is a part and not the whole of A, we disregarded it. Let us now take it into con- 
sideration and ask whether it too might be congruent to A! That is, does there 
exist a set A which may be decomposed into two sets A1, A> which have no 
points in common, are congruent to each other and to the set A? This question, 
proposed by the Polish mathematician W. Sierpifski, was answered affirma- 
tively by his fellow countryman S, Mazurkiewicz, who defined such a set A and 
the sub-sets A;, Ao in the following way:t 

The set A consists of a point O of a plane together with all points of the plane 
derivable from O by the operations of (1) rotation (counter-clockwise) about O 


through one radian and (2) translation through one unit in a fixed direction. 








* J. v. Neumann, Die Zerlegung eines Intervalles in abzii 


hlbar viele kongruente Teilmengen, 
Fundamenta Mathematica, vol. 11, 19 


28, pp. 230-238. Translations carry S; into S). 
t That is, A,, A,are non-empty sets without common points. 

tS. Mazurkiewicz and W. Sierpinski, Sur un ensemble superposable avec chacune de ses deux 
parties, Comptes Rendus de I’Académie des Sciences, Paris, vol. 158, 1914, pp. 618-619, 
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(These operations are applied to O and to each point obtained from O by their 
use.) Take O, for example, as the origin of a cartesian codrdinate system in the 
plane, and perform the translation in the direction of the positive x-axis. A 
point P of A belongs to A; provided the final operation in the sequence of opera- 
tions yielding the point P is the operation (1) of rotation; in the contrary case, 
P belongs to the set Ao. 

Evidently, A=A,+A:2 and A:40, 4240. But A1-A2=0, for it is easy to 
show that it is not possible for a point P of A to be obtained by two sequences 
of operations, one of which has operation (1) for its final operation, while the 
other terminates with operation (2).* If, now, the set A be rotated about O 
through one radian, then the rotated set is seen to coincide with the sub-set Aj, 
for if P is any point of A, the rotation transforms it into a point of A;, and each 
point of A; is obviously a point of the rotated set. Hence A ~ A. Similarly, if A 
is translated one unit to the right, then the translated set coincides with Ao». 
Hence we have 41 ~A,+A2~Az. It is observed that the definitions of the sets 
A, A, A» do not involve the axiom of choice. 


4. The Hausdorff paradox. We have mentioned several times the measure 
of a set. To the reader who is unacquainted with this notion it suffices to remark 
that the concept generalizes the familiar notions of length, area, volume (applied 
to figures in elementary geometry) to complicated sets for which these intuitive 
notions of content are hardly applicable. Denoting the measure of S by m(5S), 
we list some important properties of this function: (1) m(S)20 for each set S 
that has a measure; (2) m(.S;) =m(S2) if S:~S2; (3) the measure of a sum (finite 
or denumerably infinite) of sets equals the sum of their measures provided the 
sets have, pairwise, no elements in common. (It is supposed in property (3) that 
the measures of all sets concerned exist.) 

Though the notion of measure has a large domain of applicability, there are 
bounded euclidean sub-sets—even sub-sets of the line—to which it does not ap- 
ply. It was remarked in Section 2 that the mutually exclusive, pairwise con- 
gruent sets Si, Ss, ---,S,,+++ into which the segment S was decomposed are 
not measurable. This is verified at once by noting that an assumption to the 
contrary is easily shown, by the properties listed above, to lead to a contradic- 
tion. 

Now the set A defined in Section 3 is denumerable and hence has zero meas- 
ure. It follows that m(Ay) =m(Az)=m(A)=0. With the aid of the axiom of 
choice, S. Ruziewicz has shown how a non-denumerable plane set may be “con- 
structed” which enjoys the paradoxical property of set A. Though this set is 
non-denumerable, a brief consideration shows that it cannot have positive meas- 
ure; indeed, plane sets of positive measure admitting such a decomposition do 
not exist. For suppose A is such a set. Then m(A)>0, and there are sub-sets 
Ai, Az of A such that A=Ai+A2, A1:A2=0, and A,~A =A». Then from the 





* An assumption that A; and A» have a point in common implies that e* satisfies an algebraic 
equation with integral coefficients. This is impossible since e' is transcendental. 
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properties of the measure function it follows that m(A1)=m(As)=m(A), and 
m(A)=m(A1)+m/(A2). But these equalities imply m(A) =0. . 

Thus a plane set of positive measure cannot be the sum of fwo mutually ex- 
clusive congruent sub-sets with each sub-set congruent to the sum of the two 
sub-sets. This suggests the following question: Can a bounded plane set of post- 
tive measure be decomposed into three pairwise mutually exclusive and congruent 
sub-sets, each of which is congruent to the sum of the other two? The argument used 
above may be applied to answer this question in the negative provided one is 
assured that the three sets whose sum forms the given set have measures. Each 
of these sets is, of course, bounded but, as we have seen, this does not imply that 
they are measurable. 

The answer to our question is furnished at once, however, by results due to 
S. Banach, who proved the following highly important theorem :* 


THEOREM OF BANACH. To each bounded sub-set A of a euclidean space of one 
or two dimensions a real non-negative number f(A) may be attached such that (1) if 
A ~B, then f(A) =f(B); (2) if A-B=0, then f(A+B)=f(A)+f(B); (3) if A is 
measurable then f(A)=m(A). 


Suppose, now, that Sis a bounded plane set of positive measure, and A, B, C 
are sub-sets of S such that S=A+B+C, A-B=B-C=C:A=0,A~B*XC, and 
A~B-+C. Then, according to the Banach theorem, m(S) =f(S) =f(A)+f(B) 
+f(C), f(A) =f(B) =f(C), f(A) =f(B+C) =f(B)+f(C). It follows readily that 
2f(A) =m(S) =3f(A); 7.e., m(.S) =0, contrary to the assumption that S has posi- 
tive measure. 

If we abandon the plane and consider the question of the existence of such 
sets in three space, quite a different situation is encountered. The Banach theo- 
rem, by virtue of which we easily showed that such plane sets do not exist, is 
not valid if the dimension of the euclidean space exceeds two—indeed, the theo- 
rem fails even for sub-sets of the surface of a sphere. Of course, the fact that the 
Banach theorem cannot be applied to contradict the existence of such sets does 
not imply that these sets actually exist. The fact that there really are sets in 
three space, bounded and of positive measure, admitting this paradoxical de- 
composition was shown by F. Hausdorff and constitutes the following celebrated 
paradox:f 


HausporFF PARADOX. The surface S of a sphere may be decomposed into three 
pairwise mutually exclusive and congruent sets, each of which is congruent with the 
sum of the other two. 


The surface S has positive measure 472, where r is the radius of the sphere, 





* S. Banach, Sur le probléme de la mesure, Fundamenta Mathematica, vol. 4, 1923, pp. 7-33 
+ F. Hausdorff, Grundziige der Mengenlehre, Leipzig, 1914, pp. 469-472. th pape i | : . 
given by Hausdorff the sets A, B, C fill out S except for a denumerable set D. It has Samak b a 
shown by Banach and Tarski (see following footnote) that this denumerable set D “ hose pr “ a 
detracts a little from the extraordinary character of the example, may be dispenand with cat 
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but no one of the three constituent sets has a measure. The remarkable decom- 
position of the spherical surface S given by Hausdorff (with the aid of the axiom 
of choice) is astonishing to the sophisticated mathematician as well as to the 
naive amateur. 


5. The Banach-Tarski paradox. 

“We've quips and quibbles heard in flocks, 
But none to match this paradox!” 

The pinnacle of paradoxes concerning the notion of congruence is achieved 
by results due to Banach and Tarski.* According to these mathematicians, two 
figures (sets of points) A and B are equivalent by finite decomposition provided 
sets A;, Ao,---,A, and B,, Bo, ---, B, exist with the following properties: 

ne =A ae Aes B= 81+ B+ + + - Bs, 

(2) Ay:-A;=B,-B;=0, 1 Sk <jsn, 

(3) A, = By, 1 <k a He 
The notion of equivalence by denumerable decomposition is defined in an analo- 
gous manner. 

Let 7; be a triangle with area 1000 square inches, and 7» a second triangle 
with area 1 square inch. Are these two triangles equivalent by finite decomposi- 
tion? Can each be cut into the same (finite) number of “pieces” such that corre- 
sponding “pieces” may be made to coincide after appropriate rigid motions? 
Even though the term “piece” is a little misleading, the reader will be correct 
if he allows his intuition to answer the question in the negative. Indeed, it is 
easy to show with the aid of the Banach theorem that if A and B are two 
bounded sub-sets of the line or the plane which are measurable, and A, B are 
equivalent by finite decomposition, then the measure of A equals the measure 
of B. On the other hand, if two polygons A and B have the same area they are 
easily seen to be equivalent by finite decomposition. Hence two polygons are 
equivalent by finite decomposition if and only if they have the same area. 

On the other hand, the triangles 7; and 7» are equivalent by denumerable 
decomposition. In fact, any two arbitrary sub-sets (bounded or not) of any euclid- 
ean space are equivalent by denumerable decomposition provided they contain in- 
terior points. 

Let us consider the analog in three space of the question answered above 
concerning the triangles 71, T2. Is a tetrahedron 7) of 1000 cubic inches equiva- 
lent by finite decomposition to a tetrahedron 7»; of 1 cubic inch? Here the answer 
suggested by intuition is false, for the two tetrahedra are actually equivalent by 
finite decomposition! This is a consequence of the famous 


BANACH-TARSKI Parapvox. In any euclidean space of dimension n>2, any 
two arbitrary bounded sets are equivalent by finite decomposition provided they con- 


tain interior points. 
An analogous statement is valid for sub-sets of a sphere (surface). 





*S Banach and A. Tarski, Sur la décomposition des ensembles de points en parties respec- 
tivement congruentes, Fundamenta Mathematica, vol. 6, 1924, pp. 244-277. 
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Consider, for example, an orange O and the earth E£. If the paradoxical de- 
composition insured by the above theorem is given by O=O,+0,+ --- +0O,, 
E=h,+k:+ --- +E£,, then, since O;~ E; for every index i<1, it follows that 
the parts Oi, Os, - - - , O, may be made, by rigid motions, to fill out the whole 
earth. The other way of stating this is no less astonishing; that is, the » parts 
ff, Ee, - ++, E, into which the entire earth has been divided may be displaced 
rigidly so as to fit into the orange—each two parts remaining mutually exclusive. 
This fact justifies, perhaps, an oft-repeated assertion regarding the smallness 
of the world! 

The reader may draw additional entertaining consequences from this sur- 
prising theorem, whose demonstration makes use of the axiom of choice. It can 
be shown, for example, that the solid sphere of radius 1 may be decomposed into 
nine pairwise mutually exclusive sets such that, after carrying out certain rota- 
tions, the first five of these sets as well as the last four of them fill out a solid 
unit sphere. 


6. The axiom of choice. The more important of the paradoxes discussed in 
the preceding sections involve, as remarked in each appropriate case, the axiom 
of choice. What is this axiom, and why should its use in proving a theorem call 
for a special declaration of the fact? The axiom of choice, announced by 
E. Zermelo in 1904, is the following assertion: 

If M is any collection of pairwise mutually exclusive, non-empty sets P, there 
exists at least one set N that contains one and only one element from each of the sets 
P of the collection M. | 

Since the set V can evidently be formed if one may choose an element from 
each of the sets P of VM, the axiom asserts that such a choice may be made. This 
aspect of the assertion accounts for the name, “axiom of choice.” 

Now this assertion that seems so very simple (indeed, so “self-evident” that 
the uninitiated would hardly trouble to formulate it at all) has been the subject 
of lively—and at times, acrimonious—debate among mathematicians of the 
first rank. Some mathematicians affrm that they do not understand what this 
axiom says. Their difficulty is caused principally by the word “exist.” The state- 
ment asserts the existence of a certain set, but what is meant by the existence 
of a mathematical entity ?* Nothing is said in the assertion about ways of finding 
the set N or even that it is possible to find it. The statement is merely that the 
set N exists! 

Those mathematicians (idealists) who attach a meaning to the Zermelo 
statement make no attempt to define “existence.” To say that the set N exists 
means simply that it exists. The notion of existence is not reducible to simpler 
concepts; it is not to be explained by any clearer terms. On the other hand, 
those who find the axiom of choice meaningless (the realists) say, in effect, that 
one must deny (at least for mathematical purposes) the “existence” of a set of 
objects if one knows, in advance, that there is no pos 


sible way of ascertaining 


We are ignoring difficulties due to the notion of set. 
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its members. Thus, from this view-point, a class of entities is a fit subject for 
mathematical investigation if and only if a rule of construction is given for the 
class. To give a method of construction is, for these individuals, the sole means 
of demonstrating “existence” in a mathematical sense. Propositions dealing with 
sets, objects, efc. whose claims to “existence” are not validated by the stern, 
uncompromising criterion of construction are metaphysical rather than mathe- 
matical. It is worth remarking that the realists do not deny the axiom of choice; 
they say that the assertion is, to them, incomprehensible, meaningless. 

It should be clear now why it is desirable to properly tag those theorems 
whose proofs involve the axiom of choice. For the realists such theorems have 
not been established at all, while even for the idealists the question arises 
whether such theorems can be proved without the use of the axiom and hence be 
made acceptable to their feet-on-the-ground colleagues of the other school.* 

Finally, let us consider briefly, by means of some examples, the difference 
between the axiom of choice (a pure existence axiom) and its effective realiza- 
tion. If infinitely many pairs of shoes were piled in a heap, no axiom of choice is 
needed to establish the existence of a set of shoes containing one and only one 
shoe from each pair. We need not assume the existence of such a set because the 
set may be effectively constructed by a simple rule of procedure according to 
which all right shoes are selected from the heap. But suppose infinitely many 
pairs of stockings (alike as to size, color, etc.) were piled in a heap. Does there 
exist a set containing one and only one stocking from each pair? According to 
the axiom of choice, such a set does exist, and in this case the axiom is indis- 
pensable for there evidently is no possibility of giving a rule by which the set 
may be constructed. 

A more mathematical example may be in order. Consider the set of all infi- 
nite sequences of real numbers and arrange this set into classes by putting in 
the same class all sequences that differ only in the order of their terms. We have, 
then, a collection of classes which are non-empty and pairwise mutually exclu- 
sive. Without the aid of the Zermelo axiom there is no way of demonstrating the 
existence of a set N containing one and only one sequence from each of these 
classes. Such a set exists only by fiat. 











* Questions raised concerning theorems whose proofs involve, directly or indirectly, the 
Zermelo assertion are somewhat reminiscent (if one may indulge in over-simplication) of the de- 
mands of ancient geometers according to which geometrical constructions were “allowable” only 
if they were accomplished with no instruments other than the ruler and compass. 
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SOME LOCI CONNECTED WITH A TRIANGLE* 
J. R. MUSSELMAN, Western Reserve University 


1. Introduction. If we take any point P in the plane of the triangle 4;A4.A; 
and determine the points B,, Bs, and B; such that P is the midpoint of A,B;, 
(1=1, 2, 3), the circles B.B3A1, B3B,As, and B,B,A; will intersect on the circum- 
circle of A;A2A3. In the study of the triangle it is convenient to use the circum- 
circle as the base circle and to let the codrdinates of the vertices A; be turns ¢;, 
7.e., complex numbers whose moduli are unity. We consider the t; as roots of 
the equation ¢*—ot?+ oot —o3;=0, 7.e., 


op =h +h + fs, o2 = byte + tots + tet, o3 = tylols. 
The conjugates of these elementary symmetric functions of the t; are 
01 = o2/03, 2 = 01/03, Co 1/o3. 


If we let » be the coérdinate of the point P, then the codrdinate of Bo» is 2p —te, 
and the equation of the circle B.B3A,, in parametric form is 


(2p Sere ao 2tetsp oa tots/ty) x 
= PACE es = op -b op) a [4-2 ae 2(o1 + ti) p ot tio, — tots| i fe 


This circle cuts the circumcircle of A,4.A; at A, and at a point D whose coérdi- 
nate is 


7 2p? — oip + osp . 
203p er oop ta p 


Since the coérdinate of D is symmetrical in ¢;, the circles B;B,A>» and B,BsA3 are 
likewise on D. Further the circles A;,A3B,, A3A,Bo, and A,A 2B; meet on the circle 
B, BoB; [1 | at a point D’ such that P is the midpoint of DD’. 

If we ask for the locus of the point P so that the point D should be the point 
of Feuerbach for the tangential triangle of A,4243 we must set 


ape = oip = be o3p x 02 
2036? — orb +p oy 


ets d 








Whence we obtain 


Doe: = C -+- o2)p — 2orasp = ee + 103) p. 


If we call the triangle formed by the midpoints of A,A>.A3 the medial triangle of 
A iA 2A3, the transformation «=01—2y sends the triangle A 142A; into the medial 
triangle and sends the hyperbola of Jerabek [2] of A,A2A3, namely 


2 2 2 
ns + (61 ol) = oat + (nes — ot, 








“ Read before the Ohio Section of the Mathematical Association of America April 5, 1940 
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into 
2 2 ; 2 2 
PLE howe (o2 + 01) = 2ox0a9 — (o103 + 02) 9; 


whence we have the theorem: Jf P be any point on the hyperbola of Jerabek of the 
medial triangle of A,A2A;3 and By, Bz, and Bs be the symmetric points of A, As, 
and A3 respectively as to P, the circles BzB3;A,, B3B,A2, and B,B,A3; all meet on 
the circle A,A2A3 at the point of Feuerbach for the tangential triangle of A,A:As3. 
Also the circles A2A3B,, A3A1Bs, and A,;A2B; meet ata point D' and as P traverses 
the hyperbola of Jerabek of the medial triangle of A\A2A3, the point D' has for its 
locus the hyperbola of Jerabek of A,A2A3. 

If we ask for the locus of the point P so that the point D will be the Steiner 
point [2, page 451] of the triangle A;42A3 we set 


2 2 A 
2p — op + osp o3(01 = 302) 
20 p* Ae PtP p o — 300 


2 1 3 








) 


obtaining 
2 2 2 2 
2(ao — 30103)p + (2oic3 — o102 + 3o203)p 
2, 2 = 2 : 2 2 
=> 203(01 — 302) p + o3( 209 —— C109 -{- 30103) p. 


One can easily verify that this is the hyperbola of Kiepert [2, page 442] of the 
medial triangle of A142A3, whence we have the theorem: Jf P be any point on the 
hyperbola of Kiepert of the medial triangle of AiA oA3 and B; be the symmetrics of A; 
respectively as to P, the circles B,B3A1, BsB,A2, and B,B2A; all meet on the circle 
A,A:A;3 at the Steiner point of the triangle A,A:A3. Also the circles AzA3B,, 
A3A1B2, and A;A2B3 meet at a point D’ and as the point P traverses the hyperbola 
of Kiepert of the medial triangle of A,A2A3, the point D’ has for its locus the hyper- 
bola of Kiepert of AiA2A3. 

To associate a definite equilateral hyperbola of the medial triangle of A;42A3 
with each point D of the circumcircle of 414243 we note that the isogonal con- 
jugate of the diameter OT, which passes through a point 7 on the circumcircle, 
is the equilateral hyperbola [3 | 


T? x? + (a3 — 7 i lid -++ ool”? = 3x7 -|- Sate ey o2)% + C103. 


The transformation x =01—2y sends this into 


2 
om oO om; 
(1.2) ml Wallet “yy sta oo + <*)s. 
T? x T2 T? 


Now if we set 
262 — 819-7 osp ae 
203)” — oop +p 


»} 


we obtain 
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ood 

(1.3) 1p? Aig, ct dp day be o( 1 fe ep 
3 

The equations (1.2) and (1.3) will be identical if o3;/7?=d. Hence if P beany point 
on the isogonal conjugate hyperbola H of the diameter dx —o3;%=0 for the medial 
triangle of A:A2A3 and B; be the symmetrics of A; respectively as to P, the circles 
B,B3A1, B3B,\A2, and B,B2A; all meet on the circle A,A2A3 at the point D. Also 
the circles AzA3B,, A3A,Bo, and A,A>B3 meet at a point D’ and as P traverses the 
hyperbola H for the medial triangle of A,A.A3, the point D’ has for its locus the 
hyperbola H of the triangle A,A,A3. 


2. The line of images. The author has shown [3, page 424] that if P be any 
point in the plane of the triangle 4,42A3, with images C\, C2, C3 respectively in the 
sides A2As;, A3A,, A,Az, then the circles C2C3A 4, C3C\Aa, and CiC,A 3 will meet 
on the circle A,42A3 at the point N whose codrdinate is 
2 — osp 

12 Dh |e p 

This point has for its line of images the join PH, where H is the orthocenter of 
triangle A;A,A3; and further, the line PZ is the locus of points P whose images 
in the sides of the triangle A,AsA3 are points C; such that the circles C2C3A,, 
C3C\Ao, and CiC.A3 will meet at JN. 

Let us denote the further intersections of the lines A ‘P with the circumcircle 


as D;. The equation of the circle through D, and P with center on AA; isin para- 
metric form 


(o3p — Ap + ta, — o2)% = (oo — o3p)(tr — p)t+ i(p? — oip + o2 — o3p)T. 


This circle cuts the circumcircle of A,A,A3at Diandata point whose codrdinate 
is (02—03))/(o,—p). But this is the point NV; and likewise, the circle with center 
on A,A;3 and through D, and P, and the circle with center on A;Azs and through 
D; and P must be on N. If we ask for the locus of points P such that this point V 
be a given point T we set : 





n= 


Us ce VS) eee, 
UR ey : 


or 
Lip — se gp res. T pines 


But this is the line of images of the point T [3, p. 422]. We have found a further 
property of the line of images of a point 7 of the circumcircle, namely: For every 
point R on the line of images of T, if we determine the images C; of R in the sides 
of the triangle A\A>A;, and if we determine the further intersections D, of A;R with 
the circumcircle Of A,\A2A3, then the three circles C; C;A;, and the three circles through 
RD; with centers on A Ax, all meet at the same point T of the circumcircle of A AsA 


3 
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If we ask for the locus of the point P such that the two points D and N on 
the circumcircle of A,A2A3 will coincide we are led to the curve 


Veal) 2p — 301p- + oS + o2)p = Jan. = 3ce0ab te (og + o103)p. 


Let us denote the centers of the circumcircle and the nine-point circle of A;A>A3 
by O and F, respectively. The cubic (2.1) intersects the circumcircle of 4,443 
at the vertices and at the three points diametrically opposite the ones whose 
Simson lines intersect at the midpoint of OF. The intersections of (2.1) and the 
circumcircle are given by the sextic 


Chen) (T% — o;T? + o2T — o3)(2T* — oT? — ooT + 203) = 0. 

The equation of the Simson line of a point T on the circumcircle of 4,A2A3 is 
C273) 2(Tx% — o3%) = T? + oT — oo — 03/T. 

The first factor of (2.2) equated to zero gives the coédrdinates of the vertices of 


A,A2A3. The points on the circumcircle diametrically opposite to the three given 
by the second factor of (2.2) are given by the cubic 


(2.4) 21° + ai;I* — ool — 203 = 0. 


If in (2.3) we set x=o;/4 and £=02/403 we obtain (2.4) which proves our state- 
ment. 





Fic. 1 


The cubic (2.1) passes through the orthocenter //, the circumcenter O, and 
the nine-point center F of the triangle A:A2A3; in fact, it is symmetric about the 
point F. (See Figure 1.) It passes through the midpoints of the sides of AAAs 
and through the midpoints of the segments 4;/7, whence its intersections with 
the nine-point circle of A4;42A3 are completely known, It is tangent at HT to the 
hyperbola of Jerabek of AiA2A3. Its three asymptotes are given by 
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2(« — ee) =o, — Sigars ; 
where w; are the three cube roots of unity. Hence the three asymptotes of the cubic 
(2.1) meet at the nine-point center F of A,A2A3 and make angles of 60° with each 
other. This cubic has the property that for any point P of it, if the points B; 
are the symmetrics of A; in P and the points C; are the images of P in the sides 
A ;Ax, the six circles B;B;A;, and C;C;A, intersect at the same point on the cir- 
cumcircle of A,A2A3. 


3. A problem of Thébault [4]. Let A,A2A; be any triangle with orthocenter 
H, and P any point in the plane. Let D;, Dz, and D3 be the symmetrics of H 
in A;P, respectively. The three circles 4;D;P meet on the circumference of 
A,A2A; at the point L. 

To prove this we note that there is one equilateral hyperbola on A,A.A, 
and P which likewise passes through H. We recall a theorem of mine: If we reflect 
any point X of an equilateral hyperbola in a chord AAs, obtaining the point Ds, 
the circle A;A2D3 intersects the hyperbola at the diametrically opposite point of X 
[1, page 373]. Hence the symmetrics of H in the chords A;P give rise to three 
points D;, and the three circles 4;PD; will meet on the hyperbola and also on 
the circumcircle of 4,424; since the diametrically opposite point of H on the 
hyperbola is also on the circle 4,423. 





FIG. 2 


. We see further that if D! be the symmetrics of P in the lines A.J7 the three 
Bentan / ats ° ie 
circles A;/7D} must also meet at a point MW on the hyperbola, but not on the 
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circle A,42A;. The codrdinates of the points L and M may be written as 


eet cele m=o,—pt+l, where spas nee 22”: 
1 — fn Fi P 
The line of images of the point N of section 2 is the join HP and L is the second 
intersection of NP with the circumcircle of 414243. Also M is a known point 
[1, page 373]. It was shown that if the reflexions of P in the sides AjAx be C;, 
then the three circles A;A;C; will intersect at the point M which is also on the 
circle CiC2C3. Since the double ratio of the points D/ D/ C;M, D/ D/ C,M, and 
Dj D{ C2M are each real, the three circles D/ D/ C, are on the point M. Hence we 
have the theorem: Jf P be any point in the plane of the triangle A,A.A3 with 
orthocenter H and C; be the symmetrics of P in the sides A;A,,and D{ be the sym- 
metrics of P in the lines A;H, the nine circles A;A;C,, A;HD} , and D{ D} C, inter- 
sect at the same point which is also on the circle CyC2C3. (See Figure 2.) 
If we ask for the locus of points P such that the two points N and L on the 
circumcircle of A,;A2A3; will coincide we are led to 


= op os (01 + 202)p — 2ospp — 2102 
7 ip a dovosp =} (o» + 2o103)p = 0. 


This cubic is tangent to the circumcircle at the vertices A;, and cuts the side 
A,;A, further at the point which is the symmetric in the midpoint of A;A, of 
the intersection of A;A, with the tangent to the circle A;A2A; at the diametri- 
cally opposite point of A;. This cubic has the property that for any point P 
of it, if the symmetrics of P in the sides A j;A,; be C; and the symmetrics of // in 
A,P be D;, the six circles C;C,A; and A;D;P meet at the same point of the cir- 
cumcircle A,A;A3. 

If we ask for the locus of points P such that the points N and L will be dia- 
metrically opposite on the circle 4142A3 we obtain 


(3.1) ? 


(3.2) oe oi fg coe ce ae eee Ee meen 


This cubic intersects the circumcircle at the vertices A;, and at the three points 
diametrically opposite to the three whose Simson lines meet at O, the circum- 
center of A,4A;3. The tangents to the cubic at the vertices are the symmedian 
lines of A;A42A3; hence the tangents to the cubic at the vertices meet at the sym- 
median point K of A,A2A3. The cubic passes through O, and has a double point 
at H. It cuts the side A ;A, further at the point where the line through // parallel 
to OA; cuts A;A,. The asymptotes meet at angles of 60° at the midpoint of GH, 
where G is the centroid and H the orthocenter of A,A2A3. This cubic (3.2) has 
the property that for any point P of it, if the symmetrics of P in the sides A jAr 
be C;, and the symmetrics of H in A,P be Dj, the intersection of the three circles 
C;C,A; is diametrically opposite on the circle A,A,A; the intersection of the 


three circles A;D;P. rors 
Finally if we ask for the locus of the point P such that L will lie diametrically 
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opposite D on the circle 4,424; we obtain 


. gy SP — doup’ + (oi + 02)b + o2p 2 é 
(3.3) = 305P = Aoagap + (92 + o103)h + oiospp . 


This cubic passes through the vertices A;, the incenter and excenters, through 
H, O, G, K, the midpoints of the sides, and the midpoints of the altitudes—in 
other words, it is the 17 point cubic [2, page 460]. Hence the 17 point cubic is 
the locus of points P such that if D; be the images of H in A,;P and B;, be points 
such that P is the midpoint of A,B,, the three circles B;B;,A,; meet on the circle 
A,A2A; at the point diametrically opposite the intersection of the three circles 
A;D;P. 


4. A pencil of cubics. The 17 point cubic is a member of a pencil of cubics 
arising from requiring that a point P and its isogonal conjugate point P’ should 
be collinear with a definite point Q, called the pivot point. If we ask that Q 
run over the Euler line of triangle 4,A2A; the following pencil of cubics arises: 


G+Ny Pes) Soins (je = ea 


+ o203(2 + d)5-+ {aah — 1) + o1| y — {oios(\ — 1) + onl 5 = 0. 


This pencil cuts the circumcircle 4,42A; at the vertices and in the three points 
given by 


(4.2) (1 + A)T3 — oT? — pT + (1+ Aas = 0. 


(4.1) 


By an argument similar to one used in section 2 we can show that the points 
(4.2) are diametrically opposite the three points on the circumcircle whose Sim- 
son lines meet at x =\o1/2(1+A). All the cubics in the pencil pass through the 
vertices A;, H, O, the incenter, and excenters. The tangents at the four last 
points meet at the pivot point Q, those at the vertices meet at Q’, the isogonal 
conjugate point of Q. The cubics are tangent at Q to the line QQ’ [5]. Since the 
tangents at the incenter and excenters meet at Q which runs over the Euler line, 
the tangents at the vertices will meet at a point on the hyperbola of Jerabek. 

For A= «, we have McCay’s cubic [6];\ =2 gives the 17 point cubic, A= —1 
the 21 point cubic [7], and \= —2 the cubic of Darboux [8]. If \=0, we have 
the cubic 


3 2 2 2 
a es Ue BP ites 201y + (oy = o2) y 
(4.3) eae 


2 3 2 2 2 
= a3) + o103y9 — 2ososy + (oo — o103)4. 


This cubic is tangent to the Euler line at the orthocenter of A,A 
at the vertices meet at the circumcenter, while those at the incenter and ex- 
centers meet at the orthocenter. It passes through the feet of the altitudes of 
A\A:2A;, hence the pedal triangle of the pivot point Z lies on the curve, It is 
the only cubic of the pencil (4.1) such th 


2A3, the tangents 


at the pedal triangle of its pivot point 
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as to A,A2A; is on the curve. The further intersections of the cubic with the 
circumcircle are diametrically opposite those whose Simson lines as to A144; 
meet at O, the circumcenter of 4;42A3. 

The loci of sections 2, 3, and 4 are, inversively speaking, special cases of bi- 
cubics; in projective geometry they are cubic curves. It is interesting to note 
that the pencil of bi-cubics 


eg (8 ape ot 1) on)p 
Reh 1S Neasif toa st Lo A clea) 


contains for \=0, ©, —1, —2, respectively the locus (2.1), the McCay cubic, 
locus (3.2), and the hyperbola of Jerabek. The members of this pencil pass 
through the vertices of A;4:A3, the circumcenter, and have the same tangent 
line at the orthocenter. The three asymptotes of each member are parallel to 
the asymptotes of all the others and intersect at angles of 60° at the point on the 
Euler line whose coérdinate is [(3+X)/3(2+4) Jor. If we call the further intersec- 


tion of the pencil with the Euler line P=0;/(2+)), then the pencil of cubics cuts 
each side A;A,;, at the point where the parallel to OA; through P cuts A;A,. 
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ON THE USE OF CONFORMAL MAPPING IN SHAPING 
WING PROFILES* 


R. S. BURINGTON, Case School of Applied Science 


1. Introduction. The use of conformal mapping in fluid mechanics dates back 
to the early work of Gauss, Riemann, Weierstrass, C. Neumann, H. A. Schwarz, 
and Hilbert. The earliest comprehensive application of conformal mapping to 
aerodynamics may be attributed to Lord Rayleigh (1877) [1]. In the early part 
of the present century Kutta (1902) [2] and Joukowski (1906) [3] published a 
series of fundamental papers on airfoil theory which marked the beginning of a 
new era in fluid mechanics. Within a very short time many improvements of 
the theories of Kutta and Joukowski were advanced, the recent works of von 
Karman, Tietjens, Prandtl, Mises, Trefftz, Héhndorf, Glauert and many others 
being of importance [4, 5]. As the limitations of these theoretical methods be- 
came more fully appreciated, interest in the mathematical shaping of airfoils 
waned. However, the recent improvement in the efficiency of airplanes and the 
immense cost of designing and constructing the modern airliner has renewed 
interest in the theoretical approach to aerodynamics and in particular to the 
question of shaping wing profiles mathematically. 

It is the purpose of the present paper to give a short elementary exposition 
of the use of conformal mapping in ideal two-dimensional airfoil theories. 


2. Basic principles of wing theory [4, 5, 6]. The basic principle underlying 
the construction of all flying machines is the property of a body (such as an in- 
clined plane), when moving horizontally through the air, of experiencing a force 
R which may be decomposed into two components, one called the drag D in 
the direction of the airflow and the other called the lift L in a direction perpen- 
dicular to the flow. (Fig. 1.) The angle between the direction of the flow and the 





RIG al 


force R exerted on the body is a function of the geometrical shape and position 
of the body with respect to its motion. The lift is essential for carrying the air- 
plane but the drag is largely undesired and must be compensated for by the 
thrust of the propeller. 

The drag is largely due to the friction of the air along the airfoil and to the 











. Extracte d from an illustrated lecture given to the Ohio Section of the Mathematical Associa- 
tion of America, April 8, 1939, 
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appearance of the lift. The lift is accompanied by the creation of a definite 
flow pattern in the neighborhood and in the wake of the airfoil and demands a 
continuous supply of energy. Study of the drag due to friction requires a con- 
sideration of the viscosity of the fluid, while the study of the drag due to lift 
may be made through the application of fluid mechanics to ideal fluids. 

An ordinary type of airfoil can be described as having the form of a flat or 
slightly cambered body usually symmetrical with respect to a medium plane. 
The section made by the medium plane is called the profile of the airfoil. 

The force experienced by the airfoil is due mainly to the difference in the 
pressures acting upon the lower and upper surfaces. For steady motion of a 
fluid of density p along a body at rest, the pressure p at any point of absolute 
velocity U can be calculated from Bernoulli's equation, which in its simplest 
form is 


b+ 3pU? = po + pV?, 


where po is the pressure and V is the absolute velocity at “infinity.” 

For certain purposes the airfoil is taken to extend to infinity on both sides 
in a direction normal to the airfoil. This assumption simplifies the problem since 
the effects of wing tips need not be considered, reducing the flow to the two- 
dimensional case. 

The fundamental problem of wing theory is that of determining the flow 
around a geometrically determined wing or wing system. The distribution of 
velocities and pressures must be calculated, assuming that a body having the 
shape of the wing is moving uniformly and with constant velocity through the 
fluid. For the investigation of the stability of airplanes and for various other 
problems it is necessary to know the moment of the force experienced by the air- 
foil. A general account of the mathematical theory must furnish formulas for 
calculating the lifting force and the energy to be expended in producing the flow 
system. 


3. Two-dimensional ideai fluid mechanics. To avoid certain serious difficul- 
ties and for reasons of simplicity an ideal fluid is often assumed in the study of 
fluid mechanics. An ideal fluid is one in which the viscosity is zero and the den- 
sity is constant; the fluid is assumed to be continuous, homogeneous, perfectly 
mobile and free of shearing movement; and such changes in pressure as may oc- 
cur are assumed to be such as not to sensibly effect the density. 

We consider an ideal fluid of unit depth flowing over the ¢-plane in such a 
manner that the vector velocity U of the liquid is everywhere horizontal and 
independent of the depth of the point at which it is measured. (Fig. 2.) Let @ be 
an arbitrary curve in the ¢-plane passing through the points A (a, b) and B(c, d), 
and let S be the cylindrical surface through @ with elements perpendicular to 
the ¢-plane. Let V, denote the component of U along (@ at the point P(é, 7), 
and let the £ and 7 components of U at (£, ) be u and v, respectively. The vol- 


ume of fluid flowing per unit of time (flux 77) across the arc AB of @ through § is 
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(1) 


(2) 
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B 
H =| — vdé + udn. 
A 
Now H is independent of ( if and only if [8] 
O(—v) Ou 
dn AE 


In case (2) holds, the integral 


(3) 


(x,y) 
¥(E, 7) =| — vdé + udn 
( 


a,b) 


[June-July, 


defines a function ¥(£, 7) known as the stream function. If (2) holds, the fluid is 
incompressible. 


(4) 





iG 


The circulation along @ from A to B is defined.to be 


B B 
f Vos f udé + vdn. 
A A 


In case (4) is independent of (2; 


(5) 


and conversely, 


Ou Ov 


On eke 


(5) holds the integral 


(6) 


defines a function o(E, 7) 


(x,y) 
o(§, 7) = { udé + vdn 
( 


a,b) 


, known as the velocity potential. 


and the motion of the fluid is then said to be irrotational. When 
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The complex function 
(7) F=¢o+ we fp 


is known as the generalized potential function. Since 0¢/dé =dW/dn =u, 0¢/dn= 
—dp/d&=v, F is an analytic function of the complex variable ¢=E+in. A plane 
flow which may be characterized by such a function F is called a potential flow. 
Both ¢ and W are solutions of Laplace’s equation, that is, V*6=0, V3 =0. 
The velocity components may be obtained from dF/d¢, since 
dF 
(s) oe 


= — 1 = u — 10. 
dé ers dg 


The curves of the family Y=c,a constant, are called stream lines, and the 
curves of the family ¢=c2, a constant, are known as potential lines. These fami- 
lies are mutually orthogonal. 

The simple types of generalized potentials are well known. For a fluid flow- 
ing with a uniform velocity Uet'*, U and a being real, the potential is 
Fr=drtiver = Ue-'*¢; for a simple source of strength m (real) at (0, the poten- 
tial is F,=(m/27) log (¢—f0); for a vortex of circulation I (real) and center at 
€o, the potential outside a circular barrier of radius a@ and center (9 is Fy= 
— (iI /27) log (¢—f£0)/a; for a doublet whose axis is the line of angle a with the 
£-axis and of moment M at (0, the potential is Fp = — Me*/(€—(o). 

If Fi, ---, F, are n generalized potentials then any linear combination of 
these is also a generalized potential, hence by superposition of simple potential 
flows, flow fields of various degrees of complexity can be constructed. 





Fic. 3 


4. Flow about a circular barrier. A case of particular interest arises from a 
superposition of a doublet and a vortex, of common center ¢o, upon a rectilinear 
flow. A potential F.=¢.+7y. for such a flow is 

. Me= aI coxa) 
(9) F,=Fr—Fp—-—FKyv= Laps Set ae Sage 
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We require that the flow across the boundary of the circle §-—{)=ae” be aps 
This means that for ¢ on this circle, Y,=0. From (9), we then find that 1 = Ua’. 
The velocity function for this flow is 


Uae ii 40 
Cte eg eee 
The velocity at infinity in this case is Ue'*. Figure 3 illustrates this case. Note 
the barrier circle and barrier lines emanating from the stagnation points P and 
yoy 

From Bernoulli’s theorem and the relation 


dF : ; 
(10) — = Ueie — = W; = Up — Ve 
dg 


: pt 2 
(11) R= pet inn = Wat, 


the total resultant force R due to pressure on the circular boundary ¢=re can 
be calculated. When a=0, we find 


plU a? 
(12) p=0, == —(1+-). 


Y 


~ 


If a=r, p,=plU. The circle of radius a may represent the boundary of a solid 
body of circular cross-section placed in the stream. We conclude that a circular 
cylinder of uniform cross-section and infinite length when placed in a field of flow 
composed of a translation, a vortex motion, and a doublet, will experience per unit 
length a total force (lift) of measure pV U at right angles to the stream. 

This result is known as the Kutta-Joukowski theorem. 

It has been shown that this theorem remains true when the circular cylinder 
is replaced by a cylinder whose cross-section is uniform and simply connected. 

These results are not quite in accord with the facts for actual fluids, largely 
due to the assumption of zero viscosity. If the circulation I’ were zero, the cylin- 
der would experience a turning moment but would have no lift. 


5. Potential functions for an arbitrary wing shape. A number of methods 
have been used for determining the potential functions fora given wing shape. 
For the two-dimensional case these methods may be roughly divided as follows: 
(1) superposition of elementary potentials, (2) solution of Laplace’s equation, 
(3) conformal mapping, (4) other methods. 

The first method has been illustrated in §4 for the flow past a circular cylin- 
der and consists in a search for a superposition of elementary potentials whose 
resulting streamline pattern imitates the flow past a wing shape. 

The second method is usually very difficult and depends upon finding ¢ and 
as solutions of Laplace’s equation, meeting the required boundary conditions. 


The third method involves the use of conformal mapping [7, 8, 13] and is 
discussed in the following sections, 


6. Principle of application of mapping to wing theory [5, 4]. Independent 
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of the earlier work of Lord Rayleigh, Kutta (1902) calculated the stream lines 
around an airfoil using conformal mapping. This method has proved to be of 
great value, though by the nature of the mathematics used, the method is largely 
restricted to two-dimensional cases. 

The theory of the two-dimensional flow of an incompressible ideal fluid 
around wing sections is based on the following principles. 

We suppose that the potential function for a plane flow about a profile G' of 
boundary G in the ¢-plane (Fig. 4) is known and is 


(13) F(g) = o(&, 1) + WEE, n), 


where on G, Y =0, since the flow across G must be zero. 





<= f tin Z=K+ iy 


Fic. 4 


The procedure consists in mapping by means of a suitable analytic function 
the profile G (and the corresponding flow picture) into a profile P of boundary P 
resembling airfoils used in aeronautic practice. 

We subject the points in the ¢-plane toa transformation 


(14) f = ile), (2 = x + 1y), 


which is analytic almost everywhere. We restrict t(z) so that: (a) to each point ¢ 
of G there corresponds a definite point 2 of the new profile boundary P (and 
that this correspondence is biunique); (b) dt/dz is finite and not zero over 2, 
the whole of the ¢-plane outside of G, and so that 2 will be represented by the 
domain § of the z-plane outside of the airfoil P; (c) ¢(z) is analytic at infinity, 
and that as z2, (—, and dt/dz—-K, a real, finite, non-zero constant; 
(d) everywhere outside of G, (14) has a single-valued inverse 2 iCal 

The new potential function F(z) for the flow about P may be obtained from 
the potential F(¢) and transformation (14), and is given by 


(15) F(z) = F(t(z)) = ®(a, y) + iW(x«, y). 
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Since for each ¢ on G, W(é, n) =0, and F(¢) is real, it follows from (15) and 
(a) that V(x, y) =0, for all points on P, so that the flow across P is zero. 

The velocity function for the flow in the ¢-plane is dF/d( =u —iv=w,, and 
for the new flow in the z-plane is 
dF dF dé dt A 
(16) pom mae = UW ra ly — 910. 

The restriction (c) is made in order that the velocity w, of the fluid at in- 
finity in the z-plane be a real constant K times the fluid velocity zw, at infinity in 
the ¢-plane. 

Since F(z) = F(¢) with ¢=¢(z), it follows that for each z and corresponding ¢, 
p(E, n) =P(x, y) and P(E, 7) =W(x, y). Hence, to each equipotential line ¢=c 
in the ¢-plane (c; a real constant) there corresponds in the z-plane the equipoten- 
tial line ®=c,; and to each stream line Y=c» in the ¢-plane (c2 a real constant) 
there corresponds in the z-plane the stream line V =co. 

The restriction in (b) that dt/dz shall be analytic, finite and non-zero over = 
is made in order that the flow pattern in the region } formed by the families 
@=1, ¥=C shall be mapped conformally (with preservation of angles) into the 
flow pattern of the z-plane formed by the families ®=c; and V =o, 

Since $¢=q, and Y=c are orthogonal, so are ®=c, and V=co, 

The points in the s-plane where dF /dz=0 are called the critical points of the 
z-plane; at such points the velocity w. vanishes. From (16), we see that if dt/dz 
is finite and non-zero at a critical point A’ in the z-plane, then dF/d¢=0, and 
the point A in the ¢-plane corresponding to A’ is a critical point of flow in the 
¢-plane. 

If, however, C is a critical point in the ¢-plane and at C, dz/dt is zero, then 
the right-hand side of (16) is indeterminate. Let C’ be the point in the z-plane 
corresponding to C. We require that the velocity dF /dz of flow at C’ be finite 
and non-zero. (The Joukowski condition.) Evidently, C’ is not a critical point 
in the z-plane. : 

Suppose that T and 7’, and A and A’ are corresponding points (Fig. 4) and 
that 7, A’, and A are critical points (and the only ones on G and P)i fF and a 
have the same value of velocity potential ¢. A short calculation shows that the 
circulation I along G from T counter-clockwise through A to T is equal to the 
circulation I’ along P from 7’ counter-clockwise through A’ to 7’, and that in 
general 70. Furthermore, if one calculates J (or J’) around G (or P) starting 
from some point other than T (or 7’), one finds a sudden increase in the value 
of the velocity potential of the same amount I when crossing 7 (or 7’), 

We have shown how to obtain from a given potential F(¢) and associated 
profile G the potential F(z) for the flow of an ideal fluid around any profile P 
which is generated from G' by a conformal transformation 


7. Application of the method. The usual starting potential is that considered 
in (9), for the flow around a circular cylinder G’ of infinite span. Thus 
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1 p2pia Th = 
(17) ee eee bee fog a, 
. ez Fo 2 a 

At present no method is known for obtaining the exact value of the circula- 
tion I. The only case in which we are able to calculate I’ in fair accord with ex- 
perience, is that of a profile with a “sharp trailing edge,” with moderate thick- 
ness, slight curvature, and small angle of attack. In this case we obtain a definite 
value of [—independent of viscous phenomena in the boundary layer of fluid 
about the body—by using Joukowski's assumption of a “smooth flow” at the trail- 
ing edge. According to this assumption, the circulation has in every case just the 
amount necessary to secure a finite velocity of the fluid at the trailing edge. 

This restriction to profiles with a sharp trailing edge implies that s=f({) is 
not conformal at the point 7 of G which corresponds to the trailing edge 7” of P. 
Let T be ¢r and TJ” be zr. 

If at T the angle 7 in the ¢-plane transforms into the angle (27 —7) at 7” in 
the z-plane, then at 7, s=f(¢) has the development 


(18) g— ap = (¢ — fr) Grrl + DD) a(t — gr)i@r-nle, 


9 


was 


Since 7 <7, 


dz 
(19) =| ae 


dé 


By (16), in order that w- be finite at the trailing edge 7, dF/d¢|r must vanish. 
This is called the Joukowski condition for circulation. 





Fic. 5 


Let (r=(o+ae—*. (In Figure 5, the angle B is taken to be positive if 7 lies 
on the lower half of G.) From (10) and the Joukowski condition, we have 


IP . ; | 
(20) a = Ue-*4 we Ueilat2s) of ie eB = 0, 
dé Ir 27a 


hence 
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2raU 


t 


(21) u [ei(at8) — e-ilat8)] = 4rUa sin (a + 8B). 
Expressions for lift and moment. Suppose that for large values of ¢, z=f(¢) 
can be developed in the form 


Se eens LG 
29 ae ee —e — ee eg 
a ‘§ Sa Ur 
which meets the requirements (c) that z has no singularities at «, and that at 
6=%, dz/d¢=1. Select the center (£, mo) of G so that c=0. From (11) the re- 
sulting force acting on the airfoil can be calculated; it is equal to pl'U, and acts 
perpendicular to Uet'#. Thus from (12) the lift is L=4apU%a sin (a+). Here 
(a+) is the effective angle of attack. In Figure 5, the direction of no lift—the 
first axis of the profile—is shown. 

The moment of the forces acting on P with respect to (9 is 


(23) M, = Rl = (2 — fo) we is], 


M, = 2npU?k? sin 2(y — a). 


The line through ¢5 with inclination y to the £-axis is known as the second axis of 
the profile. Now 


he 
M. = Mr — L — cos (27 + B-— a), 
- | 


where Mp =2rp U?R? sin 2(8+v¥). If Mr>0, the airfoil P is unstable; if Mp <0, 
P is stable. For neutral equilibrium, Z and M. must vanish for the same angle 
of attack. 

The system of straight lines representing the lines of action of the lift for 
different angles of attack envelope a (metacentric) parabola. The first axis is the 
directrix of this parabola. Let the focus be F. Then F lies at a distance k?/a 


from (oon a line CF which makes an angle 2(8+-y) with the first axis and (B+y) 
with the second axis, 





8. The Joukowski family of airfoils [3, 4]. Case r=0. Airfoil with vanishing 
tail angle. Consider 


(24) —— = (: - ) 

Z ++ ap {+ or 
Let T be the point ¢;=b, where B is a real number. Evidently zp=2¢p if 
dz/d§=1 at ©. From (24), we find 








b2 
ian a al 
$ 


(25) > 


Il 
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which (with a properly defined inverse) satisfies the requirements listed in §6. 
The non-conformal (critical) points Z and 7 of transformation (25) are ©=+b. 

Using transformation (25), we find that every circular arc through T and L 
in the ¢-plane ts represented in the z-plane by an airfoil of circular arc through L’ 
and T', where L’ and 7” are the points z= +20. The circle of radius } and center 
at (=0 is represented in the z-plane by the line segment (called the chord) join- 
ing z= —26 and z=20. 

By using different circles passing through Z and T in the ¢-plane as genera- 
tors, we can obtain information concerning the flow about indefinitely thin air- 
foils of circular shape with different curvatures. 

Airfoils of finite thickness and rounded nose can be investigated by using as 
generators circles passing through JT and having ZL as an interior point. (Fig. 6.) 
Let the center of the generators be 


h 
(26) £) = ae cos B, no = oy + ae sin B, 
where € is a constant, keeping constant the direction of the first axis. The radius 
of the generating circle is a(1+). 





Fic. 6 


Airfoils deduced from (25) in this manner are called the airfoils of the 
Joukowski family. The skeleton L'T’ of a Joukowski airfoil section is the image 
of the circle whose radius is a and whose center is (0, h/2). 


9. Karm4n-Trefftz family of airfoils [9]. There are two essential restrictions 
in the airfoil profiles constructed by the Joukowski process: (1) they all have 
zero tail angles at the trailing edge, and (2) their thickness is relatively small. 
These restrictions are of great importance due to strength and stability require- 
ments of practical airfoils. Some of these restrictions can be removed by gen- 


eralizing (25). 
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The simplest way to obtain a given tail angle 7 is to use 


Oe oO — r 
(27) ae (—= =| N= 2—7/x, 
; 2+ gp C+ tr 


a transformation which satisfies the general requirements stated in §6. Let 
fr=b. Then zp=N 1. Any circle through (7 and —¢,r transforms by (27) into an 
airfoil called a skeleton enclosed by circular arcs with tail angle + m the 3-plane. 
Furthermore, circles through ¢rand having —{r as an interior point transform 
into profiles having round noses and sharp trailing edges of the desired tail angle. 
Airfoils derived in this manner are known as the Kdrmén-Trefftz family. 


(Fig. 7.) 





Fic. 7 


The Karman-Trefftz airfoils give aerodynamic characteristics only slightly 
changed from those of Joukowski airfoils. However, an improvement in regard 
to velocity and pressure distribution along the airfoil is obtained. All these air- 
foils are inherently unstable. In spite of this, transformation (27) has proved to 
be very useful in computing aerodynamic characteristics of given airfoils. 


10. Other families of airfoils. By using transformation z= f(¢) having four 
or more critical points inside the generating cylinder G, Mises [10] derived a 
family of stable profiles having sharp trailing edges. Direct methods for finding 
the aerodynamic characteristics of airfoils of a given shape have been developed 
by Karman, Trefftz,.. ., Miiller, Héhndorf, Theodorsen, and others. The prob- 
lem is identical with that of finding the conformal transformation between the 
given airfoil and a circle. 

In a recent paper Piercy, Piper, and Preston [12] have discussed a new 
family of wing profiles which they claim has certain advantages over wing 
shapes previously discussed by Joukowski and others. The method consists es- 
sentially in selecting one branch of a hyperbola as a generating curve in the 
2:-plane and applying a transformation 2122 =e" which produces an inversion 
and reflection with respect toa point Cin the line segment CA. and which results 
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in airfoils closely resembling those of successful modern wings. By applying a 
sequence of conformal transformations, the hyperbola is transformed into a 
circle permitting the application of the method to the potential function (17) 
for a flow past a circle. 
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QUESTIONS, DISCUSSIONS, AND NOTES 


Epitep By R. J. WALKER, Cornell University, Ithaca, N. Y. 


The department of Questions, Discussions, and Notes in the MONTHLY 1s open to all forms of 
activity in collegiate mathematics, except for specific problems, especially new problems, which are re- 
served for the department of Problems and Solutions. 


A GENERALIZATION OF THE WATER-FETCHING PUZZLE 
H. D. GrossMAN, New York City 


The problem to be solved is the following. I go to a well with an empty 
a-quart and an empty 6-quart jug. How can I bring back exactly ¢ quarts of 
water? 

It is understood, of course that a, b, and c are positive integers. Let a+b=n. 
If c>n, the problem is unsolvable; if c=, the solution is trivial. Hence we may 
suppose that c<n. If the G.C.D. of a, b, and c is d>1, we may take d quarts 
as the unit and treat the problem as one of a/d, b/d, and c/d units. Hence we 
may suppose that the G.C.D. of a, 6, and c is 1. If the G.C.D. of a and b does 
not divide c the problem is unsolvable; hence let the G.C.D. of a and 6 be 1. 
Finally, a=b=1 is trivial, and so we may assume that a>b. 

If the filling of an x«-quart jug be written formally +x, and the emptying of 
a y-quart jug, —y, the study of this problem may be reduced to the study of 
the sums s,=ti+fe+ --- +f, where t;=a or —b, each ¢t; being chosen so that 
O<Ss,<n for k=1, 2,---. The choice of t; is always possible and unique; for 
ty=a and if 0OSs;1<b, then 0Ss;_1;+a<n but s;_1—b <0, while if b<s,;4 <n, 
then 0Ss;1—b <n but n<s;_\+a. 

Let s, be the first s to equal any previous s,. Then 1<h<k<n-+1, since 
there are at most distinct possible values of s, namely 0, 1, 2,---, m—1. 
Therefore s,—S), = a ti=0. Let uw be the number of a’s, v the number of —)’s 
in this sum. Then wa =vb. Since a and b are relatively prime, u=mb and v=ma. 
But O<utv=k—-hsn. Therefore m=1, u=b, and v=a. Hence there are n 
terms in PE that is, n+-1S5h+n=k<Sn+1. Hence k=n+1 and h=1, so 
that s,41=s1=a. Thus the first  s’s are distinct, non-negative, and each <n; 
they are therefore a permutation of 0, 1, 2,---,m—1. If tay;=—b, then 5,4. 
which is impossible. Therefore t,41=a@, and 5,=5n41—fn41=0. Hence there is a 
unique ¢ <7 for which s,=c. 

Interpret s, as follows. For each +a read “Fill the a-quart jug and pour as 
much of its contents as possible into the other jug.” For each —d read “Empty 
the 6-quart jug and pour into it as much of the contents of the other jug as 
possible.” Omit however the second clause in reading the final term of s,. The 
reading of s, will leave c quarts in the two jugs. 

Comments on the solution. 1. Now s, may evidently be written in a purely 
mechanical way. We write +a, then the smallest number of —b’s that will make 


the sum <b, then repeat the process as often as necessary, stopping whenever 
the sum is c. 


1940] QUESTIONS, DISCUSSIONS, AND NOTES 375 


2. Asolution may also be obtained by using the sums o,=7;+79+4+ - - - +r, 
where each r;=0) or —a. An argument similar to that above shows that there : 
a unique p<” such that o,=c. Then s, and o, each determine solutions of the 
problem, and since t; =a, 7;=), the solutions are distinct. It is easy to show that 
r+p=n, and that for any k, o,=S,_,, so that the two solutions are in a sense 
complementary. 

3. Since the only non-trivial operations with the jugs are those represented 
by +a and +8, the solution corresponding to the smaller of r and p is the one 
requiring the fewest operations. 

4. Of the following illustrations, the first two are popular puzzles and the 
others have been taken from the Binet Intelligence Test. 
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TO TEXT-BOOK WRITERS—AND READERS 
A. B. Brown, Queens College 


We wish to call attention to certain inaccuracies, errors and procedures open 
to criticism in American college mathematics texts, mainly in calculus. The rea- 
son for this note is that the faults in question seem to appear about as often in 
recent texts as in older books. We list them individually, in the order in which 
the student ordinarily meets them, but do not go beyond what is covered in 
about three semesters of calculus. 

1. Locus and equation in analytic geometry. The criticism which we shall make 
here is the most serious of all, yet will be familiar to most readers. It is that in 
deriving equations of the straight line, circle, parabola, ellipse and hyperbola, 
most texts merely show that points on the locus have coérdinates satisfying the 
equation. Few prove that conversely if a point has codrdinates satisfying the 
equation it lies on the locus. As the relation between equation and locus is 
the basis of most of analytic geometry, this particular lapse from logical pro- 
cedure is regrettable. To the student, who was given a proper introduction to the 
idea of locus in high school, it is a step backward. He takes his cue from the 
author, and an obstacle is placed in the way of his understanding the subject. 

Asa minor matter, most writers, in deriving the equation of the line through 
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a given point in a given direction, neglect to prove that the coérdinates of the 
given point satisfy the equation. 

2. The asymptotes of a hyperbola. A few analytic geometry texts “prove” that 
the lines y= +(b/a)x are asymptotic to the hyperbola x?/a?—y?/b? =1, by show- 
ing that as the point (x, y) on the hyperbola recedes indefinitely from the ori- 
gin, say on the upper right-hand branch, the ratio y/x=(y—0)/(x—0O) ap- 
proaches b/a as a limit. The same type of “proof” could be used to show any 
line y=(b/a)x+k to be asymptotic to the hyperbola! 

A correct treatment is given in most analytics texts. 

3. Formula for differentiation of a function of a function. Calculus texts, in 
proving the formula 


dy dy du 
dx du dx 


use the equation Ay/Ax=Ay/Au-Au/Ax. Few mention the fact that Au may 
be zero, thus leaving the proof incomplete. A complete proof might well be 
given in a footnote, or as a second proof in the text. One method is the following: 
When Au +0, let e€=Ay/Au—dy/du; when Au=O, let €=0. Then e is a con- 
tinuous function of Au at Au=O. Also, from the definition of €, 
dy 
(1) Ay = —-Au+e-Au 
u 
whether Aw is zero or not. Now take any Ax0, find the corresponding Au and 
Ay, write equation (1), and divide by Ax, getting 
Ay dy Au Au 


ee OR en aes BPP, 
Ax du Ax Ax 


Let Ax approach zero, and the desired relation is obtained. 

4. Proof of condition for a maximum or minimum. The theorem that dy/dx=0 
at a maximum or minimum is proved ordinarily either by geometric intuition 
as applied to the graph of the curve, or by use of the theorem that at a point 
where dy/dx is positive (negative) y increases (decreases) when x increases. 
However, the latter result is usually taken as intuitively obvious. Now the law 
of the mean, Taylor’s theorem, formulas of differentiation for functions of sev- 
eral variables, and further work depend directly or indirectly on the condition 
dy/dx =0 at a maximum or minimum. Therefore it is desirable to give an ana- 
lytic proof. One method is this: 

At a point where dy/dx>0, Ay/Ax is also positive when | Ax| is small. 
Hence Ay has the same sign as Ax, showing that y increases if x increases by 
a small amount, and decreases if x decreases by a small amount. Thecase 
dy/dx <0 is treated similarly. At a maximum at which dy/dx exists and Ax 
may assume positive and negative values, the results just obtained show that 
dy/dx can be neither positive nor negative, hence must be zero. 
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A second method follows: Suppose we have a maximum at a point where 
dy/dx exists and Ax may assume positive and negative values. Then Ay $0. 
Hence if Ax>0, Ay/Ax <0; and we infer that dy/dx <0. If Ax <0, Ay/Ax=0; 
and we infer that dy/dx=0. The only value of dy/dx satisfying both relations is 
dy/dx =0. 

5. Validity of condition for a maximum or minimum. The texts usually imply, 
if they do not directly state, that maxima and minima are found by equating 
derivatives to zero. It should be pointed out, perhaps illustrated by exercises, 
that at a maximum or minimum on the boundary of the interval (region) of 
definition, the derivative (partial derivatives) may exist and not equal zero. 

6. The definition of differential. It seems that many college graduates who 
majored in mathematics believe that dx and dy are “infinitely small” quantities 
which yet have a definite ratio. This confusion is due to the fact that most texts 
have “dx =Ax” by definition. Now the only Ax’s which the student has seen up 
to this stage have been those which are made to approach zero. Naturally he 
imagines that dx is also approaching zero. 

This confusion can be avoided by refraining from any mention of Ax in the 
definition. The definition should make dx an arbitrary quantity. The text may 
well mention that dx is not made to approach zero in general. 

A minor matter in connection with differentials is the statement, “If we take 
dx =Ax, then dy is the principal part of Ay.” The necessary qualification that 
dy/dx be not zero at that point is sometimes omitted. 

7. A theorem on differentials. Many texts neglect to prove or mention that if 
dz+0, the ratio of the differentials dy/dz equals the derivative of y with respect 
to z, even though dy and dz are determined with x as the independent variable. 
But all texts use this fact; and it should be proved. 

8. The constant of integration. Not all texts contain proofs that if d(x) is one 
integral of f(x), then ¢(x)+C gives all integrals. At least one fairly recent text 
“proves” it as follows: Since ¢(x)+C yields an infinite number of integrals, it 
yields all integrals! 

9. Integration by substitution. Some texts perform “integration by substitu- 
tion” (replacing /fdu by Jf(du/dx) dx, or vice versa) for some time without expla- 
nation, before taking it up as a topic with proof. 

10. Integrands involving [a?+«?]"/2, etc. In integrating such expressions, the 
following point is not adequately treated. To simplify [a?—x?]'/2, say, with 
a>0O, we set x=a sin 6. Then 


[a2 — 2]? = [a2 — a? sin? g]'/2 = a[1 — sin? 9|!/2 = a[cos? 6]!/2 = acos@. 


Now under the convention that the radical calls for the positive square root, 
writing a cos 6 at the end amounts to assuming that cos 020. The texts do not 
mention this point. With the above as a model, one can hardly criticize the stu- 
dent for the error of writing [x?]!/?=« instead of +x in algebraic work. 
Complete treatment is easy: After observing that |x| <a, introduce 
@=are sin (x/a), taking the principal value. Then cos §=0, and the treatment 
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given in the texts can be used. Note that sin 0=x/a, cos 6= [a?—x?]"/2/a, and 
the other four functions are obtained from these two without any minus sign 
before the radical. 

The case of [a?+x?]"/? is treated similarly. However, in the case of [x?—a?]!/2, 
if x << —a, 0=arc sec (x/a) must be taken in the third quadrant to make tan @ 
positive. Otherwise the treatment is similar. 

11. Applications of the definite integral. The subject here is the definite inte- 
gral, 

b n 
{ f(x)dx or lim >> f(Ex)Axz. 


NO fo] 
Azx,.-0 


The seven procedures described below are used in applications. We illustrate 
by the case of the formula for the moment of inertia about the y-axis of a straight 
wire of variable density p(x), stretched along the x-axis from a to b. The interval 
from a to b is divided into parts Ax, Axo, - - - , Ax,. Let x, be the coérdinate of 
the left end of the interval Ax, (the right end with some authors). Let #, be 
the coérdinate of a point of Ax, of average density for Ax;. Let x; be the coérdi- 
nate of a point (usually unique) of Ax, such that a particle whose mass equals 
the mass of Ax;,, placed at x;, will have the same moment of inertia as Ax,. The 
procedures: 

(1) The “element of moment of inertia” is p-x?-Ax, (sometimes p-x?-dx). 
Hence the moment of inertia T= [?p-x?-dx. 

Criticism: The definition of definite integral has not been used correctly, 
since it is not stated for what value of x the density p is taken, nor what value 
of x is raised to the second power. However, it is useful to show the students this 
method as a quick way of obtaining the formula when they have forgotten it. 

(2) The moment of inertia due to Ax, is approximately p(x,)-x;-Ax,. (Or, 
replace x; by % or by x;.) As the number of intervals is taken larger and larger, 
the errors grow smaller and smaller. Hence the limit of the error is “clearly” 
zero, and I= [p(x) -x*dx = [°p-x2dx. 

Criticism: Yes, the errors grow smaller, but their number increases without 
limit. Hence it is not clear that the limit of the total error is zero. The student 
may imagine the answer to be incorrect by a small per cent. 

(3) By a careful use of inequalities, the formula is derived. 

Criticism: This method cannot be applied in the present case unless p(x) is 
monotonically increasing for x positive, and decreasing for x negative. 


(4) Write 
l= lim Sl Fees 
k=1 


rn 0 


; n 2 
= lim oy p( Xx) > F,- Ax, 


n-2 fm] 


; - =o F 2 
since lim [p(#,)- Ge Ady] / [o(&x) - ¥, -Ax,| = 1, and 
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b b 
I = || p(x): x*dx =| p:-x*dx. 


Criticism: This derivation uses the so-called Duhamel’s theorem. One objec- 
tion is that the hypotheses of the theorem require that the ratio of corresponding 
infinitesimals approach 1 uniformly. Hence in each application the student 
would have to check the uniformity. He could not very well do that because 
(a) he does not understand the concept; (b) the checking may be difficult; (c) the 
hypotheses may not be satisfied. 

In our example above, in case p(x) =0 at some points, or if a<0 <8, it is not 
clear that the hypotheses of Duhamel’s theorem are satisfied. 

(5) A new independent variable m=m/(x) is introduced, where m(x) is the 
mass from a to x. Then the moment of inertia due to Ax, is x;-Am,; hence the 
moment of inertia of the wire is 


M b 
i x*dm =| x?+ pdx, (M = total mass) 
0 a 


by a change of variable, since dm/dx =p. 

Criticism: This method is correct, but cannot be applied, for example, in 
finding the length of a space curve (nor for the length of a plane curve given 
parametrically) when length is defined as the limit of the length of an inscribed 
broken line. (Compare treatment (2) for item 12, arc length.) 

(6) The moment of inertia due to Ax, is p(Xx) -X2Ax,. Since p(x) and x? are 
continuous, a <x <b [alternative: since p(x) -y?iscontinuous, ax bax<ybl, 
the total moment of inertia is 


D b 
i p(x): «dx =| p: 8 ax. 


a 


Criticism: This method, based on a theorem of Bliss,* is the quickest com- 
plete method among those described here. The proof of Bliss’s theorem takes 
only a few lines. 

Until the general form of Bliss’s theorem is needed, the special case 


hm age ele Aa = if fla) -g(a)dx 


is preferable, since the notation of the general theorem would be confusing to 
the students at an early stage in their work. 

(7) The formula is derived correctly by giving the complete proof of Bliss’s 
theorem for the case at hand. 

Criticism: Unnecessary labor. - 

12. Arc length. This topic has been placed beyond the usual position where 





*G, A. Bliss, A substitute for Duhamel’s theorem, Annals of Mathematics, second series, 
vol. 16, 1914-15, pp. 45-49. 
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first encountered in the study of calculus, because of the treatment. 
It seems that calculus texts derive the formula 


ds? = dx? + dy? 


for curves in the plane, and a corresponding formula for curves in space, before 
defining arc length. Some do not define arc length at all. This is accomplished 
by use of the property that “limit of arc/chord =1.” The property is assumed 
without proof as applying to the undefined arc length. The student is familiar 
with the property for the special case of a circle, so is likely to pass over this 
omission without noting it.* 

Two procedures can be followed to meet the difficulty in question. 

(1) Seek a definition of arc length having the property that limit of 
arc/chord = 1. The usual derivation then gives the formula (ds/dx)*=1+(dy/dx)?, 
from which the formula [?[1+ (dy/dx)? }!2dx or Ji (dx /dt)? + (dy /dt)? |"/2dt for the 
length is derived; and corresponding formulas for the case of a curve in space. 
The formula is taken as the definition of arc length. Then the assumed property 
should be proved valid, by use of the formula just derived. 

(2) We prefer the following method. The case of a curve in space in paramet- 
ric form is taken: 


=f), y=), 2= hid), 


where f, g, h are given continuous and with continuous first derivatives, c<t<d. 

Define arc length as the limit, if it exists and is unique, of the length of the in- 

scribed broken line determined by the-values tj=¢, 7}, fe. + ytn=d, (te <tess), 

as n becomes infinite and the largest (t,—t,1) approaches zero. Letting At. =) 

is: and Ax;,, Ay;, Az, the corresponding changes in x, y, 2 respectively, we 
ave 


lim yi [Axy + Ay, + Aza] slits | (=) + (=) + (=) | an 
ts ea At, Aly Ate 
= lim D7 { [f(s 2 + [¢’(o.) }? + [A’ (we) J /2-Aty, 
(te_1 < My, De, We < &) 
by the law of the mean of the differential calculus, and thus by Bliss’s theorem 


=| LL’ |? + [e’() ]2 + [A’(t) ]2} /2d¢ 


c 


7 f- (=) + @) dz ie 
Pe aie: +(5) ‘ae 





. . At least one text gives a proof of the property for the case of an arc in the plane with no 
inflection, using an implied, but not stated, definition of arc length. But an arc to which the prop- 
erty applies may have an infinite number of points of inflection— an objection of little impo ie 
some will say. However, nothing is proved for the case of a curve in space ee 
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Next prove that limit of arc/chord =1. The formula ds? =dx?+dy?+dz? can 
then be proved either by the usual method, or by use of the integral formula for 
length. 

If either method (1) or method (2) is used, and the formula for ds? is derived 
in the usual place in the calculus course, reference must be made to the future 
work in the integral calculus for the definition of arc length and the proof that 
limit of arc/chord = 1.* 


COMMENTS ON THE PRECEDING PAPER 
E. J. Mouton, Northwestern University 


Catching errors in text-books or printed articles is an instructive and amus- 
ing game.t Reflection on the question of accuracy in mathematical writing leads 
me to make the following comments. 

To obtain completeness and rigor seems impossible. Moreover, in elementary 
college mathematics, vigor should not be sacrificed for an attempt at complete 
rigor. At times we probably strive too hard for rigor, especially in the first 
courses in calculus, in which we must be brief and we cannot be rigorous. A text- 
book writer or a teacher has other things than rigor to consider, and it is, ina 
sense, unfair to be severe in criticizing his occasional lapses. It is more interest- 
ing to look for lapses by the critics, and this I shall do in an effort to show what I 
mean by the statement that we cannot be rigorous. 

To illustrate my point I shall criticize Professor Brown's critical presenta- 
tion of an application of the definite integral to a “moment of inertia” problem 
where he favors the use of Bliss’s substitute for Duhamel’s theorem. Some of 
my criticisms would apply to somewhat similar discussions by W. F. Osgood, 
R. L. Moore, and G. A. Bliss, which appeared in the Annals of Mathematics 
about thirty years ago, and to others which have appeared more recently. For 
simplicity of exposition, I shall comment in some detail on a succession of sen- 
tences in Brown's paper, section 11, first paragraph. tf 

He refers to “a straight wire of variable density p(«), stretched along the 
x-axis from a to b.” No definition is given for “variable density,” and no postu- 
lates are stated. It will be hard to argue rigorously under these conditions. We 
also observe for future reference that a and b are points, and not numbers. 





* The following additional items, while not serious may be worth mentioning. In deriving the 
the formula tan (A/2)=sin A/(1+cos A) by use of radicals, several trigonometry texts drop a 
“plus or minus” sign at the last step, without explanation. Analytics texts contain the statement 
that if a right circular cone is cut by a plane parallel to an element (omitting the necessary re- 
striction that it be parallel to only one element), the intersection is a parabola. Calculus texts 
give the formula fdx/x =log x+C, which is meaningless to the student when « is negative. 

+ It tickles me to find that Professor Brown, in the preceding, interesting article, has called 
my attention to an error which I have carelessly made for years in teaching freshman mathe- 
matics, 

t For emphasis I shall try to make out a bad case against Professor Brown, but I want to say 
in advance that I consider his paper stimulating and valuable for its criticisms. 
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“The interval from a to b is divided into parts Ax, - - - .” Thus Ax; is a line 
segment, and is not a number. 

“Let x, be the codrdinate of the left end of the interval Ax;.” Thus x; is a 
number, and it is emphasized that Ax, is an interval, or segment, and not a number. 

“Let x be the codrdinate of a point of Ax, of average density for Ax,.” Thus 
«, is a number, and presumably Ax; is again a segment made up of points. The 
term “average density” is used without definition or set of postulates; hence it 
will be impossible to argue rigorously about it. An adequate definition of aver- 
age density, if based on a previous concept of density, would appear to require 
the use of the definite integral formula for total mass, which is too complicated 
to pass over lightly. Moreover, we note that it says “average density for Ax,”; 
apparently it is average density for a line segment instead of average density 
for a piece of wire, or else Ax, is now a piece of wire instead of a line segment. 
Also, observe that it says, “let be ---”: before we may proceed logically 
to use X;,, we must prove that there is such a number. Since such a proof is not given, 
the whole argument is lacking in rigor. Furthermore, it was not assumed that 
the density function is continuous, and without more hypotheses than are stated 
it would not be possible to prove the existence of <, under the usual definition 
of average density. 

“Let x, be the coédrdinate of a point (usually unique) of Ax, such that a 
particle whose mass equals the mass of Ax;, placed at X;, will have the same 
moment of inertia as Ax,.” Here x, is first a number, then later it is a point; 
and Ax, is first a line segment, then later a piece of wire. We have a particle 
(undefined), the particle has a mass (undefined), and it has a moment of inertia 
(undefined). There is said to be an equality between the mass of the particle 
and the mass of Ax; (which now isa piece of wire); and also an equality between 
the (undefined) moment of inertia of the particle and the (undefined) moment 
of inertia of Ax, (presumably now a piece of wire). The problem of supplying a 
definition of the moment of inertia of the piece of wire, which is logically neces- 
sary at this stage, is most satisfactorily met by taking the final answer of the 
whole problem as the desired definition; but if this is done, why bother to be so 
rigorous, for we do not need to prove a definition! The matter of supplying a 
definition of the moment of inertia of the wire therefore presents a dilemma. 
Suppose that we succeed in solving it without using the formula we are trying 
to establish. As a vital part of the logic, we then must prove by use of this defini- 
tion that there is a number (and point) %;, satisfying the stated conditions. 
Obviously, to make the argument rigorous, much remains to be done in con- 
nection with the sentence quoted at the beginning of this paragraph. 

In section 11, paragraph (6), the author writes, “The moment of inertia due 
to Ax, is p(%,.)x;Ax,.” We note that previously it was “moment of inertia of 
Ax;,” and now it is “moment of inertia due to Ax;,” an intriguing difference. 
Moreover, we may now wonder whether Ax, is a piece of Wire, a line segment, 
or a number. We started out to find the moment of inertia of a piece of wire: 
hence, presumably, “due to Ax,” indicates that now Ax, isa piece of wire (which 
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is, we suppose, quite different from a geometrical line segment, or a number, 
since, for example, the piece of wire possesses “variable density”). As we have 
seen, however, <, and x; are (or were!) numbers associated with a segment Ax;, 
and we may therefore fear that in the quotation Ax, must mean this segment. 
But at the end of the quotation we are required to multiply Ax, by a number; 
hence Ax; must be a number, and not a piece of wire or a line segment, since we 
have not defined products for such things. Since we no longer know what Ax, 
means, what chance is there for rigorous thinking when the symbol is used? 

A little greater care on the part of the writer might have made the exposition 
less susceptible of criticism, but the fundamental difficulty which comes from a 
lack of really careful definition of what is meant by the moment of inertia of a 
wire of variable density, and the logically necessary proof of the existence of Xx 
and x, is far from simple. I fear that such a proof, if rigorous, would involve 
quite a lot of fundamental point set theory, and we might even get caught on 
some snag in the foundations of mathematics which is still a subject for debate. 


THE ALTITUDE QUADRIC OF A TETRAHEDRON 
J. H. Burcnart, William Woods College 


1. Introduction. The four altitudes of a general tetrahedron belong to one 
regulus of a quadric surface, which we shall call the altitude quadric. The ortho- 
centric lines and the normals to the faces through their orthocenters belong to 
the other regulus.* This quadric is a hyperboloid of one sheet, for the lines of a 
regulus of a hyperbolic paraboloid are all parallel to a plane, and this is impossi- 
ble with the four altitudes of a tetrahedron. 


2. The center. Each ruling of a regulus of the hyperboloid is parallel to one 
line of the other regulus. The points midway between these two parallels lie on 
a line which passes through the center of the quadric and is a generator of the 
asymptotic cone. If we recall Mannheim’s theorem to the effect that a normal 
to a face midway between the foot of the altitude and the orthocenter of the 
same face passes through the Monge point, we may state the following: 


THeEoreM 1. The center of the altitude quadric of a tetrahedron is the Monge 
potnt. 

3. The altitude property. It is known that altitudes from three vertices of a 
tetrahedron have the property that a plane through one parallel to the common 
perpendicular of the other two passes through the orthocentric line from the 
fourth vertex.t We shall call this the altitude property, and prove next the 


following: 


THEOREM 2. A unique tetrahedron can be constructed having any four lines of 
one regulus of an altitude quadric as the altitudes. 








* Altshiller-Court, Pure Solid Geometry, p. 66. 
+ Ibid., p. 69. 


384 QUESTIONS, DISCUSSIONS, AND NOTES [June-July, 


Proof. Let the quadric be determined by three altitudes 7, r2, 73 of a tetra- 
hedron. The orthocentric line f; through the fourth vertex is of course deter- 
mined. Any point of this line may now be used as a vertex of a new tetrahedron 
having the three original rulings as altitudes. The fourth altitude 7, must be a 
line of the same quadric, for three skew lines determine the quadric. We may 
proceed as before and construct a tetrahedron USING fe, 73, 74 aS altitudes and in- 
clude an additional arbitrary r; as the fourth altitude. In two more steps, we 
have a tetrahedron with arbitrary rulings 74, 75, 76, 77 as its altitudes. Referring 
to the other regulus as consisting of f rulings, we may remark that any quad- 
ruple of ¢ rulings may be reflected into a quadruple of r rulings. Hence the 
announced result is valid for any four rulings of either regulus. 


COROLLARY. Any three rulings of the same regulus of an altitude quadric have 
the altitude property. 


4. Application to the asymptotic cone. Let r/, r/, rj, ti be generators of the 
asymptotic cone parallel to three altitudes and the orthocentric line they deter- 
mine on the quadric. We see at once that ti is the orthocentric line of the tri- 
hedron rj, r¢ , rf . Since this is true for any three rulings, we may state the follow- 
ing: 


THEOREM 3. The orthocentric line of three generators of the asymptotic cone of 
an altitude quadric is itself a generator of this cone. 


The fact that any one of the four lines ri, r¢, 7, t{ is the orthocentric line 
of the trihedron consisting of the other three shows us how a third altitude r; 
may be found when two altitudes mi, r2 and the orthocentric line ¢, are given. 
We see readily that 73 is parallel to the ¢ ruling in which the plane through 7» 
parallel to the common perpendicular of 7; and ty cuts the surface. 


5. Tetrahedrons with three given altitudes. From what has been said we 
conclude that tetrahedrons sharing three altitudes have their Monge point in 
common. If the vertex on fy is D, then the directions of AD, BD, CD are fixed 
since they are common perpendiculars of 72, 73, 7; taken in pairs. When D moves 
uniformly along t,, 4, B, C move uniformly along 7, re, 73, respectively. Thus the - 
centroid of the tetrahedron moves uniformly along a line. Since the centroid is 


midway between the Monge point and the circumcenter, we can summarize in 
the following: 


THEOREM 4. All tetrahedrons having three lines as common altitudes have the 
same Monge point, and their centroids and circumcenters lie on parallel lines. 
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RECENT PUBLICATIONS 
EDITED BY VIRGIL SNYDER, Cornell University 


All books for review should be sent directly to the editor of this department, at the Mathematical 
Association of America, 531 West 116th Street, New York, N. Y., and not to any of the other editors 
or officers of the Association. 


NEW BOOKS RECEIVED 


Advances and Applications of Mathematical Biology. By Nicolas Rashevsky. 
Chicago, University of Chicago Press, 1940. 13-+214 pages. $2.00. 

The Variate Difference Method. By Gerhard Tintner. (Cowles Commission 
Monographs, no. 5.) Bloomington, Indiana, Principia Press, Inc., 1940. 13+175 
pages. $2.50. : 

Elementary College Mathematics. By E. L. Mackie and V. A. Hoyle. Boston, 
Ginn and Company, 1940. 9+331+/78 pages. $2.80. 

An Introduction to the Theory of Functions of a Real Variable. By S. Ver- 
blunsky. Oxford, Clarendon Press, 1939. 11+169 pages. $4.25. 

Determinants and Matrices. By A. C. Aitken. (University Mathematical 
Texts.) Edinburgh and London, Oliver and Boyd, 1939. 7+135 pages. 4/6s. 

Integration. By R. P. Gillespie. (University Mathematical Texts.) Edin- 
burgh and London, Oliver and Boyd, 1939. 8+126 pages. 4/6s. 

Integration of Ordinary Differential Equations. By E. L. Ince. (University 
Mathematical Texts.) Edinburgh and London, Oliver and Boyd, 1939. 8+ 148 
pages. 4/6s. 

Theory of Equations. By H. W. Turnbull. (University Mathematical Texts.) 
Edinburgh and London, Oliver and Boyd, 1939. 12+152 pages. 4/6s. 

Vector Methods Applied to Differential Geometry, Mechanics, and Potential 
Theory. By D. E. Rutherford. (University Mathematical Texts.) Edinburgh and 
London, Oliver and Boyd, 1939. 8+127 pages. 4/6s. 

Statistical Mathematics. By A. C. Aitken. (University Mathematical Texts.) 
Edinburgh and London, Oliver and Boyd, 1939. 7+153 pages. 4/6s. 

Lezioni di Analisi Matematica. Parte Seconda. By Francesco Tricomi. IV 
Edizione. Padova, Cedam, 1939. 8+355 pages. Lire 85. 

Mathematico-Deductive Theory of Rote Learning. A Study of Scientific Meth- 
| odology. By C. L. Hull, C. L. Hovland, R. T. Ross, Marshall Hall, D. T. Perkins, 
and F. B. Fitch. (Published for the Institute for Human Relations.) New Haven, 
Yale University Press; London, Humphrey Milford and Oxford University, 
1940. 12+321 pages. $3.50. ; 

Some Integrals, Differential Equations, and Series related to the Modified 
Bessel Functions of the First Kind. By A. H. Heatley. (University of Toronto 
Studies, Mathematical Series, no. 7.) Toronto, University of Toronto Press, 
1939. 32 pages. $1.00. 

College Algebra. By C. H. Sisam. New York, Henry Holt and Company, 
1940. 12+395 pages. $1.90. 
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College Algebra. By L. M. Reagan, E. R. Ott, and D. T. Sigley. New York, 
Farrar and Rinehart, Inc., 1940. 18 +445 pages. $2.50. 

A New Geometry for Secondary Schools. By Theodore Herberg and J. B. 
Orleans. Boston, D. C. Heath and Company, 1940. 7+402 pages. $1.36. 

Introduzione al Pensiero Matematico. By Friedrich Waisman. (Biblioteca di 
Cultura Scientifica, vol. 3.) Traduzione di Ludovico Geymonet. Torino, Guilio 
Einaudi, Editore, 1939. 325 pages. Lire 20. 

Physique Stellaire Essai de Synthese. By Emile Sevin. (Extrait du Bulletin 
Astronomique, tome XI, fasc. 5-6.) Paris, Gauthier-Villars, 1939. 81 pages. 
Pro25; 

Mathematical Clubs and Recreations. By S. I. Jones. Nashville, Tenn., S. I. 
Jones Co., 1940. 14+236 pages. $2.75. 

Odd Numbers or Arithmetic Revisited. By Herbert McKay. New York, The 
Macmillan Company; Cambridge, England, University Press, 1940. 215 pages. 
$2.50. 

College Algebra. By P. R. Rider. New York, The Macmillan Company, 1940. 
9+372 pages. $2.00. 

Calculus. By C. K. Robbins and Neil Little. New York, The Macmillan 
Company, 1940. 8+398 pages. $3.25. 


REVIEWS 


Three Copernican Treatises. The Commentariolus of Copernicus, The Letter 
against Werner, The Narratio Prima of Rheticus. Translated with an in- 
troduction and notes by Edward Rosen. (Records of Civilization: Sources 
and Studies, no. 30.) New York, Columbia University Press, 1939. 11+211 
pages. $3.00. 


Copernicus’s great work De revolutionibus orbium caelestium was published 
in 1543, immediately before the author’s death, its printing being supervised 
in part by his student, George Joachim Rheticus, and in part by the Lutheran 
clergyman Osiander. At an earlier date Copernicus had written a brief account 
of his astronomical system, without the elaborate calculations required for the 
larger work, which circulated in manuscript during his life-time but which was 
not published until 1878. In 1524 he wrote also a criticism of a paper on the 
Motion of the Eighth Sphere by John Werner, which also was known in manu- 
script but was first printed in 1854. These were the only works written by 
Copernicus on astronomy, except his magnum opus. In 1540 his admiring stu- 
dent Rheticus, partly to make known his master’s discoveries and partly to test 
the reception that his innovations might expect from the learned world, pub- 
lished a survey of the new astronomy called Narratio prima. These are the three 
treatises which Mr. Rosen has here presented for the first time in English trans- 
lation, believing quite rightly that they form an introduction to Copernicus’s 
work more readily comprehensible to the non-technical reader than his larger 
book. 

Translation of this sort is extremely difficult, for it requires a combination 
of linguistic, historical, and scientific competence which can be developed only 
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by the systematic study of the history of science. So far as the reviewer is able 
to judge Mr. Rosen has met all the requirements admirably. His English version 
is clear, readable, and apparently accurate. He has supplied in his notes an ex- 
cellent commentary on the more difficult passages and on the necessarily loose 
use of terms that occurs in any writer before the growth of a settled technical 
vocabulary. In his introduction he gives a history of the texts that he translates, 
a brief but adequate account of the famous controversy about “hypotheses” 
which was occasioned by Osiander’s misleading preface to Copernicus’s principal 
work, and a clear statement of the elements of the new astronomy, in compari- 
son with the rival Ptolemaic system. 

In his preface Mr. Rosen states that he intends later to publish a translation 
of the De revolutionibus, which also has never appeared in an English version. 
It is greatly to be hoped that he will be able to carry out this intention. Works of 
this sort, by adequately trained scholars, are essential to bring the sources of 
the history of science within the reach of scientists, who can rarely have the his- 
torical knowledge needed to read a work of the sixteenth century, and of his- 
torians, who can rarely have the scientific knowledge needed to understand 
precisely what was achieved. They contribute also to the general reader’s grasp 


of modern science as the great intellectual achievement of our civilization. 
G. H. SABINE 


Report of the Fifth Annual Research Conference on Economics and Statistics, 
July 3 to 28, 1939. Colorado Springs, Colorado: Cowles Commission for Re- 
search in Economics. 93 pages. 

The increasing use of mathematics in the development of economic theory is 
illustrated by this report. It gives abstracts of the 38 lectures which were 
presented during the fifth annual research conference on economics and statistics 
of the Cowles Commission. ; 

Mathematical methods were applied in 14 of the papers presented, or more 
than one-third of the total number. There were 3 lecturers who used mathe- 
matical notation but did not draw on mathematical theory. There were 7 papers 
in which well known mathematical theory played an essential réle in the devel- 
opment of economic theory. There were 4 papers which presented new results 
in mathematical statistics. 

The following titles of these 14 papers indicate their general nature; brief 
abstracts are available in the conference report. 


1. Mathematical Notation Used. 
The General Problem of Durable-Goods Demand, Charles F. Roos. 
The Adaptation of Index-Number Construction to Punched-Card Equipment, 
Francis McIntyre. 
The Influence of Price on Exports, J. B. D. Derksen. 


2. Mathematical Theory Applied. . 
Problems in the Theory of Business Cycles, Harold T. Davis. 
A Simplified Economic System with Dynamic Elements, Francis W. Dresch. 
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The Use of Fourier Series in the Analysis of Seasonal Variation, Alexander 
Sturges. 

Some Remarks on the Dynamic Theory of Production, Gerhard Tintner. 

Individual and National Income and Consumption, Jakob Marschak. 

Sources for Demand Analysis: Market, Budget, and Income Data, Jakob Mar- 
schak. 

Relationships between the Distribution of Income and Total Real Income, 
Harold T. Davis. 


3. Results in Mathematical Statistics. 

The Fitting of Straight Lines if Both Variables are Subject to Error, Abraham 
Wald. 

Statistical Testing of Dynamic Systems if the Series Observed are Shock Cumu- 
lants, Trygve Haavelmo. 

On the Measurement of the Degree of Inequality of Income Distributions, Horst 
Mendershausen. 

The Problem of Estimating the Length of the Cycles Created by the Moving 
Average and by Other Graduation Processes, Edward L. Dodd. 


This report provides a sample of modern econometrics and mathematical 
statistics which will be of interest to the mathematician as well as to the econ- 
omist or statistician. 


M. M. FLoop 


Mathematics for Actuarial Students. By Harry Freeman. Part II: Finite Differ- 
ences, Probability, and Elementary Statistics. Published for the Institute of 
Actuaries by the Cambridge University Press, 1939. 13+ 339 pages. 25 s. 


Since changes have been made in the syllabus for the examinations of the 
Institute of Actuaries, Harry Freeman has revised his An Elementary Treatise 
on Actuarial Mathematics. This was first published in 1932 in England and since 
that time has been a standard text for students preparing for actuarial examina- 
tions. In 1936 a fourth edition was published and now the Treatise has been en- 
larged and published in two parts: Mathematics for Actuarial Students, Part I: 
Elementary Differential and Integral Calculus, 8+184 pages; Part II: Finite 
Differences, Probability, and Elementary Statistics, 13+340 pages. 

Although this text is designed to meet the need of students preparing for the 
examinations of the Institute of Actuaries, it will be found useful in preparing 
for Parts II and III of the Associateship examinations given jointly by the 
Actuarial Society of America and the American Institute of Actuaries. 

The section on finite differences which includes interpolation, summation, 
and approximate integration covers about two-thirds of the text. The first chap- 
ter on definitions and fundamental formulas stresses the use of the symbolic 
operators A and E=1+A. In the next three chapters, Newton's formula, New- 
ton’s divided difference formula, Lagrange’s interpolation formula and the 


cen- 
tral difference formulas of Gauss, Stirling, Bessel, and Everett 


are considered, 
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In Chapter V, the practical methods of successive approximation and the elimi- 
nation of third differences are used to solve problems in inverse interpolation. 
The application of finite differences to the summation of series is given in Chap- 
ter VI. In Chapter VII, “Miscellaneous Theorems,” and Chapter VIII, “Mod- 
ern Extensions and Special Devices,” Freeman deals much too briefly with cer- 
tain modern methods of interpolation and summation. The remaining chapter 
in this section is on approximate integration. 

The section on probability is very good. Thirty-one rather interesting prob- 
lems are fully discussed in the text and a list of ninety-six problems is given at 
the end of the chapter. 

In the two chapters on elementary statistics the topics briefly considered are: 
averages (mean, median, and mode), probable value, expectation, the range, 
mean deviation, standard deviation, semi-inter-quartile deviation, relative 
measures of dispersion and probable error. To the reviewer, this is an inadequate 
treatment of elementary statistics for actuarial students. 

In the last chapter of the text the calculus is applied to the solution of certain 
problems in probability. 

An excellent feature of the book is the unusually large number of examples 
illustrating the various formulas and methods discussed in the text. A large 
number of problems is given at the end of each chapter and a miscellaneous 
collection of one hundred problems is added at the end of the book. Answers to 
all problems are given in a special section. These problems and their answers 
will be helpful to students preparing for the actuarial examinations. 

C. H. GRAVES 


Aufgabensammlung der Planimetrie. By F. Gonseth and P. Marti. Ziirich and 
Bern, Orell Fiissli, 1939. 154 pages, 33 figures. Fr. 3.10. 


This book is apparently designed as a supplementary text to two texts on 
plane geometry by the same authors, published by the same firm. It contains 
over 1500 problems. It could be used, as suggested in the preface by the authors, 
over a period of several years without fear of much duplication of problems. 
Most of the problems are devoted to the topics that are familiar to American 
students studying plane geometry. In addition, the book contains problems in- 
volving the use of the rectangular codrdinate system, the linear function y=ax, 
theorems on the “power” of a point, and simple perspectivity relations. The 
problems are well selected, interesting, and stimulating. The mechanical make- 


up of the book is good. 
W. O. GORDON 


Denks port-Aufgaben. Die Mathematik an der Schweiz. Landesausstellung Ziirich 
1939. By E. Trost. Ziirich, Orell Fiissli, 1939. 32 pages. 


The first few pages of this short tract are devoted toa discussion of the math- 
ematical exhibit at the Swiss Exposition of 1939 at Ziirich. The discussion 1s 
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presented in the same style as the original lectures to the visiting public at the 
exhibition. 

This exhibit consisted of several plaques, pictures, graphs, and models de- 
signed to acquaint the general public with some of the concepts treated in the 
various fields of mathematics. It contained, to mention only three items, soap 
film models of minimal surfaces, an illustration of a method for constructing a 
curve through every point of the interior of a square, and examples of one- and 
two-sided surfaces. 

The next few pages are devoted to a discussion of the nature and content of 
22 problems which were presented to the general public for solution. These 
problems presupposed no special mathematical training. They might be char- 
acterized as mathematical puzzles. Several of these, or problems similar to them, 
have appeared in various American newspapers and magazines. 

The remaining pages are devoted to the statement and solution of these 22 


problems. 
W. O. GoRDON 


College Algebra. By L. M. Reagan, E. R. Ott, and D. T. Sigley. New York, 
Farrar and Rinehart, Inc., 1940. 18 +445 pages. $2.50. 


The general scope and content of a text on college algebra are pretty well 
prescribed. Minor variations in sequence of topics are permitted, and rather 
wider variations in selection of material may be exercised, based on the purpose 
of the particular course in view. There is no such thing as a best book on algebra, 
since the general aims and purposes of different books may be widely divergent 
and yet equally meritorious. 

The present book is the outcome of the efforts of three different teachers, 
all of considerable experience in widely different environments, to produce a 
unified book capable of providing sufficient instruction in algebra for all ordi- 
nary college purposes. 

The book is rather large; it contains more material than is used in sucha 
course. It does not include any work on statistics, certainly a welcome chapter 
in a well-balanced course at the present time. It does include an acceptable 
chapter on determinants, one on series, on partial fractions, on the solution of 
the general cubic and the general quartic equations, on inequalities, as well asa 
full, well-written chapter on the theory of equations. 

Of the 209 paragraphs of the text proper, 30 are marked for possible omission 
in an abbreviated course. The plan provides for a five-hour one-semester course, 
or for a three-hour course, if the omissions are made. Each new chapter has one 
distinct feature, that of being approached inductively. In the hands of an alert 
and sympathic teacher, this procedure has bright possibilities. This is particu- 
larly true of the chapters on choice and chance, which come unusually early in 
the book. A very large number of exercises appear throughout the book, many 
of them requiring careful thought. 


VIRGIL SNYDER 
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MATHEMATICS CLUBS 


EpitTep By E. H. C. Hitpesranpt, New Jersey State Teachers College 


All reports of club activities, suggestions, topics with references, and other material of interest to 
clubs should be sent to E. H. C. Hildebrandt, New Jersey State Teachers College, Upper Montclair, N.J, 


CLUB REPORTS, 1938-39 


Continuing with the plan of club topics as presented in the last issue of this 
MonrTHLY, we have selected from remaining club reports some subjects or topics 
heretofore unlisted. These with the lists which have gone before should form a 
working basis for choosing subjects for papers and discussion. As in the case of 
the other listings of club topics we should greatly appreciate a bibliography, 
from either club files or individuals, which would prove helpful in the develop- 
ment of the subject-matter. 


Pi Mu Epsilon, Hunter College of the City of New York 

Central topic: Linear inequalities* 

Review of linear equations 

Necessary and sufficient conditions for the inconsistency of linear inequalities 

Applications of the theorems 

History of linear inequalities, application to proportional representation 

Mixed systems of linear equations and inequalities 

Geometrical solutions and applications of the theorem 


Mathematics Club, University of Kansas 


Mathematical aspects of chemistry 

The four-color problem 

Non-euclidean geometries 

Mathematical relationships in physical chemistry 
Mathematics in the theory of light 


Mathematics Club, Northwestern University 


Mathematics in America 

Connected ordered groups 

Introduction to the theory of numbers 

Continued fractions 

From Euclid to Einstein 

Sporting goods, production problems and mathematics 
Power series in which each exponent is twice the preceding 
Series of linear inequalities 

A brachistochrone problem 








* W. B. Carver, Systems of linear inequalities, Annals of Mathematics, vol. 23, no, 3, March, 
1922. 

L. L. Dines, Systems of linear inequalities, Annals of Mathematics, vol. 20. 

H. Minkowski, Geometrie der Zahlen, Leipzig, 1910, pp. 40-45. 

W. V. Lovitt, Preferential voting, this MONTHLY, vol. 23, 1916, pp. 363-366. 

R. W. Stokes, A geometric theory of solution of linear inequalities, Transactions of the Ameri- 
can Mathematical Society, vol. 33, no. 3, pp. 782-805. a , 

H. M. Schlauch, Mixed systems of linear equations and inequalities, this MONTHLY, vol. 39, 
no. 4, April, 1932. 
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Mathematics Club, Milwaukee-Downer College 


The great pyramid, its mathematical significance and some superstitions regarding the rela- 
tionship of various dimensions to important events 

The logarithmic spiral and its approximation to the curve of life 

The mathematical relationships found in music and the application of mathematics to music 
in such fields as acoustics 

The construction and use of the telescope 


Pi Mu Epsilon, University of California at Berkeley 


Geometrical optics 

Uniform squares 

Geometrical representation of critical phenomena 

The application of mathematics to certain biological developments 
Bernoulli numbers 

Demonstration of string models of ruled surfaces 


Pi Delta Theta, University of Denver 


Oddities in mathematics 
The perpetual calendar 
The mathematics of the Hoover Dam 


Phi Chi Mu, Washington and Jefferson College 


Number writing in the binary system 
Functions in polar coédrdinates 


Mathematics Club, Oshkosh State Teachers College 
Mathematics used in the construction of the automobile 
Contributions of the Chinese to mathematics 
Mathematics and general culture 
Treatment of individual differences in teaching high school mathematics 


Kappa Mu Epsilon, Athens College 


Relation of mathematics and psychology, chemistry, business, science, religion, biology 
Relation of mathematics to life 


A phesteon, Montclair State Teachers College 
Fermat’s last theorem 
The teaching of junior high school mathematics 
Organizing high school mathematics clubs 
The four-color problem 
Linkages 
Five little solids and how they grew 


Mathematics Club, Stanford University 
The problem of finding a point, the sum of whose distance 
The problem of finding the triangle of minimum perime 
On the theory of some mathematical games 
The classical converse of Lehmus-Steiner: If the 
equal, then the triangle is isosceles* 
Three fundamental inequalities: Cauchy’s, Minkowski’s, Hilder’s 
* Mathematical Gazette, vol. 22, no, 251. _ 


School Science and Mathematics, vol. 39, pp. 561-572; includes bibliography 


s from two fixed points isa minimum 
ter inscribed in a given triangle 


bisectors of the base angles of a triangle are 
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Pi Mu Epsilon, University of Nebraska 


The theory and application of the slide rule (The speaker, Mr. Hush, displayed his collection 
of rules which included straight and round rules, a sixty foot Thatcher rule, a forty-five foot rule, 
and other miscellaneous rules.) 

The solution of chemical equations by determinants 

A demonstration of the experimental determination of pi 


Kappa Mu Epsilon, Nebraska State Teachers College at Wayne 
The duodecimal number system 
Intersections 
The challenge of the slow pupil 
Mathematics in mechanical engineering 
Pythagoras and the Pythagoreans 


Mathematics Club, Ball State Teachers College 


Mathematics and architecture 

Mathematics as applied to astronomy 

Mathematics in insurance 

Biography of one famous mathematician presented at each meeting 


Mathematics Round Table, University of Illinois 


The index of a closed curve in a direction field 
Linear functional equations 

Normal families and Picard’s theorem 

Some contributions to the theory of centroids 
Almost periodic functions 


Alpha Mu Gamma, St. Lawrence University 


Mathematical analysis of simple card tricks 

Chemical calculations 

The fourth dimension 

Extra-sensory perception experiments at Duke University 
Chance in gambling 


Pi Mu Epsilon, Washington University 


The use of actuarial analysis in the determination of the average life of a telephone plant 
First principles of groups of substitutions 

The elementary principles of relativity 

Some elementary ideas underlying vector algebra, ordinary and projective 

Some elementary problems in geometric probability 

Buffon’s needle problem 

The determination of the real roots of a certain eighth degree equation that enters in astronomy 


Kappa Mu Epsilon, University of New Mexico 


The golden section 
Remarks concerning a conjecture of Minkowski 
Classical development of our number system 


Pi Mu Epsilon, University of Georgia 
The present status of high school mathematics in the Progressive Education Program 
Use of the parabola and the catenary in finding necessary length of a cable to allow a given sag 
Hydraulics—The Panama Canal 
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Kappa Mu Epsilon, Emporia State Teachers College 


Perpetual calendars 
The applications of mathematics to psychology and statistics 
Mathematics research in Poland 


Euclid’s Circle, Mount St. Scholastica College 


The mathematical basis of life insurance 

Some mathematical considerations of investments 
Short cuts in interest and discount 

Relationship of philosophy to mathematics 
Sidelights of the Cardan-Tartaglia controversy 


Echols Mathematics Club, University of Virginia 
Fallacies and paradoxes 
The meaning of distance 
Surfaces and paper cutting 
Mathematical oddities 


Pi Mu Epsilon, University of California at Los Angeles 
Spectacular mathematics 
Fibonacci’s series 
Kronecker delta 


Newtonian Society, Lehigh University 
Elasticity 
History of mathematics in America 
Determinants 
Algebraic fallacies 


[June-July, 
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PROBLEMS AND SOLUTIONS 
EDITED BY OTTO DUNKEL, ORRIN FRINK, JR., AND H. S. M. Coxeter 


ELEMENTARY PROBLEMS 


Send communications concerning Elementary Problems and Solutions to H. S. M. Coxeter, 69 
Chaplin Crescent, Toronto, Canada. 

The Department of Elementary Problems welcomes problems believed to be new, and de- 
manding no tools beyond those ordinarily furnished in the first two years of college mathematics. 
To facilitate their consideration, solutions should be submitted on separate, signed sheets, within 
three months after publication of problems. 


PROBLEMS FOR SOLUTION 


E 425. Proposed by W. C. Rufus, University of Michigan. 


A man sold cows at a price per head equal to the number. With the proceeds 
he bought an odd number of calves at $10 each, and a pig with the remainder 
(less than $10). If a pig cost one-sixth as much as a cow, how many calves did 
he buy? 


E 426. Proposed by V. Thébault, Le Mans, France. 


Find the locus of a point whose polar planes with respect to four given 
spheres are concurrent, and the locus of the point of concurrence. 


E 427. Proposed by A. Gloden, Luxembourg. 
Find a palindromic pentagonal number greater than 22. 


E 428. Proposed by Ruth Mason Ballard, Chicago. 
It can be shown simply that there is only one way of replacing the asterisks 
by the integers from 1 to 7 so as to make 


9 k 
* x * 
bas k r 


a magic square, and that this square cannot be uniquely determined by fewer 
than two of the nine numbers. Give an analogous scheme for a 4X4 square, 
using the numbers 1, 7, 11, 16 (and twelve asterisks). Is it possible to determine 
the 44 square by fewer than four of the sixteen numbers? 


E 429. Proposed by Emma Lehmer, Berkeley, Calif. 


Prove that 
<>) (&) Lies ash i 
— ny 
k=0 3k 3 


where r=(—1)"2 or (— 1) ("+1)/3] according as m is or is not divisible by 3. 


396 PROBLEMS AND SOLUTIONS (June-July, 


E 407 [1940, 110]. Correction. The last sentence should read: “Prove that 
the points D, FH, F and D’, E’, F’ lie respectively on two parallel lines, per- 
pendicular to the Euler line.” 

E 409 [1940, 110]. Correction. By considering a particular hexagon, E. P. 
Starke has shown that the stated result is false. The proposer and editor ac- 
cordingly beg leave to withdraw the problem. 


SOLUTIONS 


E 391 [1939, 597]. Proposed by James Travers, Harrow, England. 
If P is a point inside a square ABCD, so situated that PA: PB: PC=1: ee b 
calculate the angle APB. Use only the methods of Euclid, Book I. 


Solution by V. W. Graham, Dublin, Ireland. 


Construct NV outside the square so as to make angle CBN=ABP and 
BN=BP. Join PN, CN. Applying Pythagoras’ theorem to the triangle PBN, 
we have 


PN* = DBP? = SAiP2. 
Since triangles ABP, CBN are congruent, CV=AP. Hence 
PN? + GN? = 04 P= CP? 


and CNP isa right angle. But since the right triangle PBN is isosceles, PNB 
is half a right angle. Therefore the required angle, being equal to angle CNB, 
is 15 right angles. | 

Corollary. The segment CP is bisected by the line through B perpendicular 
to AP. 

Also solved by L. R. Chase and the proposer. A similar problem was pub- 
lished in Haugh’s Higher Arithmetic, about 1880. 


E 392 [1939, 597]. Proposed by Cezar Cosnité, Roumanian Mathematical In- 
Stitute. : 

Determine the locus of a point from which the four normals to a given 
ellipse form a harmonic pencil. 

Editorial Note. We know that the feet of the normals from any point (x1, y;) 
to the ellipse x?/a?+y?/b2=1 lie on the “Apollonius’ hyperbola” cxy+b*yx 
—a’xiy=0. Since this hyperbola goes through (x, y:) and the origin, the four 
normals have the same cross-ratio as the lines joining the origin to their feet, 
namely the lines 


(c’xy)? = (byi¢ — ax y)*(x2/a? + y2/b?) 
or 
(b4/a) y2 x4 — 2b? xyyiaey + (a?xi + b?y? — o*) x*y? 


— 2a*xiyixy® + (a4/d2)atyt = 0, 
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Now, the roots of the general quartic equation px'+4qx' + 6rx?+4sx+t=0 are 
harmonic if one root of the “reducing cubic” is zero, 7.e., if 


Poe oT 
gir os = 0: 
a 


(See, for instance, Durell and Robson, Advanced Algebra, London, 1937, p. 314.) 
In the present case this means that 


6(b4/a?) y? — 367x141 ees 07422") 
— 367x141 (aa by —c4) — 3a°x,4, = 0. 
(a?x? + b?y? — c4) — 3a?x141 6(a*/b?) x? 


Hence the locus of (x1, y:) is 
94.4°b?x*y7(a?x? + b?y* — ct) — 54(a2btx?y4 + atb2xty?) — (a2x® + b2y? — c4)? = 0 
or 
(a?x* + b?y? — c*4)® + S4a*b2ctx?y? = 0. 
This curve has the same general appearance as the evolute 
(a?x? + b?y? — c*)® + 27a7b2c4x?y? = 0; 


it has the same cusps, but otherwise lies entirely inside the evolute, 7.e., in the 
region from whose points the four normals are all real. 


E 393 [1939, 597]. Proposed by V. Thébault, Le Mans, France. 
Find two perfect squares, of five digits each, which together contain all the 
digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. How many solutions are there? 
Solution by G. W. Wishard, Norwood, Ohio. 


Since the sum of the ten digits is divisible by 9, the sum of the two squares 
must be divisible by 9. Since (3m+1)?+(3n+2)? is never divisible by 9, each 
square must be divisible by 9, and its root by 3. By referring to Barlow's 
Tables, we see that eighteen such squares with five distinct digits occur, namely: 


1172 = 13689, 1862 = 34596, 2282 = 51984, 
1262 = 15876, 1892 = 35721, 2522 = 63504, 
1442 = 20736, 1952 = 38025, 2672 = 71289, 
1472 = 21609, 1982 = 39204, 2732 = 74529, 
1532 = 23409, 2132 = 45369, 2822 = 79524, 
1742 = 30276, 2192 = 47961, 3092 = 95481. 


Among these, the following eight solutions are found: 


(15876, 23409), (20736, 51984), (30276, 51984), (38025, 47961), 
(15876, 39204), (20736, 95481), (30276, 95481), (63504, 71289). 
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Also solved by W. E. Buker, L. R. Chase, Daniel Finkel, D. D. Leib, K. W. 
Miller, E. P. Starke, W. R. Talbot, C. W. Trigg, Alan Wayne, B. C. Zimmer- 
man, and the proposer. 


E 394 [1939, 597]. Proposed by N. A. Court, University of Oklahoma. 

If the lines AM, BM, CM joining any point M to the vertices A, B, Cofa 
tetrahedron ABCD meet the respective opposite faces in the points P, Ok 
and if the lines DM, DP, DO, DR meet the face ABC in the points S, Xz 
prove that (both in magnitude and in sign) 

DM (= DQ 4 =) 
PXeae Veh Js 





MS 2 
Solution by L. M. Kelly, Boston University. 
If M is the centroid of masses a, b, c, d at A, B, C, D, then P will be the 
centroid of b, c, d; and X of b and c. Hence 
DP/PX = (6+ c)/d, 
and similarly DQ/QY=(c+a)/d, DR/RZ=(a+b)/d. Therefore 
7 DP DO Vee Re a+b+c DM 
Aer oY e) + Sie ase 
Also solved by W. E. Buker, T. C. Esty, V. W. Graham, and the proposer. 


E 395 [1939, 597]. Proposed by E. P. Starke, Rutgers University. 


In high school geometry texts and elsewhere one frequently meets the state- 
ment that the reason for the straightness of the crease in a folded piece of paper 
is that the intersection of two planes is a straight line. This is fallacious. What js 
the correct reason? 


Solution by L. R. Chase, Rogers High School, Newport, R. I. 


Let P, P’ be two points of the paper that are brought into coincidence by 
the process of folding. Then any point A of the crease is equidistant from PEA 
since the lines AP, AP’ are pressed into coincidence. Hence the crease, being the 
locus of such points A, is the perpendicular bisector of PP’. 

Also solved by the proposer. 
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ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, Vi ‘ashington 
University, St. Louis, Mo. All manuscripts should be typewritten, with double spacing and with 
margins at least one inch wide. 

Problems containing results believed to be new or extensions of old results are especially 
sought. The editorial work would be greatly facilitated, if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well known text-books or results found in readily accessible sources will not 
be proposed as problems for solution in this department. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems. 


PROBLEMS FOR SOLUTION 
3963. Proposed by V. Thébault, Le Mans, France. 


In an orthecentric tetrahedron the first sphere of twelve points is the locus 
of points the sum of whose powers, with respect to the spheres having as di- 
ameters the edges (or bimedians), is zero. Generali«e. 

Note. The bimedians are the straight line segments joining the midpoints 
of opposite edges. 


3964. Proposed by V. Thébault, Le Mans, France. 


The sum of the powers of the vertices of a tetrahedron, with respect to the 
Monge sphere of the circumscribed ellipsoid of Steiner, is equal to the negative 
of half the sum of the squares of the edges. 


SOLUTIONS 


3878 [1938, 389 |. Proposed by V. Thébault, Le Mans, France. 


A convex quadrilateral is circumscribed about a circle. Show that there exists 
a straight line segment with ends on opposite sides dividing both the perimeter 
and the area into equal parts. Show that the straight line passes through the 
center of the inscribed circle. Consider the converse. 

Editorial Note. The proposer gave the following indications of a solution: 
Let the consecutive sides of the quadrilateral be AB =a, BC=b, CD=c, DA =d; 
and let the segment EF divide its perimeter into equal parts where its ends are 
on AB and CD, respectively. We find easily that EB+CF=d and AE+FD=b. 
It then follows that EF must pass through the center of the inscribed circle, 
if it divides the area also into equal parts. The values of x= #B and y= CF may 
be obtained by considering the triangle A MD formed by the prolongations of 
the sides AB and CD. In addition, EF is tangent to a hyperbola and to a parab- 
ola which are easily determined; and the desired line EF is a tangent passing 
through the center of the circle. The same considerations apply to the opposite 
sides BC and DA. A discussion of the possibility of the construction is interest- 
ing. . . . . 

In what follows will be supplied two constructions for the desired line, if it 
exists, using straight lines and circles, one of which corresponds perhaps to the 
parabola mentioned by the proposer. Since the sides are formed by eight tan- 
gents to the circle equal in pairs, the sum of the lengths of two opposite sides is 
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equal to s, half of the perimeter, or a+c=b+d=s. Let P, QO be points on AB, 
CD, respectively; then the straight line PQ divides the perimeter into equal 
parts if and only if PB+CQ=d. The area of ABCD is Rs, where R is the radius 
of the inscribed circle (O); and the area of the quadrilateral PBCOQ is equal to 
the area of PBCQO and that of OQP, or Rs/2 plus the area of OOP. Hence PQ 
bisects the area if and only if the area of OQP is zero, or what is the same, if and 
only if PQ passes through O. If PQ satisfies the condition PB+CQ=d, then P 
and Q are corresponding points in two projective ranges on the lines of AB and 
CD as bases. If P’Q passes through O we have also projective ranges on the two 
bases, and we can then set up projective ranges P, P’ on the same base, the line 
of AB; and the problem is solved by finding the self-corresponding points. Take 
Qs on CD, or its prolongation, so that CQ;=d, and P; on BA, or its prolongation, 
so that BP,=d. Thus on CD the three points ~, C, Q3 correspond respectively 
to ©, Ps, Bon AB in the first projectivity. Let the parallel to CD through O 
cut AB in P/ ; then, in the second projectivity, to the above three points on CD, 
there correspond on AB the points Pi, Pi, Ps, where CPJ. Q;Ps pass through 
QO. In the plane of the figure let S be any chosen point on any conveniently se- 
lected auxiliary circle, which may be the inscribed circle (O); and let the parallel 
to AB through S cut this auxiliary circle in Si, while SP. and SB cut it in S, 
and S3. Similarly, let SP/, SP/, oP; cuttin sia sen soeelet (S253, Ss S3) 
denote the intersection of the indicated chords, or their prolongations. Then 
(Sucter noua), (oi5ey Sr Ae) et Sad Si) lie on a straight line by the Pascal 
theorem for the hexagon S3S/ S,S/ S_Sj ; and, if there isa real self-corresponding 
point, this line cuts the auxiliary circle in two points, which may be coincident. 
Let the straight lines through S and these two intersections cut AB in Py and 
Pé;and let PhO, Pf O cut CD in Qo, O¢ . Then we have one, two, or no solutions 
according as both end-points of P5Qo, Pi Qs lie on the segments of the corre- 
sponding sides or do not. In a similar manner we consider the opposite sides BC 
and DA. 

In the first projectivity the envelope of PQ is a conic tangent to the two 
bases AB and CD; and, since from the above one element, PQ, is the line at 
infinity, the conic must be a parabola. This is probably the parabola mentioned 
by the proposer. If AB and CD are parallel, P2BCQ; is a parallelogram witha 
center O’, and the lines PQ which bisect the perimeter of ABCD pass through 
O’. Hence there are self-corresponding lines P Qo for these two sides if and only 
if O’ is at O. If O’ is at O, there are two types. In one type P: is at A and Q; 
is at D, and ABCD has sides of equal length; and any line through O furnishes 
a solution, that is it bisects both the perimeter and the area. In the second type 
ABCD is an isosceles trapezoid, and we may assume that CD is the smaller of 
the two parallel sides. If Q is any point on the segment CD, the line QO furnishes 
a solution. As for the other two, non-parallel, sides BC, DA, it will be shown 
later that there are two distinct self-corresponding lines: but they do not furnish 
a solution, for it will be shown that there is no line through O with its end-points 
on the segments BC, DA which bisects the area. The proof of this last statement 
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is as follows: The parallel to AB through O cuts BC, DA in M,, Ma; and obvi- 
ously ABM,Mz has an area greater than one-half the area S of ABCD. The 
line AO cuts the segment BC in Ky, while BO cuts DA in Ky and cuts CD pro- 
longed in D’. The area of triangle A BK, exceeds S/2 by the area of triangle 
DD'Ka, as is shown by dissection. The line D’ Ma cuts AB in A’; A’D’ is parallel 
and equal to BC. Let R, R’ be points on the segment AM, so that AR<AR’ 
<A Mua; then RO, R’O cut A’D’ in S, S’ and cut BC in S, S’ on M,Ky, where 
M,S'< M,S Ss M,Ky. The area of ROR’ exceeds the area of SOS’ by the area 
of RSS’R’. Hence the area of ABSR increases from that of ABK, to that of 
ABM,Mz as R passes from A to Mj. From symmetry we see that as R passes 
from M, to Ka the area decreases to that of ABKa, which is the same as the area 
of ABK,. Thus ABM,M, has the maximum area, and the above statement is 
proved. 

Suppose now that AB and CD intersect in the finite point JZ so that the 
points A, B, M have the order as written, while BC and DA may or may not be 
parallel; and let the points of tangency of AB and CD with the parabola be 7, 
and 7,. Then to 7 on AB corresponds Ton CD, and thus MT,= MC+ MB-+d; 
and, similarly, M7,= MB+MC-+d. Hence MT, and MT, have equal lengths, 
and the axis of the parabola is along MO, the perpendicular bisector of the chord 
T.T., with the midpoint NV. The vertex V of the parabola is the midpoint of WN; 
the perpendicular at V to MN is the tangent at the vertex cutting the tangent 
MT.in M,. The perpendicular at 1, to MT, cuts the axis OM in the focus F. 
If the circle (OF) on OF as diameter cuts the line VV, in two real points, then 
the two straight lines through O and these two points of intersection are the 
self-corresponding lines PoQo, Pd Qy . 

If BC and DA are perpendicular to WO, A BCD isan isosceles trapezoid with 
BC as the smaller of the two parallel sides, and CD=(BC+DA)/2. Here 
CM,=DA/2, and hence MV is greater than 1/0. Thus for the two non-parallel 
sides AB, CD there are always two self-corresponding lines, but as shown above 
neither gives a solution. Let Cj, in this last figure, lie on the segment WC and B, 
on AB so that B,C, is tangent to (O) giving the circumscribed quadrilateral] 
AB,C,D:; then, since 2B,0C,= ZBOC, ZC,OC=2ZB,0B. Hence BB,/CGiC 
= 0OB,/OC,, and hence C,C>BB,. Thus, for DA fixed, as C; moves from C to M, 
MV decreases. If MO>(\/2+1)R and C; is at M, the vertex V is at a point Vo 
such that MO>MV>. Thus for such a triangle A WD there exist circumscribed 
quadrilaterals A B,C;D such that there are no real self-corresponding lines for 
AB, and C,D; and there are no solutions for these sides. 

A complete discussion appears to be lengthy and would involve tedious com- 


putations. 


3882 [1938, 482]. Proposed by J. R. Musselman, Western Reserve University. 

The pedal circle of the centroid G of a triangle A,A,A3 passes through the 
centers of the hyperbolas of Kiepert and Jerabek. These hyperbolas are consid- 
ered in Casey’s Analytic Geometry of the Point, Line, and Circle, pp. 442-448. 
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Solution by Otto J. Ramler, Catholic University of America. 


Bobillier’s theorem states that the pedal circle with respect to a triangle in- 
scribed in a rectangular hyperbola of a point P on the hyperbola passes through 
the center of the hyperbola. The locus of points isogonally conjugate to the 
points on the Brocard diameter OK, where K is the symmedian point, is 
Kiepert’s hyperbola. The centroid G and K are isogonally conjugate. Hence G 
lies on Kiepert’s hyperbola, and the pedal circle of G passes through the center 
of Kiepert’s hyperbola. Now the pedal circle of G is the same as the pedal circle 
of K since G and K are isogonally conjugate. Moreover the pedal circle of K 
passes through the center of the rectangular hyperbola which is the locus of 
points isogonally conjugate to OG, the Euler line; this locus is Jerabek’s hyper- 
bola. Hence the pedal circle of Gand K passes through the centers of the Kiepert 
and Jerabek hyperbolas. 

Solved also by R. Goormaghtigh. 


3883 [1938, 482]. Proposed by J. R. Musselman, Western Reserve University. 

The orthopole of the Euler line of a triangle A;A2A3; as to the same triangle 
is the center of the hyperbola of Jerabek; the orthopole of the Brocard line of 
the triangle as to the same triangle is the center of the hyperbola of Kiepert. 
Orthopole is defined in Johnson's Modern Geometry, p. 247. 


Note by R. Goormaghtigh, Bruges, Belgium. 


The considered properties are special cases of the following theorem: The 
counter-point conic of a circumdiameter ¢ is the circumscribed rectangular hy- 
perbola having as center the orthopole of t. See f.i. Gallatly, The Modern Geome- 
try of the Triangle, p. 82. 

Solved also by Otto J. Ramler. 

Editorial Note. Goormaghtigh’s solution of 3882 was similar to the one above; 
and he stated that Bobillier’s theorem (Annales de Gergonne, 1829, p. 349) was 
generalized by T. Lemoyne (Nouvelles Annales de Mathématiques, 1904, p. 400) 
in the theorem: The pedal circles of the points of.a straight line A have the same 
power with respect to the orthopole z of A; the power is twice the product of 
the distances of A to 7 and to the circumcenter. He referred also to Gallatly, 
I'he Modern Geometry of the Triangle, p. 51; and for properties of the orthopole 
to his paper, The orthopole, Tohoku Mathematical Journal, 1926, pp. 77-125. 
Ramler’s solution of 3883 was based upon the theorems of Lemoyne and 
Bobillier. 

These references may not be available to some readers, as is the case in the 
preparation of this note, so we shall give proofs of the general theorems upon 
which the solutions are based. Let Ao, Bo, Co be the midpoints of the sides of the 
triangle A BC; let O be the center of the circumcircle (O); and let N be the center 
of the nine-point circle (NV) passing through the above midpoints. The four cir- 
cles (OA), (OB), (OC), on the indicated diameters OA, OB, OC, and (NV) are 
equal. Let any chosen diameter s of (O) cut the first three circles in A’, B’. C’. 
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the orthogonal projections of A, B, C on s. Since AyCp is the common chord of 
(N) and (OB), the reflection of B’ in this chord is a point S on (N). The arcs 
A,B’ and A,S are symmetric with respect to this chord. Considering (OB) 
and (OC), the ares A Ai and A.C”, where the senses of rotation are the same, 
are equal. Hence 4,C’ and A,S are equal but of opposite sense; and therefore 
S is the reflection of C’ in the common chord A By of (N) and (OC). This suffices 
to show that S is the orthopole of the diameter s. 

The isogonal conjugates of points on the diameter s describe a rectangular 
hyperbola I through the vertices of ABC; and, since H, the orthocenter, is the 
isogonal conjugate of O, it lies also on [’. Let s’ be the diameter of (O) sym- 
metric to s with respect to OA,; then it is easily shown that the asymptotic 
directions of T are along the sides of the right angle subtended at A by the 
diameter s’. The center S’ of T may be constructed in at least two ways; we shall 
use the asymptotic directions. On CA as hypotenuse construct a right angled 
triangle whose other two sides have the asymptotic directions; then S’ lies on 
the straight line joining the vertex of the right angle with Bp. On BC construct 
a similar straight line through Ao; then the intersection of these two straight 
lines is S’. We prove next that S’ is the same as S. When s rotates about O 
through an angle 6, s’ rotates through an angle —9; the sides of the right angle 
through A and C rotate through —6/2, and thus the straight line ByS’ rotates 
through —@. So also does A,S’, and hence S’ lies on a circle with the chord 
A, Bo. If s passes through C5, we shall prove that Cy is the center of the isogonal 
conjugate of s. Here s bisects the arc AB of (O) subtended by C, say in C, whose 
reflection in OA, is C’. Then ZCAC’= ZAC'C; and hence S’ is on BoCo. With 
AB, or BC, as hypotenuse, S’ lies on a similar straight line passing through Co; 
and therefore Cy is the center. A second proof, which is easy and familiar, is 
obtained by showing that the tangents to I at A and B are parallel. Thus the 
circle locus of S’ passes through Co, and so it must be (4); and A»S’ turns 
through —0. We may take 6= Z C,OB’ = Z C)A,B’. When s passes through Co 
both S and SS’ are at Co; and it has now been shown that S’ is the reflection of B’ 
in AyCo; and therefore S’=.S. From the definition of the two special cases of T 
in the solution of 3882, we see that this gives the solution of 3883. 

Let P be any given point on a rectangular hyperbola I’ through the vertices 
of the triangle ABC. Then I must be the isogonal conjugate of a diameter of the 
circumcircle (O) of ABC. This diameter is along OP’, where P’ and P are isogo- 
nal conjugates with respect to ABC. Then P and P’ are the foci of a conic K 
tangent to the sides of ABC, and the common pedal circle of P and P’ is the 
auxiliary circle for the focal diameter of K. Let J and J be the circular points 
at infinity; then PI and PJ are tangents to K, cutting I in Q and R, respec- 
tively. Since ABC and PQR are inscribed in I’, there exists a conic tangent to 
their six sides; and, since K is tangent to five of these sides, this conic must be K. 
Let S be the projection of P on the tangent QR to K; then S must lie on the 
above pedal circle. We shall show that S is the center of I by showing that it 1s 
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the pole of the line at infinity. Since PS is perpendicular to QRat S, S(J, Q, J, P) 
isa harmonic pencil. If JJ cuts Tin X and Y, the range J, X, J, Y is harmonic, 
since the asymptotes are perpendicular. Hence J is the pole of SJ. Let 7R and 
PS intersect in U; then in the complete quadrilateral formed by P, Q, R, U the 
straight lines PR, QU, SJ are concurrent; and therefore the point of concurrency 
must be J, U lies on I, and JJS is a self-polar triangle. Hence the polar of S 
is IJ; Sis the center of I, while SX and SY are the asymptotes. We now have 
the theorem: 

If A, B, C, P are points on a rectangular hyperbola, the common pedal circle 
of P and of its isogonal conjugate P’ with respect to the triangle ABC passes 
through the center S of the hyperbola. 

This theorem gives the solution of 3882. If P, P’, O are not collinear, the 
usual case, and I’ with the center S’ is the isogonal conjugate of OP, then S 
and S’ are distinct points on (NV), SS’ is the common chord of (NV) and the com- 
mon pedal circle of P and P’, and S and S’ are the orthopoles of OP’ and of OP, 
respectively. This result will be referred to in another problem. 

The solutions of 3797 [1938, 483] and of 3831 [1939, 454] contain matters 
related to the above two problems. In Rouché and Comberousse’s Géoméirie, 
Part 2, eighth edition, page 617, is the interesting remark that Kiepert’s hyper- 
bola was encountered for the first time in Kiepert’s study (Nouvelles Annales, 
1869, p. 41) of the problem: 

On the sides of the triangle ABC as bases similar isosceles triangles are con- 
structed P,.BC, P,CA, P.AB, all directed either toward the interior or the ex- 
terior of ABC. The straight lines A P,, BP,, CP. are concurrent; and, when the 
base angle P,BC varies, the point of concurrency describes a conic through the 
vertices of ABC, the centroid G, and the orthocenter H. 

It is then verified that this conic locus is Kiepert’s hyperbola defined as the 
rectangular hyperbola which is the isogonal conjugate of OK, where K is the 
Lemoine point, the isogonal conjugate of the centroid G, and O is the circum- 
center of ABC. For P, and P, lie respectively on OB) and OC, and hence BP, 
and CP, are corresponding rays in two projective pencils with centers at B 
and C. Hence their point P of intersection describes a conic through B and C; 
when the base angle is A, 0, 7/2, P is at A, G, H respectively. Then, if we use C 
and A for centers of the pencils, we must get the same conic; hence the lines 
AP., BP;, CP. are concurrent, and the conic is the isogonal conjugate of OK. 

Immediately preceding this in Rouché and Comberousse are simple proofs 
of the following: The isogonal conjugate of a straight line d which cuts (O) in 
two distinct points is a hyperbola. This hyperbola is rectangular if and only if d 
passes through O. It is a parabola if d is tangent to (O), and an ellipse in all other 
cases. Also there are proofs of some of the facts used in this note. 


3884 [1938, 482]. Proposed by H. S. M. Coxeter, University of Toronto. 


Prove that the points of contact of the real bit 


angents to a plane quartic 
(of genus 3) are its points of intersection with 1, 


2, 4, or 7 conics. 
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Solution by the proposer. 


By a well known result of Zeuthen (Mathematische Annalen, vol. 7, 1874, 
p. 411), the plane quartic has 4, 8, 16, or 28 real bitangents. These arise by 
Geiser’s projection from the 3, 7, 15, or 27 real lines on the cubic surface (Schlafli, 
Quarterly Journal of Mathematics, vol. 2, 1858, p. 117), together with the tan- 
gent plane at the point of projection. When only 3 of the 27 lines are real, they 
form a triangle; therefore the corresponding 4 bitangents are a syzygetic tetrad 
(1.e., their 8 points of contact lie on a conic). Other syzygetic tetrads arise from 
“double-two’s,” 7.e., sets of four lines of the cubic surface which form two inter- 
secting pairs (XX). When 7 of the 27 lines are real, they consist of three 
intersecting pairs and one line meeting all the six. Such a configuration can 
be regarded (in three ways) as a triangle and a double-two; therefore the corres- 
ponding 8 bitangents can be regarded (in three ways) as two syzygetic tetrads. 
When 15 of the 27 lines are real, they can be taken to bec;;, (1, 7=1, 2,---, 6; 
7<j), in Schlafli’s notation. The corresponding 16 bitangents are 7j and 78, 
in the Hesse-Cayley notation. When these are tabulated in the form 


24 is 23 14 
45 46 oo 36 
iS 16 26 25 
12 34 56 78 


each row is a syzygetic tetrad. (Incidentally, so is each column.) 

Finally, the whole set of 28 bitangents can be divided into 7 syzygetic 
tetrads by cyclically permuting the symbols 1, 2, 3, 4, 5, 6, 7, beginning with the 
tetrad 

18 27 36 45. 


This is most easily seen by arranging the numbers 1, 2, -- - , 7 symmetrically 
around a circle, and observing that 27, 36, 45 are three unequal chords. (For 
completeness, the number 8 might be placed at the center.) The fact that the 
28 bitangents can be divided into 7 syzygetic tetrads was first remarked by Du 
Val (see Baker, Principles of Geometry, vol. 6, 1933, p. 14). 


3886 [1938, 482]. Proposed by V. Thébault, Le Mans, France. 

A parallelogram is inscribed in an ellipse and a point P is chosen arbitrarily 
on the ellipse. Two straight lines are drawn from P parallel to the sides of the 
parallelogram cutting them in four points. A third straight line is drawn from P 
parallel to one of the diagonals of the parallelogram cutting the tangents at the 
ends of this diagonal in two points. Show that the six points thus obtained are 
the vertices of a hexagon whose consecutive sides are parallel to two conjugate 
diameters of the ellipse, and that the area of the hexagon is the same as that of 
the parallelogram. See 3861 [1938, 122]. 

Editorial Note. Since the theorem of this problem is a special case of 3861 
[1940, 118], it seems that the proposer desires an independent proof. It will 
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suffice to replace the ellipse and its inscribed parallelogram by a circle (O) and 
an inscribed rectangle (4) =A14.43A4. Let M be a point on (O) whose projec- 
tions on the sides A;A;4; are B;. We shall show that the quadrilateral (B) with 
vertices B; has its opposite sides perpendicular; that, as M moves on (Q), the 
intersection of one pair of opposite sides of (B) moves on one diagonal of (A) 
and the intersection of the other pair moves on the other diagonal; and that for 
all positions of M on an arc of (O) between consecutive vertices of (A) the angles 
of (B) remain constant. 

Suppose first that M lies on the arc of (O) from A, to Ay, where the vertices 
of (A) are in positive order, so that B;, B; are outside of (O) and the other two 
vertices By, By are inside. Let O4:, Oi2, Oo3, O34 be the midpoints of sides BiB, 
BB, B,B;, B;B,; these midpoints are centers of rectangles with these sides as 
diagonals. The reflections of A», Bs, A3 in the line of O20; are By, M, B3, and 
therefore ZB3;B.B,;= ZA2,.MA3= 2A4A3A,= 6. The reflections of B,, A1, Ag in 
OuOy are M, By, Bo, and therefore ZB.B,Bys= 2ZA,MAo= ZA\A4A.=77/2—6. 
Similarly, reflection in 0.3034 gives ZB4B3;B.=7/2—6. Thus By, Bo, B3, Bg is 
an orthocentric set of points. Let 4143 and B,By intersect in Ai3, and 4.44 and 
B,B; in As4. A circle passes through By, Ai, Ai3, Ba, from the equality of angles at 
the first two points, and this circle must pass also through M. Hence Z B44 13B, 
=7/2, and therefore B;, By, Aj; are collinear. Similarly, a circle passes through 
Bz, As, Aos, By, and hence ZB3A2,B,=7/2, and then it follows that B,, By, Ag 
are collinear. We also have Z MAos4o= ZMA,3A,=77/2. It is obvious that the 
area of (B) isone-half of the area of (A). If Mison the arc from A, to As the proof 
is similar; the angles at By and By are now each equal to 6 while the one at B; 
is t/2—6; and in both cases M is the Miquel point for the complete quadrilateral 
(B). 

Let the projections of M on the tangents to (O) at As and A, be T> and ia 
then Aes4474M and AosMT>A> are rectangles. A circle (42M), on A2M as di- 
ameter, passes through A», VM, Bi, T», and it goes also through By and Agy. Since 
B,Bz and T:Ao4 are diameters, Z BoT.B,= Z T2B,By=7/2. Thus B,7-BeAcs is a 
rectangle. Also Ay, M, Bs, T; lie on a circle (4417) which passes through By, 
and Aes; and 2Z7,B;B,= £ByT,4B3;=7/2, since Aos74 and B3B, are diameters. 
Thus 74B;A24B, is a rectangle. Since the areas of triangles B,Ao4B, and B,T>By 
are equal, and similarly for A»4B;B, and T,B,B3, the area of hexagon 
BiT2B2B3T Bs is equal to that of (A), and its consecutive sides are perpen- 
dicular. 

In a similar manner the tangents at the ends of the diagonal AA; yield the 
two points I’, and 73, and the right triangles 7,B,B,and 73B;Be, the sum of whose 
areas is one-half the area of (A). We now have the octagon B,T2Bo.T3B3T ByTy, 
which has the re-entering angle 74B,T, if Mis on the arc A 34, and 7,B,7> if M 
fain ais ae area s Pi octagon is three-halves of the area of (A): 
the cardioid with its sae ae ane Phe ire ne “ ee al a 

spat VM; ameter of (O) through J as its 
axis; and the other four vertices lie within the cardioid. 


1940] PROBLEMS AND SOLUTIONS 407 


3888 [1938, 554]. Proposed by R. Goormaghtigh, Bruges, Belgium. 


Let Pi, Po, P3, Ps be the projections of a point P on the faces of a tetrahe- 
dron A,A2A3A4. The intersection of the edge A.A» with the plane passing 
through A;A,4 and perpendicular to the median corresponding to P in the tri- 
angle P,P P2 and the five other similar intersections are in a plane r. The plane 
m is perpendicular to the straight line joining the isogonal point P’ of P to the 
point having as barycentric coérdinates in the pedal tetrahedron of P’ the 
squares of the normal codrdinates of P in the tetrahedron A,4oA3A 4. 


Solution by the Proposer. 


Let Pi P/ Pj P{ be the pedal tetrahedron of P’, and P’ay. the symmedian 
corresponding to P’ in the triangle P/ P’P? ; then 


, e Die 2 
Py a392032P3 — P'P{ -P'P¢ e 


It follows that the plane Pj P{ ay and the five similar planes are concurrent at a 
point Q having in the tetrahedron Py Py Pj Pi as barycentric coérdinates 
PRPs ea PtP! = P’'P} i! PiPy as 

Consider further an inversion, P’ being the pole; then Pj, P, Pj, Pj are 
transformed into Pj’, Pd’, Pj’, P{’,and P’aj, for instance, passes through the 
midpoint of Pj’ Py’. 

If B,B.B;B,is the antipedal tetrahedron of P’ with respect to Pj’ Py’ Pj’ P{’, 
P{ Ps is transformed, by the considered inversion, into the circle P’P{ Pz’, 
placed in a plane perpendicular to B;B,, the point aj corresponding to ay, being 
the point where the plane through B;B, perpendicular to P’ay. meets P’ajo. 

The plane P/ P/ ay is transformed into a sphere passing through P’, P3’, 
P{', az and the planes perpendicular at PJ , Pd’, aw to P’P3', P’P4', P’ar 
meet on B,B, at the image Qy» of P’ through the center of that sphere. As 
the considered sphere and the five other similar spheres are concurrent at the 
inverse of Q, the points similar to Qy» belong to a plane perpendicular to P’Q. 

The theorem considered in the proposed question will then follow if it is noted 
that the figure A,4.A3A 4PP,P2P3P, is homothetic to B,B,B;B4P’ Pi’ Py! Ps' Pd’. 

Editorial Note. The above solution may be set in a different form to prove the 
following theorem: 

Let P and P’ be finite isogonal conjugate points with respect to the 
nondegenerate simplex S=A,A2--+ Anyi, in m dimensions, 22; and let 
S,=P,P2 +++ Pnii be the pedal simplex of P with respect to S. The inter- 
section of the edge A;A; with the plane through the remaining vertices of S 
perpendicular to the median for P in the triangle P;P P; is a point Q;;. The 
(n+1)n/2 points Q;; lie in a plane z which is perpendicular to the straight line 
joining P’ with that point Q which has for barycentric coérdinates with respect 
to S,’, the pedal simplex of P’, the squares of the normal coérdinates of P with 


respect to S. wT 
If Cis the midpoint of PP’, the sphere (C) with center C and radius CP; is 
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the common pedal sphere of P and P’ with respect to S. If P; is the other end of 
the diameter of (C) through P/, we obtain the simplex S=PiPy>-+ Pers 
the eee with respect to C of S,; and PP;- PP;=k, a constant, for 
i=1, 2,---,n+1. Thus P;, P; are inverse points with respect to the sphere 
(P) with center P and with a radius whose square is k. From this inversion we 
see that P;P; and P,P; are antiparallel with respect to the angle P,;PP;; and, if 
M;; is the midpoint of P,P; and if PM;; cuts P,P; in a;;, Pa;; is the isogonal con- 
jugate of the median for P in the triangle P;PP;. Hence P,a;;/ai;P;= (PP,/PP;)?, 
and the plane [a;;S;;] through a;; and the vertices of S omitting P; and P; 
has the barycentric equation with respect to S, x;/x;=(PP;)~?/(PP;)~. The 
(n+1)n/2 planes [a;;S;;] have in common the point Q with barycentric coérdi- 
nates with respect to 5S, (PP:)~?, (PPs)-?, --- , (PPnii)~?. With respect to (P) 
the poles Q;; of [a:;S;;| lie in 7, the polar alee of QO; also S and S are polar 
reciprocals. The polar of S;; is the straight line 4;4;; and the polar of a;; on 
PP; is a plane perpendicular to PM;; passing through the polar of P;P;, which 
is S,;;. Thus the pole Q;; of [ai;S;;] is the intersection of A;A; with the plane 
perpendicular to PM;, passing through S;;; and hence Q,; is the Q;; in the the- 
orem. The plane z, containing the points Q;;, is perpendicular to PQ, and to 
P’Q, its symmetric with respect to C. The barycentric coérdinates of Q with 
respect to Sy are (P’P!)-?, or (PP;)?, since P and P’ are isogonal conjugates 
with the respective normal coérdinates PP;, P’P} with respect to S. This com- 
pletes the proof. 


NEWS AND NOTICES 


Readers are invited to contribute to the general interest of this department by sending news items 
to R. G. Sanger, Eckhart Hall, University of Chicago, Chicago, Il. 


The honorary degree of Doctor of Laws was conferred by Duke University 
upon Dean L. P. Eisenhart of Princeton University. 


Professor Rufus Oldenburger of Armour Institute of Technology will de- 


liver a series of lectures on mathematics under the auspices of the University of 
Mexico this summer. 


The degree of Doctor of Laws was nes on Professor Maria M. Roberts 
by the Iowa State College on June 10, 1940, “in recognition of fifty years of 
devoted and distinguished service to the college in the department of mathe- 


matics, as dean of the Junior College, and as administrator of the student loan 
funds.” 


Dr. R. G. Sanger was awarded one of the three $1000 awards given at the 
University of Chicago to selected teachers for excellence in undergraduate teach- 
ing, and has been promoted to an assistant professorship. 


Professor E. F. Weinberg of Rollins C ollege was awarded the Rollins Deco- 
ration of Honor fs distinguished service to the college. 
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National Research Fellowships in mathematics for 1940-41 have been 
awarded to Dr. H. T. Muhly to work at Princeton University, and to Dr. C. E. 
Shannon to work at the Institute for Advanced Study. 


Dr. Joseph Allen, professor of mathematics at the College of the City of 
New York, will retire September 1, 1940. He has been a member of the faculty 
since 1897. 


Dr. Marjorie H. Beaty has been appointed to an assistant professorship at 
the University of South Dakota. 


At the University of Illinois Associate Professors H. R. Brahana and W. J. 
Trjitzinsky have been promoted to professorships, and Dr. Josephine H. 
Chanler has been made an associate in mathematics. 


Professor C. T. Bumer of Kenyon College has been appointed Peabody 
Professor of Mathematics. 


Associate Professor Jewell Hughes Bushey has been elected chairman of the 
department of mathematics at Hunter College for the coming year. 


Professor Abraham Cohen has retired after forty-five years on the faculty at 
Johns Hopkins University. 


Dr. Myrtie Collier of Immaculate Heart College, Los Angeles, was made 
head of the department of mathematics in January. 


Professor W. B. Ford has retired after forty years at the University of 
Michigan. Included in this period is his service as editor-in-chief of the MONTHLY 
for the years 1923-26 and as president of the Association for the years 1927-28. 


At the university of Notre Dame, the Rev. J. H. Kenna, Dr. A. N. Milgram, 
and Dr. P. M. Pepper have been promoted to assistant professorships. 


Dr. Norman Levinson of Massachusetts Institute of Technology has been 
promoted to an assistant professorship. 


Dr. Hans Lewy of the University of California has been promoted to an 
associate professorship. 


Professor Lao G. Simons, chairman of the department of mathematics at 
Hunter College, has retired after forty-five years of association with the college. 
Her friends and colleagues gave expression to their appreciation of her long and 
distinguished service at a reception and dinner in her honor at Hotel Madison, 
New York, on June 18th. 


After twenty-nine years of service as Johnson Professor of Mathematics at 
the College of Wooster, Professor B. F. Yanney has retired with the title John- 
son Professor of Mathematics Emeritus. 
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The following appointments to instructorships are announced: 


University of Alabama: R. E. Gaskell 


Allegheny College: J. A. Joseph 


Brooklyn College: Dr. Moses Richardson 

Eastern Washington College of Education: R. F. Bell 

Massachusetts Institute of Technology: Dr. Eric Reissner, Dr. D. C. Spencer 
University of Notre Dame: Dr. C. V. Robinson 

Princeton University: A. D. Wallace, part-time 


Purdue University: R. C. Davis 
University of Virginia: P. A. White 


University of Washington: Dr. H. S. Zuckerman 
Woodrow Wilson Junior College, Chicago: Dr. Bernard Friedman. 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 


Twenty-third Summer Meeting, Hanover, N. H., September 9-12, 1940. 
Twenty-fifth Annual Meeting, Baton Rouge, La., December 31, 1940- 
January 2, 1941. 


The following is a list of the Sections of the Association, with dates of those Section meetings 
which have been scheduled for 1940 and reported to the Secretary. 


ALLEGHENY Mountain, Morgantown, 
W. Va. April 20; Grove City, Pa., 
November 2. 

ILLINoIs, Bloomington, May 10-11. 

INDIANA, Richmond, May 3-4. 

Iowa, Mt. Vernon, April 19-20. 

Kansas, Wichita, March 31. 

KENTUCKY, Lexington, April 27. 

LoutIsIANA-MissIssipP1 Oxford, 
March 8-9. 

MARYLAND-DIstTRICT OF COLUMBIA-VIR- 
GINIA, Richmond, Va., May 11. 

MicuiGAn, Ann Arbor, April 26-27. 

Minnesota, Mankato, May 4. 

Missouri, Warrensburg, April 19. 


Miss., 


NEBRASKA, Omaha, May 9-11. 

NORTHERN CALIFORNIA, Berkeley, Janu- 
ary 27. 

Ox10, Columbus, April 5. 

OKLAHOMA, Oklahoma City, February 16. 

PHILADELPHIA, November 23 or 30. 

Rocky Mountain, Fort Collins, Colo., 
April 19. 

SOUTHEASTERN, Athens, Ga., March 29- 
30. 

SOUTHERN CALIFORNIA, Compton, March 
2 

SOUTHWESTERN, Tucson, Ariz., April 22-23. 

Texas, Dallas, March 29-30. 

Wisconsin, Milwaukee, May 4. 


AFFILIATED ORGANIZATIONS: THE NEW ENGLAND ASSOCIATION OF TEACHERS OF MATHEMATICS 
THE NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS. 
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. ° ° I atak ete ne3 PeYO 
The following sixty-nine persons and three institutions have been elected 
to membership on applications duly certified: 


To Institutional Membership 


D’YOUvVILLE CoLLeGe, Buffalo, N. Y. 


Los ANGELES City CoLLEeGE, Los Angeles, 


Calif. 


THE UNIVERSITY OF TorRONTO, Toronto, On- 
tario, Canada. 


To Individual Membership 


G. J. ApaAms, JR. Engineering Aide, Alabama 
State Highway Dept., Thomaston, Ala. 

DANIEL ARANY. Formerly Prof. of Math. in 
the Royal School for Industry, Budapest, 
Hungary. 

H. F. BoHNENBLUusT, Ph.D.(Princeton) Asso. 
Prof., Princeton Univ., Princeton, N. J. 

ELIZABETH F. Brown, M.S.(J.B.Stetson Univ.) 
Teacher, Arsenal Jr. High School, Pitts- 
burgh, Pa. 

H. E. Burns, A.M.(Indiana) Instr., Indiana 
Univ. Extension, East Chicago, Ind. 

C. L. Buxton, M.S?(Case School) Instr., 
Clarkson Coll. of Tech., Potsdam, N. Y. 

C. L. Carrot, Jr., A.M.(North Carolina) 
Instr., Georgia School of Tech., Atlanta, 
Ga. 

RICHARD CEBULA, A.B.(Mt. Angel Coll.) Instr., 
St. Martin’s Coll., Lacey, Wash. 

L. G. CuHExtus. Student, Univ. of Utah, Salt 
Lake City, Utah. 

ANNIE M. H. CHRISTENSEN (Mrs. L. C.), 
A.M.(Duke) Asst., Louisiana State Univ., 
University, La. 

J. C. Currie, A.M.(Mississippi) Northeast Jr. 
Coll., Monroe, La. 

R. B. DEAL, Jr. Student, Univ. of Oklahoma, 
Norman, Okla. 

CARL Densow, Ph.D.(Chicago) Instr., Ohio 
Univ., Athens, Ohio. 

I. C. Fiscner, M.S.(Marquette) Prof., Math. 
and Mech., Milwaukee School of Eng., 
Milwaukee, Wis. 

W. C. Frauerty, A.B.(Georgetown Univ.) 
Asst. Prof., Georgetown Univ., Washing- 
ton, D; C. 

M. W. Fviecx, M.S.(New Mexico) Asst. Prof., 
Biology, Eastern New Mexico Jr. Coll., 
Portales, N. M. 

Grace A, FuLLer, A.B.(Fresno State Coll.) 
Teacher, Union High School, Madera, 
Calif. 


W. A. Gacer, M.S.(Pennsylvania State) Head 
of Dept., St. Petersburg Jr. Coll., St. 
Petersburg, Fla. 

L. L. Garner, A.M.(North Carolina) Asst. 
Prof., Univ. of North Carolina, Chapel 
Hill, N. C. 

E. L. Goprrey, A.M.(Indiana) Lecturer, 
Indiana Univ. Extension, East Chicago, 
Ind. 

EpIson GREER, M.S.(Kansas State Coll.) Instr., 
Univ. of Wichita, Wichita, Kans. 

Sister MrrtaAm Hanp, A.B.(Immac. Heart Coll.) 
Instr., Immaculate Heart Coll., Holly- 
wood, Calif. 

R. J. HANNELLY, Ph.D.(Colorado) Director of 
Math., Phoenix Jr. Coll., Phoenix, Ariz. 

T. F. Hicxerson, A.M.(North Carolina) Prof., 
Appl. Math., Univ. of North Carolina, 
Chapel Hill, N. C. 

Mrs. FRANCES L. C. Hinps, A.M.(U.C.L.A.) 
Asst. Prof., George Pepperdine Coll., Los 
Angeles, Calif. 

Mary H. Hopcpon, A.B.(Bates) Teacher, 
Dover High School, Dover, N. pb 

J. V. Howe tu, A.M.(North Carolina) Asso., 
Mars Hill Coll., Mars Hill, N. C. 

H. M. Hucues, A.M.(Texas) Instr., Univ. of 
Tennessee, Knoxville, Tenn. 

R. N. Jouanson, Ph.D.(Chicago) Instr., Brad- 
ley Poly. Inst., Peoria, Ill. 

P. S. Jones, A.M.(Michigan) Instr., Edison 
Inst. of Tech., Dearborn, Mich. 

Mark Kac, Ph.D.(John Casimir Univ., Lwow) 
Instr., Cornell Univ., Ithaca, INDY 

SoLomon KuLLBACK, Ph.D.(George Washing- 
ton) Lecturer in Stat., George Washington 
Univ., Washington, D. C. 

Marjorie M. Ley, A.M.(Stanford) Head of 
Dept., San Benito Co. Jr. Coll., Hollister, 
Calif. 
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NATALIE M. LoNnGFELLow, A.M.(Chicago) 
Head of Dept., The Chapin School, Ltd., 
New York, N. Y. 

W. A. Martin, A.M.(Alabama) Instr., Ala- 
bama Poly. Inst., Auburn, Ala. 

W. J. Mays, A.M.(Vanderbilt) Prin., Massey- 
ville School, Bethel Springs, Tenn. 

G. J. McCutcHEon, B.S.(Minnesota) Teacher, 
High School, New Ulm, Minn. 

F. A. McMauon, A.M.(Brooklyn Coll.) Tutor, 
Evening Session and Exten. Div., Brook- 
lyn Coll., Brooklyn, N. Y. 

EMANUEL Menr, A.B.(Brooklyn Coll.) Grad. 
student, Brooklyn Coll., Brooklyn, N. Y. 

Sister M. Mercepes, Prof., Coll. of St. 
Scholastica, Duluth, Minn. 

L. L. MERRILL, Ph.D.(Rensselaer) Asst. Prof., 
Rensselaer Poly. Inst., Troy, N. Y. 

E. R. C. Mites, Ph.D.(Rice) Asst. Prof., Duke 
Univ., Durham, N. C. 

W. B. Moye, A.M.(Mercer Univ.) Asst. Prof., 
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THE FALL MEETING OF THE MARYLAND-DISTRICT OF 
COLUMBIA-VIRGINIA SECTION 


The fall meeting of the Maryland-District of Columbia-Virginia Section 
of the Mathematical Association of America was held at the Catholic University 
of America, Washington, D. C., on Saturday, December 9, 1939. This meeting 
was held as part of the fiftieth year jubilee of the University. The chairman of 
the Section, Dr. L. S. Dederick, presided over both sessions, morning and after- 
noon. Four papers were read at the morning session and three at the afternoon 
session. The Section gave a rising vote of thanks to the Catholic University of 
America for its generous hospitality. 

There were seventy-three in attendance, including the following twenty- 
seven members of the Association: O. S. Adams, C. C. Bramble, L. S. Dederick, 
Alexander Dillingham, J. A. Duerksen, E. J. Finan, Michael Goldberg, J. L. 
Kelley, L. M. Kells, A. E. Landry, Florence P. Lewis, S. B. Littauer, Sister 
Thomas Marie Maloney, Carol V. McCamman, T. W. Moore, F. D. Murna- 
ghan, O. J. Ramler, C. H. Rawlins, Jr., J. N. Rice, R. E. Root Jer ssmiti. 
F. W. Sohon, J. L. Stearn, G. C. Vedova, C. H. Wheeler 1, G. T. Whyburn, 
John Williamson. 

After an address of welcome by the Right Reverend Monsignor McCormick, 
Vice Rector of the Catholic University of America, the following papers were 
read: 

1. “A non-associative matrix theory and some applications” by J. L. Stearn, 
U.S. Coast and Geodetic Survey. 

2. “On triangles having a common mean” by Professor O. J. Ramler, Catho- 
lic University of America. 

3. “Hyperspace analogs of circular functions” by Dr. G. E. Alrich, Univer- 
sity of Maryland, introduced by the Secretary. 

4. “Non-planar linkages” by Michael Goldberg, U. S. Bureau of Ordnance, 
Navy Department. 

5. “On groups of subtraction and division” by Professor E. J. Finan, Catho- 
lic University of America. 

6. “Onthe definition of variance” by Dr.S. B.Littauer, U.S. Naval Academy. 

7. “An elementary treatment of the problem of rencontre” by Professor 
C. C. Bramble, Post Graduate School, U. S. Naval Academy. 

Abstracts of these papers follow, the numbers corresponding to the numbers 
in the list of titles: 

1. A new matrix theory using a column by column multiplication was dis- 
cussed. The Cayley associative product A+(B-C)=(A~+B)C is replaced by a 
non-associative product A+(B+-C)=A+I(C+B)=A+IJC:B, where I is the unit 
matrix. Mr. Stearn proved a theorem on the non-associative matrix product 
and showed how this matrix product applies to the solution of m simultaneous 
linear algebraic equations. A rapid method for determining the inverse of the 
coefficient matrix of the given system follows easily from the equation 
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Am+A,j=I, requiring the determination of n(n+1)/2 additional quantities. 
Mr. Stearn also showed that in the case where the product matrix B- C=Aen 
is axi-symmetrical the problem reduces to the solution of the normal equations 
of the method of least squares. 

2. This paper was published in full in the March, 1940,issue of the MONTHLY. 

3. Dr. Alrich exhibited certain functions of several variables which have 
properties analogous to those of the ordinary sine and cosine. While the meth- 
ods and conclusions are general, he presented only the case of four functions of 
three variables each. The functions are defined by the equations 
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r=cos7/4+ isin 7/4. 
The first point of analogy with circular functions is the identity 
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sin 0 cos 6 


The second point of analogy is found in the derivative properties; viz., that the 
second column of the determinant A(f) is the derivative of the first with respect 
to 6,, the third column is the derivative of the first with respect to 2, efc., so 
that no new functions are formed by differentiation. Thirdly, the formulas for 
functions of the differences of two arguments offer precise analogy with those 
for the ordinary sine and cosine. : 

4. A closed chain of m hinged links has, in general, 7 —3 degrees of freedom 
when the linkage is planar, but only n—6 degrees of freedom, in general, when 
the linkage is non-planar. There exist, however, special cases of less than seven 
links which, nevertheless, possess degrees of freedom. These cases have not been 
completely determined. Mr. Goldberg exhibited working models of several dif- 
ferent types of hinged chain linkages. In particular, he showed a seven-bar link- 
age from which, by the vanishing of various parameters, he derived six hitherto 
unknown linkages; namely, two new five-bar hinged chain linkages and four new 
six-bar hinged chain linkages. . 

5. Professor Finan presented new theorems pertaining to the following prob- 
lem: If one starts with the indeterminate 6 and applies the operators O, and Og, 
where O;(x) =1/x and O2(x) =1—x, one obtains six distinct functions of @ which 
form a group commonly called the Cross-Ratio Group. The six functions or 
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operators are 6, 1—6, 1/8, 1/(1—6), (@—1)/0, and 0/(@—1). If one replaces O; 
and QO: by the more general operators Ri(x) =r/x and Ro(x) =s—x respectively, 
where 7 and s are now any complex numbers, it is conceivable that other groups 
may be generated. This problem was studied by G. A. Miller, who obtained 
several interesting results. 

6. Dr. Littauer asked for comment on the following definition of the vari- 
ance o* of a population obtained from a sample of 2 elements: Consider 
s* = D(residuals)?/n as a measure of inaccuracy of the mean, and s?2/n as such a 
measure of the mean of means of samples of size n. Iterating the notion of means 
of means, the total measure of inaccuracy of the mean. determined from the origi- 
nal sample is defined as 


: _ 2 (residuals)? 1 1 1 
o= im (1+ — += Shier =) 


ix nN nN n? n' 
i, ott > (residuals)? 
s*¢ ———_ = ———_—_. 
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7. The problem of rencontre was first treated in the case of n elements all 
different. The number of permutations giving m “rencontres” or “hits” was esti- 
mated by a simple use of symmetric functions. Then Professor Bramble ex- 
tended the procedure to the case of the Banker’s Clock Problem and the Jeu de 
Treize. He gave two methods for estimating the number of permutations giving 
m strikes for s similar sets of m things and indicated the extension to the case of 
several sets of p, g, 7, etc., elements. 

S. B. LITTAUER, Secretary 





THE SEVENTEENTH ANNUAL MEETING OF THE LOUISIANA- 
MISSISSIPPI SECTION 


The seventeenth annual meeting of the Louisiana- Mississippi Section of the 
Mathematical Association of America was held at the University of Mississippi, 
Oxford, Mississippi, March 8-9, 1940. Sessions were held on Friday afternoon 
and Saturday morning. A joint dinner with the Louisiana-Mississippi Branch of 
the National Council of Teachers of Mathematics was held on Friday evening. 
The chairman of the Section, Professor V. B. Temple, presided at all sessions. 

The attendance was about seventy-five, including the following thirty-five 
members of the Association: T. A. Bickerstaff, H. E. Buchanan, W. B. Carver, 
Mrs. L. C. Christensen, W. A. Cordrey, G. F. Cramer, J. C. Currie, Virginia I. 
Felder, H. T. Fleddermann, B. E. Gatewood, F. C. Gentry, Alfred Hume, 
H. S. Kaltenborn, H. T. Karnes, Z. L. Loflin, Dorothy McCoy, Janet Mac- 
Donald, B. E. Mitchell, S. B. Murray, I. C. Nichols, Arthur Ollivier, W. V. 
Parker, C. R. Pettis, H. L. Quarles, F. A. Rickey, S. T. Sanders, H. F. Schroeder, 
Pees) smith, FP. h.comith, Vv. B. Temple, J. F. Thomson, B. A. 
Tucker, Marelena White, R. C. Yates. 
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At the business session on Saturday morning it was voted to hold the 1942 
meeting at Jackson, Mississippi. The following officers were elected for the year 
1940-41: Chairman, C. D. Smith, Mississippi State College; Vice-Chairman for 
Mississippi, Janet MacDonald, Hinds Junior College; Vice-Chairman for Louisi- 
ana, G. F. Cramer, Tulane University; Secretary, W. V. Parker, Louisiana State 
University. 

The Section was honored to have Professor W. B. Carver of Cornell Uni- 
versity as visiting speaker. He spoke on “Thinking versus manipulation in 
mathematics” at the dinner on Friday evening, and on “The polygonal regions 
into which a plane is divided by n straight lines” at the Saturday morning ses- 
sion. These two addresses contributed much to the value of the meeting. 

Professor Carver’s first address was about the same as the one he gave at the 
meeting at Duke University in December, 1936; see this MonTHLy, vol. 44, 
19375 p2g59. 

Professor Carver’s second paper presented one of the unsolved problems of 
real projective geometry. The projective plane is divided by 7 straight lines (no 
three of which are concurrent) into polygonal regions, Leta,, @=3, 4,5 >=). 
be the number of regions having 7 vertices. It is readily seen that the total num- 
ber of regions is 


(1) Da: = (Wt — nt 2)/2, 

1—3 
and that the total number of vertices of all the regions is 
(2) > ia; = 2n(n — 1). 

i=3 


For n=3, 4, the Diophantine equations (1) and (2) determine the a’s uniquely; 
but for higher values of m most of the solutions of (1) and (2) in non-negative 
integers do not correspond to any actual division of the plane into polygons. 
Thus for 2 =5, the equations have four solutions, but only one of these solutions, 
namely a;=5,a,=5,a;=1, corresponds to a possible division of the plane by 5 
lines. For n=6, the equations have 19 solutions, but only four of these corre- 
spond to the four possible ways in which the plane may be divided by 6 lines. 
Some results (but not a complete solution) are known for n=7; but for n>7 
almost nothing is known about the problem. One general result is that, for 
any n23, the m lines may be taken so that a3=N, A&y=(n?—3n)/2,a,=1, and 
A =A =aAa;y— ::- =a,1=0. , 

The dual problem, that of dividing the projective plane of lines into “line- 
regions” by n points, was also discussed briefly. 

In addition to the addresses by Professor Carver, the following papers were 
presented: 


1. “Analytic geometry of the triangle” by Professor F, C. Gentry, Louisiana 
Polytechnic Institute. 
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2. “A relation between successive values of a certain numerical function” 
by Professor G. F. Cramer, Tulane University. 

3. “The equality of two measure functions” by Professor H. T. Fledder- 
mann, Loyola University. 

4. “Some higher plane curves” by Professor V. B. Temple, Louisiana Col- 
lege. 

5. “Algebraic analogs” by Professor H. S. Kaltenborn, Louisiana Polytech- 
nic Institute. 

6. “The construction of an alignment chart to represent a function of the 
type y=at”*” by W. G. O'Regan, Southern Forestry Experiment Station and 
Loyola University, introduced by Professor Fleddermann. (By title.) 

7. “A peculiar transformation” by Professor F. A. Rickey, Louisiana State 
University. 

8. “Some applications of mathematics” by Professor J. F. Thomson, Tulane 
University. 

9. “Thermal stresses in a long cylindrical body of MW concentric materials” 
by Professor B. E. Gatewood, Louisiana Polytechnic Institute. 

10. “The story of the parallelogram” by Professor R. C. Yates, Louisiana 
State University. 

11. “The annual meeting of the mathematical organizations at Louisiana 
State University in December 1940” by Professor S. T. Sanders, Louisiana State 
University. 

Abstracts of some of these papers follow, the numbers corresponding to the 
numbers in the list of titles: 

1. Professor Gentry discussed the derivation of equations for many of the 
lines and circles connected with the triangle by means of normal trilinear coérdi- 
nates. Most of the properties of these lines and circles may be proved in this 
manner. 

2. Let A,=a?"+1, where a is any constant, real or imaginary, and 
n=0, 1, 2,---. By use of mathematical induction, Professor Cramer proved 
that A, =(a—1)II7-)A;+2. The special case when a is an even integer furnished 
a simple proof that the number of primes is infinite. It is clear that, when a=2, 
the number A, is the Fermat number F,. 

3. Professor Fleddermann showed that if a set is regular in the sense of 
Carathéodory, i.e., has unit density, using Carathéodory linear measure, at al- 
most all of its points, then the Carathéodory measure and the measure obtained 
’ by replacing convex sets by circles in Carathéodory’s definition, are equal. 

4. Professor Temple gave definitions of and presented a chart showing the 
graphs and equations of four higher plane curves, which, it is believed, have not 
been previously defined. The definitions were based on certain geometric condi- 
tions relating to the points of intersection of a secant line on a circle and on 
parallel tangents to the circle. He named three of these curves as differential 
axle, tennis rackets, and cane knife, as suggested from their general form. 

5. Professor Kaltenborn compared algebra to a game, toa tool, and to sym- 


418 ANNUAL MEETING OF THE TEXAS SECTION [Aug.-Sept., 


bolic language. Various instances where these comparisons may be helpful in 
teaching different topics in algebra were mentioned. 

6. In forest research it is often necessary to represent complicated mathe- 
matical expressions graphically in order to secure easy mechanical solutions. 
Mr. O’Regan showed the method followed in reducing one type of these expres- 
sions to a simple alignment chart. 

7. If any right cylinder is developed, the curve of intersection of the cylinder 
and a plane will yield a plane curve. A method of obtaining the equation of such 
curves was given by Professor Rickey and some unusual geometric applications 
were obtained. 

8. Professor Thomson briefly discussed the following topics: Heaviside’s cal- 
culus in the study of the behavior of electrical circuits and telephone lines; 
Maxwell’s equations in the development of radio; the effect of perturbations on 
the paths of planets in the discovery of new planets; computation of orbits of 
comets; some conic sections used in locating an invisible enemy gun; Dr. Carrel’s 
method of treating deep wounds; predicting the outcome of an election in the 
city of New Orleans by the study of a previous election. 

9. Professor Gatewood reduced the problem of finding the thermal stresses 
in a long circular cylinder of M concentric materials to obtaining a particular 
integral for the Poisson equation Y*?V=kT7, where T is the temperature dis- 
tribution and k is a constant, and to solving the biharmonic equation V*U=0 
in the cross-section of the cylinder. The conditions were that the forces on the 
surface of the body be zero and that the displacements and normal stresses be 
continuous at the junction of the materials. The functions U and V were related 
through the boundary conditions. The biharmonic equation was solved by use 
of two analytic functions (Muschelisvili, Bulletin de l’Academie des Sciences de 
Russie, VI Serie, vol. 13, 1919; Mathematische Annalen, vol. 107, 1933). The 
special problem of three concentric materials was solved by use of the theory, 
the stresses in this case being calculated for the temperature distribution as a 
function of the radius of the cylinder. 

10. Illustrated with numerous models and devices, Professor Yates discussed 
the rdle of the parallelogram in the geometry of Steiner, in the theory of dis- 
section, and in the study of linkages. 


W. V. PARKER, Secretary 





THE ANNUAL MEETING OF THE TEXAS SECTION 


The annual meeting of the Texas Section of the Mathematical Association 
of America was held at Southern Methodist Univ ersity in Dallas, on Friday 
afternoon, March 29, and Saturday morning, March 30, 1940, 

Among the fifty people attending the meeting were the following twenty 
members of the Association: E. F. Beckenbach, J. H. Binney, Myrtle C. Brown, 
J. E. Burnam, Nat Edmonson, Jr., H. J. Ettlinger, E. H. Hanson, G. B. Huff. 
H. A. Luther, E. D. Mouzon, Jr., C. A. Murray, G. A. Newton, W. L. Porter, 
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Maxwell Reade, P. K. Rees, W. A. Rees, C. R. Sherer, F. W. Sparks, Jennie L. 
Tate, Earl Thomas. 

During the business session, Professor J. E. Burnam of Hardin-Simmons 
University and Dr. E. F. Beckenbach of the Rice Institute were elected, respec- 
tively, Chairman and Vice-Chairman for the 1941 meeting. Those present voted 
to accept the invitation of the North Texas State Teachers College of Denton 
to hold the 1941 meeting at that institution on March 28 and 29. 

The following papers were read: 

1. “A geometry associated with Cremona’s equations” by Professor G. B. 
Huff, Southern Methodist University. 

2. “Space analogs of function-theoretic results” by Dr. E. F. Beckenbach, 
The Rice Institute. 

3. “A note on transforms of Fuchsian groups” by Professor P. K. Rees, 
Southern Methodist University. 

4, “Mean-value surfaces” by Maxwell Reade, The Rice Institute. 

5. “Further properties of matrix solutions of linear systems of ordinary dif- 
ferential equations” by Professor H. J. Ettlinger, University of Texas. 

6. “On the Fourier series of a class of continuous functions” by J. P. Nash, 
The Rice Institute, introduced by Dr. Beckenbach. 

7. “Prerequisites and requirements for mathematics teaching in high schools 
from the view-point of the colleges and universities” by Professor C. A. Murray, 
West Texas State Teachers College. 

8. “Teaching freshman mathematics from a scientific standpoint” by Pro- 
fessor C. R. Sherer, Texas Christian University. 

9. “Teacher training requirements in mathematics from the view-point of 
the State Department of Education” by Dr. E. H. Hereford, State Department 
of Education, introduced by Professor Ettlinger. 

10. “Practice and background in the training of high school teachers of 
mathematics” by Professor Hob Gray, University of Texas, introduced by Pro- 
fessor Ettlinger. 

11. “Improving the teaching of high school mathematics” by Elizabeth 
Dice, North Dallas High School, introduced by Professor Ettlinger. 

Abstracts of some of these papers follow, the numbers corresponding to the 
numbers in the list of titles: 

1. A complete and regular system Y,,a of plane curves of dimension d, with 
the generic curve having genus p, is defined by its order xo and its multiplic- 
ities x1, X2,::-, x, at a set of p prescribed base points. The characteristic 
x= { x0; Wij Kay Sets Xp} of a system satisfies the Cremona equations 
wetagt -- + txi—xp=1—d—p, mteet - ++ +x,—3x9= —1—d+p. If a sys- 
tem ,,a is subjected to a Cremona transformation with F-points as the base 
points of the system, the characteristic x’ of the transformed system may be 
obtained from x by means of a linear transformation. Professor Huff studied 
the solutions of Cremona’s equations and the groups of these transformations 
as points and collineation groups in a projective space S,. Some earlier results 
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were essentially simplified and additional information was obtained for p>9. 
The principal new result is that each elliptic characteristic E of d=0, p=1 de- 
fines an infinite Abelian group which leaves £ invariant. 

2. This paper appeared in full in the April, 1940, issue of the MONTHLY. 

3. Professor Rees stated and proved a theorem which gives the necessary 
and sufficient condition that k be a minimum in the equation kr,=7r;, where T 
is any transformation of a Fuchsian group, G is a Fuchsian transformation, 
S=GTG~', and r, and r; are the radii of the isometric circles of S and 7’, respec- 
tively. 

4. If x;(u, v), (j=1, 2, 3), are the codrdinate functions of a surface S, then 
the functions 


1 
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are said to define a mean-value surface S, associated with S. A typical result of 
Mr. Reade’s was as follows: If the functions x;(u, v), (7=1, 2, 3), map a simply 
connected domain D isothermically on a surface S that lies on a sphere of finite 
non-null radius, such that circles are mapped on circles, then each mean-value 
surface associated with S lies on a surface of revolution which is given in iso- 
thermic representation by (1). 

5. Professor Ettlinger continued the discussion of the solution of general 
linear systems of ordinary differential equations by matrix methods, to the case 
where the coefficients of the system are general integrable functions of the inde- 
pendent variable. Properties of the adjoint system were obtained, the Wronskian 
was evaluated by direct and simple properties of matrices and determinants, 
and functions defined by such systems were discussed. 

6. Mr. Nash defined a class of functions which forms an extension of the 
class of functions of écart fini of Hadamard. A generalization of H. E. Bray’s 
result for functions of écart fini (Comptes Rendus, vol. 190, p. 1371) was ob- 
tained, giving a sufficient condition in terms of-Fourier coefficients that a given 
function be of this class. He showed that continuous functions of this class whose 
moduli of continuity satisfy a slight restriction have uniformly convergent 
Fourier series, and exhibited examples of such functions which satisfy none of 
the classical conditions for uniform convergence of their Fourier series. 

7. Professor Murray presented data gathered from twenty-five Texas col- 
leges and universities and thirty and thirty-four like institutions outside of 
Texas showing thirty to fifty per cent failures in first semester freshman mathe- 
matics for the 1938-39 session. Prerequisites for mathematics teaching in high 
schools, as given by the speaker, were essentially those set forth by the com- 
mittee report of the Mathematical Association of America made in 1935, For 
minor teaching in mathematics it was urged that teachers should have at least 
a college minor in preparation. The speaker believes mathematics teachers 
should read professional magazines and participate in the activities of profes- 
sional organizations, 
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9. The State Department of Education has attempted to put into operation 
the minimum requirements as set up by the special committee on teacher educa- 
tion for the Southern states. It requires all classified and affiliated high schools 
to assign teachers to their major or minor field of preparation. Through its 
bulletin, “Teaching Mathematics in Junior and Senior High Schools,” it pro- 
vides teaching procedure, subject-matter, charts and units, and the relation of 
mathematics to other subjects and its function in life. 

10. One principal difficulty in mathematics teaching is the fact that in the 
same school are (a) those who are going to college; (b) those who are not going 
to college. Subject-matter in courses is frequently unsatisfactory, often lacking 
connection with life after graduation. Professor Gray believes selection instead 
of elimination should be the guide in carrying out the mathematics program in 
the schools. 

11. Miss Dice advised supplying the grade schools with mathematics teach- 
ers who understand and believe in mathematics, who will not promote incom- 
petent pupils, but will teach the basic principles and provide informational 
mathematics for pupils who retard those who, if not hampered, can benefit 
themselves and mankind by studying pure mathematics. 

Nat EDMONSON, JR., Secretary 


THE FOURTH ANNUAL MEETING OF THE 
SOUTHWESTERN SECTION 


The fourth annual meeting of the Southwestern Section of the Mathematical 
Association of America was held at the University of Arizona, Tucson, Arizona, 
on Monday and Tuesday, April 22 and 23, 1940, in conjunction with the annual 
meeting of the Southwestern Division of the American Association for the Ad- 
vancement of Science. Professor J. W. Branson, chairman of the Section, pre- 
sided over the three sessions. 

The attendance was forty, including the following thirteen members of the 
Association: A. W. Boldyreff, J. W. Branson, C. D. Firestone, R. J. Hannelly, 
H. D. Larsen, H. B. Leonard, Roy MacKay, L. E. Mehlenbacher, C. V. New- 
som, E. J. Purcell, Nathan Schwid, P. M. Swingle, Charles Wexler. 

At the business meeting the following officers were elected for next year: 
Chairman, E. J. Purcell, University of Arizona; Vice-Chairman, Roy MacKay, 
Eastern New Mexico College; Secretary (four years), H. D. Larsen, University 
of New Mexico. It was voted to hold the 1941 meeting at a time and place to 
be selected by the officers of the Section. 

On Tuesday, April 23, a luncheon was held for members of the Section and 
their guests. Professor S. B. Talmadge, New Mexico School of Mines, was in- 
vited to speak on “Evolution, plus and minus.” 

The following papers were presented during the three sessions: 

1. “A series of space Cremona involutions” by Professor E. J. Purcell, Uni- 


versity of Arizona. 
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2. “On the euclidean n-simplex” by Professor Roy MacKay, Eastern New 
Mexico College. 

3. “A simple formula for approximating the yield of a bond” by Professor 
H. D. Larsen and Marvin Roberts, University of New Mexico. 

4. “Summation of pth powers of numbers, and explicit formulas for Ber- 
noulli numbers of any order” by Professor A. W. Boldyreff, University of Ari- 
zona. 

5. “Some trisectible angles” by Professor Charles Wexler, Arizona State 
Teachers College, Tempe. 

6. “Cyclic fields of order 8” by Professor J. B. Shaw, University of Illinois, 
introduced by the Secretary. 

7. “Some identities in the calculus of finite differences” by Gerald Harrison, 
New Mexico State College, introduced by Professor Branson. 

8. “The asymptotic representation of functions of the Bessel type” by Pro- 
fessor C. V. Newsom, University of New Mexico. 

9. “Some generalizations of the preceding paper” by Abraham Franck, Uni- 
versity of New Mexico, introduced by Professor Newsom. 

10. “Alternate proofs of some fundamental theorems in advanced calculus” 
by Professor A. W. Boldyreff, University of Arizona. 

11. “An approximation to the solution of a non-linear differential equation 
of heat conduction” by Dr. Nathan Schwid, Texas College of Mines and Metal- 
lurgy. 

12. “Concerning the implication relation” by C. D. Firestone, class of 1941, 
University of New Mexico. 

13. “On general groups” by Professor J. B. Shaw, University of Illinois, 
introduced by the Secretary. 

14. “A basis for tabulating all angles with rational cosines which may be 
trisected by compasses and straight edge” by Professor C. A. Barnhart, Uni- 
versity of New Mexico. 

15. “Certain types of connected sets” by Professor P. M. Swingle, New 
Mexico State College. i 

16. “The general education movement and mathematics” by Professor C. V. 
Newsom, University of New Mexico. 

17. “Experiments with the college mathematics curriculum” by Professor 
Charles Wexler, Arizona State Teachers College, Tempe. 

18. “General courses in mathematics” by Professor E. J. Knapp, Texas Col- 
lege of Mines and Metallurgy, introduced by the Secretary. 

Abstracts of some of these papers follow, the numbers corresponding to 
those in the list of titles: 

1. Professor Purcell considered a skew curve C, of order » having n—2 
points on a fixed line d. A generic point P determines two transversals, one inter- 
secting C, in A and d in B, and the other intersecting C, in Cand din D. He 
defined P, the correspondent of P in the involution, to be the intersection of 4D 
and BC, and showed the order to be n— 1, where » is any integer greater than 
one, 
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2. Professor MacKay discussed some interesting theorems concerning a 
point on the Euler line of a nondegenerate n-simplex. 

3. Professor Larsen and Mr. Roberts presented a simple formula for ap- 
proximating the interest rate earned on an ordinary bond purchased on a divi- 
dend date at P. If r be the dividend rate per period, the number of dividends to 
maturity, F the face of the bond, then to a high degree of accuracy it was shown 
that the yield rate per period is approximately 


B(P — FP) 
2P+F 


—] 
rire 


4. Professor Boldyreff derived a modification of Abel’s formula for the sum 
of the pth powers of numbers in A.P. This was used to establish a number of 
explicit formulas for the Bernoulli number of order m. A number of other results 
were obtained at the same time, including a simple general formula for Stirling 
numbers of the first kind. Applications of the above results and methods were 
indicated. 

6. Professor Shaw defined a cyclic field of order 8 as follows: Let a, p, q, 7, 5, 
m, n be numbers in a field F; a= p?+q? not a square in F; a=(r?+s?)(n*?+m?a). 
Let y?=a(a+qv/a), y determining a cyclic quartic field; then 


ake Spe PENS 
y= [r? A s?] [12 = ma | (Pee) -+- ear) | = P?+0?, 


2 2 


“= ~ 


Let A be in the field of \/a, and meeting certain conditions. Then the most gen- 
eral octic field will be given by x?=A(Y?+OQv/y). If 0=(\/a—q)/p=y’'/y, ac- 
cents indicating that in f(w) we change the sign of \/a giving f’(w), then 


: : (pe 4/, AAT (IV) 
—S=2 == ——— z — yy ’ Xx = = Xe 
x AP . 1 + 2? 


The radical means that AA’=#?(1+z?). The number z is determined from the 
equation 





[— 22P + (2? — 1)Q]. 





[dp ee 
e 1+ 2? 
If z<=0 we have cases that Albert has studied (Transactions of the American 
Mathematical Society, vol. 35, 1933, pp. 949-964). If z=1, or (s+r0)/(r—s8), 
we have the other cases. 

7. Mr. Harrison derived in a simple manner certain identities which are 
special cases of the hypergeometric function, F(a, ), c, 1). Other identities, some 
of which are thought to be new, were developed by elementary methods. 

8. Professor Newsom reported upon the asymptotic representation of entire 
functions wherein the coefficient of the general term of the power series expan- 
sion is the reciprocal of the product of two gamma functions. The study repre- 
sented an extension upon some work reported at a previous meeting of the 


Section. 
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9. Mr. Franck, a student of Professor Newsom’s, showed how the previous 
paper could be further extended to the case where the coefficient of the general 
term was the reciprocal of the product of four gamma functions, and gave fur- 
ther indications of the possibility of extending an earlier theorem of Newsom's 
to the asymptotic representation of other entire functions. 

10. Professor Boldyreff presented simple alternate proofs for such theorems 
as transformation of codrdinates in double integrals, differentiation of an in- 
tegral with respect to a parameter, and vanishing of the Jacobian and functional 
dependence of two independent variables. 

11. Dr. Schwid considered the non-linear equation for the conduction of 


heat in one dimension, 
Ou 0 Ou 
6) — = — | 
Ot Ox Ox 


where c, p, and k represent the specific heat, density, and thermal conductivity 
of the medium. An approximation to the solution was obtained for the case 
where ¢c, p, and F are linear functions, a+bu, with the ratio of 6 to a small. An 
application is to the conduction of heat in a slab of finite width, infinite in ex- 
tent, with the same initial temperature throughout and the faces at each end 
kept at 0°C. 

12. Mr. Firestone reported upon some studies which are being made in an 
attempt to generalize the concept of implication to “implication with a degree.” 
He discussed some of the difficulties involved in the construction of a set of 
axioms, and also showed what type of theorems may be expected. 

13. Professor Shaw defined a general group as follows: Consider a finite 
set of vids, Ai, A2,---, An, subject to a law of combination F, such that 
F(A, Ay) =A.which is such that if A, or A; is given, the other is uniquely deter- 
mined by a process related to F, as F,(A, Az) =A,, F(A, Az) =A,. Also con- 
sider the process F;,(A, Az) =A.z, F,i(A, A,)=Az, Fir(A, A.) =A; Since the 
number of vids is finite we may write a square table of results for each F, which 
will be a latin square: that is, no row or column will contain the same letter 
twice; such a set of six tables constitutes a general group. We can extend the term 
to cover twenty-four related cubical tables arising from F(A, A,.A,) =A,. Pro- 
fessor Shaw considered certain cases in which the rows and columns arise by 
permuting the vids in the rows and columns of F. 

14. Professor Barnhart discussed a theorem of Dickson’s which formed the 
basis for determining whether or not an angle with a rational cosine can or can- 
not be trisected with straight edge and compasses. 

15. Professor Swingle defined certain new types of connected sets, and pre- 
sented several examples and theorems which result. 

16. Professor Newsom called special attention to the Junior Coliege and the 
General College Movement in this country, and to such investigations as the 
one conducted by the American Association for the Advancement of Science and 
those of the Codperative Study in General Education, It was the belief of the 


1940] ANNUAL MEETING OF THE MICHIGAN SECTION 425 


author that there is a distinct tendency in the direction of newtype introductory 
courses in mathematics upon the college level, and he urged mathematicians to 
observe the new movement carefully. 


H. D. Larsen, Secretary 





THE SEVENTEENTH ANNUAL MEETING OF THE 
MICHIGAN SECTION 


The seventeenth annual meeting of the Michigan Section of the Mathemati- 
cal Association of America was held at the University of Michigan, Ann Arbor, 
Michigan, on Friday, April 26, and Saturday, April 27, 1940. The Friday meet- 
ing was held in conjunction with the Mathematics Conference of the School- 
masters Club of Michigan. The chairman of the Mathematics Conference of the 
Schoolmasters Club, Professor J. W. Foust, presided at this session at which 
the attendance was about two hundred. The chairman of the Michigan Section, 
Professor A. E. Lampen, presided at the regular Saturday morning, luncheon, 
and afternoon sessions of the Association. 

The attendance on Saturday was about ninety. The following forty-six mem- 
bers of the Association attended the meetings: N. H. Anning, W. L. Ayres, 
J. W. Baldwin, W. D. Baten, F. A. Beeler, W. M. Borgman, J. W. Bradshaw, 
J. B. Brandeberry, Angeline J. Brandt, C. J. Coe, A. H. Copeland, Max Coral, 
C. C. Craig, P. S. Dwyer, J. P. Everett, Peter Field, K. W. Folley, R. E. 
Gaskell, V. G. Grove, T. H. Hildebrandt, L. A. Hopkins, E. E. Ingalls, L. S. 
Johnston, L. C. Karpinski, D. K. Kazarinoff, A. E. Lampen, Ruth O. Lane, 
Theodore Lindquist, D. C. Morrow, A. L. Nelson, H. L. Olson, J. K. Peterson, 
H. H. Pixley, L. C. Plant, J. E. Powell, Gladdis E. Richards, T. R. Running, 
Raleigh Schorling, E. R. Sleight, A. G. Swanson, G. B. Van Schaack, Fern 
Welker, E. T. Welmers, R. L. Wilder, J. B. Winslow, Margarete C. Wolf. 

The following officers were elected for the coming year: Chairman, K. W. 
Folley, Wayne University; Secretary, P. S. Dwyer, University of Michigan. 
After some discussion it was decided not to have a Section meeting this fall. 
The time of the annual spring meeting was also discussed. 

The following papers were read: 

1. “Report on the place of mathematics in secondary education” by Dr. 
Ruth O. Lane, University High School, Iowa City, lowa. 

2. “Interpretation of the report from the high school point of view” by Pro- 
fessor Raleigh Schorling, University of Michigan. 

3. “Interpretation of the report from the college point of view” by Professor 
E. R. Sleight, Albion College. 

4. Discussion. 

5. “Least square methods applied to a latin square” by Professor W. D. 
Baten, Michigan State College. 

6. “Some remarks on the space /,, (0<p<1)” by Dr. E. W. Paxson, Wayne 
University, introduced by Professor Nelson. 
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7. “Defining relations for some groups of Mathieu” by J. K. Peterson, 
Lawrence Institute of Technology. 

8. “Dualism underlying certain intersection and alignment nomograms” by 
Professor R. A. Beth, Michigan State College, introduced by Professor Grove. 

9. “Jacobi’s equation for parametric variation problems” by Dr. Max Coral, 
Wayne University. 

10. “Mathematical Reviews” by Professor W. L. Ayres, University of Mich- 
igan. 

11. “The ‘follow through’ from high school to freshman mathematics” by 
C. H. Nordstrom, Michigan State College, introduced by Professor Grove. 

12. “Advanced mathematics from an elementary view-point” by Professor 
L. S. Johnston, University of Detroit. 

13. “Some graphical methods used in aeronautical engineering” by Professor 
Peter Altman, Director, Department of Aeronautics, University of Detroit, in- 
troduced by Professor Johnston. 

Abstracts of these papers follow, numbered in accordance with their place 
on the program: 

1. Dr. Lane presented the report of the Joint Commission of the Mathemati- 
cal Association of America and the National Council of Teachers of Mathe- 
matics, which is published as the Fifteenth Yearbook of the Council. A 
preliminary report was published in 1938 for the purpose of securing constru- 
tive criticisms. While individual members worked primarily on those aspects 
of the report on which they could contribute most, no chapter can be thought 
of as the contribution of a single member. This report, she said, aims to bring 
up to date the epoch-making 1923 report of the National Committee, and is 
prepared for all those interested in the mathematics curriculum from the seventh 
grade to the junior college without ignoring the special interests of the class- 
room teachers. The first four chapters were written after the Commission had 
studied the present philosophy and conditions pertaining to the secondary 
schools. The two curriculum plans which follow are neither revolutionary nor 
arbitrary, and should not thwart adaptation and experimentation. The Commis- 
sion believes that the lack of providing for both flexibility and continuity has 
been the great stumbling block in the development of a national program of 
instruction. It is recommended that no single year be regarded as a “terminal 
year.” The essentials of a general program include number and computation, 
geometric forms and space perception, elementary analysis, graphic representa- 
tion, logical thinking, relational thinking, and symbolic representation and 
thinking. There are separate chapters on the problems of retardation and ac- 
celeration, the junior college, evaluation of progress of students, and education 
of teachers. The first appendix contains an analysis of mathematical needs in a 
form readily useful to the teacher. Five more appendices include transfer of 
seer! terms, symbols and abbreviations, equipment, and grade placement 
cnarts. 


2. Among the desirable features listed by Professor Schorling were the chap- 
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ter on acceleration and retardation, the endorsement of a social mathematics 
course as an elective for the late years of the senior high school, and a somewhat 
more effective classification of mathematical aims and outcomes. The speaker 
was disposed to think that the effects of certain undesirable recommendations 
should be minimized. Included in the weak spots are the following: (1) Failure 
to make a clear-cut distinction between the place of mathematics in general edu- 
cation, and the réle of mathematics in the training of boys and girls who are 
preparing for rigorous work in science and mathematics. (2) The inclusion of a 
chapter showing year by year what the Commission recommends as specific 
topics in subject-matter. There is no reliable evidence to support such arbitrary 
grade placement, particularly in grades seven and eight. (3) The statement 
about transfer of training. The 1923 Report by the National Committee on 
Mathematical Requirements included very early in its pages a courageous and 
scholarly statement of disciplinary values. In contrast, the present report rele- 
gates the brief and superficial discussion of transfer of training to the appendix. 
(4) Excessive reliance on the opinions of educationists. The speaker concluded 
by pointing out the two-fold task that now confronts every teacher of high 
school mathematics: First, to make certain that every constructive suggestion 
is widely applied in our schools; and second, to minimize the effects of undesira- 
ble recommendations. 

3. Professor Sleight expressed appreciation for the fact that the teachers of 
college mathematics have become interested in the problems of the teachers of 
secondary mathematics. From the college point of view the report of the Com- 
mission is significant for the following reasons: (a) it represents a closer relation- 
ship among all teachers of mathematics; (b) it discusses the general trends in 
mathematics, showing the necessity for thorough foundation, adequate use of 
skills, modern application and the aims; (c) the stress upon definite standards 
determined for the average, not for those of low I.Q.; (d) the necessity for ability 
to read understandingly. 

4. Dr. Lane made use of the discussion period to make additional comments 
on points which had been raised by the other speakers. The Commission gave 
recognition to the 1923 report, Miss Lane said, and did not attempt to quote at 
length from it. The chairman, Professor K. P. Williams, for six years devoted a 
large portion of his time to efficient leadership of the Commission, and study 
of secondary education, without financial reward. Both the proposed curriculum 
plans include second course algebra. While the Commission may be open to 
criticism for not providing sufficient concrete helps for the teacher in the evalua- 
tion of outcomes, she concluded, there was no intention of advising teachers 
against the use of standard tests. 

5. Professor Baten explained a five by five latin square, often used as an 
agricultural design for testing for significance between “treatment” means. Each 
plot in the square was assumed to be a linear function of the variables R;, Cj, 2:, 


w, and x as follows: 
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5 5 5 
Vij = 7S rR, t+ ye 63.4 a tiZe t+ mw + bx + eij, 
1 j=1 k=1 
where R;=1 for plots in the ith row and zero elsewhere, C;=1 for plots in the 
jth column and zero elsewhere, 2,=1 for plots in the kth treatment and zero 
elsewhere, w=1 for each plot, x=x;; or the stand or number of plants in the 
ith row and the jth column, y;;=the yield of the plot in the 7th row and jth 
column, and e;;=the residual errors. It was also assumed that the sums of the 
constants pertaining to rows, columns, and “treatments” were equal to zero, or 


5 5 
Deft = LC = 
jal j=1 


5 
tr — 0; 

af 

By the least squares method Professor Baten showed that the value of } in the 

equation 


Jen ay ee eee 


used for adjusting yields for stands, came from the error line in the analysis of 
variance table. It was also shown that the standard error of estimate obtained 
from the error line was the experimental error to use for testing for significance 
between “treatment” means. 

6. Dr. Paxson discussed the space of all infinite sequences of numbers, the 
sum of whose absolute pth powers (0<p<1) converges. The precise form of a 
weakened triangular inequality was stated and the lack of local convexity em- 
phasized. The form of the most general linear functional on the space was given, 
thus violating the consistency between the spaces /, and L, that one normally 
expects, since in L, no non-zero functionals exist (cf. M. M. Day, Bulletin of the 
American Mathematical Society, Abst. 46-3-165). 

7. Simple complete sets of defining relations, in terms of several generators, 
were obtained for the Mathieu group of degree 23 and for its maximal sub- 
groups of degrees 22 and 21. Mr. Peterson pointed out that the quadruply 


transitive groups of Mathieu are generated by two operators which satisfy, for 
p=23 and p=11, the relations 


sP= 2? = (st) 4 -= (s2f)2(p-1)/3 = (s#)4 = (s'est)? me il 


where g=(p—1)/2. These groups are being studied for arbitrary prime values 
of p. 

8. Dr. Beth stated that, following good usage, the term nomogram may be 
defined to include intersection charts as well as alignment charts. Quantities 
represented by points on one are represented by lines on the other. The dualism 
which exists between the two types permits a common mathematical formula- 
tion for all possible linear transformations of either. This, when interpreted 
graphically as a certain projective transformation, offers an alternative to the 
usual methods (similar triangles or determinant transformations) of de 


' signing 
alignment charts which permits a better consideration of all possibilities i 


n mak- 
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ing the choice of the particular form to be drawn. Moreover, the same method 
may be used for intersection charts. It is particularly useful when the number of 
variables to be represented, N, is greater than three, the number of imposed 
relations, N —2, being greater than one. 

9. Dr. Coral considered the general double integral variation problem in 
parametric form. For this problem, he filled in a hitherto existing gap in the 
theory by computing explicitly the form of the Jacobi differential equation. The 
coefficients of the equation were found to have a comparatively simple form, 
involving the coefficients of the first fundamental form for the spherical repre- 
sentation of the minimizing surface. 

10. Professor Ayres gave a progress report on the new journal, Mathematical 
Reviews, which is being subsidized in part by the Association. At the time the 
March number was mailed there were 1058 subscribers to the Reviews. The desir- 
ability of having the Reviews available in every college library was stressed. 

11. Asurvey was made by Mr. Nordstrom of grades received in seven differ- 
ent courses by 1012 students representing 240 Michigan high schools and 70 
out-of-state high schools in the fall of 1939. The purpose was to obtain informa- 
tion which would help guide the preparation of high school students and which 
would help the staff of the mathematics department to greater teaching effi- 
ciency. The results show that there is no correlation between grade and size of 
high school, with the exception of the group having a high school population 
of 100 or less, which group had an average considerably lower than that of 
other groups. However, this was probably due to the fact that this group offers 
as a rule but two years of mathematics, and it is not due to inferior teaching nor 
to inferior students, since in two courses where the minimum entrance require- 
ment is two years, students having only the minimum preparation received 
respectively 68% and 83% of the failures. With entrance to Michigan State 
College specifically in mind, Mr. Nordstrom concluded with recommendations 
as to the high school mathematics program. 

12. All sorts of methods have been devised to solve the problem of stimulat- 
ing and maintaining interest in high school mathematics. Quite a few which 
have been incorporated in texts are mere concoctions, giving to mathematics 
an air of triviality, almost of futility. Professor Johnston believes that the best 
stimulus is mathematics itself, mathematics available to and assimilable by the 
high school student, which will open to him a realization of his own powers in 
some phases of so-called “advanced” mathematics. He quoted from his own ex- 
perience in placing before high school classes such topics as maxima and minima, 
alligation, curve fitting, the Euler and Simson lines, inversion of curves, link- 
ages, stereographic projections, partial fractions, the theorem of Desargues, per- 
spectivity and projectivity, and several others not usually encountered until 
well along in college mathematics. He demonstrated several theorems to show 
that they are entirely within the high school province, and mentioned a list of 
topics which can be either incorporated in the regular schedule or formally 
offered as an eighth semester course in high school mathematics for those ex- 
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pecting to major in engineering or mathematics. 

13. Professor Altman indicated the importance of the application of the 
fundamentals of engineering and mathematical analysis in aeronautical engi- 
neering problems. Emphasis was placed on a good combination of analytical and 
experimental methods in arriving at the most satisfactory design. The talk was 
illustrated with the use of slides. A number of graphical applications in integra- 
tion, differentiation and the solution of some differential equations were shown. 
The graphical integration included the solution for the thrust force produced 
by a propeller blade, the solution for the centrifugal force and twisting moment 
produced by a rotating body of variable sections such as a propeller blade, and 
the determination of the geometric properties of irregular sections such as the 
moment of inertia, product of inertia, etc. The graphical differentiation was 
applied to the solution of the velocity and the acceleration of a falling body 
such as in the required drop tests of an airplane shock absorbing system. A 
method to determine the bending moment, the value of the shear and other 
important structural factors for beams subjected to axial compression or tension 
loads in combination with transverse loads, where the effect of the secondary 
moments due to deflections were important, was connected with the solution of 
a second order differential equation by the use of polar diagrams. 

P. S. Dwyer, Secretary 


THE SEVENTEENTH ANNUAL MEETING OF THE 
INDIANA SECTION 


The seventeenth annual meeting of the Indiana Section of the Mathematical 
Association of America was held Friday and Saturday, May 3 and 4, 1940, at 
Earlham College, Richmond, Indiana. 

Forty-five registered at the meetings, including the following nineteen mem- 
bers of the Association: Emil Artin, Juna Lutz Beal, P. D. Edwards, B. C. 
Getchell, G. H. Graves, Cora B. Hennel, L. P. Hutchison, M. W. Keller, Neil 
Little, Florence Long, H. A. Meyer, H. R. Pyle, L. S. Shively, D. R. Shreve, 
W. O. Shriner, M.S. Webster, Agnes E. Wells, K. P. Williams, A. J. Zanolar. 

At the business session on Saturday morning, the following officers were 
elected for next year: Chairman, Cora B. Hennel, Indiana University; Vice- 
Chairman, H. R. Pyle, Earlham College; Secretary, P. D. Edwards, Ball State 
Teachers College. The eighteenth annual meeting will be held at Butler Uni- 
versity. 

The annual dinner was held on Friday evening in Earlham Hall. Professor 
L. S. Shively served as toastmaster and introduced Dean H. R. Pyle who wel: 
comed the visitors. Following the dinner the first session of the Section was held 
at which time Dr. Karl K. Darrow of the Bell Telephone Laboratories gave ‘ 
popular lecture on “Least time and least action.” The lecture was open to the 
public and was well attended. 


Dr. Darrow introduced the subject “Least time and least action” by saying 
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that he would illustrate the principles bearing those names by a single example, 
the law of refraction. After giving a historical account of the earliest experi- 
mental data bearing on this law, he deduced it in the ways invented by Fermat 
(principle of least time), by Descartes (concept of particles), by Huygens (con- 
cept of waves), and by Maupertuis (principle of least action applied to concept 
of waves). He then unified these several derivations by invoking the concept of 
beats formed by superposed wave trains of nearly identical frequencies, the 
principle of least action being obeyed by the beats interpreted as corpuscles and 
the principle of least time being obeyed by the waves; he also mentioned the 
extension of these concepts and principles to electricity and matter. 

At the two sessions on Saturday the following program was presented: 

1. “Fibonacci sequences and certain irrational numbers” by Professor L. S. 
Shively, Ball State Teachers College. 

2. “Conformal mapping on surfaces” by Professor H. R. Pyle, Earlham Col- 
lege. 

3. “The drawing of quadric surfaces” by Neil Little, Purdue University. 

4. “The transits of Mercury” by Professor K. P. Williams, Indiana Uni- 
versity. 

5. and 6. “Diagnostic mathematics testing in Purdue University” by Dr. 
M. W. Keller and Dr. D. R. Shreve, Purdue University. 

7. “The real shape of plane cubics” by Professor G. H. Graves, Purdue Uni- 
versity. 

8. “Methods of teaching irrational numbers” by Dr. R. J. Duffin, Purdue 
University, introduced by Professor Graves. 

9. “Generators for commutative algebras” by Dr. G. W. Whaples, Indiana 
University, introduced by Professor Artin. 

Abstracts of papers follow, the numbers corresponding to the numbers in 
the list of titles: 

1. Professor Shively pointed out that the well known sequence of Fibonacci 
which appeared in his Liber A baci satisfies the recursion formula, u,—+Un41= Un42- 
Sequences F;, F/, and F!’, whose general terms are u,, Un, and w, respectively, 
were defined for every positive integer k as follows: 


u, = 0, U2 = he Un a 2RUn41 = Un+2; 
Un = Unt1 — RUn; Wn = Unti — An. 


Some of the properties of these sequences which have been known were stated 
and others were established. It was then shown, by means of these sequences, 
how rational fractions whose values are alternately greater and less than V/k?+1 
can immediately be written down, and that they rapidly approach the latter as 
a limit. The discussion was then extended to the case in which k is any positive 
rational number. In this case the terms of the sequences are not all integers and 


s/k?+1 is not always irrational. 
2. Given two surfaces, S, and S2, with general form of the matrices 


Si: ds? = w(adx? + Bdy? + 2edxdy), 
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where w, a, B, € are functions of x, y, and 


Sot ds? = @(adu? + Bdv? + 2edudv), 


where ©, &, 6, € are functions of uw, v; Professor Pyle assumed a relation 
u=o(x, y), v=Y(x, y) with the usual assumptions as to continuity and the 
existence of the first and second partial derivatives of @¢ and y. Necessary and 
sufficient conditions for conformality were obtained in terms of Aid, Ay, and 
A2(%, W), the well known differential parameters of the first order. Generalized 
forms of the Cauchy-Riemann equations which are valid on any surface were 
given. The Laplace equation was generalized in terms of Aod and Asy, the differ- 
ential parameters of the second order. Conditions for conformality in polar co- 
ordinates and in elliptic geometry were given as special cases of the general 
forms. ne 

3. The purposes of Mr. Little’s paper were, first, to point out certain inac- 
curacies which exist in the usual drawings of quadric surfaces, and second, to 
describe a mechanical method whereby correct and accurate drawings can be 
made. Using four sample drawings, copies of which were distributed to the audi- 
ence, a number of inaccuracies were pointed out on two of the drawings. The 
other two were drawings of the same surface accurately done, and the method 
of drawing them was described. 

4. Professor Williams gave a complete discussion of the transits of Mercury, 
making use of the tables of Newcomb. Two solutions of the problem were made. 
In one solution the actually observed times of contact were used; in the other 
solution the times were corrected for “fluctuation” as determined in Jones’ re- 
cent discussion of lunar occultations. Tidal retardation was introduced as one 
of the unknowns to be determined. The solution that made use of the correc- 
tions for fluctuation of time gave decidedly the best results, the residuals being 
uniformly small. The non-gravitational shift of the perihelion was reduced by 
about 3” below the result obtained by Newcomb. 

5. and 6. This was a progress report on the diagnostic testing which has been 
inaugurated at Purdue University by the authors in coéperation with Dr. H. H. 
Remmers of the Division of Educational Reference. Dr. Keller outlined the 
purpose of this program, the construction of the tests, and their administration. 
He also presented briefly some of the facts which were obtained from the first 
of the three tests. Dr. Shreve gave some of the more important findings from the 
third of these tests with some suggestions for changes in construction in accord- 
ance with those findings. A portion of the paper appears in this issue of the 
MONTHLY. 

7. Professor Graves exhibited a set of graphs of the 78 species of plane cubics 
as classified in Newton’s Enumeratio Linearum Tertit Ordinis, with remarks on 
reduction of the general equation to Newton's four type forms. 

8. Dr. Duffin discussed several methods of demonstrating the existence of 
irrational numbers suitable for presentation to students in e 


lementary algebra, 
In particular, a little known geometric method was given. 
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9. Dr. Whaples showed that if A is a commutative algebra with unit ele- 
ment over field F, such that F has an infinite number of elements and the semi- 
simple part of A is a direct sum of separable extensions of F, then A can be 
written as the set of all polynomials in » elements, where is the number of 
generators of the radical of A, considered as A-ideal; is the smallest such num- 
ber. In particular, A is a principal ideal ring if and only if it is expressible as the 
set of polynomials in a single element. 

P. D. Epwarps, Secretary 





THE EIGHTH ANNUAL MEETING OF THE WISCONSIN SECTION 


The eighth annual meeting of the Wisconsin Section of the Mathematical 
Association of America was held at Mount Mary College, Milwaukee, on Satur- 
day, May 4, 1940. The meeting was presided over by the chairman, Sister Mary 
Felice of Mount Mary College. The members of the Association and guests were 
graciously welcomed by Sister Dominic, Dean of Mount Mary College. 

There were fifty-three persons present, including the following twenty-four 
members of the Association: R. H. Bardell, Leon Battig, Ethelwynn R. Beck- 
with, May M. Beenken, W. W. Bigelow, H. H. Conwell, L. A. V. DeCleene, 
Fannie Hopkins, R. C. Huffer, M. L. Jautz, Elizabeth E. Knight, R. E. Langer, 
Peter Luteyn, C. C. MacDuffee, Morris Marden, Sister Mary Felice, E. A. 
Nordhaus, G. A. Parkinson, H. P. Pettit, Irene Price, W. E. Roth, P. L. Trump, 
M. J. Turner, J. I. Vass. 

Sessions were held in the morning and afternoon with a luncheon in the main 
dining hall of Mount Mary College at 12:15. The business meeting was held at 
2:00 p.m. at which the following officers were elected: Chairman, W. W.Bigelow, 
Beloit College; Secretary, G. A. Parkinson, University of Wisconsin Extension 
Division; Program Committee, I. S. Sokolnikoff, University of Wisconsin, and 
R. E. Norris, Milwaukee State Teachers College. Invitations to hold the 1941 
meeting at Beloit College and the 1942 meeting at Oshkosh State Teachers 
College were accepted by unanimous vote. Appreciation for the hospitality ex- 
tended to the Section by Mount Mary College was expressed by a rising vote. 

At the business meeting Professor R. E. Langer of the University of Wiscon- 
sin reported on the national reorganization of the Association. Professor Langer 
suggested that the members of the Section should avail themselves of the op- 
portunity presented by the new organization to participate more actively in the 
affairs of the national organization. Following this, Professor P. L. Trump of 
the University of Wisconsin High School reported on the meeting of the 
National Council of Teachers of Mathematics to be held in Milwaukee on 
July 1-3, 1940, in connection with the National Education Association meetings. 

At the morning session the following papers were presented: 

1. “A plea for natural logarithms” by the Reverend L. A. V. DeCleene, St. 


Norbert College. 
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2. “Applications of lattice theory” by Dr. E. A. Nordhaus, University of 


Wisconsin Extension Division. 

3. “The centroids of photographic images of stars” by Professor R. C. 
Huffer, Beloit College. 

The afternoon session was devoted to a panel discussion on “Vitalizing 
mathematics teaching.” The leaders and their subjects were as follows: Profes- 
sor H. P. Pettit, Marquette University, “Restatement of the objectives of 
mathematics teaching”; Professor Ethelwynn R. Beckwith, Milwaukee- Downer 
College, “Mathematics as a social science”; Professor P. L. Trump, University 
of Wisconsin High School, “Enriching the mathematics course”; and Fannie 
Hopkins, Waukesha High School, “A high school teacher’s view-point on our 
teacher training courses in mathematics.” 

Abstracts of the papers follow, the numbers corresponding to the numbers 
in the list of titles: 

1. Dr. DeCleene said that little attention is allotted to natural logarithms, 
often with only the remark that there is another kind besides common loga- 
rithms. Because of this, students enter chemistry, physics, and engineering with- 
out a facility of handling natural logarithms and e. Tables of natural logarithms 
should be included with those of common logarithms. 

2. Dr. Nordhaus outlined the axiomatic treatment of the theory of partially 
ordered sets and lattices as developed by Birkhoff, Ore, and others. He indicated 
the manner in which a Boolean algebra may be obtained from a distributive 
lattice and how a modular lattice satisfying a chain condition may give rise to a 
projective geometry. The introduction of a dimension function into the lattice 
and the work of von Neumann on continuous geometry were discussed. 

3. Professor Huffer discussed the methods of measuring positions of stellar 
images on photographic negatives, with particular reference to close visual bina- 
ries. Formulas were derived for the centroids of pairs whose images are blended, 
in terms of the magnitudes and the distance between the centers of the stars, 
on the basis of various assumptions with respect to the properties of the photo- 
graphic plate. 

G. A. PARKINSON, Secretary 


THE ANNUAL MEETING OF THE MINNESOTA SECTION 


. The annual meeting of the Minnesota Section of the Mathematical Associa- 
tion of America was held at the Teachers College, Mankato, Minnesota, on 
Saturday, May 11, 1940. A morning session, held at 10:30 o’clock, was followed 
by luncheon and an afternoon session at 2:15 o'clock. Professor C. S. Carlson 
of St. Olaf College presided at the morning session, and Professor W. H. Bussey 
of the University of Minnesota at the afternoon session. 

Sixty-eight persons attended the meeting, including the following thirty- 
seven members of the Association: Mae R. Anderson, H. A. Arnold, es i 
Blackall, R. W. Brink, L. E. Bush, W. H. Bussey, E. J. Camp, C. S. Carlson, 
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S. Elizabeth Carlson, Sister M. Claudette, H. H. Dalaker, Arthur Danzl, 
J. H. Daoust, Brother Louis De La Salle, Gladys Gibbens, C. H. Gingrich, 
J. S. Hickman, C. J. Kirchen, W. H. Kirchner, Fulton Koehler, Margaret P. 
Martin, W. R. McEwen, Sigurd Mundhjeld, F. J. Polansky, A. R. Poole, 
G. C. Priester, Inez Rundstrom, M. G. Scherberg, Ole Schey, C. Grace Shover, 
R. R. Shumway, H. P. Thielman, Ella Thorp, H. L. Turrittin, A. L. Underhill, 
Kk. W. Wegner, Marion A. Wilder. 

At the business session officers were elected for the coming year as follows: 
Chairman, A. J. Strane, Duluth Junior College; Secretary, A. L. Underhill, 
University of Minnesota; Executive Committee, K. W. Wegner, College of St. 
Catherine, Brother Louis, St. Marys College, and Sister M. Claudette, College 
of St. Benedict. 

The following eight papers were presented: 

1. “On the functional equation f(x +1) =f(x) [(x+<a) /(x +d) |”” by Professor 
H. P. Thielman, College of St. Thomas. 

2. “An extension of the definition of inversion” by W. R. McEwen, Univer- 
sity of Minnesota. 

3. “The report of a committee of the A.A.A.S. on mathematical instruction 
for purposes of general education” by Professor K. W. Wegner, College of St. 
Catherine. 

4. “Fixed-point theorems with application to elementary mathematics” by 
Dr. H. A. Arnold, University of Minnesota. 

5. “A simple mechanical application of elliptic integrals” by Dr. Isaac 
Opatowski, University of Minnesota. 

6. “On the graph of a certain function” by Dr. M. G. Scherberg, University 
of Minnesota. 

7. “Finite geometry and the frangent” by P. T. Gilbert, Jr., University of 
Minnesota, introduced by Professor Bussey. 

8. “The foci of cubic curves” by M. C. Waddell, University of Minnesota, 
introduced by Professor Bussey. 

Abstracts of these papers follow, the numbers corresponding to the numbers 
in the list of titles: 

1. Professor Thielman showed that the successive terms of many well known 
series satisfy the functional equation of the title. The general solution of this 
equation was given, and the behavior of this solution at infinity was considered. 
On this basis conclusions were drawn in regard to the convergence and diver- 
gence of certain series. 

.. The definition of an inverse curve was extended by Mr. McEwen to in- 
clude the case in which the radius of the circle of inversion is a root of a pure 
imaginary number. . 

3. A preliminary report of the special committee of the American Associa- 
tion for the Advancement of Science on the improvement of science and mathe- 
matics teaching in colleges and universities was given by Professor Wegner. The 
committee undertook first to determine by way of a questionnaire the point of 
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view of science and mathematics teachers with respect to certain issues involved 
in the problem and also to discover the present practices in those courses de- 
signed primarily for purposes of general education. The returns of the ques- 
tionnaire sent to mathematics teachers are tabulated in this report. 

4. Dr. Arnold showed, principally by examples, how most of the important 
problems on the solution of equations, algebraic, differential or functional, may 
be formulated in fixed-point form. Various generalizations to functional equa- 
tions of the Brouwer fixed-point theorem concerning continuous functions de- 
fined over an 1-dimensional cube or an -dimensional “tetrahedron” were stated 
and discussed. 

5. It was shown by Dr. Opatowski that the forces acting in an ordinary 
automobile brake may be evaluated in a very simple way by means of Legendre’s 
elliptic integrals. 

6. It is readily shown that the graph of the multi-valued function f(x) =0 
for x irrational and in 0OSxS1, f(x)=1/s for x=r/s a rational number in 
0 <x S1, consists of the irrational point in 0<x <1 and the intersections among 
the lines 


ses 

| 

Ss 
as 
i) 


y= x, y = x/2, 


a 


ae ie set a | alee 
x = 0, y = 1, Vy = 5, y = 3, y= 74, , 


Dr. Scherberg then showed with a simple geometric argument that f(x) is con- 
tinuous at the irrational points. 

7. Mr. Gilbert defined in a square field of points (a, 6), a and b least non- 
negative residues of a modulus m=II7p%, a line to consist of all points such that 
for any two, (a, b), (a’, b’), a’ —a=qx, b’ —b=qy, x and y being relatively prime 
L.N.R.’s whose ratio y/x is shown uniquely congruent to one of the W(m) irre- 
ducible quotients, defined as fractions a/b of L.N.R.’s where (1) a<b if b>1, 
(2) b and (3) a are, in order, the least possible. The chief law governing I.Q.’s 
is: a/b=a'/b’. ~-ab’=a’b. The lines on a point are classified and counted, and 
the principal result is that the total =the frangent, Y(m), in number, and it is 
proved that ¥(m) =I7pf"'(p;+1). Horizontal (or vertical) lines, lacking a 
point in every row (or column) number ¥(m) —m=IIipt")-"-1B, E; the ith 
elementary symmetric function of the pi. Horizontal-vertical lines number 
¥(m)+o(m) —2m. Rectangular lines (forming a rectangular pattern) total 
2”—2. The properties of ¥(m) and its analogies with and the geometrical ap- 
plication of ¢(m), as also those of the symmetric sequence | (I(d), m/d)\,d the 
divisors of m in order and J(d) the least of equal intervals of symmetry in the 
list of totitives, were discussed. 

8. Mr. Waddell gave a discussion of the Pliicker definition of foci of plane 
algebraic curves, with attention to the number of foci which a curve will possess. 
In particular, the number and location of the foci of cubic curves was brought 
out, and several examples given. Mention was also made of the application of 
this definition to finite geometries of prime modulus. 


A. L. UNDERHILL, Secretary 
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ON THE REDUCTION OF A MATRIX TO A CANONICAL FORM* 
E. T. BROWNE, University of North Carolina 


1. Introduction. If A is a square matrix of order n, and T is a non-singular 
matrix of the same order, the matrix 


(1) B=T-AT 


is called the transform of A by 7. Then A and B are called similar. If we con- 
sider A and B as the matrices of two homogeneous linear transformations, (7.e., 
of projective transformations in (”—1)-space, or of affine transformations with 
fixed origin in 7-space), 


y= A(x), y= Die ), 


it is well known that the transformations have identical geometric properties. 
Algebraically, a necessary and sufficient condition that A and B be similar is 
that their characteristic matrices \J —A, \J—B have the same invariant fac- 
tors, or if we prefer, the same elementary divisors. 

An important problem in the theory is to select from the set of all matrices B 
which are similar to A one or more matrices which have the simplest form, or 
which are most suitable for studying the properties of the matrix. Such matrices 
are called canonical forms of A. Three of these so-called canonical forms are 
worthy of especial mention; (1) the rational or natural canonical form, which 
puts into evidence the (rational) invariant factors of the matrix, (2) the classical 
or Jordan canonical form which puts into evidence the Weierstrassian elemen- 
tary divisors of the matrix, and (3) the Jacobson canonical form which puts into 
evidence the irreducible elementary divisors in a field ¥, and which includes the 
Jordan canonical form as a special case when 7 is an algebraically closed field, 
for example, the field of all complex numbers. 

Many writers obtain a canonical form in the following manner. They first 
establish the important theorem: 


TuEorEM I. Two n-square matrices A and B are similar if, and only if, their 
characteristic matrices \I —A, \I—B have the same elementary divisors, or, af we 
prefer, the same invariant factors. 


Having established this theorem they then write down a matrix B of simple 
form which has the same elementary divisors (or invariant factors) as the given 
matrix A and they take this as a canonical form to which, by Theorem I, A can 
be reduced by a transformation of the type (1). This is the point of view of 
Muth [1], Bécher [2], Wedderburn [3], and others. On the contrary, other 
writers first obtain ab initio a canonical form B for a given matrix A, and from 
this they derive Theorem I as a consequence. The derivation of the canonical 
form becomes then the starting point of the theory of the similarity of two ma- 








* Presented to the Southeastern Section of the Mathematical Association of America at 
Athens, Ga., March 30, 1940. 
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trices and of the equivalence of pairs of bilinear forms, etc. This latter point of 
view is adopted by Schreier and Sperner [4], van der Waerden [5], Kowalewski 
[6], Krull [7], Dickson [8], Turnbull and Aitken [9], and others. * 

The methods employed by the last four writers depend on essentially the 
same idea, viz., that of chains of vectors. To begin with, a chain of maximum 
length is selected. However, a criticism to be levelled at these methods is that 
no clue is given that will enable one to know when he has a chain of maximum 
length, except that in the contrary case there will appear in the course of the 
computation a chain of greater length [10]. 

The method of reduction given by Schreier and Sperner is not subject to this 
criticism. It is based essentially on the Fundamental Theorem of Abelian 
Groups (although it can be developed without explicit mention of that theory), 
and is very elegant. Indeed, one might use regarding it the words that Gundel- 
finger used regarding Lagrange’s method for reducing a quadratic form to a sum 
of squares: “For elegance it leaves nothing to be desired.” However, the point 
of view is slightly different from the classical point of view adopted by the above- 
mentioned four writers. ; 

It is the purpose of this paper to give an a priori derivation of the three 
canonical forms. We also employ the notion of chains of vectors. No knowledge 
of invariant factors or of elementary divisors is presupposed. Indeed, we invoke 
only the Hamilton-Cayley theorem, viz., that every matrix A satisfies its own 
characteristic equation, a fact that is easily established without any use of ele- 
mentary divisors or of canonical forms [11]. Thus a method of reduction is given 
which in its practical application, particularly when 7 is small, has some ad- 
vantages over those previously given. 


2. The reduced characteristic function of A. Consider then a square matrix 
A of order n with elements in a field Ff. Let A* be the first matrix in the sequence 
(2) Lig hs WAS ee od al Ao 
such that the matrices in the sequence are linearly dependent. That is, let 
A®* = g;A%!+4 gAe?2?4... + Ge1A + ag. 


If we write 
(3) P(A) = A® — ay\2-! — ashe? — 2. . = da—1A — da, 


then ¢(A) =0, while ¥(A) 0 for any function ¥(A) of lower degree than a. 
We shall call (A) the reduced characteristic function of A. Since the elements of 
A lie in a field fF, clearly the coefficients of $(A) also lie in ¥, and, moreover, 
by the Hamilton-Cayley theorem, a <n. 

. This reduced characteristic function of A is unique and, moreover, if V(A) 
1s any function such that (A) =0, then $(A) is a factor of ¥(A) Furthermore, the 








: For a complete bibliography on the subject up to 1933, see MacDuffee, The Theory of 
Matrices, Berlin, 1933; ..72. . 
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reduced characteristic function of any matrix B similar to A is identical with 
that of A. 


3. Chains of vectors. Consider now a vector x =(%1, - - - , X,) over the field 7. 
For simplicity of notation we shall look upon such a vector as a one column 
matrix. The vector Ax is then a one column matrix obtained by forming the 
product of A by x in the usual manner. We suppose then that x is not the zero 
vector (0,---, 0), and form the chain of vectors : 


ee 4 te 8 eo AR ly: 


with x as leader. Let us suppose that these vectors are linearly independent, but 
that the vector A“x depends linearly on them, 7.e., we suppose that 


Ax = b,A*-1x4 + boA4* 2x +--+ + 5,-1A% 4+ Bx, 
where the b’s belong to ¥. If we denote by F(A) the polynomial 

F(A) = AP bye — bodt—-? a Sa by—1d = by, 
it is clear that F(A)x=0. The polynomial F(A) is therefore said to annihilate 
the vector x, and clearly no polynomial of lower degree possesses that property. 
We shall call F(A) the reduced characteristic function of x with respect to the 
matrix A, and shall say that « belongs to the polynomial F(X). In justification of 


this terminology, we quote without proof the following easily established the- 
orem [12]: 


THEOREM II. The reduced characteristic function F(X) of a vector x (with 
respect to a matrix A) is unique, and moreover, if W(d) is any polynomial such that 
y(A)x=0, then F(A) is a factor of VA). 


Since ¢(A) =0, every vector is annihilated by (A), and we have the follow- 
ing: 

CoROLLARY. The polynomial to which any vector belongs is a factor of $(A). 

Fundamental for our purpose is the following: 


THEOREM III. If #(A) is the reduced characteristic function of a matrix A, we 
can find vectors x, with elements in ¥, which belong to (A). 


Proof. To prove this theorem, let o(d) when resolved into irreducible factors 
in F be 
a1 22 qs 


$(\) = pi p2 * °° pas (gpd He 1, 


where the ’s are distinct and irreducible in 7. Write 
(A) = pi Pi = po Po =e pe Pa. 


The matrix p#“P,(A) is different from zero, since (A) is the reduced character- 
istic function of A. If the kth column of this matrix does not consist entirely of 
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zeros, the unit vector e; with 1 in the kth position 
é. = (0,---, 0, 1 ae) 


is such that 


qi-1 


Pi P(A)ex ~ 0. 


If we write 
Zi > P(A)ex, 


then pj'"(A)z:40, while pf(A)z;=(A)e,=0. Hence z; belongs to the poly- 
nomial pf and, moreover, it is a vector over the field Th 
The vector 


seis Mi el! Ys eid lian pr > 


is not zero and is easily shown to belong to the polynomial ¢(A). For let x be- 
long to Y(A), so that 


0 = ¥(A)x = 2Y(A)zi. 
Since for 74j, P; is divisible by pi’, we have, on operating with P(A), 
0= ¥(A)P:(A)zi, (i eotliviee StL 


Hence WP; is divisible by p%, and since the latter is relatively prime to P,, it 
follows that y must be divisible by p™, (i=1, - - - , 5), and therefore by their 
product $(A). That is, ¥(A) =@(A). 


4. The reduction of A to rational canonical form. We suppose that the ele- 
ments of A lie in some field ¥. Our problem is to find a non-singular matrix T 
with elements in 7 such that B= 7-!AT assumes a canonical form. 

We first establish the following: 


Lemma I. If 11, v2, - - - , Wn denote the n linearly independent column vectors of 
the non-singular matrix T, and tf Avy =di.0,+bep0e+ + - - +bnivn, then the ele- 


ments byx, ber, +++, baz are precisely the elements in the kth column of the matrix 
B= 4A 


Proof. First of all, we note that since the vectors 1, U2, - - + , ¥, are by hypoth- 
esis linearly independent, the vector Av;, which is the column vector in the 
kth column of the matrix AT, is always expressible in the form stated in the 
lemma. If now we denote by Vi, Ve,->+, Va the row vectors of the matrix 
T~', we have by well known properties of determinants, 


Ver tL = oe 


where the notation V,+v, denotes the inner product, and 6,, is the Kronecker 
symbol which equals 1 for t=k, 0 for i¥k. It follows then that Vy+ Av, =d,,, 
and the lemma is established. 
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Now let #(A) in (3) be the reduced characteristic function of A, and let x, 

be a vector with elements in ¥ which belongs to ¢(A). The vectors 

(4) e1, Axi, A*m, ** =, AT x, 

are linearly independent, while 

(5) A@a, = G;A%!x; + agA* 2x, +--+ + eK. 


The vectors (4) may be thought of as constituting a basis of a linear vector 
space I’; of dimension a, which is an invariant sub-space with respect to A. If 
a=n, the vectors 


01 = 2X1, Pe = Adi, °° * , Vy = Ad, 
constitute a basis of the entire vector space. Since from (4) and (5), 
Adj = Vi41; (f= le ne — 1); 
AG, = x01 + Gn—103 + *** TT O12, 


it follows from the lemma that if these vectors be taken as columns of the 
matrix 7, then 


0 0:--0O @ 
1 0---0O aAn-1 
Olas =0-- 4,2 
(6)* N, = 7 1AT = - 
. 0 ag 
- 1 ay, 


This is the rational canonical form of a matrix A whose reduced character- 
istic function in (3) is of degree n. 

If, however, a<n, we can find a vector y, say one of the unit vectors, 
which is not in the space I, 7.e., which is linearly independent of the vectors 
(4). We now establish the following: 


Lemna II. If x: is a vector belonging to the reduced characteristic function 
(d) of A so that the linear vector space T, generated by x; is of dimension a<n, 
and if y is any vector not in the space Ty, we can find a vector x2 of the form x2 
=y—h(A)x, such that x2 is not in the space 1; and such that the invariant sub- 
space T2 generated by x2 has no vector (except the zero vector) in common with Y,. 


Proof. To prove this lemma, we form the chain with y as leader, 
y; Ay, A*y, ae Af-ly, Aby, 


where A®y is the first vector in the sequence which depends linearly on the 
vectors (4) and on the preceding vectors in the chain. We then have a relation 


of the form 
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ABy = b,AP-ly + boAB-*y +--+ + dey + G(A) x, 


or, if we define 
F(X) =  — b,\8-} — bg—sX — bs, 


the relation can be written 
(7) F(A)y = G(A)m, 


and F(X) is the polynomial of lowest degree such that a relation of this type 
holds. ie 

Suppose now that y belongs to the polynomial ¥(A) and that on dividing 
W(A) by F(A) we have 


¥(A) = QA)F(A) + RA), 


where R(A) =0 or is of lower degree than F(A). Then from (7) we have, on oper- 
ating with Q(A), 


(8) Q(A)F(A)y = ¥(A)y — R(A)y = Q(A)G(A) x1. 


Since ¥(A)y=0, if R(A) #0, this contradicts our supposition that F(\) is the 
polynomial of lowest degree such that a relation of the type (7) holds. Hence, 
R(\) =0 so that from (8) we have Q(A)G(A)x1=0. From this it follows by 
Theorem II that Q(A)G(A) is divisible by $(A), and therefore by ¥(A) = Q(A) F(a), 
so that G(A) is divisible by F(A). If now we write G(A) = F(A)A(A), we have from 
(7); 

F(A)[y — h(A)x:] = 0. 


The vector x.=y—h(A)x, then belongs to the polynomial F(X). Moreover, x2 
is clearly linearly independent of the vectors (4) since y itself is, and finally, in 
view of our assumption as to the minimum degree of F(X), the space Ty gener- 
ated by x2 has no vector in common with I';. The lemma is, therefore, estab- 
lished. 

If then a<n, we find a vector x» satisfying the conditions in the lemma. 
If the sub-space I, generated by x2 is of dimension 8, the vectors (4) and the 
vectors 


(9) Xe, A Xo, A 2%, pete AB-1y5, 


are linearly independent. 

If a+8=n, the vectors (4) and (9) will form a basis of the entire 2-dimen- 
sional vector space. That is, they may be taken as columns of a non-singular 
matrix 7, and just as above, 


Ny 
Bie J-UTS ( ) 
Ns 


where J, is the matrix in (6) with n=a, and No is a Square matrix of order 8 of 
the same type as N, but with bg, bei, +--+, b as elements in the last column, 
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In this case, the matrix B is in rational canonical form, and the reduction is com- 
plete. 

If, however, a+8<mn, we can find a vector y, linearly independent of the 
vectors (4) and (9). By Lemma II, for a suitable choice of the polynomial 
h(A), we can determine a vector x3 of the form 


v3 = y — h(A)a 


such that the invariant sub-space I; generated by x; has no vector in common 
with Ty, although it may have vectors in common with [:. This vector x3 is 
linearly independent of the vectors (4) and (9). For if 


“3 = G,(A) a1 + G2(A) x, 


then 


[h(A) + Gi(A) Jar + G2(A) x2, 


and this contradicts our assumption as to the choice of y. 
We then form the chain with x; as leader, 


oy, 


(10) X3, A yy ea A aby 


where we suppose that Ax; is the first vector in the chain that is linearly 
dependent on the vectors (4) and (9) and on the preceding vectors in the chain. 

If a+B+y=n, the vectors (4), (9), and (10) form a basis of the m-dimen- 
sional vector space. In the contrary case, we can find a vector x, linearly in- 
dependent of these vectors and such that the invariant sub-space I’, generated 
by x4 has no vector in common with I';, although it may have vectors in com- 
mon with I. and I. We then form the chain with x, as leader, 


(11) Nay Axa, ALK cine A®'x,, 


where A®x, is the first vector in the chain which depends linearly on the vectors 
(4), (9), and (10) and on the preceding vectors in the chain. 

If at+B+y+6<n, the process may be continued, until a set of 2 linearly 
independent vectors is obtained. The procedure when such a set has been found 
will be illustrated for the casea+B+y+6=n. In this case we may take as basis 
of our vector space, 7.e., as columns of the matrix 7, the vectors (4), (9), (10), 


and (11). If we write 


2 A aha (1 = 1, iat OD, 
Vati = A atk (4 = 1; een yh P 
Vatp+i = At lx, (@=1,-°:, Y)) 
VatB+y+i = At *x4, (ite eine. 5), 
then 
Avy = Vint) G=1,-+-,a— 0), 


Ade = Gadi + Ga-1¥2 + °° + 412, 
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while for 7 >a, 


Av; — [vat1, ee es Vatst+y+e]s 


where the brackets denote some linear combination of the vectors in the 
brackets. The matrix B=T7~—'!AT will then be of the form 


Ny 
B=TI AT = ( yp 
Aj 


where J is the matrix in (6) with n=a. 

Now let ¢:(A) be the reduced characteristic function of A. Since ¢(B) =0, 
clearly #(A1) =0, so that by the remark at the end of section 2, $;(A) is a factor 
of #(\). We can now apply to A; the same process that we applied to A and ob- 
tain 

Ni 
Ne , 


A, 


where WN; is of the same form as JN, in (6) but with the elements in the last col- 
umn the coefficients of $,(A). 
The process can be continued until finally A is reduced to the form 


Ny 
N 2 


N, 


This is the rational canonical form of the matrix A. Clearly the reduced char- 
acteristic function of each N;, is a divisor of the reduced characteristic function 
of Ni-1, (i=2,---, 5). These functions will be found to be precisely the invart- 
ant factors of the matrix A — XI. 

Illustration 1. Let A be the matrix 


dy gos Pea | 
Atz=1.1 0 1 
| a | 
Then 
pg | 
A*=/!12 1|/=4, + 21, 
Tae 22 


so that the reduced characteristic function $(A) of A is A2—-\— 2. By inspection 


the vector x.=(1, 0, 0) is seen to belong to the polynomial $(A). Forming the 
chain 
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My Ax = (0, 1-1), 42441 = 2, 1,1) = + 2), 


we find that x; generates an invariant sub-space I; of dimension 2. The vector 
y=(0, 0, 1) is easily seen to be linearly independent of the two vectors x1, Ax. 
On forming the chain with y as leader we find that 


Ay = (1,1, 0) = Ax + %1— y, 
1.€., 
(A+ 1)y = (A+ 1)m, 
or 
(A + 1)(vy — x1) = 0. 


The vector 73=y—x, then belongs to the polynomial A+1, and generates an 
invariant sub-space I, of dimension 1, which has no vector in common with the 
sub-space I). If then we choose the 3 vectors 


2 
Py 
| 


Se FOR URINE 
Ax, = (0, i Be 1); 


v3 = y — x = (— 1,0, 1), 


as basis of the 3-dimensional vector space, or as columns of the non-singular 
matrix 7, then T-!AT is easily seen to be of the form 


Wiest SY 
Le AES Oe 
O22 Os 1 


which is the natural or rational canonical form of A. 
Illustration 2. Let A be the matrix 


= ey ey ee a ahd yy as: 
—11 —2 7 oi 2 
ee { 3 —11 —22 | ee De ee 
6 OF =—2 =7 ia ee) 
eet ee ee Re: 0 eel ne 


so that the reduced characteristic function of A is d(\) =M7—A- 1. If we choose 
the vector x =(1, 0, 0, 0), then 

Ax = (— 2, 1, 0, 0), 

A’ = (— 3, 1,0, 0) = Ax — &, 
so that x belongs to the polynomial $(A). That is, x generates an invariant sub- 


space I’; of dimension 2. The vector y=(0, 0, 1, 0) is seen by inspection not to 
belong to the space I’. Then Ay=(22, —11, —2, 1), while A2y =(22, —11, —3, 1) 
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=Ay-—y. This vector y then generates an invariant sub-space I; of dimension 
2 with no vector in common with I). If we choose the four vectors 

op ee. Ve = AX, v= Y, t= Ay, 


as the basis of our 4-dimensional vector space, or as columns of the non-singular 
matrix 7, then since 


At; = 0a, Ave ="—"01 +702, Av3 = V4, Ate == is -\ te 
it is clear that the matrix J~-1!AT is of the form 


0-1 0 0) 


jC ite ie 
tt Te 

0 0 O-1 

LOR Ps Oren! 


which is the rational canonical form. 


5. The Jordan canonical form of A. We now proceed to the derivation of 
the Jordan canonical form of the matrix A. For this purpose we may suppose 
that A is non-derogatory, i.e., that the reduced characteristic function of A 
is the same as the characteristic function. In the contrary case, we can first 
reduce A to the rational canonical form N in (11) in which each block N; 1s 
non-derogatory. We need then only reduce each N; separately. 

We therefore restrict our attention to the case where the reduced character- 
istic function $(A) is of degree n. We suppose now that 7 is an algebraically 
closed field, for example, the field of all complex numbers, and that $(A), when 


resolved into powers of distinct linear factors, is as follows: 
12) 90) = A= AMD — Aa)" =) 
— (r oe Ay) P(A) = (A a Ae) "2 Po(d) mas ore Fo (r = An) hl Ah 


Just as in section 3, we can find a vector z; in F belonging to the polynomial 
qd: . : 
(A—X,;) ?. Let us then write 


(i) i : 
(13) by (AoA ay, (see > <4, gy = hoe 


We have here Yg;=n vectors. These vectors are linearly independent. For if 
they were linearly dependent, there would exist a relation of the form 


(14) Sweeny = 0, 


where 8;(A) is a polynomial of degree less than qj. Since P;(X) is divisible by 
(A—X,;)’ for ij, we have, on operating on (14) with P,(A), 


P;(A)gi(A)z; = 0, (t= 1,+-+,s), 
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Hence, P.(d)gi(X) is divisible by (A—A;)". But this is impossible since the first 
factor is relatively prime to, and the second factor is of lower degree than, 
(A—A;)%. Since 


(7) 


Gi) —i ; 
epee AN EE Ny lg; A-key ee 
we have 
(i) (i) (i) 
Any = a4 Ai ; 6 Reg ar re NaI PY ee eee WP 
while 
(7) ; (7) Cg 
Ay =(A-— Mice + jv. = Na '¢ Ee Mea) P 


Hence it is clear that if we take these vectors as basis of our n-dimensional 
space, or if we take them as columns of the non-singular matrix 7, the matrix 
T-!AT will assume the form 


Ji 


where J; is a gi-square matrix of the form 
Aged OD se 0 20 
O Ag i270" 0 


Wath Sty == A 
Oc Oe D-== 03 


This is the so-called Jordan or classical canonical form of A. 
Illustration 3. Reduce the following matrix to Jordan canonical form: 


2-1 1 
ete el 
ie 1) 

The reduced characteristic function of A is found to be \3—3dA2+3A—1 
=(\—1)%, so that A is non-derogatory. It will therefore be unnecessary to re- 
duce A first to rational canonical form. By inspection the vector x= (1, 9, 0) 
is found to belong to the polynomial (A — 1). By computation we find that 

1-1 1 Ko 0> 50 
A=—[=\2 =r (A —I)? =); 3 -3 S715 (A — I)? = 0, 
1 2 —2 es aS. 
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so that (A —I)x=(1, 2, 1), (A—J)*x=(0, 3, 3). If we take the three linearly 
independent vectors (0, 3, 3), (1, 2, 1), (1, 0, 0) as the first, second, and third 
columns of the matrix 7, then 7~-!AT will be in Jordan canonical form. In fact, 


tg SCG 
Leal =i eile i 
a! eae 


6. The Jacobson canonical form. The Jordan canonical form was derived 
on the supposition that ¥ was an algebraically closed field. In case 7 is not 
algebraically closed, we cannot in general arrive at the Jordan canonical form 
through a transformation of the type T~1A7, where the elements of 7 lie in f. 
There is a canonical form, however, to which we can always arrive by trans- 
formations within the field ¥. This is the Jacobson canonical form, due to 
Nathan Jacobson [13], which may be looked upon as a generalization of the 
Jordan form, and which reduces to the latter in case 7 is algebraically closed. 

As in the preceding section, we start with a matrix which is non-derogatory, 
7.€., a matrix whose reduced characteristic function is the same as its character- 
istic function. The matrix N in (6) is a matrix of that type. Let us suppose that 
(A), when resolved into powers of irreducible factors in 771s 


(15) O(N) = pr'pa’ >> pe’, 
where ); is of degree d;. Here Ydig;=n. As in section 3, we can find vectors x; 
with elements in ¥ which belong to the polynomials p;“, ({=1,---, 5). Each 


vector x; then generates an invariant sub-space I’; with basis 
Ki, Axi, «+>, Atty, 


where each I’; has dimension d,qj. 


It is easy to show that no two of the spaces I’";, I, (4, 7=1,---,5s), havea 
vector in common, and that the vectors 


U1; A X14, SAN Adin-ly,- on eae ; as AX. 2 tak ie Adsde-ly 


are linearly independent. With these vectors as columns of the matrix T, it 
is clear that T-!AT assumes the form 


( M, 


i= 





M, | 


where each M; is a square matrix of order dq; 


of the type (6), and where now 
the elements in the last column are the coefficie 


nts in the expansion of 


(16) | pi(d) ] a = Nai — ky ddiai oe 
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That is, each M; is a non-derogatory matrix whose reduced characteristic 
function [,(A) |* is a power of an irreducible polynomial. 

We can now proceed at once to the derivation of the Jacobson canonical 
form. Indeed, we need only reduce each M; to that form. 

Consider then a non-derogatory square matrix M of order n whose reduced 
characteristic function is a power of an irreducible polynomial in ¥. That is, 
we suppose that (A) = [p(A) ]*, where 


(17) pA) = \? — w1A2-} —— ToAt-2 — +++ — TG. 


Let z be a vector in ¥ belonging to the polynomial [p(A) |*, and consider the 
chain of vectors 


Yea-i = [p(A)]*-*At iz, (Pie Tay git 0, ed 4), 


These vectors are clearly linearly independent. We now inquire as to the form 
of the matrix 7~!MT if these vectors be taken as columns of 7. 

From the manner in which the vectors were derived, we note first of all that 
for 2 not divisible by d, we have 


Av; ——Oerli tie 
Further, since 


Ud = [p(A ) | aa Saat 


and since 

d 

Aéz = Yo wiAt-iz + p(A)a, 

1 

we have 
Avia = Des €¢ [p(A) ]¢-*Ae-ig i [p(A) ]s-At 12 
= pa T Ved—it 1 V(k-2)d41) (k > 1b) 

and 


Ava Oe TiVd-i41- 
Hence, 7~-! MT is a matrix of the form 
N K 
N K 


containing g N’s in the main diagonal and K’s in the super diagonal. Here NV and 
K are d-square matrices of the form 
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GeO Oa ae 0 0---0 

{So 2 30 ea 2. OA eo 
N= eae 

ec my 0 0---0 0 


That is, NV is of the form in (6) with the coefficients of p(A) in the last column, 
while K consists entirely of zeros except for a 1 in the upper right-hand corner. 
The matrix in (18) is the Jacobson canonical form of a non-derogatory matrix 
whose reduced characteristic function is the power of an irreducible polynomial 
hie A 

a the particular case in which 7 is an algebraically closed field, the poly- 
nomial ¢(A) in (15) resolves completely into powers of linear factors so that 
each d;=1. In this case, N and K reduce to the 1 by 1 matrices 


Neer ve 


so that the Jacobson canonical form in (18) is simply the Jordan canonical form 
of a matrix with a single elementary divisor (\—7)%. 
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ON THE TECHNIQUE OF GENERALIZATION * 
HENRY BLUMBERG, Ohio State University 


1. Introduction. Generalization is surely an important activity for mathe- 
maticians. Yet the ways and means of securing generalizations have never been 
systematically considered in mathematical literature. What accounts for this 
apparently strange lacuna? There are various reasons, among which, it seems, is 
the prevalence of a feeling, necessarily vague, that the analysis of the process 
of generalization, if undertaken at all, should be relegated outside the domain 
of professional mathematics—a feeling that such a study should belong, let us 
say, to Psychomathematics, coining a word whose meaning is readily inferred. 
By Psychomathematics, I understand, namely, that union of mathematics and 
psychology—using the latter term in a broad, not technical sense—whose func- 
tion it is to explain how mathematical ideas arise, and to formulate heuristi- 
cally helpful principles in mathematical exploration. 

Now, to be sure, mathematicians indulge in Psychomathematics to a certain 
extent, just as artists must, to some extent, become philosophers and inquire 
what it is that the essence of beauty consists of—first in general, and then in 
their special province. But for fear of being misunderstood, I must say that the 
term philosophy, as used here, signifies not speculative or merely expository 
theory, but a system of principles fundamental for advanced strategy. In chess, 
for example, one such principle is that it is highly important to have a strong 
center; another principle, that, other things being equal, the move made should, 
as much as possible, enhance the mobility of one’s forces, and correspondingly 
reduce the mobility of those of the opponent. From this latter principle, we 
have, for instance, the corollary that, except for particular objectives, pawns 
are not to be moved out of their original position. No chess player can attain 
high rank without conscious and intimate possession of such operative principles 
of strategy. A pianist, likewise, if of high ideals, would have operative principles 
with reference to distinctness, resonance, and beauty of tone, with reference to 
suppleness and power of musculature, with reference to organic unity and nobil- 
ity of expression. 

The technique of generalization belongs, as I said, to Psychomathematics, 
the field comprehensively concerned with the strategy of mathematical inven- 
tion. And although inventive mathematicians are necessarily keen for new ideas, 
they virtually never pursue Psychomathematics systematically and with due 
appreciation of its potentialities. So that not infrequently, even among distin- 
guished mathematicians, we may notice that a certain acquired technique or 
strategy is exercised just in its initial stages, without its being consciously and 
steadily improved. The technique of an eminent mathematician will, of course, 
be of high competitive order. But my interest here is to venture a glimpse into 
potentialities of principles for improving one’s technique, be one’s present pow- 
ers high or low. 








* Presented to the Mathematical Association of America at Columbus, Ohio, December 29, 
1939. 
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Occasionally, of course, there will be a reference to Psychomathematics in 
the literature, as when E. H. Moore speaks at the beginning of his General 
Analysis of a heuristic principle of generalization; namely, the principle that 
the existence of analogies beckons generalization, points to the existence of a 
general unifying theory exhibiting these analogies as particular cases. And many 
a piece of research owes its origin to the operative stimulus of this heuristic, 
strategic principle. 

Here is another instance. A distinguished mathematician, greatly interested 
in a certain problem,—which happened to concern equations having only real 
roots as related to certain continued fractions,—when he first saw a paper giving 
its solution, declared with a twinkle in his eye, “How remarkable it is that a 
difficult problem is rendered easy if you hit upon a good way of generalizing it!” 
Now the twinkle in his eye disclosed that the principle of generalization to which 
he was alluding was still new to him, very much as the thought of industrial 
democracy crossed the mind of many a democrat with a strange novelty in the 
days of World War I. 

The remarks I have made were intended to indicate that only incidental at- 
tention has heretofore been given by mathematicians to such matters as the 
technique of generalization, the very terminology, perhaps, sounding strange to 
some ears. And I have also indicated a reason for this scantiness of attention. I 
may add, in this connection, that a vague feeling seems to pervade some minds 
that the creative process must not be analyzed or inspected for fear that the 
Muses will take a walk. But such a feeling would find it a task to justify itself. 
Indeed, it is a timid feeling, afraid not merely of what it professedly fears, but 
somewhat of itself, and it may be safely assumed that wherever such a feeling is 
entertained, there is misconception and contradiction. Witness the artist in one 
breath excoriating all who would dare discuss the nature of beauty, and in the 
next, unburdening himself of his own philosophy of beauty. Those who warn 
against inspection and analysis talk as if just around the corner, if we have only 
the temerity to look, we may peer into the very heart of the Absolute, the Soul 
of Beauty, the quintessence of creativeness. It seems to me that our reverence 
for the Absolute is greater if we are not afraid that the humble analysis which we 
poor mortals can bring forth at the present stage of civilization, with the herit- 
age of racial limitation as it is, will get us dangerously close to the Heart of the 
Universe. In fact, the problem of securing useful principles in the strategy of 
generalization—or, indeed, in mathematica] strategy in general—is no more pro- 
found in genre than many another problem naturally solved in the course of 
devoted industry. 

Let me clarify my meaning through an illustration. A high school teacher of 
trigonometry may have solved numerous text-book trigonometric identities, al] 
the time in fear that a new one might overtax his ingenuity. It may daunt him 
even to face the idea of searching for the secret, 7.e., the technique of solving all 
such identities. Nevertheless, as we know, this secret is near at hand; 


. it is only 
his fears and self-imposed limitations which preve 


nt him from discerning it. 
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After consideration, it must be said that essentially similar to this is the prob- 
lem of finding the secrets of an advanced technique of generalization. Indeed, 
with the present-day equipment of the fraternity of mathematicians, similar too, 
is the problem of finding the secrets of an advanced technique of mathematical 
research in general, as research is ordinarily conceived, of which general tech- 
nique, the technique of generalization is a part. And when I speak of an ad- 
vanced technique, I mean one of manifold and-decisive utility for student and 
professional mathematician. To forestall misunderstanding, I disclaim having 
myself reached a formulation of such an advanced technique. My purpose here 
is to call attention to the problem, and to indicate first steps. A more elaborate 
treatment will appear, among other things, in a forthcoming book. 

Before I begin to discuss these first steps, I wish to add another remark. In 
the matter of improving our technique, it is important to bear in mind that the 
mere knowledge of a principle is of slight value; what counts is the degree to 
which the principle becomes consciously and intimately operative in our mind. 
A centrally operative principle is like another eye in our explorative faculties. 
Such eyes, no less real than physical eyes, give us our individual view of the 
world and determine our evaluations and the course of our action. 

For a mathematician, such eyes define his major interests and the character 
of his operative strategy. And strategically speaking, the difference is vast be- 
tween a more or less subconscious operation of a heuristic principle and a con- 
scious and growing understanding of its nature and potentialities. The effective- 
ness of a living principle grows immeasurably through conscious possession of it, 
through progressively more refined discriminations bearing on its true signifi- 
cance, through zealous search for varied applications. 


I turn now to the consideration of the technique of generalization in itself. 
We have to distinguish the generalization of concepts, of problems, of theorems, 
and of processes. 

We take up first the question of generalizing concepts. 


2. Illustration of the generalization of a concept. And I begin with an illus- 
tration, namely that of the concept of function. This notion gained clarity and 
refinement of meaning with advancing mathematical experience and reflection, 
and it was not until the latter part of the nineteenth century that the essence 
of functionality was recognized and the notion attained its present generality. 
The earlier idea of function was that of a relationship of one number to another 
or to a finite set of numbers; as, for example, y =x?, y=log x, w=x?— yz. More- 
over, earlier mathematicians seemed tacitly and commonly to suppose that ex- 
pressibility is a necessary requisite for a functional relationship; that is to say, 
a functional relationship must be statable in terms of “accredited” mathematical 
entities and processes. Just what meaning should be attached to the term ac- 
credited seems to have been only vaguely grasped. Furthermore, whether addi- 
tional attributes, such as continuity, were to be demanded, was not clearly 
settled. It was such vagueness which ranged celebrated mathematicians on op- 
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posite sides of disputed questions—for example, John Bernoulli and d’Alembert 
in the controversy on the problem of the vibrating string. And on account of 
this vagueness, both sides, though tenaciously and heatedly supported, were 
equally indefensible. Eventually the question was faced: What is the essence of 
functionality? And the answer was: Not expressibility in terms of certain mathe- 
matical entities by means of certain mathematical processes; not that the two 
mathematical entities involved in the functional relationship are the one a num- 
ber and the other a number or a set of numbers; and not a complex of restrictive 
properties including continuity. The essential nature of functionality, as it 
emerged through experience rather than directed reflection, was correspondence. 
And if we abstract this item of correspondence from the compound of attributes 
which mathematicians of an earlier day vaguely attached to the notion of func- 
tion, we secure the modern notion of function which formulates clearly the gen- 
uine essence of functionality. The conception of function thus arrived at is as 
follows: 

A function is a mathematical system consisting of a set A (the range of the 
independent variable) and a set B (the range of the dependent variable) and a 
correspondence which mates with every element of A some element of B. 

In this definition, we understand by mathematical system nothing other than 
a finite set of mathematical entities (sets, functions, relations, operations, and 
so on) having specified properties. Thus a group is a system which consists of a 
set and an operation (generalized multiplication) subject to certain properties, 
customarily termed postulates. Likewise, a field, a linear order, an abstract eu- 
clidean geometry, a topological space are systems. Utilizing this generalized no- 
tion of mathematical system, we see that function is something of the same sort 
as group, field, linear order, topological space, and so forth. 

The definition of function just given, as our discussion has shown, formulates 
the essence of functionality in its pure nakedness; it thus achieves the highest 
generality of conception while preserving the heart of the idea of function. Since 
the definition does complete justice, as we may say, to the kernel of the intuitive 
idea of functionality, it would seem difficult, indéed, to extend it legitimately 
any further. 

According to this modern definition of function, the weight of an elephant 
is an example of an honest-to-goodness function, the range A of the independent 
variable being the totality of elephants, and the range B of the dependent varia- 
ble the set of real numbers, or positive real numbers, if you wish. Similarly, the 
area of a polygon is a function, the variable polygon the independent variable, 
the corresponding area the dependent variable. Functions of curves, usually 
called functionals, are functions. A sequence {a,}, which mates a number Qn, 
real or complex, with every positive integer m, is a function. So is a point trans- 
formation, or a functional transformation. Relations and operations also are 
functions. Tensors are functions, and if those who are somewhat baffled by 


tensors will comprehend their functionality they will have a good basis for a 
full understanding. 
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3. Analysis of the technique of generalizing concepts. By examining our pro- 
cedure for generalizing the notion of function, we may note various items in the 
technique of generalizing concepts. A generalization of a concept or property 
may be conceived as consisting of an enlargement of the class of objects to which 
the concept is to be applicable. Thus sequences, functionals, relations, trans- 
formations, are functions in our generalized, but not in the primitive sense. 
From another point of view, we may think of our generalization of function as 
consisting of discarding such properties as expressibility, or real number char- 
acter, or continuity, and demanding nothing more than correspondence. In 
other words, from this second point of view, the generalization of function con- 
sists of an abstraction. If we take the term generalization in the narrower sense 
of extension of class—and on its face the term suggests this meaning—we may 
say that generalization and abstraction are substantially equivalent processes. 
Another equivalent way of conceiving of generalization, as the case of function 
showed, is as a search for essence. We formulate the observations just made in 
the following principle, which for convenience of reference, I shall call the Prin- 
ciple of Equivalence. It runs as follows: 

The generalization (in the sense of extension of meaning to a larger class), 
abstraction (in the sense of passing from property to implied property), and isola- 
tion of the essence of a concept or property are substantially equivalent processes. 


I will add some remarks with the purpose of elucidating this principle of 
equivalence. 

First, it is to be understood that the essence of a property is not absolute, 
uniquely determined by the property, but is relative to the point of view. We 
shall illustrate this relativity of essence by considering the generalization of con- 
tinuity. 

Continuity, for a real one-valued function, may be defined in different ways, 
among which are the following three: f(x) is continuous at & if (1) [sequential 
definition | for every sequence &, converging to £, f(En) converges; (2) [e, 6 defini- 
tion | for every positive €, there exists a positive 6 such that |x—é| <6 implies 
that | f(x) —f(§)| <e;and (3) [neighborhood definition | for every positive e, there 
exists a neighborhood N of é such that, for every Eof N, | f(x) —f(§)| i + 

In the first or sequential definition, (apart from the given function f(«)) there 
are no concepts mentioned except that of convergent sequence. This definition, 
therefore, lends itself to extension to functions defined on any set A whatsoever, 
instead of the linear continuum, if only A is such that “convergent sequence of 
elements of A” has meaning. More explicitly: Let A be any set whatsoever 
(range of the independent variable, according to our modern conception of func- 
tion); and f(e), where eis a variable element of A, any real function on A, 2.¢., 
any correspondence associating a real number f(e) with every element of A. 
Furthermore, let the statement “en is convergent” have meaning if én 1s a se- 
quence of elements of A. It is then apparent that the definition of continuity 
for real functions of a real variable extends directly to real functions defined on 
such a set A. And if, in addition, several simple properties are demanded (postu- 
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lated) for convergent sequences of A—for example, that a sub-sequence of a 
convergent sequence is convergent—we secure, among other conceptons, the 
conception of the so-called L-space of Fréchet, a mathematical system, as indi- 
cated, consisting of a set A for which convergent sequence has meaning and which 
complies with certain elementary demands (postulates), like the one just men- 
tioned. 

And just as the sequential definition leads naturally to the notion of Fréchet’s 
L-space and the generalization of continuity to real functions defined on such a 
space, so does the e, 6 definition lead to so-called metric space and the generaliza- 
tion of continuity to such a space. Furthermore, the e, 6 definition leads to an- 
other generalization, obtained by writing the inequality | f(x) —f(§)| <eas two 
inequalities, —e<f(x)—f(&)<e, and demanding just one of these instead of 
both. We thus gain the notion of semi-continuity—upper semi-continuity or 
lower semi-continuity according to whether we demand the inequality f(x) —f(é) 
<e, or the inequality —e<f(x) —f(é). 

The third or neighborhood definition is a very slight modification of the sec- 
ond, but suggests generalizations not as naturally suggested by the second. For, 
the third definition contains the phrase “for every x of NV,” and for one versed in 
mathematical strategy, such a phrase immediately suggests a generalization ob- 
tained by replacing the full demand “for every” by an approximate demand. 
And such an approximate demand may be formulated by allowing a set of ex- 
ceptions, for example, a denumerable set, or an exhaustible set, or a set of meas- 
ure 0, or a set of metric density 0. In this way, we gain, among others, the no- 
tions of d-continuity, e-continuity (“d” referring to denumerability, “e” to 
exhaustibility), and metric continuity (called “approximate continuity” by 
Denjoy). Again, in a way analogous to that for the sequential and the e, 6 
definitions, the neighborhood definition leads to the generalization of continuity 
to real functions defined on a topological space. 

These illustrations of different ways of generalizing continuity show, then, 
that the essence of a concept is relative, depending on the manner of its formula- 
tion. : 

The principle of equivalence states that generalization, abstraction, and the 
isolation of essence are substantially equivalent processes. But a conversion 
from one to another of these may offer heuristic advantage, just as integration 
by parts may offer heuristic advantage. Integration by parts changes the form 
of a problem, substitutes, for the old, a new problem which may be easier to 
handle. Likewise, to change our objective from the extension of class to the ab- 
straction of a property or to the search for essence is a change of form. And a 
mere change of form, no matter how slight, may help, and frequently indicates 
the solution. We have seen in the example of continuity, how slight changes of 
form give new directions of generalization. If mathematicians had had some- 
thing like the principle of equivalence as an intimate, operative tool—an ex- 
plorative eye functioning organically in research—it is inconceivable that the 
modern conception of function would have been so long emerging. Such an ex- 
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plorative eye would at once have recognized that a concept so fundamental as 
function should not be a compound of expressibility, reality, continuity, and 
what not else, together with correspondence. Even ordinary language wants 
basal words to mean something simple, not compound. And this should be true 
a fortiori of basal mathematical terms. The explorative, generalizing eye would 
at once have been challenged by this vague, compound sense of function, and 
stimulated by such discontent, one assuredly comes to a solution. Expert mathe- 
maticians can greatly improve their strategy by organically acquiring such ex- 
plorative eyes, just as expert pianists can improve their playing by learning new 
ways of incorporating power and flexibility in their muscles. Life is change—the 
depth and pace of life depend on the character of the change. A pianist may 
evince life by taking up a new sonata without noticeably improving his tech- 
nique (which word I do not use as divorced from expression). Likewise, a mathe- 
matician may write another monograph out of a rather fixed technique, however 
competitively high it may be. But the acquisition of a new explorative eye is 
something of a different genre. It is like ascending to a new plane. 


3.1. Change of form. From the example of the generalization of continuity, 
it appears that change of form isan important phase of the technique of general- 
ization. Change of form is, indeed, of fundamental importance in mathematics— 
of an importance on a par with that of generalization itself. To be expert in 
generalization, one must be expert in the process of change of form. 

A good speller is not one who needs to be born a good speller. If one learns 
when to go to the dictionary, one has the means of becoming a good speller. 
So it is with reference to becoming an expert in change of form. It does not re- 
quire a new kind of capacity to be an expert form-changer. If we hold it impor- 
tant to have such capacity, we can readily find means of acquiring it. It would 
be sufficient, whether we are working in a narrow or wide field, to take the cor- 
responding mathematical literature as raw material, note the occurrence of dif- 
ferent types of change of form—and even if the field is large, most likely these 
types will be classifiable in small compass and make these types intimately 
operative in our work. If we examine mathematical literature with reference to 
the strategy intimately exercised by mathematicians, we shall find that even 
eminent experts are not always intimate with simple changes of form in their 
own specialty, the printed analog of the twinkle of delight in the eye betraying 
that such changes are not infrequently at the frontier rather than the center of 
their technique—just as the playing of concert artists reveals that such funda- 
mental items of technique as being deeply relaxed before each stroke, are not 
always guaranteed possessions of the performer. 

I shall mention a number of important changes of form which, because of 
their basal character, may be useful in any branch of mathematics: 

(a) The change from the intuttive to the rigorous, which constitutes the pas- 
sage from vague knowledge, or inspired feeling, to formulated science—as when 
speed, curvature and other concepts, experimentally and vaguely felt as quanti- 
ties, are formulated as derivatives; when linear order is formulated in terms of 
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rank and transitivity; cardinal number for finite or infinite sets by means of cor- 
respondence; measure in terms of outer and inner refined approximations. 

(b) Decomposition, the breaking up of a property or condition a into two 
or more properties or conditions, which together are equivalent to a. This is 
exemplified in the generalization of continuity to semi-continuity, which was 
accomplished by breaking up | f(x) —f(é)| <einto the two conditions —e<f(x) 
—f(&)<e. Decomposition, as a change of form, may be regarded as the process 
of dividing a set into sub-sets. It plays an important réle in the theory of sets 
and functions. Such results as the theorem that the algebraic numbers are de- 
numerable, that a set of isolated points is denumerable, that there are as many 
points in the straight line as in the plane, are proved basally by means of the 
technique of decomposition. And in many modern and apparently more techni- 
cal considerations, as for example, those leading to the comprehensive theorems 
of Denjoy on derivatives and integrals, the technique of decomposition comes 
in again and again as an important part of the reasoning. It is apparent, too, to 
one who looks into the matter, that even experts manifest inadequate intimacy 
with the phases of decomposition in their own field. 

(c) From description to structure, representation, as when we pass from the 
qualification of a number or function by means of an equation to an explicit 
formula. Other examples are the passage from the definition of a closed set, as 
one containing its limit points, to its representation as the complement of the 
sum of non-overlapping intervals. Similar passages are effected for a perfect set, 
a set measurable Jordan or Lebesgue, a normally ordered set, a complex analytic 
function, a group, an algebra. The virtue of this change of form lies in its sub- 
stitution of pictures for logical conditions, and a picture offers integrated in- 
timacy, and is invaluable in gaining new knowledge, in discerning the new in 
the intimate old. We hold effortlessly in our memory thousands of items after 
making a journey, but logical conditions are, and remain, foreign to the mind. 
If a property lacks picturesqueness it is comparatively meager in new sugges- 
tions, and it may be that only by dint of laborious logic can we derive im- 
plications from it—a laboriousness aggravated if the technique of weaving 
mathematical thoughts is not systematically explored and cultivated. Much of 
the apparent intricacy of mathematical literature can be explained as due to 
navigation via logical processes lacking systematic psychomathematical motiva- 
tion, and concepts inadequately intimate, inadequately portrayed in pictures. 
To this strategy of passing from the descriptive to the structural belongs also 
the idea of positivization of definition, as when an infinite set is redefined as a 
set which may be biuniquely mated with a proper sub-set of it. Also here belongs 
the idea, which G. Hessenberg emphasized, of avoiding the reductio ad absurdum 
as much as possible, a minor principle of strategy frequently violated by mathe- 
maticians for no good reason. 

I mention further, without exemplifying, such important changes of form 
of wide application as the passage from the infinite to the finite: from the abso- 
lute to the relative; and from the exact to the approximate (which was illus- 
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trated in one of the ways of generalizing continuity). 
Most of the changes of form are of application also vice versa. 


I have discussed in some detail generalizations of the notions of function and 
of continuity. On account of time limitation, I must now proceed more briefly. 

Just as the case method in law derives general principles from the study of 
factual litigation, so can principles for the technique of generalization be derived 
from the study of particular generalizations. We have indicated such derivation 
of principles from the particular generalizations of function and continuity. A 
study of other important examples will reveal the operation of other principles. 
But, in fact, even the principle of equivalence alone, and the changes of form I 
mentioned, together with some others, constitute a nucleus for the technique of 
generalization more comprehensive in application than one might suppose be- 
fore examination. This nucleus, if appropriately interpreted and refined, enables 
one to see the essential sameness of thought process in various mathematical 
achievements, which to the eye, not so equipped, would appear as discoveries of 
different motivation. With such a nucleus, the mere passage from positive inte- 
gral exponent to more general exponents, if properly understood in the light of 
technique, removes the mystery of the passage from positive integers to in- 
tegers, from integers to rational numbers, from rationals to irrationals—which 
passage no longer appears as just swt generis—to complex numbers, to quater- 
nions and linear associative algebras. It makes it much less likely that students 
will find it difficult to be at home in postulate systems. It shows that if mathe- 
maticians had consciously possessed some such technique as intimate, con- 
sciously operative principle, they could not have felt mystified if asked to 
consider for the first time such problems as summing divergent series, or de- 
fining factorial 3, or fractional differentiation. And today, too, with such tech- 
nique, we should be much less mystified when confronted by various current 
problems. 

By which, of course, I do not mean to imply that I advocate curtailment of 
originality and invention. Quite the contrary. A surer and more facile technique, 
if properly utilized, means not immersion in technique but expression of a higher 
order, a potential elevation of the plane of discovery. 

I shall now say a few words about the generalization of problems. 


4. Generalization of problems. Obviously, when a concept is generalized, a 
good many problems relating to the concept, in its primitive sense, carry over 
to the generalized concept. And new discriminations turn up—some staring one 
in the face, so to speak—which suggest additional problems. 

1 will add only this on the generalization of problems—a story of personal 
experience. About eight years ago, I gave a course entitled, “Problems and 
Methods in Point Sets and Real Functions.” It was a course in the technique 
for making up problems and for composing proofs. As raw material, we used 
literature articles like those in the Fundamenta Mathematica, and it was our 
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purpose, through the study of particular cases, to acquire somewhat of a tech- 
nique for asking worthwhile questions in the field of our study. Since people 
are so apt to conclude too readily, that they, too, could have initiated ideas 
proposed by others, it was emphasized that we would not agree that a literature 
problem had been shown to be derivable via our acquired technique unless the 
evidence for such a conclusion was indubitably convincing. For several weeks, 
during which time we were assembling our technique, no student reporting 
brought such evidence. But thereafter we began to get an occasional success, 
and after about six weeks, the reports were uniformly successful. The latter 
reports were made in some such way as the following. Without at first mention- 
ing the literature problem, the student reporting would talk, maybe 10-20 
minutes, about fundamental questions in the field of point sets and real func- 
tions, and show how, by means of our acquired principles of technique, other 
questions were progressively suggested, until a class of questions was obtained 
including the literature problem, together with allied problems perhaps no less 
interesting. 


5. Generalization of theorems. As to the generalization of theorems, only 
brief indications can be made, since the mere statement of interesting theorems 
together with the appropriate elucidation of terms, would consume proportion- 
ately too much time. On the whole, it may be said, that the problem of formulat- 
ing a comprehensive and effective technique for generalizing theorems offers 
essentially no more difficulty than that of generalizing concepts. In this connec- 
tion, it is helpful to realize that the most important work of the best mathe- 
maticians centers around the clarification of concepts rather than the derivation 
of theorems involving concepts already clarified. 

Frequently, numerous theorems of the same type appear in mathematical 
literature, such as theorems asserting the existence of a point in the continuum, 
or theorems that certain sets are closed, or exhaustible, or measurable. If the 
ideal of unification and generalization were as operatively active among mathe- 
maticians as it should be, there would at once be Celiberate attempts in such 
cases, with great faith in success, to find a common genesis for such allied theo- 
rems. But even in the case of the theorems asserting the existence of a point, 
which come at the very beginning of analysis, such genetic unification is neg- 
lected in the literature—a unification that can readily be accomplished satisfac- 
torily. Likewise, for the theorems on closed sets. Likewise, in a much more 
satisfactory manner than has been done, can a unification be made for the theo- 
rems on exhaustible sets and for those on measurable sets. Likewise, for theo- 
rems based on the continuum hypothesis. And such unifications, interesting in 
themselves, are just illustrations of the efficacy of even a moderately developed 
technique of generalization. 

It may be good to repeat that though mathematicians go after unifications, 
they do not take as central objective in their work the acquisition of new ex- 
plorative eyes, in the intimately operative sense alluded to before. On this ac- 
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count, there is a deficiency of faith in succeeding on the quest for unification, and 
a reconciliation with work on narrower problems. 


6. Generalization of processes. In regard to the generalization of processes, 
I will just mention the following instance. To secure an example of an irrational 
number, one should first examine known properties of rational numbers, or 
change the form of known properties, or deduce new properties. One such prop- 
erty is that the decimal development of a rational number is periodic. A non- 
periodic decimal, like .1010010001---, is therefore irrational. The way to 
obtain an example of a transcendental number is essentially the same, and so is 
the way for defining an example of a non-measurable set. 


7. Concluding remarks. I will conclude with a number of remarks. 

1. The true nature of mathematics has been obscured on account of its 
great debt to the physical sciences. The fact that mathematics has constantly 
received manifold stimulus and inspiration from natural science does not imply 
that the essential nature of mathematics compels it to be in intimate /iaison 
with applications—no more than it follows that music, which receives cues and 
inspiration from nature, is not entitled to a presiding Muse of its own. Physical 
laws, after all, are special. Without entering into judgment of relative values for 
life, it seems that it must be said that when mathematics is bound up with ap- 
plications it withdraws from its high function of generalizing and seeking es- 
sence. But if we go after particularities, we begin to lose faith in the potency of 
general technique. Herein is one of the reasons why the importance of the search 
for technique has been inadequately realized. 

2. The technique of generalization includes also the technique of specializa- 
tion. By generalizing and then specializing, we may secure a generalization that 
is especially interesting, especially useful. An advanced technique of generaliza- 
tion means acquired insight and discrimination as to significance, significance 
with respect to what is uninterestingly obvious, with respect to the marriage 
of the intuitive and the formulated, with respect to psychomathematical effec- 
tiveness as a tool in strategy. Some generalizations are so broad that they lose 
strategic effectiveness. 

3. To be a good teacher is to be a good learner. Mathematics has supreme 
values to offer to the human mind—thus to the evolution of humanity—such as 
discipline in discrimination and clarity, and symphonic intellectual patterns. 
Likewise, mathematics has things to learn from other fields. Especially desirable 
‘+t is for mathematicians to become increasingly sensitive and friendly to sugges- 
tions for effecting fundamental changes in the character of one’s exploring con- 
sciousness—whether such changes are wrought by intellectual, or by physical, 
psychical, or spiritual means. A person of high ideals will discern common ele- 
ments in the learning or exploring process of diverse fields; in other words, the 
essence (generalization) of the learning process is of direct concern to mathe- 
maticians. I shall mention one such common element by way of illustration. I 
call it differential perfection, differential referring to the momentary state of the 
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mind and body, and perfection being construed in the relative sense. For a pianist 
to possess differential perfection when at play, would mean that his hands and 
arms—indeed, his entire body—are as supple and strong as his consciously 
available technique can make them; that his spirit is lifted to as high a sense 
of beauty and nobility as his technique can command; that he is prepared to en- 
ter, as deeply as his genuine mastery will permit, the soul of the music he is to 
produce; that he is filled with the friendliest feelings for his audience; and per- 
haps, if he is of the great, that he humbly feels himself to be a messenger of the 
Infinite, a priest of Beauty to his listeners. Even the mere idea of differential 
perfection, if seriously entertained, could raise concert performances to new 
levels. The analogous potentialities for mathematicians are evident upon reflec- 
tion, though the analog in mathematics of fingering in music, of the brush stroke 
in painting, may not be apparent. Musicians and artists are perforce more 
naturally than mathematicians—though rarely systematically and comprehen- 
sively—drawn to the discipline in differential perfection. We may aptly here 
cite Plato (who formulates a technique of realizing Beauty on an ever grander 
scale), Mozart (who emphasized that the easy way to advanced technique is via 
perfection), Rubinstein (who schooled himself daily for hours in certain phases 
of differential perfection), Balzac, Gorki, Charlie Chaplin, among numerous 
others. It has not been realized by mathematicians that it is of first importance 
for them to incorporate in their available technique a constantly improving— 
1.e., more embracing—differential perfection. 


CYCLIC PROPERTIES OF MIQUEL POLYGONS 
B. M. STEWART, University of Wisconsin 


In this paper it is shown that a certain simple, yet quite arbitrary construc- 
tion, if completed ” times on any n-polygon gives a new polygon directly similar 
to the original, despite the fact that the polygons constructed at intervening 
stages may be as diverse in shape as is imaginable. 

Let there be given a plane polygon (O) with n vertices and n sides: a point P 
in the plane of the polygon, but not on a side; and an angle 6, with 0<@, <r. 
Assume that neither the sides nor the vertices of (O) are distinct—simply that 
there are of each. Let the vertices be denoted by Aj, Ao, - - - , A, and the sides 
by Aids, A2A3,---, A,A1, where if A; and A;41 are distinct, the side A,Axa, 
is the line joining the points; but if A; and Ax4; coincide, there must be given 
a line through the double point to be designated A;,A,4;. Note that Anii=Ay,, 
and more generally Ajs, =A, for every k. 

. If every two consecutive vertices and every two consecutive sides are dis- 
tinct, the polygon will be called proper, otherwise, degenerate. In the theorems 
that follow it is a notable feature that a single proof suffices for an enormous 
number of possible cases, this great simplification being accomplished by the 
notion of a directed angle, a notation thoroughly developed by R. A. Johnson 


(see his Modern Geometry), 
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Let the directed angle <ABC indicate the positive angle through which the 
line AB must be rotated about B to coincide with the line BC. Thus if {ABC 
= < DEF, the ordinary angles concerned are either equal or supplementary. 
Two implications of the directed angle notation are the following: 

(1) P, A, Q, B are concyclic if and only if <PAQ= £PBOQ. 

(II) If xPAB= XP’A’B’ and ¢<PBA=<XP'B’'A’, then the triangles PAB 
and P’A’B’ are directly similar. 

Upon the polygon (OQ), the following constructions are to be made using the 
fixed point P and the fixed angle 41: 





A, By-\ Ax-1 


CONSTRUCTION 1 


CONSTRUCTION 1. On the side A;Axyi determine a point B, such that 
XA,B,P =6;. Complete for k=1, ee © 

If B,_; and B, are coincident with A,, define the line B,1B;, to be the line 
A;-1Az; if By» and By, are coincident but distinct from Ax, perform also the 
following: 

CONSTRUCTION 2. Through the point Bya= Bx draw the tangent line to the 
circle B,_1AzP and define this line to be Beats 

There is determined in this way a polygon (1) with its sides By-1By as 
well as its m vertices B, completely defined. The polygon (1) will be called a 


Miquel polygon of P with respect to (QO). . 
Let a,y= XAxz-1AP and B= X PA;,Axy1. Then by construction or by the 


relation (1) it follows that 


{BAB 


I 


(III) an = LApiAnP 
(IV) Bx XPA;A yo oes —PBy-1Bz. 
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But these properties are independent of the angle of incidence 6;, so that by 
relation (II) the triangle PB,_;B; is determined to within a direct similarity 
when various choices of 6; are made. Composition of the several triangles (some 
may be degenerate) as k=1, 2, --- , m gives precisely the polygon (1). But two 
polygons composed of similar triangles similarly placed are similar. Hence we 
have the following: 


THEOREM 1. All the Miquel polygons of P with respect to (O) are directly simi- 
lar, with P as a self-homologous point. 


Using any convenient angle of incidence 2 construct a polygon (2) as the 
Miquel polygon of P with respect to (1). If this process be repeated n times— 
(7) being the Miquel polygon of P with respect to (j—1)—we have the following: 


THEOREM 2. The polygon (n) is directly similar to the original polygon (O), 
with P as a self-homologous point. 


For, let the polygon () have the vertices D, and consider the two chains of 
equalities derived from the relations (III) and (IV), respectively: 


(V) XA, 1A;,P = <B,1B,.P eine aes oe Dy 1DEP. 
(VI) XPA,-1A, = X PB, By pone 50S 1S men 2) pene = Sf PD).—1D,. 
Then by relation (II) the triangles PA,_,A, and PD,_,D, are directly similar, 


for k=1, 2,---,m. But two polygons composed of similar triangles similarly 
placed are similar. Hence (m) is directly similar to (O). 


CoRoLiary 1. If the sequence of constructions be continued, (i) is directly simi- 
lar to (j) of i=j mod n. 


CoROLLARY 2. If j—1 is the smallest number <n such that (j) is directly similar 


to (1), then j—1 divides n. 


The situation in Theorem 2 may be clarified by using the notation defined 
in (III) and (IV), for it is the directed angle a; which occurs in chain (V), and 
the directed angle B,_; which appears in (VI). Then in the directed angle sense, 
the angles of the successive polygons are given by the table: 


(0): Ot TF Bi, as Bs, ~ os 8, 
Gor a1 + Bo, a2 + B3,°-+,an+ By 
(2): a1 Bs, a3 + Bi, -* +, on + Bs 


(1): a1 + Bi, a2 + Bs, - a > An + Ba 
This very pretty set-up reveals that Construction 2 will be essential only if P 
is so chosen that some a; +6.=0 mod cz. In particular, if (O) is assumed to be 
proper this relation cannot hold for k=tnor for k=i—1: but for any other value 
of k it can hold, and can be interpreted to mean, by virtue of relation (1), that P 
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is on the circumscribed circle of the triangle determined by the sides A,;_,A; and 
A;Ax41 together with the line joining A; and A;. When 1 =3 there is one such 
circle; when nm =4 there are at most 2(m—2) of these circles; for all other choices 
of P each polygon of the sequence will be proper. 

Illustrative figures are most readily constructed, but not always of most con- 
venient dimensions, when the angles of incidence are all right angles—and the 
Miquel polygons, the familiar pedal polygons. It is also helpful to realize that 
by constructions which are more or less dual to those previously given, a polygon 
(—1) can be constructed such that (OQ) is a Miquel polygon of P with respect to 


(—1). 





CONSTRUCTION 2 


The directed angle y between the side D, 1D; of (n) and the side A,_1Ax of 
(O) is given by 


(VII) y= Bet DO. 
k=1 k=1 


Among the interesting loci problems suggested by this formula is the following: 
Suppose that each 4, = 7/2; how must P be chosen so that y=0 mod 7, i.€., SO 
that the sides of (”) are parallel to the corresponding sides of (O)? The desired 
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locus includes any axis of symmetry for the polygon (Q), as well as the center 
of the corresponding circle, if it happens that (O) can be inscribed in or circum- 
scribed about a circle. 

The Miquel polygons as described in Theorem 1 are a mere generalization 
of a known theorem for a triangle which R. A. Johnson has noted to be asso- 
ciated with a theorem of A. Miquel (1838). There seems to be nothing like 
Theorem 2 in the literature, even for a triangle, except for a problem by V. Thé- 
bault* in which the theorem is stated for the special case of a point P interior 
to a square using a pedal construction, with the Pythagorean theorem used in 
the proof. 








A THEOREM ON A CYCLIC POLYGON 
R. GOORMAGHTIGH, Bruges, Belgium 


1. A theorem regarding a triangle. It is well known that the envelope of the 
Simson lines of a triangle is a three-cusped hypocycloid having as inscribed 
circle the nine-point circle of the triangle. 

This theorem may be used to prove the following theorem, of which we will 
derive an extension to any polygon inscribed in a circle. 


THEOREM 1. The parallel drawn from a moving point of the circumscribed circle 
of a triangle to the Simson line of that point envelopes a three-cusped hypocycloid 
having as inscribed circle the circle circumscribed to the triangle. 


Proof. Let A,A2A; be the triangle, H the orthocenter, Ma point on the circle 
A\A2A;, Ai Aj Aj the triangle homothetic to A,A2A3, the homothetic center ke- 
ing H and the ratio 2, 1.€., 

HA{ HB 


HA, 4B, af 
Further, let 1’ be the homothetic of M. As the Simson line of A/ in the triangle 
A\A2A; passes through the midpoint of 7M, the parallel drawn through M to 
the Simson line of that point with respect to the triangle 4,42A3; is the Simson 
line of M’ with respect to the triangle Ay Aj Aj, and this proves the considered 
proposition, as the circle A,A»9A3 is the nine-point circle of the triangle Aj Aj Ad. 





2. A generalization. Let now 4,4. -- - A,1A, be an n-sided polygon in- 
scribed in the circle I’; the Simson line of a point M on T with respect to the 


polygon may then be defined from the following theorem,t which we will 
proceed to prove. 








eve Thébault, National Mathematics Magazine, vol. 13, 1939, p. 338. 

t J. Steiner, Uber eine besondere Curve dritter Klasse (und vierten Grades), Crelle, vol. 53 
1857, p. 231; Cremona, Sur l"hypocycloide a trois rebroussements, Crelle, vol. 64, 1865, p 101: 
Sister M. C. Karl, The projective theory of orthopoles, this MOoNTRLY, vol. 39, 1932, 327 . 


tT E. M. Langley, Educational Times, vol. 51; M. Kobayashi, 
vol. 28, 1927, p. 46, 


pp. 327-338. 
Téhoku Mathematical Journal, 
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THEOREM 2. Jn the quadrilateral A,A2A3A 4 the projections of M on the Simson 
lines of that point with respect to the triangles ArA3A 4, A434 4A1, A4A1A2, AiA2A3 
lie on a straight line which we shall call the Simson line of M with respect to the 
quadrilateral. Similarly, the projections of M on the Simson lines of that point with 
respect to the four quadrilaterals which have as vertices four of the five points 
Ay, Ao, Az, Aa, As are on a Straight line, the Simson line of M with respect to the 
pentagon A,A2A3A 4A;5; and so on. 


The circle T, with center O, being taken as base circle, let & be the unit 


point and ti, f2, - -- , fn, 7 the turns* corresponding to Ai, A2,---, An, M; the 
conjugate to the complex number x will be denoted by #, and the symmetric 
functions of #, fs, - - - , tn by o1, 02, °° * » Ons 2.€., 


01 = 211, G5 = Lhite, Cyr— LViiltets, ere ty Oa tile pes bene 


If 
S=h tht bs, So = tots + tat + hile, S3 = lylols, 


then the Simson line of M with respect to the triangle A1A2A3 will have 
at — ¥83 = (73 + 5y7? — Set — 53)/27 
as its equation. The projection of Mon this line is 
a = (37 + 51 — Sor! + Sgr?) /4; 


as 
4x72 = 37% + $7 — Set + 53, 


72 — sit + So + 353771, 


4X53 
we have 
A(ar? + £5ts) = 372 + (51 + &y)7? — (S2 + sity)t + 53 + Sots + 35styr7', 
or, pi, po, Ps, Pa being the symmetric functions of fi, ta, ts, t4, 
ar? + &py = (374 + pit® — por? + pat + 3pa)/4r. 


Since this equation is symmetric in fi, fa, ts, ba it represents the straight line 
joining the projections of the point M on its Simson lines in the triangles 
Extending the foregoing process we find the equation of the Simson line of JZ 
with respect to the polygon A1A2 °°: A, to be 
yr? + (— 1)"%o, = Q=(n-2)7-1[(2"-2 — 1)" + or) — ogt 


4 (— 1)®an-ar + (— 1)2(2** — 1]: 
The equation of the parallel drawn from M to the Simson line is 


grt? + (— 1)*k0, = 7" + (= 1)*anr*; 





* F. and F. V. Morley, Inversive Geometry, 1933, p, 15. 
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and this parallel meets the circle I’ again at the point Q represented by 
(= 1) oat = or 

The nth root of a, has ” values represented on I’ by the vertices Ly, Ls, - - -, Ly 
of an n-sided regular polygon. For a given polygon AiA2---A,, the polygon 
Lil,---L, is also a fixed one when a new unit point is chosen on I’; for, if in 
the new system, 2 is represented by \, Ai, Ao, ---, A, will be represented by 
Ati, Ato, - > - , Atn; the new value of o, will be Aa, and the values of the considered 
nth roots will also be multiplied by X. 

But the equation 


pa. opin; [(— 1)"c,7!-" | — pets (— gainynt 


shows that, if L/ is the image in O of any of the points L, we have, between arcs 
in the same sense of rotation on I, the relation 


1 => (n aaa 1)\ML/ * 
Hence, from a well known property,} we have the following: 


THEOREM 3. If an n-sided polygon is inscribed in a circle I, the parallel drawn 
from a moving point M on T to the Simson line of M with respect to the polygon 
envelopes an n-cusped hypocycloid having TV as inscribed circle. 





BOUNDS FOR THE ROOTS OF A TRINOMIAL EQUATION 
E. C. KENNEDY, Texas College of Arts and Industries 
We shall prove that the complex roots of the trinomial equation 
(1) Z"+aZk+b=0, abd+0, 


have certain bounds to their absolute values, and thus lie in certain rings whose 
centers are at the origin of the complex Z-plane. - 


THEOREM I. If X, is the positive real root of the equation 
(2) X"+|a|x*—|0| =0, 
and X» the positive real root of 
(3) xX —|a| X*—|8| =0, 


then the roots of (1) lie in the ring Xi | Z| = As, 








. * This gives a geometric meaning to the symmetric function On: the point o, is the second 

intersection of the circle with the parallel (when n is even) or the perpendicular (when » is odd) 

drawn from the unit point 2 to the Simson line of Q with respect to the polygon A,A +++ 4 

This is a generalization of the theorem we have given, for the case n=3, in Mathesis. 1930. p. 7: 
t H. Wieleitner, Spezielle ebene Kurven, Leipzig, 1908, p. 207, | 


> 


s 
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Proof. From (1) we have, for any root Z, 
(4) IZ |" +] a] |Z|* 21 8]. 
If we assume that | Z| <Xj, then we have from (2) 
[Z|"+|a|[Z|*-|d| <0, 


which contradicts (4). Hence X; S| Z]. 
From (1) we also have, for any root Z, 


(5) [Z| s]a|[Z|* +] 9]. 
If we assume that | Z| > X», then we have from (3) 
\Z|» —| a||Z|*#*-| | >0, 








which contradicts (5). Hence | Z| <= Xo. 
THEOREM II. If X3 and X, are the positive real roots of the equations 


(n—k)/n 


(6) xX; =|b 








—|e 


b] 


(n—k)/n 


(7) xt =|3| 





+ | a 
then the roots of (1) lie in the ring X3< | Z;| Ne 


) 


Proof. It will suffice to show that X3<X, and X4>X2, where X,; and X2 are 
the positive real roots of equations (2) and (3), respectively. Calling the left 
member of (2) Ls (X), we have 














jee ee lb ee ne ee 
= X; b oer — | b ) by (6), 
k/n (n--k)/n 
<| 5] "| 5| —| 6], 





since by (6), X3< | b|1/". Hence L2(X3) <0, and therefore X3< Xi. Similarly we 
may prove X4>X2. 

The reader may note that Theorem I gives a sharper limitation on the roots 
of (1) than does Theorem II, but the bounds X; and X, are more easily found 
than Xj and Xe 

In the case of the general reduced cubic X'—aX —b=0, (a, b>0), we have 
for the positive root R the relationship b2/3< R2<)2/%+a. If a>0 and b<0, we 
have 62/3—as R? <b?!*. 

Example 1. Isolate in a ring the roots of Z5—(5+121)Z+(70+241) =0. 

Here n=5, k=1, | a| ip | d| = 74 and we have 


xi = 7448 — 13, Xq = 7445 + 13, 


and hence 
ay i Ae 
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Example 2. Isolate in a ring the roots of ZV! —21Zv?+50=0. 
Here we have 


DO oS Fe Siete oe ye Da = 501-1 v5 4 oe 
$5655 | 2) 4 age 


Example 3. Isolate the roots of Z>—-Z+32i=0. 

Here we have 15<|Z|‘S17 or 1.97<| Z| <2.03. In this case we can obtain 
further information about the roots by setting Z=p(cos @+7 sin 0), obtaining 
cos 50/cos 6=1/p*. Using the expansion for cos 56 and taking p'=15 we are led 
to the equation 


16 Sint" 12sin-e Cool ein, 
a quadratic equation in sin? 6. Then using p'=17 we get another quadratic 


equation. Solving these two trigonometric equations we isolate the five roots as 
follows: 


12) Sop Beet Use (= Nyaa 
54°23’ S 0: S 54°26’, 
125534 JatO a 53 
17-16" Oy 107-22" 
242°38’ S 0, S 242°44’, 
6, = 90°. 
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MATHEMATICAL EDUCATION 


Epitep By C. A. HutcHInson, University of Colorado 


This department of the MONTHLY affords a place for the discussion of the place of mathematics in 
education, and other matters emphasizing the educational interests of those who teach mathematics. 
Address correspondence to Professor C. A. Hutchinson, University of Colorado, Boulder, Colorado. 


A PROGRAM IN FRESHMAN MATHEMATICS DESIGNED TO CARE 
FOR A WIDE VARIATION IN STUDENT ABILITY 


E. A. CAMERON, University of North Carolina 


While the teaching problem caused by extreme divergence in student apti- 
tude and ability is not new, in many institutions—due to a variety of reasons 
—the problem has become increasingly acute within the past few years. For 
this reason it is thought that readers of the MONTHLY would be interested in a 
brief description of how the problem, as it arises in freshman mathematics in- 
struction, is being met at the University of North Carolina. 

At North Carolina virtually all freshmen are required to take a year course 
in mathematics. The number of students in the freshman class is about 850, 
drawn from a rather wide geographical area and representing a wide range of 
ability, preparation, and interests. Our present program in freshman mathe- 
matics, which was put into operation in the fall of 1938, was designed to take 
care of the extreme individual differences found in this group. 

The first step in our procedure is to separate the students into three groups 
according to ability. This segregation is effected as follows. Before registration 
all freshmen are given a mathematics placement test. The American Council's 
Codperative General Mathematics Test is used for this purpose. This test is an 
objective type, machine scored test, consisting of 60 questions on arithmetic, 
algebra, geometry, and trigonometry. In the fall of this year the scores ranged 
from 0 to 53. On the basis of the scores made on this test the entering freshmen 
are divided into three groups. The first group consists of the highest 10% of the 
freshman class, the second group of the next 65%, and the third group of the 
lowest 25%. These three groups are called the A-group, the B-group, and the 
C-group respectively. The students are then registered in sections according to 
their classification. 

At the first meeting of each class a second standardized test is given, this 
test being on algebra only. A record card is made out for each student, upon 
which is entered the student’s high school record, the scores he made on the two 
mathematics tests, and the score made on the American Council College 
Aptitude Test. The record card of each student is then studied, and on the 
basis of the complete picture portrayed on that card, the final classification is 
made. This means that some students have to be changed from one type of 
section to another, but the number of such changes that have to be made is 
less than 10% of the total registration. 

Next I want to describe briefly the character of the courses given to the 
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three groups. For several years at North Carolina, students going into the 
School of Commerce have been given a somewhat different course in freshman 
mathematics from that given students who are going into the College of Arts 
and Sciences. Thus we have a two-way division of the students—longitudinally, 
one might say, into Commerce and Arts students, and latitudinally into the 
three groups on the basis of ability. Hence, there are six different freshman 
mathematics courses. The three courses given to the Commerce students differ 
from the ones given to the Arts students principally in the substitution of topics 
in the mathematics of economics and finance for a large part of the usual trigo- 
nometry. Therefore, for the purpose of this paper, it will be sufficient to confine 
the description to the courses given to the students in the Arts division. 

The B-group students are given a course of the same character as is found 
frequently throughout the country—a unified course consisting of material 
drawn from college algebra, trigonometry, and the elements of analytic geom- 
etry and the calculus. The B-sections meet three hours a week throughout the 
year. 

The C-group is made up largely of students frankly deficient in native 
ability, or preparation, or both. They undoubtedly constitute our most trouble- 
some problem in freshman mathematics instruction. There are two directions 
in which we have attempted to adapt a course to the ability of this group. In 
the first place, more time is spent on a given amount of material than is the case 
in a B-section. This is accomplished by having the C-sections meet five hours a 
week throughout the year. However, the students receive only three hours 
credit. The other device goes in the direction of somewhat simpler subject- 
matter. Last year the C-group used the same text as the B-group. This year the 
first part of the year was devoted to the teaching of those minimum essentials of 
algebra without which any further work in mathematics is impossible. The rest 
of the year’s work consisted of a simplified survey course, covering the most 
elementary parts of trigonometry, analytics, and the calculus. In this survey 
course an attempt is made to acquaint the students with the nature and uses 
of the branches of mathematics considered, without developing many more 
techniques than are necessary for this purpose. The limitations of the students 
in the C-sections are such as to render unlikely the need by this group of college 
mathematics as a tool, except in rare cases. Hence we do not consider this course 
as preparatory to further work in mathematics, but as a course whose cultural 
value does amply justify its inclusion in a liberal education. 

The students in the A-group constitute our happiest subject. The students 
in this group come to us with a pretty good command of the techniques of 
elementary algebra, and most of them have had some trigonometry. For some 
of the students in this group, the freshman course is a terminal course, while for 
others it serves as an introduction for further work in mathematics. A complete 
description of the course given this group would take too much space, so I can 
only indicate briefly the nature of the course. The A-classes meet three hours a 


week throughout the year. We are using as a basic text a book somewhat more 
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mature and philosophical in its approach than most freshman texts, and are 
supplementing it freely with additional topics. We encourage the students to 
do some outside reading by having a shelf of parallel reading books on reserve, 
and requiring reports from time to time. Briefly, this course differs from the 
usual freshman course in the choice of material, the rapidity of covering the 
material, and in an unusually persistent attempt to give the students an ade- 
quate appreciation of the essential nature of mathematics, and its significance 
in the development of civilization and in contemporary life. 

One definite measurable result of our program is that the percentage of 
students passing is somewhat higher than before the plan was put into opera- 
tion. The greatest benefit that has come from the plan lies in the improved 
teaching conditions in the classroom. The very poor and the very good students 
are separated from the average; so that now we do not drown the one and 
bore the other while teaching at the middle. The segregation enables us to 
adapt the content of the course to the level of the student, which has increased 
interest and decreased discouragement on the part of the students. 

The functioning of universal education—a practice recent in time and 
limited in geographical position—has swept into the colleges of this country 
hordes of students, including the brilliant and well-equipped, and likewise the 
ill-favored, the ill-prepared, and alas sometimes the illiterate. This situation 
constitutes a challenging problem for our colleges and universities, and one of 
tremendous importance. A program such as ours, which provides different 
treatment for different students, may superficially seem to violate democracy 
in education; but we are firmly convinced that it is helpful in the education ofa 
democracy. 
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QUESTIONS, DISCUSSIONS, AND NOTES 


EpiTep BY R. J. WALKER, Fine Hall, Princeton, N. J. 


The Department of Questions, Discussions, and Notes in the MONTHLY 1s open to all forms of 
activity in collegiate mathematics, except for specific problems, especially new problems, which are re- 
served for the department of Problems and Solutions. 


ANOTHER FORM OF THE RUSSELL PARADOX 
L. S. Jounston, University of Detroit 


It is quite common in non-profit institutions such as colleges, churches, 
hospitals and the like, for the Secretary of the organization or of the Board of 
Trustees of the institution to be not a member of the organization served. 

Several such secretaries decided to promote their common welfare by organ- 
izing Local No. 1, Amalgamated Secretaries of Organizations of Which They 
are Not Members, and wrote into its constitution the following provisions: 

1. Any person who is secretary of an organization of which he is not himself 
a member may be a member of this Union. 

2. No person who is a member of the organization he serves as secretary 
may be a member of this Union. 

Then the Union tried to appoint a Secretary! Here is a statement of the 
Russell Paradox which is perhaps a little less artificial than the familiar “bar- 
ber” formulation. In fact, it was suggested to the writer by one such secretary's 
remarking that he wished such a Union existed. 


Note by the Editor. With the provisions given by Professor Johnston there is 
still the possibility of the Union appointing a secretary who is not one of its 
members. But if the word “may” in the first provision is replaced by “must,” the 
Union must remain without a secretary. R. Jc WwW. 


SIMPLE HARMONIC MOTION WITH QUADRATIC DAMPING 
C. R. Wyttz, JRr., Ohio State University 


Although text-books in mechanics conventionally treat simple harmonic mo- 
tion subject to damping proportional to the square of the velocity in terms of an 
equivalent viscous resistance,* this device is unnecessary, for tables adequate 
for the solution of numerical problems of this type have been available for some 
years. These tables, together with the various infinite series from which they 
were obtained, are to be found in a paper by W. E. Milne.+ For the sake of 
completeness it may be interesting to call attention here to another series asso- 
ciated with the problem which has the desirable property, not directly exhibited 
by the corresponding series of Milne, of yielding the finite form of the solution 
for the undamped case when the damping coefficient approaches zero. 


rimoshenko, Vibration Problems in Engineering, 1938, Drdee 


t W. E. Milne, Damped Vibrations, University of Oregon Publications, vol. 2, no, 2, 1923. 
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The differential equation to be solved is 


1° x any 
(1) a ae 2«(=) +a*x = 0. 





dt? dt 


We consider the motion from a left-hand extremum of x) <0 to a right-hand ex- 
tremum of x1>0, and accordingly use the plus sign. For the first and second 
quarter-periods we have, respectively, 























2/2k p> dx 
reine 7 { ri 3 ’ Sous is 
a to ~V (1 a 4kx) = (1 = 4ARxo)et*(to-7) 
2/2 k Any dx 
Ge? oe i j ee OS het. 
a 0 V(1l — 4kx) — (1 — 4haijet*#-” 


In (2.1) put x=x0(1—2) and —4kxo=e. In (2.2) put x=x1(1—2) and —4kx, =e. 
We then have, respectively, 



































1 ae dz 
(oe) t= all = ) 
V2aJ 9 jy ae — (1+ 6e* 
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a, 1 iL dz 
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sz) ee { z 
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€° 











This last expression suggests the identity sin~' A =1/2—cos™ X. 
Evidently (3.1) is the essential integral here. We rewrite it thus: 


dz 


1 nas 
4 Meh) = 
( ) (e, ) /2 ali g2 33 e2z4 
s-40(5- Tonks pumila ) 


3! 











and proceed to develop it in powers of «. We find at once that ¢(0,A) = (1/a) cos“, 
which is precisely the usual solution for the undamped case. We find the various 
derivatives for e=0 by differentiating the integral with respect to €, setting 
€«=0, and integrating. In every case the integrals are elementary, and in fact 
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by obvious transformations the kth derivative can be made to depend upon the 


k-+1 integrals =x 
ar /2 2k da — 
f Same S paiva (ene Ol eee ee 
Peet as 1 Ved ae 2 


The first few terms of the resulting expansion for the integral are 


1 (ea | cos~! ee 
PS yp Day a—l i ee ee ed a Sela sale Pee. 
a eo M+ 4 3 aeen her] 12 G Vinten ented 


a 


cost fT a 657k 40h ne ee nee a 3 
as 6 1080." fo (1+)? 3! 


49 1 1— dX / 3472 + 11649d + 135882 + 6340A3 
S 1a COS re (FF 





4320V¥ 14+ cfronie 
LESNAR Soh ee Oh ave 
(Tn? 7S 4) 


The radius of convergence of this series depends on the particular value of \ 
under consideration. It is in fact the distance from the origin in the complex 
esplane to the nearest zero of 

1+e—ezs)— (1+ &)e-¢ 
Re =< a =0 for z=1-—-. 


9 
ee 





If we put €=u+7v we find this root to be the simultaneous solution of least ab- 
solute value (after «=v =0 is rejected) of 


(1 + «u — uz)e* — (1 + u) cos vz — v sin vg = 0, 
v(1 — z)e“* — vcos vz + (1 + x) sin og = 0. 


To obtain an idea of how the radius of convergence depends on X, we de- 
velop this simultaneous solution in powers of \=1—z. We find at once that 


“= 2.089 — 47.47)? +... , 
v= 7.461 + 41.762 +.-.-.-:; 


b] 
whence 


r= /u +o? =7.75 + 27.402 + 2. s 


The linear terms are missing because, curiously enough, R, regarded as a func- 
tion of z, has a double root z=1 for e= 2.089 -+27.461. 

In conclusion we observe that the second extreme value x; required in the cal- 
culations may be found from the known initial value xo by solving the equation 
(1—4kxo)e***9 = (1 —4kx,)e4**1 for the second root x1 Xp.* 


* B. O. Peirce, The damping of the oscillations of 


swinging bodies by the resistance of the air, 
Proc. Amer. Acad., vol. 44, no. 2. 
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RECENT PUBLICATIONS 
EDITED BY VIRGIL SNYDER, Cornell University 


All books for review should be sent directly to the editor of this department, at the Mathematical 
Association of America, 531 West 116th Street, New York, N. Y., and not to any of the other editors 
or officers of the Association. . 


NEW BOOKS RECEIVED 


Bibliography of Mathematical Works Printed in America through 1850. By 
L. C. Karpinski. Ann Arbor, University of Michigan Press; London, Humphrey 
Milford and Oxford University Press, 1940. 26+697 pages. $6.00. > 

Die Arithmetik der Griechen. By K. Reidemeister. (Hamburger mathematische 
Einzelschriften, Heft 26.) Leipzig and Berlin, B. G. Teubner, 1940. 32 pages. 
RM 2.50. 

Coleccion de Problemas de Algebra. By A. G. Ioachimescu. Traducida de la 
cuarta edicion rumana por B. I. Baidaff. Buenos Aires, Boletin Matematico, 
1940. 16+173 pages. 

Living Mathematics. A First Year College Course. By R. S. Underwood and 
F. W. Sparks. First edition. New York and London, McGraw-Hill Book Com- 
pany, Inc., 1940. 9+ 365 pages. $3.00. 

Pandiagonal Magic Squares of Prime Order. By A. L. Candy. Lincoln, 
Nebraska, A. L. Candy, 1940. 5+93 pages. ' 

Geometria Descrittiva. Lezioni Redatte Per Uso Degli Studenti. By Enea 
Bortolotti. (R. Universita Degli Studi di Firenze.) Padova, Cedam, 1939. 715 
pages. Lire 80. 

Introduction to the Calculus. By Arnold Dresden. New York, Henry Holt 
and Company, 1940. 12+428 pages. $3.40. 

Introductory Business Mathematics. By J. S. Georges and W. H. Conley. 
New York, Henry Holt and Company, 1940. 10+326 pages. $2.40. 

Théorie Mathématique du Bridge a la Portée de Tous. By Emile Borel and 
A. Charon. (Monographies des Probabilités, fascicule 5.) Paris, Gauthier-Vil- 
lars, 1940. 18-+392 pages. Fr. 175. 

Algebraic Theory of Numbers. By Hermann Weyl. (Annals of Mathematics 
Studies, Number 1.) Princeton, Princeton University Press; London, Humphrey 
Milford and Oxford University Press, 1940. 8+ 223 pages. $2.35. 

Tables for Calculus. By C. K. Robbins and Neil Little. New York, The 
Macmillan Company, 1940. 22 pages. $0.15. 


REVIEWS 


Theory of Equations. By H. W. Turnbull. (University Mathematical Texts.) 
Edinburgh and London, Oliver and Boyd, 1939. 12-+152 pages. 4/6s. 


This book is an introduction to the elements of algebra. The contents of this 
small volume correspond roughly to the curriculum of the average college course. 
In some sections the author presupposes the knowledge of elementary facts on 
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determinants and trigonometry. The presentation of the material is clear. Read- 
ing for self-study should not be too hard for students. If additional exercises to 
illustrate the theory are supplied by the instructor, the volume is suitable for 


beginners. 
O. F. G. SCHILLING 


Integration. By R. P. Gillespie. (University Mathematical Texts.) Edinburgh 
and London, Oliver and Boyd, 1939. 8+126 pages. 4/6s. 


This book covers briefly the topics usually included in the second half of our 
American calculus text-books, with some additional material. The chapter head- 
ings are: Introduction, Integration of Elementary Functions, Multiple Inte- 
grals, Curvilinear and Surface Integrals, The Riemann Integral, Infinite 
Integrals, The Riemann Double Integral. In the first four chapters, no attempt 
is made to be rigorous. The steps are justified by appeal to geometric intuition. 
In the chapter on infinite integrals, there is a good discussion of the Gamma 
and Beta functions, and of methods of evaluating various improper definite 
integrals. Five of the chapters have collections of problems, which are interest- 
ing and rather difficult. 

The last three chapters are treated rigorously, and include the usual theory 
of Riemann integration. The rigor is not always iron-clad, however. In several 
places the author gives the impression that he believes that all finite functions 
are bounded, and that a function which fails to be bounded must assume the 
value © at some definite point. On page 115 there is the following theorem: 


If p'(t), W(t) exist for the interval aSt <8, the curve x=(t), y=wW(t) is rectifi- 
able. If, further, o'(t), p'(t) are integrable over (a, B), the length of the curve is 
given by 


B " 
f Lo’ }? + fy) }?] Pde, 


This is not true as it stands. In the proof it is assumed that ¢’(t) and W’(#) are 
bounded. 

According to the definition of completeness of an orthogonal system given 
on page 103, no system would be complete. Instead of the condition that $(x) 
is not identically zero, it should read that (x) is different from zero ata set of 
points of positive measure. 

It is difficult to give a treatment of Riemann integration that is both rigor- 
ous and neat. It would be a great service if someone would develop for the use 
of advanced calculus students an elementary introduction to the theory of the 


Lebesgue integral, with a minimum of point set theory and the theory of meas- 
ure, 


ORRIN FRINK, JR. 
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Vector Methods Applied to Differential Geometry, Mechanics, and Potential The- 
ory. By D. E. Rutherford. (University Mathematical Texts.) Edinburgh and 
London, Oliver and Boyd, 1939. 8+ 127 pages. 4/6s. 


This interesting little book is one of a series of “University Mathematical 

Texts” published under the general editorship of Alexander Aitken and Daniel 
E. Rutherford. It is typically English and is designed to acquaint students who 
are reading for a degree in mathematics with vector methods as applied to 
differential geometry, mechanics, and potential theory. While the book may be 
used either as a text-book for a course in vectors, or as a source book for col- 
lateral reading, it is not intended to compete with the more advanced and spe- 
cialized works. 
* The book begins with a brief and quite elementary treatment of vector alge- 
bra. Vector methods are then used in Chapter II to introduce the reader to 
differential geometry. Chapter III is devoted to showing how certain topics in 
mechanics may be treated naturally in the language of vectors. Next the vector 
operator “ Y” is discussed in some detail leading quite naturally to chapters on 
potential theory, Laplace’s equation, and applications to the theory of gravita- 
tion and to hydrodynamics. A short chapter on four-dimensional vectors, several 
sets of exercises, a bibliography, and a good index are included. 

The author has succeeded quite well in his effort to be as comprehensive as 
space would permit, but as he realizes, completeness is unattainable in so small 
a book. 

The reviewer is of the opinion that a more rigorous and yet brief and ele- 
mentary approach to the concept of vectors could have been made. He would 
have liked to see the traditional “consecutive points” approach to the develop- 
ment of the equation of the osculating plane replaced by something more tangi- 
ble. A little more space would have permitted the inclusion of sections on 
geodesics and mapping. The proof given on page 43 in regard to the relation 
between work potential and the force components does not seem convincing. 
While it is common for writers on vector analysis to pass lightly over (or omit) 
the conditions necessary for the validity of such theorems as Green’s and Gauss’ 
theorems, the reviewer is of the opinion that an elementary yet more careful 
statement as to these conditions would have greatly improved the book. 

In the light of its scope and purpose this book is well done and seems suited 
to the needs and traditions of the English school of mathematics. Many under- 
graduate students in American universities and colleges would find it difficult 
to use as a text-book, largely due to the fact that their background in mechanics 
and theoretical physics is insufficient for much of the material given in the chap- 
ters on mechanics, potential theory, and hydrodynamics; yet, the reviewer is 
thoroughly convinced that students of mathematics in this country should de- 
vote more attention to mechanics, physics, and related subjects, and accordingly 
recommends that this excellent little book be consulted by both teachers and 


students. 
R. S. BURINGTON 
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Determinants and Matrices. By A. C. Aitken. (University Mathematical Texts.) 
Edinburgh and London, Oliver and Boyd, 1939. 7+135 pages. 4/6s. 


The little book under review is an introduction to the theory of determi- 
nants and matrices and is very well done, considering the very definite limita- 
tions of space imposed on the author; the language is clear and concise and the 
material is handled with a minimum of unnecessary verbiage although the 
presence of such detail at the very beginnings of the subject is undoubtedly 
conducive to greater understanding on the part of the beginner. 

The chapter headings are as follows: I. Definitions and fundamental opera- 
tions of matrices; II. Definition and properties of determinants; III. Adjugate 
and reciprocal matrix, solution of simultaneous equations, rank and linear de- 
pendence; IV. Cauchy and Laplace expansions, multiplication theorems; 
V. Compound matrices and determinants, dual theorems; VI. Special determi- 
nants—alternant, persymmetric, bigradient, centrosymmetric, Jacobian, Hes- 
sian, Wronskian. 

The first four chapters are very well done, the remaining two not so well, 
largely because the author attempts to crowd a mass of detailed material into a 
relatively small space; this fact is unfortunate because of the beautiful relations 
contained in much of this subject-matter. 

The author inserts occasional exercises which serve both to illustrate facts 
already proved and to point out various simple theorems requiring proofs. In 
this way, for example, he connects the theory of matrices with the theory of the 
reduction of quadratic forms, but it seems as if insufficient emphasis is placed 
upon some topics due to this relegation to a list-of exercises. 

The reader may have already guessed that the author confines his attention 
to matrices over the field of ordinary complex numbers (although this restriction 
is nowhere explicitly stated). Much is lost by thus restricting the field; certainly 
attention should be called to the matric representation of quaternions and, even 
if the subject is not pursued further, to the concept of a linear associative alge- 
bra expressed as an algebra of matrices. 

A final criticism is that quite frequently a general result is “proved” by 
carrying out the necessary details in a special case; this practice is resorted to 
too often in the book to inculcate rigorous habits in one attempting to pursue 
the subject further. 

In summary, this reviewer feels that the book is easy to read, well organized, 
and of value as collateral reading by undergraduates but that the author has 
failed to effect any coérdination of the material with modern algebra; such co- 
ordination could easily have been effected with no increase in the number of the 
pages by simply omitting Chapter IV. If Chapter V had been expanded some- 
what, much improvement would have resulted; as matters stand now, the nu- 
merous topics treated and their cursory treatment give that chapter a very 
disjointed effect. 


D. M. Driein 
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Elementary Callege Mathematics. By E. L. Mackie and V. A. Hoyle. Boston, 
Ginn and Company, 1940. 424 pages. $2.80. 


Elementary College Mathematics consists essentially of algebra and trigonom- 
etry, treated separately, with a slight introduction to analytics and the calculus. 

The first chapter gives a long review of elementary algebra in order to help 
poorly-prepared students. The quadratic equation, determinants, and the the- 
ory of equations are adequately treated in other chapters. The material is fre- 
quently enriched by interesting applications. For example, the chapter on the 
quadratic equation includes an article on maxima and minima; and the graphi- 
cal representation of functions is illustrated by areas, and average and instan- 
taneous rates treated graphically. With regard to choice of material, the reviewer 
wishes the authors had substituted for the long discussion of determinants a 
more practical and cultural topic such as probability. 

In analytics the book takes up only straight lines in connection with linear 
equations, and parabolas as an application of the quadratic equation. The chap- 
ter in the calculus deals with the simplest applications of differentiation and 
integration. The treatment is readable and enables the student to obtain fairly 
clear ideas of the methods of the calculus and their uses in modern life. This is 
mathematics for culture. 

The last two chapters are devoted to a separate treatment of the usual course 
in plane trigonometry. One serious criticism of this treatment is that the appli- 
cations of trigonometry are not sufficiently emphasized, and the number of 
statement problems is very small. An excellent set of five-place tables is in- 
cluded. | 

One of the best features of this book is the large number of well chosen 
illustrative examples throughout the text. The exercises consist of two parallel 
groups, one with answers at the end of the book, and one without answers to 
develop self-reliance. 

On the whole, Elementary College Mathematics is interesting and teachable. 
It is suitable as a cultural course for those who plan to take mathematics for 
one year only, or as a preparatory course for those who intend to continue the 
study of mathematics. The typography is excellent. Teachers seeking a good 
text-book for a unified course will find this one well worth a careful examination. 

J. SHIBLI 
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MATHEMATICS CLUBS 


EpitTep By E. H. C. H1LtpEBRANDT, New Jersey State Teachers College 


All reports of club activities, suggestions, topics with references, and other material of interest to 
clubs should be sent to E. H. C. Hildebrandt, State Teachers College, Upper Montclair, N. J. 


At the present time there are over one hundred and sixty mathematics clubs 
listed in the files and records of this department. We hope that this year will 
be an active one for each of our large group of clubs and at the same time it will 
bring forth an increasing number of new clubs. May each organization continue 
to be of service to the work in mathematics carried on by the college and a real 
benefit to each of the individual members of the organization. As soon as new 
mathematics groups are organized, this department would appreciate hearing 
of the plans of the organization so as to announce these clubs in an early issue 
of this publication. Some new clubs reporting for the first time will be reviewed 
in this issue and reports from other new clubs will appear at a later time. 

A number of universities and colleges report activities of mathematics clubs 
on their campus during some years and again at other times write that no active 
programs were held. For the benefit of those departments which do not wish to 
have a formal organization yet are interested in programs on popular subjects 
in mathematics for majors as well as other undergraduates, the suggestion of 
undergraduate mathematics lectures from Princeton University may prove 
helpful. We should welcome hearing from other departments which sponsor no 
mathematics clubs, regarding the activities planned each year for the benefit 
of their undergraduates and the general public. 


UNDERGRADUATE MATHEMATICS LECTURES, PRINCETON UNIVERSITY 


These lectures dealt with history of mathematics, applications of mathe- 
matics, and topics in pure mathematics and were usually given by members of 
the faculty. Many of the subjects treated were not new to most members of the 
audience, but the treatments did acknowledge the main logical difficulties en- 
countered. A mimeographed outline was distributed before the start of each 
lecture, and this outline contained references to complete mathematical and 
historical treatments of the subject. The audience was also referred to A. N. 
Whitehead’s An Introduction to Mathematics and E. T. Bell’s Men of Mathe- 
matics as containing an adequate treatment of many of the subjects in the 
series. Provision was also made at each lecture for answering questions raised 
by members of the audience, and suggestions concerning these as well as topics 
for other lectures were welcomed by the committee in charge. Since the meetings 
were planned for the benefit of undergraduates only, faculty members and grad- 
uate students were not encouraged to attend. 

Among the topics treated at the lectures during the past two years were the 
following: 

Euclid’s Elements, Book I 
The arithmetic of infinite numbers 
Geometry of four and more dimensions 
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The role of analogy in mathematics 
Nuclear models 

Mathematical induction 

Groups 

How to win at games of chance 
What is an integer? 

Non-euclidean geometry 


CEUBYIOPICS 


For the benefit of those clubs which did not receive our spring letter, we 
should like to call attention to the following titles as timely for discussion at 
early fall meetings: 

1. Apportionment of representatives 
Proportional representation and preferential voting 
Sample ballots and predicting election results 
Forecasting the population of the United States 
. Mathematics and defense. 

Professor Bushey of Hunter College of the City of New York sent us the 
references on the topics Apportionment of representatives, and Proportional 
representation and preferential voting which had been used as the basis for dis- 
cussion at meetings of the Hunter chapter of Pr Mu Epsilon. Professor E. V. 
Huntington of Harvard University spoke on the topic of Congressional reappor- 
tionment at a recent meeting of the Mathematics Club of Boston University, and 
this suggests that other clubs may find this topic as worthwhile for discussion. 
The title “Your Chance to Win”* might seem appropriate for meetings prior to 
November 5th based on sample ballots and predictions of election results. At a 
meeting of the Oregon Beta chapter of Pi Mu Epsilon at Oregon State College, 
Dr. W. J. Kirkham discussed an aspect of this topic under the title “Statistical 
reasons for the apparent failure of the 1936 Literary Digest poll—how the figures 
should have been interpreted.” Clubs or individuals finding suitable references 
on the topic of sample ballots should send these to this department as soon as 
possible, so that these too may be passed on to other interested clubs. United 
States 1940 census figures will be available in a few months so the topic of popu- 
lation growth and the prediction of census figures may be another topic for 
study. We find an excellent article by David L. Kaplan in Math X, the magazine 
published by the Mathematics Club of New York University, Washington Square 








* Your Chance to Win, by H. C. Levinson, Farrar and Rinehart, New York, 1939 deals with 
the laws of probability in various games of chance and is in itself suitable for use for program 
discussions. ; 

+ As we go to press we have the announcement of The Pulse of Democracy: The Public Opinion 
Poll and How it Works, by George Gallup and Saul F. Rae, Simon and Schuster, New York, 1940, 
$2.50, which tells, with reservations, how the Gallup Poll and similar polls work. The method of 
representative sampling is discussed and the relative accuracy of the Literary Digest polls based 
on automobile owners and telephone subscribers in years previous to 1936 and the poll’s failure 


in that year. 
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College, November 1939 issue, entitled “Forecasting the Population of the 
United States” and call to the attention of our readers this article as well as its 
bibliography appearing below. 

Mathematics and defense is another subject which will be listed on many 
programs this year. A phase of it was discussed under the title “Mathematics 
and Military Applications” at a meeting of the Alpha of Georgia chapter of Pi 
Mu Epsilon at the University of Georgia. The references below, from earlier 
numbers of this MONTHLY, may prove helpful. Additional references will be 
welcomed by this department from those considering this and related topics in 
more detail. 


51. Apportionment of Representatives. 


Chafee, Z. Jr. Congressional reapportionment. Harvard Law Review, 42: 1015-47. 

Huntington, E. V. Apportionment of representatives. Journal of the American Statistical Associa- 
tion, 17: 859-70. 

Huntington, E. V. Apportionment of representatives in congress. Transactions of the American 
Mathematical Society, 30: 85-110. 

Huntington, E. V. Methods of apportionment in congress. American Political Science Review, 
25: 961-5. 

Huntington, E. V. Apportionment of representatives in congress. Cowles Commission: 1937, 47-50. 

Owens, F. W. On the apportionment of representatives. Journal of the American Statistical 
Association, 17: 958-68 and 1004-12. 


52. Proportional Representation and Preferential Voting. 


Hoag, C. G. and Hallett, G. Proportional Representation. Macmillan, New York, 1926. 
Humphreys, John H. Proportional Representation. 

Dines, L. L. Concerning preferential voting. This Monru_y, 24: 321-5. 

Lovitt, W. V. Preferential voting. This MonTHLY, 23: 363-6. 


53. Forecasting the Population of the United States. 


Burgess, R. W. Introduction to the Mathematics of Statistics. Houghton-Mifflin, 1927, 169-71. 
Croxton, F. W. and Cowden, D. J. Practical Business Statistics. Prentice-Hall, 1934, 331-4. 
Day, Edmund E. Statistical Analysis. Macmillan, 1930, 265, 266. 

Mills, Frederick C. Statistical Methods. Henry Holt, 1938, 676. 

Pearl, Raymond. The Biology of Population Growth. Knopf, 1925, 3, 4, 13, 14, 219. 

Pearl, R. Introduction to Medical Biometry and Statistics. W. B. Saunders Co., 1930, chapter 17. 


Standard Statistics Company. Standard Trade and Securities. Vol. 90, No. 24, Dec. 23, 1938, 
(iteres : 


World Almanac, 1939, 298, 325. 


54. Mathematics and Defense. 


Roever, W. H. Drawings and graphical solutions in navigation. This MONTHLY, 25: 415-27. 

Whittemore, J. K. Firing data. This MONTHLY, 25: 360-70. 

Richardson, R. G. D. Courses in college in preparation for the navy. This Montuty, 25: 1918, 
321-5. 


Mathematical instruction at naval training centers. This MonTu_y, 25: 326-8, 370. 
Roman, I. A note on war savings stamps. This MONTHLY, 28: 307-8, 

Laves, Kurt. How the map-problem was solved in the war. This MONTHLY, 26: 181-7, 
Evans, G. W. Concerning haversines in plane trigonometry. This MONTHLY, 26: 69-72, 
Ford, L. R. Elementary mathematics for field artillery. This MONTHLY, 26: 353-5, 
Dadourian, H. M. Acoustic circles. This MONTHLY, 28: 111-4, 


1940] MATHEMATICS CLUBS 485 


CLUB REPORTS, 1939-1940 
NEW CLUBS 


Mathematics Club, Campbell College 


This club was organized in February, 1940 under the sponsorship of Miss Lucille Rorex. 
Two chapel programs were arranged during the remainder of the year at which the guest speakers 
were Professor H. A. Fisher of North Carolina State College and Professor W. W. Rankin of 
Duke University. Six semi-monthly meetings of the club were held after the constitution had been 
completed and ratified. Each meeting was characterized by a particular theme, upon which 
subject three or four student members spoke. These themes were: Development of numerals and 
signs, Men of mathematics, Mathematics for the million, Astronomy, Mathematical amusements. 
Officers for the first year were: Charles Scalzott, President; George Veitch, Vice-President; 
Peggy Lasater, Secretary-Treasurer; Miss Lucille Rorex, Adviser. 


Mathematics Club, Pasadena Junior College 


This club was organized on January 9, 1940 and has for its purpose to stimulate an interest 
in mathematics and to discuss topics not usually met in the classroom. Meetings were held every 
two weeks, with the programs planned and given by the students. The program chairman, Mr. H. 
Martens, gave mathematical problems and riddles at each meeting. Among the topics discussed 
were: The three famous problems, The history of the mathematical plus and minus sign, Con- 
structions with ruler and compass, Fourth dimension, The history of the mathematical multipli- 
cation and division sign, A short biographical sketch of Archimedes, The history of the mathe- 
matical power and root sign, A short biographical sketch of Galileo. Two special lectures were 
given, by Dr. Saul Pollock who spoke on Space curves in the third dimension and Dr. William 
Pickering whose subject was The quest of the cosmic ray. 


Kappa Mu Epsilon, Coker College 


The Mathematics Club of Coker College became the South Carolina Alpha chapter of Kappa 
Mu Epsilon on April 5, 1940 when Miss Orpha Ann Culmer and four other members of the 
Alabama Beta chapter installed this chapter. Two meetings have been held each month and the 
programs were planned to show the close relationship of mathematics to other fields of learning. 
In addition there were lectures by professors in other departments, in which each stressed the need 
of a knowledge of mathematics for the work of his department. Two of these meetings were open 
meetings in an attempt to further develop the interest in and appreciation of mathematics not 
only for the members of the club but also for the students on the campus. Installed as the officers 
of this new chapter were: Frances Humphries, President Leibnitz; Edith Mitchell, Vice-President 
Pascal; Eunice Mitchell, Secretary Thales; Elsie Neighbors, Treasurer Gauss; Miss Caroline M. 
Reaves, Corresponding Secretary Descartes. 


Archimedean Club, Winthrop College 


This was another new club to report to this department. It devotes most of its programs toa 
discussion of problems arising in the teaching of mathematics. Three films—The isograph, Parab- 
ola, and Rectilinear coérdinates—were shown at meetings in which members from other de- 
partments also participated. Officers were: James Small, President; Margaret Burgess, Vice- 
President; Annie ,Sarah Higgins, Corresponding Secretary; Margaret Messinger, Recording 
Secretary; Nellie Jackson, Treasurer; Claudine Derrick, Reporter. 


Mathematics Club, McMaster University 


Although this club has been in existence for eight years, the first report to this department 
was received recently from the President-elect Mr. Edward Munn. The club's program included 
talks on the following subjects: High school teaching in Ontario, Probability in modern physics, 


486 MATHEMATICS CLUBS [Aug.-Sept., 


Bessel functions. During the year the club visited the David Dunlap Observatory in Toronto. 
Plans for this year call for composite meetings including student talks, puzzles, plays, and quizzes 
at each meeting. Topics for these papers were assigned before the close of the school year in May, 
and include: The slide rule, Mathematical reasoning, The wheel and the cycloid, Magic squares, 
Inversion of plane analytic curves, Theorem of Fermat, Japanese mathematics, Pythagoras, History 
and theory of pi. Other members of the executive committee are: Wilda Morrow, Vice-President; 
Anne Bishop, Secretary-Treasurer; Glyn Reesor, Marion Brown, and Robert Graham as senior, 
junior, and sophomore representatives, respectively. 


Rho Theta, St. Louis University 


This honorary society has been meeting for the past four years and has held monthly dis- 
cussion meetings on the following topics: Certain theorems of analytic geometry, A historical 
sketch of the theory of irrational numbers, The meaning and function of a picture. Other topics 
dealt with the use of mathematics in astronomy, photography, chemistry, physics, and geology. 
Officers were: Professor Francis Regan, Director; Richard Brooks, President; Alexander Yoku- 
baitus, Vice-President; John McCann, Secretary-Treasurer. 


Mathematics Club, Alfred University 


Another new group reporting to this department enclosed its constitution which has been 
placed on file, and which could very well serve as a model for groups considering the organization 
of a mathematics club on their campus. The object of the organization is to promote a genuine 
interest in the study and the promotion of mathematics. Seniors and graduate students majoring 
in mathematics with a 2.00 average and juniors with a 2.20 average are eligible for membership 
in an honorary branch known as Pi Delta Mu. This name was chosen from the Greek translation of 
the motto, “Let us advance through mathematics.” Particular honors will be given to the senior 
student at the end of each year who has been the most outstanding in the study of mathematics 
throughout the undergraduate years. The club presented the college library with a number of popu- 
lar books on mathematics. Guest speakers included Professor Gehman of the University of Buffalo, 
Professor Aude of Colgate University, and Professor Walker of Cornell University who spoke on 
Averages, The use of matrices in elementary college mathematics, and Magic squares, respectively. 
Officers were: Esther Gent, President; Mildred Haerter, Secretary; Beth Olszowy, Treasurer. 


Mathematics Club, Tennessee Polytechnic Institute 


This club was organized October 10, 1933 under the direction of Dr. R. O. Hutchinson for the 
purpose of furthering mathematical endeavor and showing the progress mathematics has made 
since ancient times. In its first report to this department we learn that the loving cup given by the 
Christian Association for the best club stunt at the annual college night program was won by the 
Mathematics Club for its original stunt written by Dr. James A. Ward and entitled “A Wax Works 
Show.” A copy of this is on file in our Stunt Library and is available for club use. Topics discussed 
at the regular meetings were: Matrices, Methods of solving quadratic equations, Trisection of 
angles, Pythagorean theorem, History and evolution of pi, The constant e, and “Flatland Fantasy.” 
Officers were: Dr. James A. Ward, Director; Elizabeth Eastland, President; Millard De Berry, 
Vice-President; Margaret Plumlee, Secretary; Joseph Lane, Treasurer, ; 
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PROBLEMS AND SOLUTIONS 


EpITED BY OTTO DUNKEL, ORRIN FRINK, JR., AND H. S. M. COXETER 


ELEMENTARY PROBLEMS 


Send all communications concerning Elementary Problems and Solutions to H. S. M. Coxeter, 
69 Chaplin Crescent, Toronto, Canada. 

The Department of Elementary Problems welcomes problems believed to be new, and de- 
manding no tools beyond those ordinarily furnished in the first two years of college mathematics. 
To facilitate their consideration, solutions should be submitted on separate, signed sheets, within 
three months after publication of problems. 


PROBLEMS FOR SOLUTION 


E 430. Proposed by Louis Bauer, Hofstra College, Hempstead, N. Y. 

Somebody received a check, calling for a certain amount of money in dollars 
and cents. When he went to cash the check, the teller made a mistake and paid 
him the amount which was written as cents, in dollars, and vice versa. Later, 
after spending $3.50, he suddenly realized that he had twice the amount of 
money the check called for. What was the amount on the check? 


E 431. Proposed by V. Thébault, Le Mans, France. 


Find a number whose cube and fourth power together contain the ten digits, 
once each. (Cf. E 116.) 


E 432. Proposed by C. W. Trigg, Los Angeles City College. 

If aand bare the radii of two spheres, tangent to each other and toa plane, 
show that the radius x of the largest sphere which can pass between them is 
given by the formula 


ya? == gM? 4 §-1/2, 


E 433. Proposed by A. A. Bennett, Brown University. 

Two parallel vertical walls, separated by a distance of d feet, have level 
ground between them. Two ladders, of length a and b feet respectively in 0), 
abut each against a foot of one of these walls and lean against the other wall, 
crossing each other at a height of ¢ feet above the ground. Show that a solution 
in integers is given by 


I 


ka = (su + tv)(s — t)(u + 2), 
kb = (sv + tu)(s — t)(u + 2), 
ke = (su — tv)(sv — tu), 

kd = 2(stuv)¥/2(s — t)(u + 2), 


I 


where s, ft, u, v are any positive integers subject to the three conditions “>, 
sv >tu, and stuv is a perfect square, k being the greatest common divisor of the 
four right-hand members. What is the simplest particular solution in which 
a, b, c, d are all odd? 
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E 434. Proposed by Daniel Arany, Budapest, Hungary. 


Let F, and Fy be the foci of a variable ellipse, of major axis 2p, een 
in a given triangle whose orthocenter is H. Prove that 4p?— HF? — HF? is con- 
stant. 


E 435. Proposed by David Segal, Kosow Huculski, Poland. 
Show that the congruence 


Spt 
( = 1 (mod p”) 
pd 
is a necessary and sufficient condition for p to be an odd prime. 
SOLUTIONS 


E 363 [1939, 106]. Proposed by D. L. MacKay, Evander Childs High School, 
Vere 
Construct triangle ABC, given A, a, and (ha te—b). 
Solution by V. W. Graham, Dublin, Ireland. 


Let the bisector of the angle A meet the circumcircle of the triangle at D. 
Draw the diameter DF, perpendicularly bisecting BC at E. Let AG be the per- 
pendicular from A to DF. From the right triangles DFC, DFA, we have 


DC2= DF-DE, FA* = FD -FG. 
Hence | 
(1) DC? + FA? = DF(DF — EG) = 2R(2R — h,). 
Again, by Ptolemy’s theorem, 
DF-CA + DC-FA = DA-FC = DA-FB = DF:-AB + DB-FA, 
(The upper sign is to be taken if b>c, the lower.if b<c.) Hence 
(2) + 2DC-FA ="DF(CA — AB) = 2R(b — 0). 
Adding (1) and (2), 
(FA + DC)? = 2R{2R — (ha + ¢ — 8)}. 


Since a and A are given, DC and R are known. Hence FA may be found, and 
the vertex A located. 


Also solved by V. Thébault and the proposer. 


E 396 [1939, 652]. Proposed by D. L. MacKay, Evander Childs Tigh School, 
N. Y. 
Given a triangle ABC, construct a point X such that the three lines drawn 


through X, each parallel to a side of the triangle and limited by the other two 


sides, are equal. 
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Solution by C. C. Oursler, Lancaster High School, Ill. 


By drawing circles with centers A, B, C and respective radii BC, CA, AB, 
construct points A’, B’ which complete the parallelograms CABA’, ABCB’. 
Let L, M be the intersections of the bisectors of angles A, B with the respective 
opposite sides of the triangle. The intersection of the lines A’L, B’M is the re- 
quired point X. 

The proof consists essentially in showing that A’L is the locus of points from 
which lines drawn parallel to CA and AB intercept equal segments between the 
sides of the triangle. Through any point P on AL, draw lines parallel to CA 
and AB; let the former meet AB and BC in D and E, and let the latter meet BG 
and CA in Fand G. Let X’ be the intersection of lines drawn through E and F 
parallel to AB and CA, respectively. Since the segments of EX’ and FX’ cut 
off by the sides of the triangle are equal to PG and PD, which are sides of a 
rhombus, the point X’ satisfies the conditions of the locus. Since parallelogram 
EPFX’ is homothetic to parallelogram CABA’, with L as center of similitude, 
the locus of X’ (as P moves along the bisector of angle A) is a line. Hence the 
points A’ and L, which lie on it, are sufficient to determine it. Similarly, there is 
a locus intersecting each of the sides, and the required point X is determined by 
any two of the three loci. 

Also solved by W. E. Buker, Mannis Charosh, L. R. Chase, W. B. Clarke, 
A. A. Coffin, Wm. Douglas, V. W. Graham, L. M. Kelly, J. E. LaFon (with two 
extensions to three dimensions), W. R. McEwen, E. P. Starke, C. W. Trigg, 
and the proposer. Several of the solvers pointed out that the length of the three 
equal segments is 2/(a~1+)-!+c"?). 


E 397 [1939, 652]. Proposed by H. T. R. Aude, Colgate University. 


The symbols a, b, c, d, e, f are distinct digits in the denary scale. Find the 
three-figured number abc such that (abc +1)2=acdef, and (at+b+c)"*+1 
=(at+c+d+e-+f)'*. 


I. Solution by B. C. Zimmerman, Corozal, British Honduras. 


The perfect cubes in the second condition are clearly 8 and 27; therefore 
at+b+c=8. By the first condition, 


Gel ae Peace, 
Hence b+c=7, and the required number ie A 
II. Solution by C. C. Sams, Mars Hill College, N.C. 


Since abc and (abc +1)? are to have the same first digit, we find a=1, and so 


b>1, ¢>1. We cannot have b=0 without c=0 or 1, save in the case abc = 109, 
which makes e=f. Hence acdef £19876, and 


120 S abe S 139. 


Within this range there are six numbers NV such that NV and (N+1)? each have 
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distinct digits, as in the following table: 


N=abe: 123; 123, 1275 L3z; Loa; 136; 
(N+1)?=acdef: 15376, 15876, 16384, 17689, 18496, 18769. 


Since the c’s must agree, the only satisfactory value for N is 125. 

The second condition is superfluous. 

Also solved by W. E. Buker, Daniel Finkel, H. D. Larsen, H. R. Leifer, 
Hazel E. Schoonmaker, E. P. Starke, C. W. Trigg, Alan Wayne, G. A. Williams, 
and the proposer. 


E 399 [1939, 653]. Proposed by V. Thébault, Le Mans, France. 


Prove that the product of the first 7 positive integers (1-2 - - - 2) is divisible 
by their sum (1+2+ --- +7) if and only if m+1 is not an odd prime. 


Solution by Elmer Latshaw, Philadelphia. 


The sum divides the product if +1 divides 2(n—1)!. If n+1 is even, the 
factor (n+1)/2 occurs in (n—1)!. If m+1 is an odd square, (n—1)! contains 
factors (n+1)/? and 2(n+1)"/?. If m+1 is odd and composite, but not a square, 
it is the product of two unequal odd factors occurring in (n—1)!. Hence the 
only case when +1 does not divide 2(n—1)! is when n-+1 is an odd prime. 

Also solved by W. E. Buker, Mannis Charosh, H. L. Lee, C. W. Moran, 
E. P. Starke, C. W. Trigg, Alan Wayne, G. W. Wishard, and the proposer. 


E 400 [1939, 653]. Proposed by H. S. M. Coxeter, University of Toronto. 


Show how to dissect a regular hexagon by straight cuts into the smallest 
possible number of pieces which can be reassembled to form an equilateral tri- 
angle (of the same area). 


Solution by Michael Goldberg, Washington, D. C. 
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Also solved by Michael Goldberg (another way) and R. C. Yates (with the 
assistance of O. A. Nance and J. S. Smart), one of the pieces being in each case 
the trapezoid formed by one-half of the hexagon. Since there are at least three 
different six-piece solutions, one is tempted to investigate the possibility of a 
five-piece solution. Such a solution, or a proof of impossibility, will still be 
welcomed. 


ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, Washington 
University, St. Louis, Mo. All manuscripts should be typewritten, with double spacing and with 
margins at least one inch wide. 

Problems containing results believed to be new or extensions of old results are especially 
sought. The editorial work would be greatly facilitated, if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well known text-books or results found in readily accessible sources will not 
be proposed as problems for solution in this department. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems. 


PROBLEMS FOR SOLUTION 
3965. Proposed by H. S. Wall, Northwestern University. 
Show that for a real or complex x, |x| <1, 
| «| Ja] (i+] #1) 
1+|2| ite 
3966. Proposed by Cezar Cognifad, Focsani, Roumania. 


Consider the surface with the equation in rectangular codrdinates x?+y* +2? 
=xyz+4, which has the parametric representation x=uti/u, y=vt+1/z, 
z=u/v+v/u. Determine the rectilinear generators and the asymptotic lines. 








<|log(1+-*)|< 


3967. Proposed by V. Thébault, Le Mans, France. 

For a given triangle ABC a second triangle A’B’C’ is formed where AA’, 
BB’, CC’ are segments of altitudes and AA'/BC=BB'/CA=CC'/AB=kR. 
(1) Show that the two triangles have the same centroid. (2) Examine the varia- 
tion of the area of A’B’C’. (3) For what value of k do the two triangles have the 
same angle of Brocard? (4) If k= +1, show that the centers of squares con- 
structed exteriorly, or interiorly, on the sides of A’B’C’ are the vertices of ABC. 


4 


SOLUTIONS 


3840 [1937, 395]. Proposed by V. Thébault, Le Mans, France. 

Parallel planes, with arbitrary direction, drawn through the vertices A, B, 
GC, Dota tetrahedron cut a given straight line A in a, B, y, 6. The planes through 
the latter four points parallel, respectively, to the faces BCD, CDA, DAB, 
ABC determine by the intersections of sets of three a tetrahedron ABCD 
symmetrically equal to the given tetrahedron ABCD (J. Neuberg, Mathests, 
1891, p. 50). Find the loci of the vertices of the tetrahedron A,BiC\D, and of the 
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center of symmetry of the two tetrahedrons when the direction of the parallel 
planes varies. This is an extension to space of 3817 [1937, 111]. 


Solution by R. Goormaghtigh, Bruges, Belgium. 


Let DA, DB, DC be the axes of coérdinates and (a, 0, 0), (0, 6, 0), (0, 0, ¢) 
the coédrdinates of A, B, C. The coédrdinates of any point on A are 


— + Ni, n+ mt, ¢+ uv, 


where &, 7, ¢ and X, pw, v are constants. The considered plane drawn through A 
has for its equation 


l(x — a) + my + nz = 0, 
and a is the point 
Eo AlG EO Pian, 
where 
P=l+m+n, Q=A+ m+ nm. 


Hence, if the considered symmetry center exists, its codrdinates are 


(1) u = 3&£+ X(la — P)/2Q,---. 
Indeed, the point 6 has as coérdinates 
fk PC enone 


and the plane equidistant from the face A BC and from the parallel plane drawn 
through 6 is 


. 1 1 9 1 
oe ee, —-r—)—-——=0; 
X a 2 X a (: a. 
this equation is verified by the coordinates (1), which are therefore those of the 
considered center of symmetry. 
Let now (2u—£)/d, (20—7)/p, (2w—f£)/v be denoted by X, Y, Z; we have 


WAX + — — a) + m(wX + yn) + n(vX + §) = 0, 
LAY + £) + muY +4 — 6) + n0Y +9 =0, 
LAZ + E) + m(eZ +) + n0Z+ 6-06) = 0. 


The elimination of J, m, n leads easily to a linear equation in X, Y, Z; hence the 
loci of the symmetry center and the vertices of Ay, By, Ci, D, are five parallel 
planes. 

Editorial Note. The second half of this argument is synthetic. From the above 
solution we see that the coérdinates x, y, 3 of the vertex D, are fractions with 
numerators and denominators as linear homogeneous expressions in /, m, m and 
the denominators are the same, Q. Hence the locus of D, is a plane, straight 
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line, or a point; and in the latter two degenerate cases, A lies in a face of ABCD. 
This last statement may be proved analytically, but it is better to wait for the 
simpler synthetic proof below. We shall first assume that A does not lie in any 
face of ABCD; and then it follows that the loci of 41, Bi, Ci, D: are planes, and 
A cuts the faces BCD, CDA, DAB, ABC in the definite points A’, B’, C’, D’. 
Since A is a finite straight line we may suppose that D’ is a finite point. The 
planes through the vertices parallel to ABC give a=B=y=D’=Dy, while 
Ays, Bis, Cys lie in a plane through D parallel to ABC. Hence this particular 
tetrahedron AywByCywDy is the symmetric of ABCD with respect to the mid- 
point ae PBL Similarly, we have AyBuCuDu, A pByCypDy, A 43Bi3C13D 13 with 
centers of symmetry with ABCD at the midpoints of AA’, BB’, CC’, respec- 
tively; and these three are simply translations of the first one by the vectors 
AywA’, ByB’, CisC’. In order to prove that the above four plane loci are parallel 
we have merely to show that these three translator vectors are not all parallel. 
When this is proved we will have shown that the loci cannot be degenerate, and 
we shall have the theorem that the midpoints of 4A’, BB’, CC’, DD’ lie ina 
plane, the locus of the centers of symmetry; the four plane loci of the vertices 
are parallel to this plane; and obviously the theorem of Neuberg cited in the 
problem is a corollary. If A passes through D, then A’=B’=C’=D, and it is 
obvious that not all three vectors of translation are parallel. If A does not pass 
through D, at least two points, say A’, B’ are distinct; and, if the three vectors 
were parallel, A’, B’, C’, Aus, Bus, Cis would lie in a plane, and hence A lies in 
the plane of A1sBisCys which is parallel to ABC. But then D’ would have to be 
at infinity, contrary to our hypothesis; and thus the above theorem is proved. 
We now consider the case where A lies in a face, say A BC, and does not con- 
tain two of its vertices; then A’, B’, C’ are also in the plane of this face. More- 
over, Aa, BB, Cy, are parallel straight lines; the plane through, say a, parallel 
to BCD cuts the plane of ABC ina line parallel to BC, while the plane through 6 
is the plane of ABC. Thus the face A:B,C; is in the plane of ABC, and by the 
above analytic proof and the synthetic considerations, the loci of A1, Bi, Ciare 
straight lines in this plane; obviously, AuBuCn, AwBeCw, A1sBisCis are sym- 
metrics of ABC; and the loci of Ai, Bi, Ci are parallel straight lines in the plane 
of ABC, while the locus of the centers of symmetry is a parallel passing through 
the midpoints of AA’, BB’, CC’. Thus in this degenerate case the loci of the 
vertices of A,BiC,D) are straight lines parallel to the locus of the centers of 
symmetry determined by the midpoints of AA’, BB’, CC’. IfA passes through A 
but not through B or C, two of the loci coincide. If A passes through B and C, 
then 8 =B,y=C for all systems of parallel planes, and there is only one triangle 
A,Bi(C; and there is only one A1B,C,D,, the symmetric of ABCD with respect 
to the midpoint of BC. This is the second degenerate case where all five loci are 
points. We have thus proved the theorem of 3817 [1937, 111] with its single 
degenerate case. 
When we consider the extension of the theorem to n dimensions, the first 
part by analysis is obvious from the above, and there are ” — 1 possible degener- 
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ate cases. The second part of the argument offers only slight difficulty, and per- 
haps it may be convenient to use induction. 


3885 [1938, 482]. Proposed by V. Thébault, Le Mans, France. 

The product of » consecutive positive integers, 7 being odd, is divisible by 
their sum, except in the case where, being prime, the arithmetic mean of the 
integers is divisible by n. Examine the case where 1 is even. 


Solution by E. P. Starke, Rutgers University. 
The integer » being odd, let p be a prime divisor of 7: 
(1) n= 27+ 1 = sp*, ro) 0, s not divisible by p. 
If m is the arithmetic mean, the consecutive integers are 
(2) m—r,m—r+til,:--:,m4+r. 


The sum, 2, of the numbers (2) equals mn. Their product, IJ, is the product of m 
by the products of two sets of r consecutive integers, 


(m—r)(m—r+1)---(m—1) and (m+ 1)(m+ 2)--- (m+n). 


Let r/p=a+b/p, 0<b<p. Then from 2r+1=2ap+(2)+1)=sp', we have 
2b6+1=panda=}(sp*!—1). Thus r/p>a=3(sp*!—1) 23(p*!— 1) 247 for all 
122, (p23). Now each of the above sets of 7 consecutive integers contains a 
complete sets of consecutive integers each. Since one integer out of each p 
consecutive integers is divisible by p, the product of the 7 integers is divisible 
by p*. Hence II /m is divisible by p?* and thus by p*. If now i=1, s of the integers 
(2) are divisible by p; hence II/m is divisible by p*-!. Thus II/m is divisible by p 
unless s=1,7=1, t.e., n=. In other words, if np, II/m is divisible by n since 
it is divisible by every prime factor of to an exponent at least as great as 
occurs in 7; hence also, II is divisible by 2 = man. Finally if n=, only one of the 
integers (2) is divisible by p. If that integer is not m, then II/m is divisible by n 
and thusII by 2; if it is m, I is not divisible by ©. 

If now 7 is even, then n=2°-d, where d is odd and c=1. Let the 1 consecu- 











tive integers be a—4n+1, a—in+2,.--- ,a+3n, or 
(2a+1)—(m—1) (24+ 1) — (m — 3) 
oes ae Pct 
A 2 
Qa+1)—1 (Qa+1)+1 (Jo +1) ha 
; ; are : an. 


Then S—in(’ eee ¢ : , ee 
Then 2 = }n(2a+1) =2°-1d(2a+1) and, if we combine pairs equidistant from 
the extremes, we have 


<a) 2 \2 2 P 2 
I = {(2a + 1)? — (m — 1)*}{ (2a + 1)? — (mn — 3)2} ... {(2a + 1)? — 12} /2", 


Evidently Il may expressed as II = } 2+ R' i 
j ay be expressed as IT = | m(2a+1)? +k?}/2", where m is some in- 
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teger and Rk=1-3-5-7--- (n—1). Since the product of d consecutive integers 
is divisible by d, II being the product of »=2¢d integers is divisible by d® and 
by (2°)¢; hence certainly by d? and 2°-!. Also, d being odd and less than n is a 
divisor of k. By the expression for II in terms of k and m, d? divides m(2a+1)? 
and hence d(2a+1) divides m(2a+1)*. Thus d(2a+1) divides II if and only if it 
divides k?. This is also the condition that Y=2°-!d(2a+1) be a divisor of II, 
since we have already seen that 2°! is a divisor of II. Thus the necessary and 
sufficient condition that II be divisible by 2 is that 2a+1 be a divisor of k?/d. 
Note that 2a-+1 must be greater than if the integers are all positive, and that 
2a+1 is the sum of any two integers equidistant from the extremes. 

For example, for »=2 there exist no two consecutive positive integers for 
which > divides Il. For 7 =4 we have k=3, and 2a+1 must be a divisor (greater 
than 4) of 9; hence a =4, and the only set is 3, 4, 5, 6. For n=6 we have k?/d=75; 
hence 2a+1=15, 25, or 75 and there are three sets of six consecutive integers, 
viz., those whose first integers are 5, 10, and 35. 

Solved also by the proposer for » odd. 


3889 [1938, 554]. Proposed by V. Thébault, Le Mans, France. 


A triangle ABC is inscribed in a circle (O) with a fixed diameter A, and a 
transversal A’, which turns about a fixed point, cuts BC, CA, AB in Ai, Bi, C.. 
Let A> and A;, By and B;, C. and C; be the orthogonal projections of A and Aj, 
Band B,, Cand C,on A. (1) Show that the circles with centers at the midpoints 
of AA;, BB,, CC; and passing through Az: and A;, and By and B;, Cz and Cs 
meet in a fixed point on the Euler circle of the triangle. (2) Find the locus of the 
second point of intersection of the three circles. 


Solution by the Proposer. 


The three circles of (1), (wa), (ws), (w-), Whose centers Wa, Wy, W are On the sides 
of the complementary triangle AmBmCm, pass respectively through the symmet- 
rics of As, Bo, C2 with respect to its sides. Furthermore, these symmetrics coin- 
cide in the orthopole ¢ of the diameter A, which is a fixed point on the Euler 
circle of ABC. When A’ turns about a fixed point P, the Newton line 6 
= [wa, wo, w,] envelopes a conic D inscribed in the triangle AmBmCm. The circles 
(wz), (ws), (We) intersect again in the symmetric $’ of @ with respect to 6. Hence 
the locus of ¢’ is the transformation by similitude with the ratio 2:1 of the pedal 
curve of ¢ with respect to ~. 


Editorial Note. The points Am, Bm, Cm are the midpoints of the sides BC, CA, 
AB. The triangle ABC and A’ form a complete quadrilateral whose diagonals 
are AA, BBi, EC: and it is a familiar fact that the midpoints Wa, @», We of these 
diagonals lie on a straight line 6, which is here termed the Newton line of the 
complete quadrilateral. The expression Euler circle of ABC means the circum- 
circle of the complementary triangle AnBmCnm, or in other words, the nine-point 
circle of ABC. A proof that the symmetric of A» with respect to Bn Cm, and the 
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other two similar symmetrics, coincide in a point ¢ of the nine-point circle is 
given in a note to the solutions of 3882, 3883 [1940, 403]. 

If P lies at a vertex, say A, then B,x=C1=A, wo. =Bn, o =Cn, and 6 is the 
fixed straight line BnCn. Hence ¢’ is a fixed point. If P lies on the straight line 
of a side, say AB, but not at a vertex, then C}=P and w, is a fixed point through 
which passes 6. The pedal curve of ¢ with respect to w, is a circle on ¢w, as a 
diameter. Hence the locus of $’ is a circle with center w, and radius ¢w,. Con- 
versely, if 6 is fixed for two or more positions of A’, P must be at a vertex. For, 
at least two of the points, say w, and a» must be fixed and distinct, and then A, 
and B, are fixed. But this is impossible for a variable A’ unless A1;=B,=C, and 
hence P must be at C. In a somewhat similar manner we can show that, if the 
variable lines 6 pass through a fixed point, P must lie on a side of ABC not ata 
VEItGX, 

Suppose now that P is a fixed point not on a side of ABC, then the lines A’ 
through P cut projective ranges {Ai}, { Bil, {C,} on the bases BC, CA, AB, 
and these ranges projected from the corresponding centers A, B, C upon the re- 
spective bases BnCm, CnAm, AmBm give the projective ranges {wat, {ws}, {we}. 
Considering any pair of these last three, say the first two, the envelope of dis a 
conic tangent to the two bases. When A’ passes through C, 41=Bi=C, w.=B», 
w,=A,, and A,,B,, is a tangent element. Hence the conic is tangent to the three 
sides of A»BmCn. Considering again the first two ranges, to C,, on the base BnCm, 
there corresponds on C,,A, the intersection 8 of PB with this side, and thus Bis 
the point of contact of the conic with this side. A similar construction gives the 
other two points of contact with the sides of AmBmCwn. Conversely, if a given 
conic is tangent to the sides of AmByCm, it is the envelope of lines 6 for a suitable 
P. For the given conic is determined by the three tangent sides and the two 
points of tangency a, B of the sides BnCm, CnAm-. Then the intersection of da 
and Bf gives P, and it will follow that CP passes through y, the point of contact 
with 4,,Bn. If P is any finite point, the conic has a center which we now deter- 
mine. Let A’ be parallel to a side, say AB, then 4 is also parallel to this side and 
equally distant from it and A’. Hence 6 bisects PA and PB. Thus the midpoints 
Am, Bm, Cn of PA, PB, PC forma triangle symmetrically equal to AmBmnCyn 
and which also circumscribes the conic. The center of symmetry S is the center 
of the conic, and the points of contact of the sides of An BnCmn are found by 
shen kes We also find by Seen with respect to S the triangle A’B’C’, the 
pate of Whose sides ALO Aes Dak Cm 5 and the point P’. Thus the triangle 

and P determine the same conic. If P is at a vertex, say A, the conic 
degenerates into a straight line along B,,C,, with S at the midpoint of B,C»; 
oahew ae ee but not at a vertex, the conic degenerates into two points, 
ied andy fom dB tad on a aa 
nic FW eh Oar ee - ‘ a = is on AB, P’ison A’B and the 
asymptote; and if P is at a woe. = bem res Senge oa Pe: 
j ; and, symmetric of A with respect to A», the center is A 


<A mM 


an i are asv - i 
nd CnrAm, AmBm are asymptotes. In order for the conic to be a parabola the 
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line at infinity must be a position of 6, and then the corresponding A’ with P 
must be at infinity. Conversely, if P is at infinity not on a side of A BC, one posi- 
tion of A’ is the line at infinity and then the corresponding 6 is also at infinity. 
Hence the conic is a parabola. It will be seen that, if P is inside A BC, the conic 
is an ellipse; if P is a finite point outside and within an angle of ABC, the conic 
is a hyperbola; if outside at a finite point within a vertical angle, it is an ellipse. 


3892 [1938, 631]. Proposed by George Rutledge, Mass. Inst. of Tech. 
Show that, for all even values of n, 


a 1+ «\” 
f —4 (toe u + log ) — (log yt du = 0. 
0 U Lit 


I. Solution by Fritz John, University of Kentucky. 





Set, for the positive integer 7, 


ag 1+ u\" 
[= f —-{(t0e u + log ) — (log i) da. 
0 uU lL — 4 


By the binomial theorem, 


< n : + u\* 
f= » Le Ji a @ )f - oe (log “)* (108 —*) du. 
= 0 


The integrand of J, for the stated values of p is easily seen to be continuous, or 
to become at most logarithmically infinite at w=0 and u=1. Integr rating by 
parts, using (log u)"*/u=d/du(log u) n—ut1/(n—pw+1), we zet 


1+ u\*-1 2du 
ha (7)f cem(o) oe 


Setting (1—w)/(1+u) =v, we find 


N : 1 — v\r et! 1\4-! do 
_— ( \f (ioe ) (10s -) —} 
p— 0 1S i v 


— (—)"Zn-w41 = — Ln-n41- 











I, 


a 


Therefore 


i= Dl. = — Dyn ae — > 1, = 9, 
p=1 p=1 p=1 


which is the desired result. 
Il. Solution by W. R. Transue, Lehigh University. 
If, in the well known formula 


ria Ve 
fa POT YW oe oh Oh ie ux) ?du = salen aed F(a, B, ¥, %), 
9 





r'(y) 
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where F(a, 8, y, x) is the hypergeometric function, we set a=x,6=—x,y=1, 
x = —1, we obtain 

: 1+ u\* T(«)r(i — x) 
{ w( =) di Ee a ee 

0 1— 4 T(1) 





geal * G)G)#CS 1G) Ce am 


Since the first factor in the right member of the equality is an odd function of x 
and the second is even, the left member is an odd function of x. 
Hence the Maclaurin expansion of 


1 1 fe 
o(x) all ju an =) — woth 
0 1— u 


must contain only odd powers of x. Therefore #"(0), the mth derivative of $(x) 
at x =0, must be 0 for all even values of m. Hence, for an even. positive integer n, 


a | 1+ u " 
¢"(0) a) | (toe + log u) “(log 4) | duc 0: 
0 uU 1— u 


Solved also by Harry Gershenson, Wang Chih Yi, and the proposer. 








Editorial Note. The solution by Wang is similar to I, and the others some- 
what similar to IT using the function Q(x) in the article by Rutledge and 
Douglass, Table of definite integrals, in this MONTHLY, 1938, p. 525, where other 
references are given. 


NEWS AND NOTICES 


Readers are invited to contribute to the general interest of this department by sending news items to 
R. G. Sanger, Eckhart Hall, University of Chicago, Chicago, IIl. 


A conference in topology was held at the University of Michigan on June 24— 
July 6, 1940. The following lectures were given: Triangulated manifolds and 
differentiable manifolds, S. S. Cairns, Queens College; Topological functions, 
E. W. Chittenden, University of Iowa; Uniformity in topological space, L. W. 
Cohen, University of Kentucky; Extension and classification of continuous 
mappings, Samuel Eilenberg, University of Michigan; The réle of local separat- 
ing points in certain problems of continua structure, O. G. Harrold, University 
of Virginia; Abstract complexes, Solomon Lefschetz, Princeton University; Ex- 
tensions of homeomorphisms in the plane, Saunders Mac Lane, Harvard Uni- 
versity; Periodic and nearly periodic transformations, P. A. Smith, Barnard 
College; Regular cycles in compact spaces, N. E. Steenrod, University of Chi- 
cago; Topology of differentiable manifolds, Hassler Whitney, Harvard Uni- 
versity; Uniform local connectedness, R. L. Wilder, University of Michigan; 


lopological transformation groups and foundations of geometry, Leo Zippin, 
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Queens College. It is planned to have the University of Michigan Press issue, 
during the coming year, a volume containing these lectures, as well as abstracts 
of a number of papers which were delivered during the Conference. 


Professor J. L. Coolidge was awarded the honorary degree of LL.D. by 
Harvard University at Commencement 1940. 


Professor Edward Kasner of Columbia University represented the Mathe- 
matical Association at the Conference on Science, Philosophy, and Religion in 
New York City, September 10 and 11. 


Assistant Professor G. M. Ewing of the University of Missouri is on leave of 
absence for 1940-41 and will be at Princeton University for the year. 


Dr. A. S. Gale of the University of Rochester has been made dean emeritus 
of the physical sciences. 


Miss Harriet E. Glazier has retired at the University of California at Los 
Angeles with the title of assistant professor emeritus. She was in charge of the 
department of mathematics at Western College, Oxford, Ohio, from 1897 until 
1920, at which time she took the position at U. C. L. A. 


Dr. D. G. Fulton of Armour Institute of Technology has been appointed 
assistant professor at Ohio Northern University. 


At Northwestern University Assistant Professor H. L. Garabedian has been 
promoted to an associate professorship, and Dr. M. E. Wescott has been pro- 
moted to an assistant professorship. 


Assistant Professor S. H. Kimball of the University of Maine has been pro- 
moted to an associate professorship. 


Professor L. C. Knight of the College of Wooster has retired after thirty-two 
years of teaching there. 


Assistant Professor L. L. Lowenstein of Alfred University has been promoted 
to an associate professorship and made chairman of the department. 


Dr. R. J. Michel of the University of Missouri has been appointed head of 
the department at Southeast Missouri State Teachers College. 


P. E. Baur, associate professor of mathematics at Baldwin-Wallace College 
since 1920, died December 7, 1939. 

Col. C. P. Echols of the U. S. Military Academy died on May 21, 1940. He 
was stationed at West Point for nearly forty years, the last twenty-seven of 
which he was professor and head of the department of mathematics. He retired 
in 1931. He was a charter member of the Mathematical Association. 


C. R. Wilson, assistant professor of mathematics at Rutgers University, died 
on July 24 at the age of forty-four. He had been on the university staff for the 


past thirteen years. 
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Dr. F. G. Wren, Walker professor of mathematics at Tufts College, died on 
July 17, 1940. He had been a member of the faculty at Tufts College since 1894, 
and was dean of the faculty of arts and sciences for over thirty years. 


REPORT OF THE WAR PREPAREDNESS COMMITTEE 


The following report of the War Preparedness Committee of the American 
Mathematical Society and the Mathematical Association of America was pre- 
sented at the Hanover meetings on September 9-10, 1940. 


In fulfilling its mission to prepare the Society and Association to serve the country 
in time of war the Committee recognizes three objectives: 

(1) The solution of mathematical problems essential for military or naval science, 
or rearmament. 

(2) The preparation of mathematicians for research essential for objective (1). 

(3) The strengthening of undergraduate mathematical education in our colleges to 
the point where it affords adequate preparation in mathematics for military and naval 
service of any nature. A study by a large group of mathematicians of the current routine 
military texts and sources wherever mathematics is involved in order that mathemati- 
cians may exert their proper influence on the teaching of military and naval science in 
time of war. 


Organization. It is recommended that the present Subcommittee on Education be 
replaced by two new subcommittees corresponding to objectives (2) and (3) respec- 
tively and that the present Subcommittee on. Research remain unchanged. So reorgan- 
ized there would be three subcommittees designated as follows: 

I. Committee on Research; 
II. Committee on Preparation for Research; 
III. Committee on Education for Service. 

It is recognized that Committee III corresponds very closely to the special interests 
and aims of the Association. It is recommended that chairmen of Committees II and III 
be appointed at Hanover but that the completion of these committees be left until the 


new chairmen shall have had time to make recommendations as to the personnel of 
their committees. 


Consultants. Having particular regard to the solution of problems, we recommend 
the appointment of Chief Consultants in each of the following fields: Ballistics, Aero- 
nautics, Computation (numerical, mechanical, electrical), Cryptanalysis, Industry, 
Probability and Statistics. Other fields may well be added. The Chief Consultants would 
be responsible in research matters to the Research Committee without themselves tak- 
ing on any of the executive duties of that committee. These consultants should also 
help the Committee on Preparation for Research when called upon. The three central 
committees should remain small so that they can act quickly. It is also recommended 
that there be ordinary consultants in each of the above fields. These ordinary consultants 
would be recommended for appointment so as to obtain some sort of correspondence 
with the subfields. Thus able young mathematicians so appointed might prepare them- 
selves in advance to help in a given field. These consultants should also be appointed 
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so as to meet the needs of particular sections of the country for help in its industries. 
It is suggested that any mathematician who feels competent in a field might ask to be 


made a consultant, and might be accepted as such if that seemed desirable. A flexible 
group is indicated. 


Duties of Committees. 1. Research. Problems would be received and assigned to con- 
sultants when available, otherwise assigned to members of the Research Committee. 
Recommendations as to educational needs would be made to the Committee on Educa- 
tion for Research. Suitable contacts would be made by this committee. The proper 
assignment and orientation of young consultants should be the duty of this committee. 

II. Preparation for Research. This committee would continue work already done on 
bibliographies, texts, seminars, publications, etc. Professor Tucker, representing the 
Annals of Mathematics Studies, has stated that there will be no difficulty in publishing 
suitable texts concerning applications of mathematics in war or industry. New texts in 
practically all of the above fields are needed and competent mathematicians have al- 
ready been invited to write such texts. A small loan fund may be necessary to pay the 
initial cost of such Studies since these texts are published on a cash basis without profit. 

III. Education for Service. The War Department intends in general to use sections 
of existing texts for instruction in the military schools. Those few texts which involve 
mathematics in an essential way should be carefully read by members of this committee, 
with two questions in mind: (1) What elementary mathematics must be taught in order that 
these books be readily understood? (2) In what way could the material in these books of a 
mathematical nature be better written to save time and achieve the desired results? 


The following three resolutions are recommended for adoption by the Council of 
the A.M.S. and by the Board of Governors of the M.A.A.: 

1. That all competent students in the secondary schools take the maximum amount 
of mathematics available in their institutions. In the case of many schools additions to 
the present curriculum will be necessary in order to furnish an adequate background 
for the military needs of the country. 

2. That the colleges and universities at once make such revisions of their under- 
graduate courses in mathematics and add such courses to the curriculum as are neces- 
sary to prepare students in the elements of mechanics, probability, surveying, 
navigation and other essentials of military science. 

3. That the graduate schools extend their courses in applied mathematics, such as 
dynamics, hydrodynamics, elasticity, aeronautics, ballistics, statistics, efc., and that 
advanced students be urged to become highly qualified in one or more fields of applied 
mathematics. 

These resolutions should be given immediate publicity in order that the changes 
recommended may be undertaken at once. In connection with resolutions 2 and 3, Com- 
mittees II and III will be able to give a certain amount of advice at once and in a few 
months will undoubtedly be able to help considerably more. 

We are appending two bibliographies corresponding to the needs, respectively, of 
those primarily interested in research and of those primarily interested in education 
for service. These bibliographies are selective rather than exhaustive because it is felt 
that such bibliographies will best serve immediate needs. More extensive bibliographies 
are available and will be mailed to those interested upon request. The report of the War 
Preparedness Committee in extenso containing letters from various authorities and 
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other important source material may be had upon writing to Secretary Richardson, as 
long as the supply lasts. Needless to say the Committee will help those who are working 


on war preparedness problems in any way in which it can. 
Prepared for the Committee by 
MARSTON MorskE, General Chairman 


The above three resolutions were adopted by the Council of the American 
Mathematical Society and the Board of Governors of the Mathematical Associa- 
tion of America at a joint meeting at Hanover, N. H. 

Professor M. H. Stone has been appointed Chairman of the Subcommittee on 
Preparation for Research and Professor W. L. Hart has been appointed Chair- 
man of the Subcommittee on Education for Service. Chief Consultants have 
been appointed as follows: 

Ballistics, Professor John von Neumann, Institute for Advanced Study; 
Aeronautics, Professor Harry Bateman, California Institute of Technology; 
Computation, Professor Norbert Wiener, Massachusetts Institute of Technol- 
ogy; Industry, Dr. T. C. Fry, Bell Telephone Laboratories; Probability and 
Statistics, Professor S. S. Wilks, Princeton University; and Cryptanalysis, Pro- 
fessor H. T. Engstrom, Yale University. 

The bibliographies are published in the September number of the Bulletin 
of the American Mathematical Society. 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 


Twenty-third Summer Meeting, Hanover, N. H., September 9-12, 1940. 
Twenty-fifth Annual Meeting, Baton Rouge, La., December 31, 1940- 
January 2, 1941. 


The following is a list of the Sections of the Association, with dates of those Section meetings 
which have been scheduled for 1940 and reported to the Secretary. 


ALLEGHENY Mountain, Morgantown, NEBRASKA, Omaha, May 9-11. 


W. Va. April 20; Grove City;.) Pac 
November 2. 

ILLINOIS, Bloomington, May 10-11. 

INDIANA, Richmond, May 3-4. 

Iowa, Mt. Vernon, April 19-20. 

Kansas, Wichita, March 31. 

KENTUCKY, Lexington, April 27. 

LOUISIANA-MIssIssIPPt, Oxford, Miss., 
March 8-9, 

MARYLAND-DistRICT OF CoLUMBIA-VIR- 
GINIA, Richmond, Va., May 11; Wash- 
ington, D. C., December 7 or 14. 

MicuiGan, Ann Arbor, April 26-27. 

MINNESOTA, Mankato, May 4. 

MiIssourt, Warrensburg, April 19, 


AFFILIATED ORGANIZATIONS: THE NEW ENGLAND 


NORTHERN CALIFORNIA, Berkeley, Janu- 
ary 27. 

On10, Columbus, April 5. 

OKLAHOMA, Oklahoma City, February 16. 

PHILADELPHIA, November 23 or 30. 

Rocky Mountarn, Fort Collins, Colo., 
April 19. 

SOUTHEASTERN, Athens, Ga., March 29- 
30. 

SOUTHERN CALIFORNIA, Compton, March 2. 

SOUTHWESTERN, Tucson, Ariz.. April 22-23, 

Texas, Dallas, March 29-30. 

Upper NEw York Strate, Hamilton, May 
11. 

Wisconsin, Milwaukee, May 4. 


ASSOCIATION OF TEACHERS OF MATHEMATICS 


THE NATIONAL CouncIL OF TEACHERS OF MATHEMATICS, 


ORGANIZATION MEETING OF THE UPPER NEW YORK 
STATE SECTION 


A meeting to organize the Upper New York State Section of the Mathemati- 
cal Association of America was held at Colgate University, Hamilton, New 
York, on Saturday, May 11, 1940. Sessions were held both in the morning and 
in the afternoon. Luncheon and dinner were served to members and guests in 
the James C. Colgate Student Union. Professor H. T. R. Aude of Colgate Uni- 
versity presided at the morning session, Professor F. F. Decker of Syracuse Uni- 
versity at the afternoon session, and Professor W. M. Carruth of Hamilton 
College at the dinner. The president of the Association, Professor W. B. Carver 
of Cornell University, presided at the business meeting which concluded the 
the afternoon session. 

The attendance was ninety-six, including the following forty-three members 
of the Association: R. P. Agnew, E. B. Allen, H. T. R. Aude, A. B. Brown, 
H. S. Brown, F. J. H. Burkett, I. S. Carroll, W. M. Carruth, W. B. Carver, 
T. F. Cope, F. F. Decker, H. A. DoBell, W. H. Durfee, A. S. Gale, H. M. 
Gehman, H. N. Hubbs, W. A. Hurwitz, B. W. Jones, Caroline A. Lester, L. L. 
Lowenstein, Harriet F. Montague, D. S. Morse, C. W. Munshower, W. R. 
Murray, E. E. Nash, Abba V. Newton, E. R. Ott, B. C. Patterson, V. E. 
Pound, J. F. Randolph, C. E. Rhodes, M. A. Scheier, Joseph Seidlin, Virgil 
Snyder, Ellen C. Stokes, R. E. Street, Mary C. Suffa, R. J. Walker, A. K. Waltz, 
J. F. Wardwell, C. W. Watkeys, A. E. Whitford, W. D. Wray. Representatives 
were present from twenty colleges and universities. 

A petition signed by forty-three members of the Association was addressed 
to the Board of Governors requesting the authority to organize a Section. A pro- 
posed set of by-laws had been prepared and was adopted, subject to the ap- 
proval of the Board of Governors of the Association. The following officers were 
elected for the year 1940-1941: Chairman, H. M. Gehman, University of 
Buffalo; Vice-Chairman, A. D. Campbell, Syracuse University; Secretary, C. W. 
Munshower, Colgate University. 

The following papers were read: 

1. “A plan for freshman mathematics” by Professor T. F. Cope, Queens 
College. 

2. “An application of analytic geometry to cryptography” by Dr. R. E. 
Huston, Rensselaer Polytechnic Institute, introduced by Professor Allen. 

3. “Errors in American college mathematics texts” by Professor A. B. 
Brown, Queens College. 

4. “Jacobian circles of the biquadratic” by Professor B. C. Patterson, Hamil- 
ton College. 

5. “Complex roots of a polynomial equation” by Professor H. M. Gehman, 
University of Buffalo. 

6. “Representation of a class of functions by Stieltjes integrals” by Dr. B. A. 
Lengyel, Rensselaer Polytechnic Institute, introduced by Professor Allen. 
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7 “A locus associated with the Pascal line” by Professor E. R. Ott, Univer- 
sity of Buffalo. 

8. “The convergence and summability of series” by Professor R. P. Agnew, 
Cornell University. 

Abstracts of the papers follow, the numbers corresponding to the numbers 
above: 

1. The plan described by Professor Cope has been tried for a year at Queens 
College. The three features of the plan are: (1) sectioning on the basis of a place- 
ment test into three groups; (2) in the case of the middle group a differentiation 
of content in the second semester according as the students are arts or science 
majors; (3) the encouragement of the able students of the superior group by 
putting them into the regular sophomore mathematics class in the second se- 
mester. The advantages claimed are: (1) that it greatly simplifies the teaching 
of freshman mathematics because of the homogeneity of the classes; (2) that the 
pace of the work is adapted to the ability of the students; and (3) that the con- 
tent of the courses is adapted to the needs of the students. 

2. A simple transposition code yields only a single representation for each 
letter; it is usually easy to decipher even a short message in such a code. Using 
no idea more complicated than translation of axes, Dr. Huston examined four 
codes in which each letter had more than a single representation. In the first of 
these, every letter was represented by every other letter with the representation 
in a particular sequence depending on the preceding letter. In the second, every 
sequence of two letters had 26? representations ranging from AA to ZZ. In the 
third, every sequence of three letters had 26’ representations ranging from AAA 
to ZZZ, so that every three-letter word represented every other three-letter 
word. In the fourth code, every six-letter word had 268 legitimate spellings which 
ranged from AAAAAA to ZZZZZZ. 

3. The paper appeared in the June-July issue of the MonTHLY. 

4. In the inversive plane the biquadratic curves include all curves which de- 
termine four points with a circle. It is known that such a curve is self-inversive 
(anallagmatic) with respect to four circles, its Jacobian circles. On the basis of 
the theory of bipolars, Professor Patterson presented a method for determining 
the Jacobian circles of a biquadratic and, as a consequence, the three polarities 
(homographies of period 2) under which the biquadratic is invariant. 

5. Professor Gehman gave a graphic interpretation of a pair of complex 
roots of a polynomial equation. The theorem given was a generalization of a 
well known theorem for the case of the cubic equation. 

; 6. A direct proof was given by Dr. Lengyel for the following theorem of 
Koopman and Doob: Let w=u-+iv be an analytic function in the upper half- 
plane, y>0, which satisfies the conditions 0<vy<K, where K is a constant. 
T hen w(z) can be represented by a Stieltjes integral f= dvr)/A—2) +a, where 
a is a real constant, ~(A) is a monotone increasing function; in fact, 


| 1p 
V(A\) = lim —{ v(x + ty)da. 


v-+0 7 
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The proof was based on the Poisson integral theorem. First the existence of the 
limit defining (A) was established, then the representation theorem was proved 
by a reasoning adapted from a paper of R. Nevanlinna. 

7. When four fixed points and two variable points on a conic are considered 
as the vertices of an ordered hexagon, under certain restrictions the Pascal line 
of the hexagon envelops an algebraic curve. Professor Ott obtained parametric 
equations for certain of these curves, located their singularities, and obtained 
their Pliicker characteristics. 

8. Professor Agnew gave a general discussion of convergence and other 
methods of summability of series. Emphasis was placed upon relations between 
different methods of summability and upon Tauberian theorems. 

C. W. MuNSHOWER, Secretary pro tempore 


THE TWENTY-FOURTH ANNUAL MEETING OF THE 
ROCKY MOUNTAIN SECTION 


The twenty-fourth annual meeting of the Rocky Mountain Section of the 
Mathematical Association of America was held at Colorado State College of 
Agriculture and Mechanic Arts, Fort Collins, Colorado, April 19 and 20, 1940. 
There were three sessions. Professor D. F. Gunder presided at each. The Satur- 
day morning session was a joint meeting with the mathematics section of the 
Eastern Division of the Colorado Educational Association. 

The attendance was seventy-six, including the following twenty members of 
the Association: C. F. Barr, J. R. Britton, I. M. DeLong, J. C. Fitterer, G. W. 
Gorrell, D. F. Gunder, I. L. Hebel, C. A. Hutchinson, A. J. Kempner, Claribel 
Kendall, W. V. Lovitt, S. L. Macdonald, A. E. Mallory, W. K. Nelson, Greta 
Neubauer, M. G. Pawley, G. B. Price, O. H. Rechard, A. W. Recht, C. H. Sisam. 

At the business meeting the following officers were elected for next year: 
Chairman, W. V. Lovitt, Colorado College; Vice-Chairman, J. C. Fitterer, Colo- 
rado School of Mines. 

The following papers were presented: 

1. “The line integral of curvature as a measure of its associated central 
angle” by Professor C. F. Barr, University of Wyoming. 

2. “Determination of the differential equation and the equation of the orbit 
of a central force when the law of the force is known” by Professor J. R. Everett, 
Colorado School of Mines. 

3. “Expansions of determinants of order four and five” by Professor W. V. 
Lovitt, Colorado College. 

4. “The Gaussian solution of the trinomial equation” by Professor A. J. 
Lewis, University of Denver, read by A. M. Kahan. 

5. “Projective representation of an affinely connected space” by T. C. Doyle, 
University of Wyoming, introduced by Professor Rechard. 

6:.“Some famous problems of modern mathematics” by Professor G. B. 
Price, University of Kansas. 
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7 “Mathematical Reviews” by Professor G. B. Price, University of Kansas. 

8. “Report of the college-secondary mathematics coordinating committee” 
by Professor D. F. Gunder, Colorado State College. 

9. “Discussion of trends in the teaching of mathematics in the junior high 
school” by Dr. G. S. Willey, Director of Instruction, Denver Public Schools; 
Professor L. Edwards, Colorado State College of Education; Superintendent 
M. W. Jessup, Bennett, Colorado, by invitation of the program committee. 

Abstracts of some of the papers follow, the numbers corresponding to the 
numbers in the list of titles: 

1. The condition that a line integral of curvature along a polar curve be a 
constant multiple of its associated central angle is expressed by an ordinary 
differential equation of the second order, which is completely solvable. Em- 
bedded in this family of solutions are some of the best known angle-measure- 
ment theorems of elementary geometry. Professor Barr advanced the suggestion 
that the line integral under consideration may be used to unify and greatly 
extend these theorems. (A preliminary report.) 

3. Professor Lovitt obtained the expansion of a determinant of order four by 
means of a schematic diagram comparable to that used for a determinant of 
order three. 

4. Professor Lewis outlined Gauss’s method of finding the real roots of tri- 
nomial equations by the use of addition and subtraction logarithms. He showed 
how the method could be simplified by modern computing machines. 

5. Given an affinely connected space of NV dimensions with connection com- 
ponents I(x) and curvature tensor I(x), the partial differential equations 

y 
(1) en ey 
dxidx* ox" N—1 

will admit a system of V+1 fundamental solutions y*(x) determined to within 
a projective transformation with constant coefficients providing the integrability 
conditions are satisfied. These solutions y*(x«) serve to define homogeneous co- 
ordinates of the point (x*) and the geometry of the resulting projective repre- 
sentation will find its analytical expression in the invariant theory of (1) under 
the combined transformations «~‘=x~‘(x) and y=¢(x)y, where ¢ is an arbitrary 
non-vanishing factor. 

6. Professor Price gave the history and present status of Waring’s Problem, 
the Four-Color Problem, the Jordan Curve Theorem, and the Problem of Pla- 
teau. The talk was illustrated with various models and demonstrations, includ- 
ing paper and rubber models of surfaces, a map on a wooden torus which 
required seven colors for its coloring, and soap film models for the Problem of 
Plateau. These problems were used: (1) to emphasize the great progress that 
has taken place in mathematics in recent times; (2) to illustrate the nature and 
source of problems in mathematics; (3) to point out the difference between a 
proof in mathematics and a proof in physics. The oldest of the four problems 
was first studied in 1636; although great progress has been made in recent years, 
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all four of them are still the subject of research. Problems in mathematics arise 
from (a) conundrums dealing with the positive integers, (b) a study of the physi- 
cal world, and (c) from generalizations of simpler problems. Proof in mathe- 
matics consists of logical deduction; proof in physics consists of an induction 
from a large number of experiments. 

8. The coérdinating committee found that there was little discrepancy be- 
tween the material presented in high school courses in mathematics and that 
required or expected of entering college freshmen. As a consequence, the present 
lack of preparation of college freshmen was attributed to lack of retention. Six 
suggestions for improving the general situation were offered by the committee. 
These were: 

(1) Teach with emphasis on understanding rather than mechanical manipu- 
lation. 

(2) Teach the correct terminology to further promote understanding. 

(3) Teach the material in larger units with frequent repetition to prevent 
loss of sight of the subject as a unified whole. 

(4) Induce other departments to use mathematics understandingly. 

(5) Supplement or replace formal college entrance requirements by place- 
ment examinations. 

(6) Improve the quality of teachers by requiring of them more and broader 
education in both mathematics and other fields. 

9. The main purpose of education in the junior high school is the furthering 
of wholesome growth and development of the whole child through broad, mean- 
ingful experiences. Mathematics teachers, concerned with the total development 
of boys and girls, must consider how their subject will contribute to the concerns 
and problems of youth. The trend for teaching mathematics in the junior high 
school was summarized by this discussion as follows: 

(1) Teaching all children only that which we know all children will use. 
Children interested in vocational phases may pursue mathematics materials in 
those fields. 

(2) Choosing units of subject-matter through pupil-teacher planning. 

(3) Permitting the “natural” method of learning, which is the only good 
teaching technique. 

(4) Not carrying drill beyond the limits of its use by average adults in the 
community. 

(5) Giving ample opportunity for experiences employing the four funda- 
mental processes, simple fractions, percentage, and interest, stressing accuracy 
in each case. 

(6) Permitting many informational problem-solving experiences that are 
meaningful to the pupils. 

(7) Providing a program of diagnostic checking and remedial teaching. 

(8) The placing of general, or social, mathematics through the ninth grade, 


with opportunity for electing algebra in the ninth grade for the present at least. 
A. J. Lewis, Secretary 
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THE TWENTY-SIXTH ANNUAL MEETING OF THE 
KANSAS SECTION 


The twenty-sixth annual meeting of the Kansas Section of the Mathematical 
Association of America was held at the University of Wichita on Saturday, 
March 30, 1940. In the morning there was a joint session with the Kansas 
Association of Teachers of Mathematics. A social hour and luncheon at noon 
was followed by the showing of a sound film, “Rectangular Coérdinates.” After 
this the two organizations met for separate programs. Professor C. B. Read, 
chairman of the Section, presided at the morning session as well as at the Sec- 
tion meeting. 

The attendance was one hundred and twenty-three, including the following 
thirty-five members of the Association: Sister Mary N. Arnoldy, R. W. Babcock, 
Wealthy Babcock, E. A. Beito, Lois E. Bell, Talmon Bell, C. V. Bertsch, 
Florence L. Black, E. E. Colyer, R. D. Daugherty, Lucy T. Dougherty, W. H. 
Garrett, W. A. Harshbarger, A. J. Hoare, Emma Hyde, W. C. Janes, H. E. 
Jordan, C. F. Lewis, Anna Marm, U. G. Mitchell, O. J. Peterson, G. B. Price, 
C. B. Read, C. A. Reagan, B. L. Remick, D. H. Richert, J. A. G. Shirk, D. T. 
Sigley, G. W. Smith, R. G. Smith, W. T. Stratton, C. B. Tucker, Gilbert Ulmer, 
J. J. Wheeler, A. E. White. 

The officers elected for the coming year are: Chairman, G. B. Price, Univer- 
sity of Kansas; Vice-Chairman, C. V. Bertsch, Southwestern College; Secretary, 
Lucy T. Dougherty, Junior College, Kansas City. The time and place of the 
next meeting were left to the executive committee. 

The major portion of the program was given to the reports of the committee 
appointed at the 1939 meeting to arrange for a uniform test in mathematics. 
The test was prepared by the committee, and was given in September 1939 to 
entering freshmen in most of the colleges and universities in the state. Several of 
the institutions repeated the test at the end of the first semester. The committee 
through its different members presented the results of the test by summary, 
analysis, and interpretation. These reports are included in the abstracts below. 
In the free and informal discussion that followed, the problems developed were 
so many that the committee was continued with instructions to go on with the 
study another year. 

The following eight papers and reports were presented: 

1. “The Peano-Baker method and mean coefficients” by Professor W. C. 
Janes, Kansas State College. 


2. “Mean deviation of ungrouped variates” by Professor J. Aw: Gy shire 
Kansas State Teachers College, Pittsburg. 


3. “Mathematics journals” by Professor D. T. Sigley, Kansas State College. 


4. “Results of Kansas mathematical tests as they apply to college courses”—- 
reports and round table discussion. 


a. Professor U. G. Mitchell, University of Kansas. 
b. Professor W. H. Garrett, Baker University. 
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c. Professor J. A. G. Shirk, Kansas State Teachers College, Pittsburg. 
d. Professor W. T. Stratton, Kansas State College. 
e. Professor C. V. Bertsch, Southwestern College. 

Abstracts of the papers and reports follow, the numbers corresponding to 
the numbers in the list of titles: 

1. Professor Janes gave a brief résumé of the Peano-Baker method of solving 
differential equations, together with a discussion of the procedure for obtaining 
approximate solutions by replacing the matrix of coefficients by a matrix of con- 
stants. 

2. Professor Shirk showed that quite frequently the median is a more sig- 
nificant average than the arithmetic mean as a measure of the central tendency 
when the number of variates is rather small. Mean deviation is defined as the 
arithmetic mean of the absolute values of the deviations of the variates from 
any central tendency. It may therefore be taken from the median as well as from 
the arithmetic mean. He then developed a simple formula for finding mean devi- 
ation by the use of an addition-subtraction machine. The process is much 
simpler than the calculation of standard deviation. He also gave an easy proof 
that the mean deviation from the median is less than from any other point. 

3. Professor Sigley, after a short philosophical discussion on mathematics 
journals, spoke particularly on Mathematical Reviews. The accomplishments and 
policies, as interpreted from the first three numbers of the publication, were dis- 
cussed. Statistics covering number of subscriptions, papers reviewed, and so on, 
were presented. 

4. a. Professor Mitchell presented the results of Kansas Mathematics Test, 
Number One, given to 4351 students entering Kansas colleges and universities 
in the fall of 1939. The test was prepared by a committee of the Kansas Section 
of the Mathematical Association of America and consisted of twenty questions 
in arithmetic and thirty-five questions in elementary algebra. Tabulations and 
analyses are not yet complete, but distributions of scores for 2903 students hav- 
ing one year or less, and for 1448 students having more than one year of high 
school algebra were presented. Also the total scores of a combined group of 4045 
students, and a diagnostic analysis of answers to each of the fifty-five questions 
asked, for 2542 students. It is expected that the complete results will be pub- 
lished in the October 1940 issue of the Bulletin of the Kansas Association of 
Teachers of Mathematics. 

b. Professor Garrett presented the results of a study made by the com- 
mittee, showing the correlation of the grades made in the freshman classes in 
mathematics in twenty colleges and universities of Kansas the first semester of 
1939-1940, and: the scores made in the Kansas Test given at the beginning of 
the semester. Several charts were presented showing the relation of the class 
grades to the test scores, the distribution of grades in the various classes, the 
relation of the maxima and minima scores, and so forth. The data included the 
class records of fifty-one sections in five-hour college algebra, totaling 1150 stu- 
dents; seventeen sections of trigonometry, 358 students; thirty-eight sections of 
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three-hour college algebra, 784 students; and three sections of general mathe- 
matics, 80 students. 

c. Professor Shirk expressed the opinion that the principal value of this 
test has been to reveal the very meager mathematical skills in the possession of 
the average college freshman. From a study of the first semester grades received 
in college mathematics in Kansas State Teachers College of Pittsburg, it was 
found that the correlation of the grades with the scores of the mathematics test 
was too low to be of the significance desired, and therefore this test would 
hardly serve as a means of dividing freshman students into sections. The cor- 
relation with the grades in college algebra was .411; the results of this test might 
be used with some value as additional information to the high school record, 
which was found to give a correlation with college mathematics of about .65. 
The arithmetical portion of the test showed great deficiencies in ordinary com- 
putations, and it was suggested that in forming a test for 1940, business men be 
asked to aid in devising a test which would be in line with what they felt their 
employees should know. This would also enlist the support of patrons of the 
public system in insisting upon better accomplishment in preparatory mathe- 
matics. 

d. Professor Stratton said that at Kansas State College the test was given 
at the close of the semester, as well as at the beginning, and Professor A. E. 
White had worked out a number of correlations between the term grades and 
the test, for sections of three-hour and five-hour college algebra. The correlations 
were high. Professor Stratton also gave the average scores made by students 
from a number of the larger high schools and suggested the possibility of ranking 
the high schools as to the quality of their work done in mathematics. 

e. Professor Bertsch said that the low scores in the arithmetic part of the 
test, and the general correlation between the arithmetic and the algebraic parts, 
led him to believe that the cause of the low results may be partially inherent in 
the work preceding the high school. He mentioned the trend in grade school 
children of excellent abilities to profess a dislike of arithmetic, while seemingly 
quite enthusiastic over other subjects. The early development of such an atti- 
tude cannot but have a bad influence on a student’s success in mathematics. 
He then suggested some changes in the tests for the coming year, that may make 
them more valuable for diagnostic purposes. 

Lucy T. DouGuHeErty, Secretary 


THE SEVENTEENTH ANNUAL MEETING OF THE 
NEBRASKA SECTION 


The seventeenth annual meeting of the Nebraska Section of the Mathema- 
tical Association of America was held at Creighton University, Omaha, on 
Saturday, May 11, 1940. Professor A. K. Bettinger of Creighton University 
was chairman. 


"he attendance was thirty-six, including the following twelve members of 
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the Association: M. A. Basoco, A. K. Bettinger, W. C. Brenke, C. C. Camp, 
A. L. Candy, H. M. Cox, J. M. Earl, J. D. Fitzpatrick, M. G. Gaba, A. L. Hill, 
F. E. Marrin, Lulu L. Runge. 

Officers elected for the coming year were: Chairman, A. L. Candy, Uni- 
versity of Nebraska; Secretary-Treasurer, Lulu L. Runge, University of Ne- 
braska; Member of Executive Committee, A. K. Bettinger, Creighton Univer- 
sity. The next meeting will be held at the University of Nebraska in Lincoln, 
May 1941. 

After a one o'clock luncheon at the Omaha Athletic Club, Professor Brenke 
presided at a round table discussion on (1) unified mathematics examinations; 
and (2) classification tests in mathematics. There was also a discussion of Pro- 
fessor Weil’s paper. 

The following program was presented: 

1. “On an identity by Bailey” by J. A. Daum, University of Nebraska. 

2. “How can experimental psychological facts be utilized for teaching math- 
ematics in secondary schools?” by Professor Hermann Weil, Nebraska Central 
College, introduced by Professor Bettinger. 

3. “Algebraic proofs of Dwyer’s identities” by T. E. Oberbeck, University 
of Nebraska, introduced by the Secretary. 

4. “A certain one-to-one correspondence” by E. P. Coleman, University of 
Omaha, introduced by Professor Bettinger. 

5. “What does a mathematics examination examine?” by H. M. Cox, Uni- 
versity of Nebraska. 

6. “Rectification of the ellipse” by Professor M. G. Gaba, University of 
Nebraska. 

7. “Grades in freshman algebra as indicative of later success in engineering 
courses” by Professor C. C. Camp, University of Nebraska. 

8. “Certain pseudo-periodic functions” by Professor W. A. Dwyer, Creigh- 
ton University, introduced by Professor Bettinger. 

9. “Note on perfect numbers” by Professor T. A. Pierce, University of Ne- 
braska, by title. 

Abstracts of the papers follow, numbered in accordance with their numbers 
listed above: 

1. The identity 


63()03(B + y)92(B + 5)Os(a + y + 6) — 93(B)O3s(a + 7)Os(a + 5)03(8 + y + 8) 
= O1(7)01(4)A1(@ — p)iila+B+yr 5), 
(W. N. Bailey, Quarterly Journal of Mathematics, 1936) was discussed by Mr. 


Daum. It was shown that this identity is equivalent to Jacobi’s fundamental 
formula involving products of four theta functions. Relations involving certain 


of the functions 
6 Dal x 0 y) 


BE (ahi5(9) 


were also obtained. 
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2. Psychologists of the University of Marburg, Germany, have discovered 
that there are some children who have the ability to see very vividly objects 
which are not present to their sight at the moment. Such a child, after having 
been asked to look attentively at an object, is able, with eyes open or closed to 
see this object again. This is possible either immediately or after a certain lapse 
of time, even after the passage of several years. Although the stimulus object 
may be reproduced with almost photographic fidelity, eidetic images, as these 
images are called, differ from the original stimulus object as to color, form, and 
a number of details. They differ from hallucinations as well as from after-images. 
They differ from memory-images in that the phenomena are really seen. Dr. 
Weil’s paper dealt with eidetic images as observed in plane and solid geometry. 

3. Mr. Oberbeck used the arithmetic method of Uspensky to prove four of 
the arithmetic identities of W. A. Dwyer which appear in vol. 45 of the Bulletin 
of the American Mathematical Society. He also showed by simple arithmetic con- 
siderations that these four identities form a fundamental set of a certain type 
of identity. 

4. Mr. Coleman considered the relation ¢?-++-yt+-x=0, where x and y refer 
to the rectangular coérdinates of a point in the plane and ¢ refers to a point ona 
line. By this relation an eminent contact between certain notions of the one- 
dimensional geometry and the corresponding notions of the two-dimensional 
geometry is shown. For an assigned point in the plane the relation becomes a 
quadratic in ¢ which yields two points on the line. When a point is chosen in the 
plane so that the discriminant, y?—4x, is equal to zero, the quadratic equation 
leads to one real distinct point on the line: A one-to-one correspondence is shown 
to exist between the points of the parabola, y2—4«=0, and the points on the 
t-line. 

5. Mr. Cox illustrated the concepts of examination reliability, examination 
validity, question difficulty, and question validity by data obtained from the 
use of the University of Nebraska mathematics classification examination in the 
Nebraska high schools. He considered the meaning of the “single score” as ob- 
tained from an achievement examination. ; 

6. By elementary geometric methods Professor Gaba showed that the length 
of an ellipse of semi-major axis a and eccentricity e is 





a V [(2k + 1)? + (2n + 1)?]? — 4e?[(2n + 1)? — (2k + 1?) 
— (+k + n)(k2 +k + (n+ 1) . 


7. This is a statistical study of prerequisite courses. Should the prerequisite 
course be given special consideration? Should credit be given on the same basis 
as for other courses? With the passing mark 60, in view of a rule that requires 
4/5 of the grades for graduation to be 70 or higher, certain courses mav need to 
be repeated. Would the mortality in future work be appreciably lessened if the 
credit in prerequisite courses was withheld for any mark under 70? Professor 
Camp made frequency tables and calculated correlation coefficients for grades 


lim (1 + 2k) 
r0 
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in algebra with subsequent courses. The records of 1010 students over a period 
of 6 years were tabulated by a student assistant. Among other things the ratios 
of students receiving grades less than 70 in one or more subsequent courses for 
the algebra grade groups 60-69 and 70-79 were calculated. These ratios did not 
differ sufficiently to justify withholding credit in prerequisite courses for stu- 
dents in the 60—69 group. 

8. Professor Dwyer showed that a certain pair of identities, given by 
Uspensky (Bulletin of the American Mathematical Society, vol. 36, identities I, 
IT), involving incomplete numerical functions in three variables result from the 
paraphrase of a certain theta function identity. The method of establishing the 
theta identity is that used by Basoco (American Journal of Mathematics, vol. 
54). 

9. By use of Gauss’s theorem that the sum of the totients of the divisors of 
a number is equal to the number, Professor Pierce proved that a number is 
perfect if, and only if, the sum of the totients of the proper divisors of the num- 
ber is equal to the totient of the number. 

Luu L. RuNGE, Secretary 


THE MARCH MEETING OF THE SOUTHEASTERN SECTION 


The eighteenth annual meeting of the Southeastern Section of the Mathe- 
matical Association of America was held at the University of Georgia, Athens, 
Ga., on Friday and Saturday, March 29-30, 1940. 

There were in attendance about three hundred persons from fifty-three insti- 
tutions, including the following eighty-one members of the Association: Martha 
E. Allen, D. H. Ballou, T. A. Bancroft, G. F. Barnes, D. F. Barrow, W. S. Beck- 
with, R. C. Blackwell, R. V. Blair, J. W. Blincoe, E. T. Browne, Iris Callaway, 
E. A. Cameron, C. L. Carroll, Jr., T. C. Carson, J. B. Coleman, R. W. Cowan, 
Orpha A. Culmer, Forrest Cumming, R. T. Donnell, B. F. Dostal, L. A. Dye, 
E. D. Eaves, W. W. Elliott, Floyd Field, Tomlinson Fort, W. A. Gager, L. L. 
Garner, Leslie J. Gaylord, J. J. Gergen, M. E. Gillis, L. J. Green, J. T. Hains, 
C. L. Hair, R. A. Hefner, Archibald Henderson, Ruby U. Hightower, P. R. Hill, 
C. W. Hook, J. V. Howell, H. M. Hughes, R. O. Hutchinson, J. A. Hyden, J. B. 
Jackson, E. S. Kennedy, F. W. Kokomoor, G. B..Lang; J. W. Lasley, Jr., F. A. 
Lewis, J. B. Linker, T. G. Loudermilk, E. L. Mackie, S. W. McInnis, W. J. 
Mays, J. F. Messick, E. R. C. Miles, Verdie F. Miller, W. B. Moye, W. P. Ott, 
C. R. Phelps, C. G. Phipps, W. W. Rankin, M. C. Rhodes, H. A. Robinson, C. C. 
Sams, C. L. Seebeck, Jr., C. Eucebia Shuler, T. M. Simpson, Augustus Sisk, 
A. R. Sloan, H. E. Spencer, F. H. Steen, Ruth W. Stokes, J. M. Thomas, Louise 
Thompson, T. L. Wade, Jr., J. A. Ward, D. L. Webb, C. W. Williams, W. L. 
Williams, F. L. Wren, R. C. Yates. . 

Sessions were held Friday afternoon and evening, and Saturday morning. 
Professor C. L. Hair, chairman of the Section, presided, except Friday evening, 
and part of Saturday morning when the Section was divided into sub-groups 
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according to the nature of the papers presented. Sub-groups were presided over 
by Professors F. L. Wren, J. B. Jackson, Forrest Cumming, F. A. Lewis, Archi- 
bald Henderson, and D. H. Ballou. On Friday evening a dinner was given in 
honor of the visiting speaker, Dean Tomlinson Fort of Lehigh University. At 
this time Professor Forrest Cumming presided. 

At the business session on Saturday the following officers were chosen for 
1940-41: Chairman, Forrest Cumming, University of Georgia; Vice-Chairman, 
J. W. Lasley, Jr., University of North Carolina; Secretary-Treasurer, H. A. 
Robinson, Agnes Scott College; Members of Executive Committee: D. H. 
Ballou, Georgia School of Technology, T. M. Simpson, University of Florida, 
F. L. Wren, George Peabody College for Teachers; Governor, Region No. 5, 
J. M. Thomas, Duke University. The next meeting was scheduled for March 
1941, at the University of North Carolina. 

The following forty-three papers were presented: 

1. “The marked ruler” by Dr. R. C. Yates, Louisiana State University. 

2. “Four models on conic sections for use in projective geometry” by Pro- 
fessor Ruth W. Stokes, Winthrop College. 

3. “Freshman preparation” by Professor C. L. Hair, The Citadel. 

4. “A problem in baseball” by Professor W. S. Beckwith, University of 
Georgia. 

5. “Analysis of an ancient Hindu game” by Dr. L. D. Rodabaugh, Univer- 
sity of Alabama, introduced by the Secretary. 

6. “Southeastern mathematics text-book authors” by Professor H. A. Robin- 
son, Agnes Scott College. . 

7. “Mathematical Reviews for the mathematician in a small college” by Pro- 
fessor F. W. Kokomoor, University of Florida. 

8. “The story of the parallelogram” by Dr. R. C. Yates, Louisiana State 
University. 

9. “The study of geometry in high school” by Professor W. W. Rankin, 
Duke University. 

10. “The Lehmus-Steiner problem” by Professor Archibald Henderson, Uni- 
versity of North Carolina. 

11. “Mathematics and the sciences” by Dean Tomlinson Fort, Lehigh Uni- 
versity. 

ite “A note on the average deviation” by Dr. H. H. Germond, University 
of Florida, introduced by the Secretary. 

13. “The Plate of Zones of Ghiyathu’d Din al-Kashi” by Dr. E. S. Kennedy, 
University of Alabama. 


she a ‘ : 
14, The resolvents of a polynomial” by Professor J. M. Thomas, Duke 
University. 
a ae : : 
. 15. “A program in freshman mathematics designed to care for a wide varia- 
. ; : Fe “4° ” : ~ y y . . : ‘ 
tion in student ability” by Professor E. A. Cameron, University of North Caro- 
lina, 
“ = y 
16. “A new course for commerce students” by Professor J. W. 


4 ; Lasley, Jr. 
University of North Carolina. ae 
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17. “Mathematical Reviews for the research mathematician” by Professor 
J. J. Gergen, Duke University. 

18. “Abel’s lemma and applications in infinite series” by Dean Tomlinson 
Fort, Lehigh University. 

19. “A mathematical program for junior college students who do not plan to 
continue work in mathematics” by Professor W. A. Gager, St. Petersburg Junior 
College. 

20. “Problems of adapting instruction in mathematics to the students enter- 
ing the junior college” by Professor C. Eucebia Shuler, Georgia Southwestern 
College. 

21. “Aids to motivation in junior college mathematics” by Professor Ruth 
W. Stokes, Winthrop College. 

22. “Mathematical inadequacies of students entering the senior college” by 
Professor W. A. Beckwith, University of Georgia. 

23. “The status of mathematics in a liberal curriculum” by Miss Curtis Led- 
ford, Griffin, Georgia, High School, introduced by the Secretary. 

24. “Models for illustrating special products and factoring” by T. G. 
Loudermilk, Decatur, Georgia, Boys High School. 

25. “Correlating mathematics in the junior high school” by Martha E. Allen, 
Atlanta Junior High School. 

26. “A diagonal property of determinants” by Professor E. R. C. Miles, 
Duke University. 

27. “On the characteristic roots of a circulant” by Professor H. S. Thurston, 
University of Alabama, introduced by the Secretary. 

28. “Some generalizations of the fundamental theorem of algebra” by Dr. 
Witold Hurewicz, University of North Carolina, introduced by the Secretary. 

29. “Solution of a certain linear difference equation of the second order with 
polynomial coefficients” by Dr. R. W. Cowan, University of Alabama. 

30. “Automorphisms of the Lie algebra of order 28” by C. L. Carroll, Jr., 
Georgia School of Technology. 

31. “The number and computation of idempotents for any modulus” by 
H. M. Hughes, University of Tennessee. 

32. “Line configurations associated with a group of order 48 and degree 6” 
by Dr. W. G. Warnock, University of Alabama, by title. 

33. “An involutorial Cremona transformation associated with a pencil of 
quartic surfaces” by Dr. L. A. Dye, The Citadel. 

34. “On geometries and invariants” by Dr. T. L. Wade, Jr., University of 
Alabama. 

35. “Loci associated with certain circles in the plane” by Professor L. L. 
Garner, University of North Carolina. 

36. “Twisted cubics associated with a space curve” by Dr. L. J. Green, 
Georgia School of Technology. 

37. “Line codrdinates” by R. T. Donnell, Castles Heights Military Acad- 
emy, Tennessee. 
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38. “On the reduction of a matrix to rational canonical form” by Professor 
E. T. Browne, University of North Carolina. 

39. “A note on the quartic and its Hessian” by Dr. J. A. Ward, Tennessee 
Polytechnic Institute. 

40. “Formulas for coefficients in equations whose roots form certain se- 
quences” by Dr. G. B. Lang, Emory University. 

41. “An invariant of the set of affine connections defining vectors normal to 
every arbitrary curve of a Riemann space” by Dr. C. L. Seebeck, Jr., University 
of Alabama. 

42. “A note on cube roots of complex numbers” by Dr. J. N. Mallory, Union 
University, introduced by the Secretary. 

43. “A theory of runs of luck” by W. J. Mays, Masseyville School, Tennes- 
see. 

Abstracts of some of the papers follow, numbered in accordance with their 
listing above: 

1. Dr. Yates gave a discussion of the constructional possibilities of the 
double-edged marked ruler as a geometrical tool. By inserting a marked portion 
between two given lines, similar to the trammel of Archimedes and the conchoid 
trisection trammel mentioned by Pappus, Dr. Yates showed that all problems 
leading to equations of degree not higher than four whose coefficients represent 
possessed lengths are solvable by this tool alone. 

2. Professor Stokes displayed four projective geometry models and demon- 
strated their construction. She also presented a sound film on the parabola. 

3. In his retiring address, Chairman Hair discussed the problem of fresh- 
man mathematics and the preparation of the pupil, asserting that the right kind 
of pre-college direction has been lacking. 

4. Professor Beckwith discussed a problem of “minimum time” for throwing 
a ball from an outfielder to a catcher. He showed that when a ball is caught on 
the fall before a bounce, the time is longer than if caught on the rebound. 

5. In this paper, the solution of a generalized game of “Kim” was presented 
from a matric view-point. Dr. Rodabaugh’s technique was applied to a broad 
class of games. 

6. Some seventy mathematics books published by authors living in the 
Southeastern Section were listed by Professor Robinson. Thirty books published 
recently were displayed in an exhibit. 

7. Professor Kokomoor gave the history of “Mathematical Reviews,” and 
showed the need for the publication by mathematicians located in institutions 
isolated from the research centers. 

8. Dr. Yates gave an account of the dominant réle the parallelogram has 
played in the theory of dissection, in restricted euclidean construction, and in the 
theory of linkages and mechanical motions. 

9. Professor Rankin reviewed the status of the study of geometry in the 
high schools and pointed out some of the more recent efforts for improving the 
work in geometry. He invited college professors to give serious thought as to 
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ways and means of giving better preparation for the teachers of geometry. 

10. Professor Henderson presented his subject in the form of a centennial 
anniversary paper, as it was in 1840 that Lehmus gave to Steiner the problem 
of equal internal base-angle bisectors of a triangle. Dr. Henderson sketched the 
history of the problem, and presented a number of solutions believed to be new, 
based on a uniform technique. 

11. This paper will appear in this MONTHLY. 

12. Dr. Germond illustrated certain common errors found in statistics text- 
books. He showed that unless a modification is made in the manner of computing 
the average deviation, it is not necessarily the least when computed about the 
median. 

13. Dr. Kennedy gave a preliminary report on a study being made of an 
anonymous 15th century Persian manuscript which describes the construction 
and operation of an astronomical instrument invented by al-Kashi. 

14. This paper will appear in this MONTHLY in November. 

15. This paper appeared in the August-September, 1940, issue of this 
MONTHLY. 

16. Professor Lasley gave an account of a new course in mathematics for 
commerce students which was developed at his university by the combined ef- 
forts of both mathematics and commerce departments. 

18. In this address, Dean Fort was concerned with the formula for summa- 
tion by parts and applications in the theory of infinite series. Applications were 
first pointed out in the study of the convergence of Dirichlet series, factorial 
series, Lambert series, and other related types. The second portion of the ad- 
dress was concerned with generalizations of the formula for summation by parts 
which are applicable in the theory of summability. Particular reference was 
made to recent research of the lecturer. 

19. Professor Gager showed how he believed a mathematics program may be 
integrated in order to give the junior college terminal student the minimum 
essential tool mathematics for effective citizenship. 

20. Professor Schuler’s test showed that preparation of incoming students 
indicates a decrease in quality of present day training. She urged that pupils be 
taught to think analytically, to read reflectively, and to reason effectively in 
order that they might arrive at true conclusions with controlled emotions. 

91. Professor Stokes discussed visual aids to motivation in junior college 
mathematics. She showed certain lantern slides, and a sound film on “Rectilinear 
Coérdinates.” Finally, she called attention to an electrically lighted stereographic 
instrument which may be used to illustrate propositions in solid geometry. 

22. Professor Beckwith listed certain mathematical inadequacies found in 
students entering the senior college. He suggested that more emphasis should 
be placed on the fundamental operations of algebra and arithmetic. 

23. Miss Ledford showed that the demands of our technical civilization make 
a study of mathematics a vital necessity to everyone. . 

25. Miss Allen gave a brief analysis of the type of mathematics a progressive 
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junior high school should carry on in order to have an integrated curriculum. 

26. In a determinant of order n, the number of terms in the expansion which 
are free of elements of a particular diagonal is ¢:(m) =n!2(—1)*/k!. Professor 
Miles showed that if ¢,(”) denotes the number of terms free of elements of k 
parallel diagonals, then ¢,(7) is determined as the solution of a linear difference 
equation of order k+1 with polynomial coefficients. 

29. Dr. Cowan assumed his solution to be in the form of a series in ascending 
powers of a parameter with undetermined coefficients. When the series was in- 
serted in the difference equation, a set of non-homogeneous difference equations 
with constant coefficients were obtained which were solved by using the opera- 
tor E. The resulting solution was simplified by means of Zeta-functions. 

31. Mr. Hughes gave a simple formula for the number of idempotents for a 
given modulus and demonstrated some devices for simplifying their computa- 
tions. 

32. The operators of the imprimitive group of order 48 and degree 6 were 
applied to the fundamental identity of line geometry in S3. The resulting identi- 
ties were interpreted as lines. 

34. In this paper, Dr. Wade pointed out certain advantages, particularly 
from the invariant view-point, of considering sub-geometries of projective ge- 
ometry from the theories of tensors, as opposed to the view-point of regarding 
such geometries as the theories of sub-groups of the general linear projective 
transformation group. 

35. Dr. Garner discussed a sequence of mutually equal circles which were 
tangent to each other in consecutive pairs, each circle being also tangent to a 
fixed circle. The point of contact of a typical pair of circles generated a continu- 
ous curve. Certain interesting properties of this locus were mentioned. 

36. A canonical tetrahedron of reference can be found which yields a simple 
pair of power series expansions for a space curve in the neighborhood of an ordi- 
nary point. Dr. Green showed that geometical characterizations of them can be 
obtained from a study of the two-parameter family of five-point osculating 
twisted cubics. : 

37. Mr. Donnell gave the results of a study of the class of certain cubic 
curves by means of line codrdinates. 

38. Let A be an n-square matrix with elements in a field F. By invoking a 
knowledge merely of the theory of linear dependence and of the Hamilton- 
Cayley theorem, and without presupposing any knowledge of the notion of in- 
variant factors, Professor Browne showed how to obtain a non-singular matrix 
I’, with elements in F, such that T-!AT is in rational canonical form. 

39. Dr. Ward derived a formula that expressed the roots of a quartic as 
functions of the roots of its Hessian in the special case where the Hessian is a 
cubic. Since all quartics may be so reduced, it isa general solution of the quartic. 
Similarities were pointed out between this method and a similar formula for the 
solution of a cubic. 

" 41. Dr. Seebeck gave a necessary and sufficient condition for a symmetric 
affine connection of the vector associated with every arbitrary curve ofa Rie- 
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mann space by means of covariant differentiation with respect to this affine 
connection to be normal to its associated curve. 

42. Professor Mallory’s work led to a method of finding certain solutions of a 
cubic equation. By making certain simplifications of the “irreducible case,” a 
formula for the solution of the cubic by Tartaglia’s method was derived. 

43. The theory of runs of luck was developed from the solution of a certain 
difference equation. Mr. Mays developed an expression which gives approxi- 
mately the number of repeated trials of an event of doubtful outcome necessary 
to obtain a given probability for a given run of luck. 

H. A. Ropinson, Secretary 


BISECTING CIRCLES 
P. H. DAUS, University of California at Los Angeles 


1. Introduction. If a circle x (center X) cuts the circle a (center A) in the 
ends of a diameter, the circle x is said to bisect the circle a. In the geometry of 
inversion, orthogonality and bisection play analogous réles. If A is a given 
point and x a given circle, and if the power p of A with respect to x is positive, 
then A is the center of a circle a orthogonal to x, and its radius is f= \/ p, where f 
is the length of the tangent from A to the circle x. An inversion with respect to 
the circle a leaves the circle x invariant. If, however, the power p of A with re- 
spect to x is negative, then A is the center of a circle a bisected by x, and its 
radius is c=./ — p, where c is the minimal half-chord through A. An inversion 
with respect to the imaginary circle, center A, radius=1/ —c?, leaves the circle 
x invariant. We call this imaginary circle the conjugate of a, and represent it 
by the symbol d. The inversion with respect to @ may be interpreted as a real 
inversion with respect to the circle a, followed by a reflection on the point A. 
For if any chord through A cuts x in P; and Ps, we have 


AP,:AP, a C*. 


If the inverse of P, with respect to a is Pj, and the reflection of Pj on A is PY’, 
then the equations 


APy:-AP{ =+¢, APyAPI! = — é, 


show that Pj’ and P» are identical, so that the circle x remains invariant. 

It is the purpose of this paper to study circles with respect to this bisection 
property, and as illustrations to discuss the ruler and compass construction of 
circles determined by three conditions, when some of these conditions are this 
bisection property. The other conditions will be orthogonality and tangency,* 
represented by the symbols O and 7, respectively. 








* For circles involving these properties only, see a paper by the author, this MONTHLY, 
vol. 34, 1927, pp. 357-359. 

All of the results of this article are not new; for example, a number of them are given or 
suggested at various places in Altshiller-Court, College Geometry (referred to hereafter as A.-C.), 
and in Coolidge, Treatise on the Geometry of the Circle and the Sphere (referred to hereafter as C.). 


Some specific references will be given later. 
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The analogy between orthogonality and bisection has its limitations. The 
property of orthogonality (or tangency) of two circles is a mutual property, 
but that of bisection is not. For that reason we must distinguish carefully be- 
tween a circle bisected by a given a circle (represented hereafter by B) and a 
circle which bisects a given circle (represented by W). The symbol WB: stands 
for a circle (or construct a circle) which bisects one given circle and is bisected by 
two other given circles. When it is desirable to designate explicitly the given 
circles, we use such symbols as W,, Bz, O., Ta, so that x = W,B,O, may be read: 
x is a circle which bisects the circle a, is bisected by the circle }, and is orthogonal 
to the circle c. Similar notations are self-explanatory. 


2. The one-parameter family By». Focal points. If a circle x is to be bisected 
by two given circles a; and az, its center X must have equal powers with respect 
to both circles and hence must lie on their radical axis (Fig. 1). If the required 





Pre: 1 


circle is to be real, a; and a2 must intersect, and any point between their inter- 
sections is the center of a unique circle which is bisected not only by a; and ay, 
but by every circle coaxal with them. It can be shown analytically that the 
envelope of this family is an ellipse whose axes are the line of centers and the 
radical axis, with lengths of semi-axes as f and 1/2f, where f is half the length 
between the points of intersection F,, F.. For if we take the axes as indicated, 
the equation of the circle with center X (0, ¢) is readily shown to be x2-++-y2—2vyi 
+ 2t?—f? =0, and its envelope 2x?-+ y= 2f, All circles of the family do not have 
real contact with this enveloping ellipse, especially when X is near F, or Fy. 
In particular, the point circles F, and Fy are circles of this family: we call them 
the focal points of the elliptical family Bs, since they are the 


foci of the enveloping 
ellipse. 
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3. The family W,. The bisectral axes. We have just seen that a coaxal sys- 
tem of circles of the intersecting type determines the one-parameter family of 
bisecting circles. Let us now discuss the converse property We, that is, the 


family* which bisects two given circles c, and c. Let X be the center of any 
circle of the system (Fig. 2). Then 


Sey, = XC, re 


where 7, 71, 72 are the radii of circles x, c1, and cs. Let us take the point C, as 





BiGaz 


origin and let the codrdinates of X be (x, z) and CiC;=d. Then 
Aare se (d — ee eels: 
If we solve for x, we readily find 


di -- ae rhe 
a 2d 


a = CONSE; 


If Y(y, w) is any point on the radical axis, a similar analysis gives 











* See A.-C., pp. 168-171, §§334, 335, and 339; or C., p. 108, Theorems 207, 208. 


522 BISECTING CIRCLES [October, 


2 2 2 2 
p= YC: -—n= YC2 — fa, 


from which we find 
= 


d a a — 1 
2d 








AUN 


Hence x +y=d. We may state the results in the following manner: 


THEOREM. The locus of the centers of circles which bisect two given circles 1s a 
straight line, called their bisectral axis; it is the reflection of the radical axis of the 
given circles on the midpoint of their line of centers. 


If x, and x2 are any two circles of the system We, then c; and ¢ are bisected 
by x, and xs, so that all the x circles (including the line C,C2) are coaxal, passing 
through two points Fy, F2 on CiC2, which are the focal points of the system Bz 
determined by any two x circles. The points Fj and Fy may be determined by 
any x circle; a convenient one to use is that one whose center is Xo, the inter- 
section of the bisectral axis and the line C,Cy. 

Suppose that x (center X) is any circle of the Wz system, and that it deter- 
mines the respective diameters D,£, and D2E2 of c; and cz. Let these diameters 
meet in the point Y. Then, from circle x, we see Y has equal powers with respect 
to c and ¢2, and so lies on their radical axis. Conversely, if Y is any point on the 
radical axis, we may determine the circle x and its center X, the points X,-/, Ge 
and C2 being concyclic with X Y a diameter of this circle (Fig. 2). These results 
afford an immediate geometric proof of the properties of the bisectral line. 
Since X Y is a diameter of the circle X YCiCo, X is symmetric to Y with respect 
to a point on the perpendicular bisector of C,C2, and as Y describes the radical 
axis parallel to this bisector, X describes a line symmetric to the radical axis 


with respect to this bisector, or symmetric to it with respect to the midpoint 


4. Other one-parameter families. The family W,0Q. Suppose x, with center 
X, is any circle which bisects a and is orthogonal to 0. If we invert with respect 
to the circle @ (center A, radius 1a), that is, invert with respect to a and then 
reflect on A, the circle x remains invariant, while the circle } inverts into a circle 
b’ orthogonal to x. Therefore the locus* of X is the radical axis of 6 and 0’, with 
x being a circle of the coaxal system orthogonal to that of 6 and b’. 

The family B,O,. Suppose that x, with center X and radius 7, is a circle bi- 
sected by a and orthogonal to b (Fig. 3). Then pi, the power of X with respect 
to ais —r’, and ps, the power of X with respect to 6 is +r?, so that pi/po= —1. 
It follows from a well known theorem that the locus of X is a circle m coaxal 
with a and 6, whose center M divides AB in the ratio AM/BM = p,/ps; in this 





a . ‘ : ; Oe 
A.-C.,, p. 169, proves the locus is a line without using inversion. 
t See Johnson, Modern Geometry, p. 87. 
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case M is the midpoint of AB. This circle is called the radical* circle of a and b. 
The center and then the radius of any circle of the family may thus be deter- 
mined. 





Fic. 3 


The family W,B,. Suppcse that x (Fig. 4) is any circle which bisects a and is 
bisected by 6. Then 


2 2 2 2 2 
r=n+AX =r,— BX, 


where 7, 71, 72 are the radii of circles x, a, b. Hence 


2 2 2 2 
AX —- BX = ry — 7; = const, 


It follows from a well known simple theorem} that X describes a circle whose 
center is the midpoint of AB and whose radius depends upon 7, 72 and the dis- 
tance d=AB. 

We may construct this circle geometrically, knowing its center, by finding 
one point on it as follows. Consider any point circle E, taken for convenience 
on circle a. Let X be one of the two intersections of the diameter perpendicular 
to AE and the radical circle n of 6 and the point circle E. Then the circle center 
M and radius MX is the required circle. For 


2 
AX’ = r — ri and r = — (BX — fro), 
so that 


2 2 2 2 
AX. + BX -= 79-11, 





* C., p. 106, Theorems 199-201. The term radical circle of two circles should not be confused 
with the radical circle of three circles, a term sometimes used for the circle orthogonal to three 


circles. 
+ Apply the cosine law to triangles AX M and BXM, and add. This shows that MX is a 


constant. 
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which shows that X is on the required locus. If the points of intersection of the 
circle 1 and this diameter are not real, we merely note that the required circle 
has its center at M and is coaxal with the diameter and the radical circle 1. 
Variations of this construction may be made by taking E on 8, or if a and b 
intersect, at their intersection. We shall refer to this circle as a mid-center circle 
of a and bd. 





Fic. 4 


Other one-parameter families such as O7;, B,T;, WiT; do not lead to circle 
loci, and so we shall not discuss them here, except to remark that the resulting 
loci involve general conics. 


5. Linear construction problems. We shall now consider the problems of 
constructing a circle determined by three conditions, one of which is B or W, 
and the others selected from B, W, O, and T. First we consider those that are 
linear, namely, (1) Bs, (2) Ws, (3) WiOs, (4) W20y. (1) For* B;, the required 
center is obviously the radical center of the three given circles. This must be 
inside all three circles for a real solution. (2) Fort Ws, the required center is the 
bisectral center (the intersection of the bisectral axes). Except in trivial cases, 
the solution is always real. (3) For the solutiont of W.0.0., we invert with 
respect to d, so that x is the circle orthogonal to b, c, and b’. (4) The solution of 
W20, becomes the well known problem of drawing a circle through the focal 
points F; and Fy, orthogonal to a circle. It may be remarked that 


an inversion 
with respect to @ reduces the problem (4) W.W,0. to problem (3). 





*C., p. 100, Theorem 182. 
t A.-C., p. 172, §342. 
t A.-C., p. 193, §385. 
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6. Quadratic construction problems. The problems are symbolized by (5) 
O2Bi, (6) BeOx, (7) Wi0,Bi, (8) W2Bi, (9) BoW,, (10) WeTi, (11) Wi0O,T;. We 
consider the problems (5), 0.0,B., and (6), B.B,O., simultaneously. The center 
X of a required circle lies on the radical axis of a and b, and on the radical circle 
of b and c. There are two solutions X; and X». If the power of X with respect to d 
is positive, we obtain a real solution of (5), if negative, a real solution of (6). 
Figure 5 shows a case when we obtain one solution of each type x1. =O,0O,B., 
and x3= B,B,0.. 

We may solve (7), W.0,B-, in several ways. The best perhaps is to recognize 
that an inversion with respect to a reduces it to (5); the center lies on the radical 
axis of 6 and b’, where 0’ is the inverse of b, and on the radical circle of b and c. 





HIGGS 


Problem (8), W.W,B., becomes that of drawing a circle through the focal 
points F; and Fy determined by the system W,W, and bisected by the circle c. 
The center lies on the bisectral axis of a and b, and on the radical circle of c and 
the point circle F}. 

For (9), B,.B,W., we could locate X on the radical axis 7 of a and 6, and on 
a mid-center circle of b and c. If we recognize that we may replace condition 
B, by O,, we see that we have problem (7), so that if we invert with respect to 
€, with r’ the inverse of r, X is on the radical circle of r’ and 0. . 

Problem (10), W2T;, is equivalent to the well known problem of drawing a 
circle through the two focal points tangent to a circle, the detailed construction 
being most readily done by Gergonne’s method. : 

For (11), x= W.0,T., we invert with respect to d. We have x=QO»/OsT’ so 
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that (11) reduces to the well known problem of drawing a circle orthogonal to 
two circles and tangent toa third circle, a construction for which is shown (Fig. 6). 





EIGaG 


7. Problems of degree higher than two. These problems divide into two 
categories, those that are constructible by ruler and compass, and those that 
are not. In the first category we have (12) WiT>. For if x= W.T;T., and if we 
invert with respect to d, we have x tangent to the three circles b’, b, c, and so x 
may be constructed. Of the eight solutions of this problem of Apollonius, only 
four are solutions of (12), for it must be noted.that if x is to have a specified 
type of contact with 6, it has the same type or opposite type of contact with b’ 
according as A is inside of 6 or outside of b, since A is always inside of x. 

Problems (11) and (12) are closely related; indeed, (11) is transformed into 
(12) by inversion. For if (11) is x= W,O,T., and we invert with respect to 3, 
then x= W,T.T.:, where the types of contact of x with c and its inverse c’ are 
restricted as above. Figure 6 shows a required circle x orthogonal to 6 and b’, 
its inverse with respect to d, and tangent externally to both ¢ and c’, since B is 
outside ¢ and x. 


Conversely, the solution of (12) may be made to depend upon (11). For if 


x is tangent to b and ¢, it is orthogonal to the circles h 


and k, with respect to 
which 


b and c are mutually inverse. At least one of h and F is real. If they both 
are real, the four solutions of (12) come from the two solutions of each of 
W.O,T, and W,O;T7>. If the circle b is imaginary, its conjugate & is real, and 
the second of the above problems is replaced by a case of problem (10), W.WiTs. 
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The remaining cases (13) BoT), (14) BiOiT;, (15) ByWiTy, (16) BiT> lead 
to quartic problems which are irreducible in the realm R!/2, that is, are not 
constructible by ruler and compass. Let us next consider problem (13). We 
may take, without loss of generality, as the first two circles the radical axis 
and circle a with center A on the radical axis. The third circle ¢ will be arbitrary. 
If the required circle has center X(0, y) and radius 7, and circle c has center 
C(u, v) and radius s, then 


y=" 1 — 3; (yx + s)? = u? + (y — 0)? 
If we eliminate r and rationalize, we find 
Ay* — 8vy + (4u? + 80? — 4)y? — 40(u? + v? — 5? — 1)y 
+ [(u? + v? — s? — 1)? — 4s?] = 0. 


This quartic is in general irreducible in R!/?, for the reducibility would imply 
restrictions on the coefficients. We may best illustrate this irreducibility by a 
properly selected example, where we make one root rational and show the 
residual cubic is irreducible. Such an illustration is w=3/5, v= —1/5, s=1/5, so 
that the above quartic becomes, after the roots are multiplied by 5, with 
2=5y, 


zi + 223 — 142° — 162 + 39 = 0. 


It is readily verified that this has the solution z=3 and that the residual cubic 
23+52?+2—13=0 is irreducible in the realm R'/*, since it has no rational root. 

We now show that the remaining three problems are fundamentally equiva- 
lent. We may replace (16) B.7T,T., by the two problems B,O;T. and B,OxT- 
(type 14), or if & is not real, the latter one by BaW;T. (type 15), where h and k 
are the circles with respect to which b and c are mutually inverse. Each of 
these problems, we shall point out, has four solutions, so (16) has eight solu- 
tions. 

For either (14) or (15), the center lies on a circle and a conic, accounting 
for the four solutions. To illustrate the irreducibility of (14) in the realm R’’’, 
we consider the special case of B,O,T., where the circle 7 is a line (Fig. 7). This 
limitation is equivalent to the problem B,7,7., when the circles b and ¢ are 
equal and we require like contacts with them. Since we may now interpret x 
as bisected by both a and r, it is bisected by every circle coaxal with them, and 
hence without further loss of generality, we may,take A on the line r. Suppose 
that r is the y-axis and a has center A(0, wu), radius s; c has center C(v, 0), 
radius ¢; and the required circle x has center X(0, y), radius 7. Then the condi- 
tions which determine X are 


iz)? = 47 + 97: r2 = 5s? — (u — y)*. 
The elimination of r gives the quartic 


4t?(y? + v7) = [2y2 —2duyt(wt+e+P— s?) |2, 
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which in general is irreducible in R'/?. As before we illustrate this by a special 

j ke oh ae 23> 
example made up to have one rational root. Take t=3, v?=3; u=2, s = 34. 
Then the above equation becomes 


Sh A yt 23 y cic O Vat tes 
which has the rational root y= —1, and the residual cubic y—5y?— 18y+54=0 





Fic. 7 


has no rational root, so it is irreducible in the realm R!/2. The roots of this cubic 
are roughly 6.5, 2.2, and —3.7. Figure 7 shows the circle corresponding to the 
root —1, having internal contact with c, and the circle corresponding ap- 
proximately to the root 6.5, having external contact with c; the other two circles 
are real but are not shown in the diagram. 


8. Special cases. Some of the circles may become points or lines, leading to 
special cases of the above problems. If a circle becomes a point P, the symbol 
Bp is meaningless, while the conditions Wp=Tp=Op>p are all equivalent and 
when interpreted as Op the above constructions need no essential modifications. 
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Indeed the construction used to discuss the family W,B, in §4 was a solution of 
the problem W,OzB;, where E was a point circle. 

If the circle becomes a line 7, the symbol W, is meaningless, while B, is 
equivalent to O;. Most of the constructions are made as before, but the number 
of solutions is often reduced. There are no essential changes involved except in 
problems containing the condition 7. For example, the problem (13.1) BoT, 
is now a quadratic one and hence can be solved by ruler and compass. We may 
take without loss of generality for the two circles (Fig. 8) the radical axis 7 
and the circle a of the given coaxal system with center on the given line ¢. Let 
its radius be s. Let the center of the required circle x be X(x, y) with the coérdi- 
nate axes taken as ¢ and the line through A perpendicular to ¢. Then 


r= y= s?— AX? = s? — (x? + y), 


so that x?-++2y?=s*. This shows that X lies on the radical axis and on an ellipse, 
whose major circle is the circle a and whose concentric minor circle has radius 
s/\/2. Now we may find as many points as necessary on the ellipse and hence 
use the Steiner construction to find the points X. 





Fic. 8 


As a final example, consider problem (16.1) when the two circles of prob- 
lem (16) are lines. Now there are only four solutions and it is solvable by ruler 
and compass. For a required circle is defined by x= BT 1,T1,= Bal 10m, where 
m is one of the bisectors of the angle between the lines. This is the problem 
just considered and hence using each bisector and considering (13.1) twice, we 


obtain the four solutions, 
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CONES AND VECTOR SPACES 
F. A. FICKEN, Cornell University 


It has recently become possible to view the traditional “geometry of union 
and intersection” as a special case of the general theory of partially ordered 
sets.* The new theory has so adapted the terms “union” and “intersection” to 
its own purposes that they may be used in the older theory more sharply and 
picturesquely than ever. This remark is here applied specifically to a real vector 
or centered affine n-space A, in which C isa nondegenerate cone with its vertex 
at A’s center..A vector sub-space V is passed through C’s vertex, and their 
intersection is presented in detail as the union of suitably constructed spaces 
with that sub-space of V which lies on C. Since most of the results are believed 
to be known,f in one form or another, proofs are omitted. 

Although our discussion applies to any real vector n-space, we think in con- 
crete terms of an ordinary real euclidean n-space, discarding its metric prop- 
erties. We introduce a particular cartesian coérdinate system, and henceforth 
admit only any non-singular linear homogeneous transformation of coédrdinates. 
Then the initial origin always has coérdinates (0, 0, - - - , 0), and will be called 
the center of the space, or the 0-vector. A directed segment issuing from the 
center will be called a vector. In a given coérdinate system, the end-point of a 
vector has certain codrdinates (x!, - - - , x”), which will be called the components 
of the vector x in that codrdinate system. If x =(x‘), (i=1,---,m),and y=(y'), 
then x+y is defined to be the vector with components (x‘+y‘), and, if t is a 
real number, ‘x is defined to be the vector with components (tx‘). It is easily 
seen that these constructions lead to unique results, independent of the coérdi- 
nate system with whose components the construction is actually performed. The 
following discussion is conducted in the space A whose elements are the vectors 
just defined, admitting these two operations—addition and multiplication by a 
real number. 

If x1,--+, x, are vectors, and ?!,---, #* are real numbers, then 
x=tlei+ +--+ +t'x, is thus a well-defined vector. As ti,---, ¢® take on all 
real values, the set of vectors x so obtained can be shown to be a vector space 
in the same sense that A is. “Space” shall henceforth mean A or one of its vector 


sub-spaces. Every space U contains at least one set of vectors x1, ---, x, with 
the property that, for each vector x of U, there is one and only one set of real 
numbers ¢!, - - - , ¢” for which x=t!x,+ --- +2'%x,. The integer r is U’s dimen- 
sion, and the vectors x, - - - , x, are said to be a basis for U. 


The join U® V of spaces U and V is defined to be the space W of all vectors 
W=u-, where u is in U and v in V; if U has dimension d and V has dimen- 








* See, for example, the series of expository notes in the Bulletin of the American M 
Society, vol. 44, no. 12, Dec. 1938, pp. 793-827; p 
Garrett Birkhoff, p. 800. 


, erat E, Bertini, Einfiihrung in die Projective Geometrie Mehrdimensionaler Raume, 
chap. VI. 


athematical 
articularly, Lattices and their applications, by 
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sion 6, then U@V is a space whose dimension is not less than the greater of d 
and 6. The intersection UV is the space W of vectors common to U and V. The 
space V isan inverse of Uin Wif U@V=Wand UV contains only the 0-vector. 
We write US V to denote that U is a sub-space of V.* 

The definitions may be illustrated in a 3-space. Let e: be the vector (1, 0, 0), 
é2=(0, 1, 0), es=(0, 0, 1), and let E;, (¢=1, 2, 3), be the 1-space tie;, 
—2 <t'<+o. Then £:@£, is the xy-plane, £:@E.@E; is the whole space, 
FiS Ei: @ ky, E,E,=0 (the center), and £, is an inverse of EF: in Ei® Fy. Any 2- 
space (plane through the center) either coincides with £,@» or intersects it 
in a 1-space (line through the center). 

Let C be the cone x?+y?—z?=0. A 1-space is outside, inside, or on C. A 
2-space V intersects C either in the center only, or in a 1-space which may be 
called V’s contact space, or in two 1-spaces which together form a nondegener- 
ate conein V. We turn now to the development of these relations in our space A. 

Let x-y denote >77)_,a;;x‘y’, and let x-x be a non-singular indefinite quad- 


ratic form. A coédrdinate system exists in which 
2 


eee Se al gt ee gem? — glmt)? — 21. gn 
In this codrdinate system, the codrdinate axes are a set of principal axes of the 
cone C whose equation is x-x=0. Let m2=n—~y,; for simplicity, it is assumed 
that 2S. A vector x is called positive, negative, or isotropic according as x-x 
is positive, negative, or zero. If every vector in a space is positive, negative, or 
isotropic, the space is called positive, negative, or isotropic. If V is isotropic, we 
write V°; if V has dimension k, we write Vx. 

The positive and negative spaces are separated from each other by C, on 
which each isotropic space lies. If V is an arbitrary space, the essential point 
in this discussion is that V’s behavior toward C can be exhibited very simply by 
expressing V as the join of an isotropic space and properly chosen positive and 
negative spaces. The isotropic space is V’s contact-space, which will now be 
defined. 

Vectors x and y are said to be polar (conjugate, with respect to C) if and 
only if x-y=0. A vector is self-polar if and only if it is isotropic. The space ve 
of vectors polar to every vector of a space V is called the polar of V; evidently 
(V’)’=V. For any V, the space VV’ is on C and each of its vectors is polar to 
every vector of V; V?=VV’ is called V’s contact-space (with C). 

If VV’=0, we say that the 0-vector is V’s contact-space, and that V is not 
tangent to C. For any V°®, V°V°’=V°. If V° is V's contact-space, and V se, 
then V® has an inverse (in fact, many inverses) V in V such that VS V°’ and V 
is not tangent to C. 





* The greater simplicity and symmetry of the newer view-point is clearly indicated by a 
comparison of the definitions just given for “join” and “intersection” with the more general ones, 
so specialized as to apply to the space A. The join U@® V is the space W such that (a) US W and 
V<W and (b) USX and VSX imply WSX. The intersection UV is the space W such that 
(a) WSU and WSV and (b) XS Uand XSV imply XSW. The sub-spaces of A, including 
A and 0, are partially ordered by the relation “S.” 
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The intersection of V; with C consists of all the isotropic vectors in V,. These 
vectors form a cone Cy which has rank & if and only if V is not tangent to CG: 
More precisely, if V° is V’s contact-space and V,, is an inverse of V°in V, then 
Cy consists of (a) the space V°, (b) a cone Cy in each Vm, each Cp having rank 
m and a signature independent of V,,, and (c) the join of V°® with each space 
V° on each Cp. 


Remark. Although (b) and (c) have both been given to exhibit fully the de- 
generacy of Cy, they are redundant. As V varies, (a) and (b) exhaust the iso- 
tropic vectors of V. Also, as £° varies over the 1-spaces on a particular C7, 
the spaces V°@#° contain all the isotropic vectors of V. 

The space V can be expressed as the join of a positive and a negative space. 
Since Cy is nondegenerate, a set of mutually polar non-isotropic principal axes 
may be chosen for it. Vectors along these axes form a basis for V. Let ki of them 
be positive, and let the positive space Vi, be their join; let (the remaining) 
ko of them be negative, and let the negative space V;, be their join. The sig- 
nature of C7 is ki—ke. If ko is the dimension of V’s contact-space V°, then 
Vi=Ve,@Vi,B Va, and R=ky+hkitke. Combined with any basis for V°, the 
bases for V* and V- forma mutually polar basis for V. 

Example. In a 7-space, let e;, (i=1, ---, 7), denote the vector whose every 
component is 0, save the ith, which is 1, and, for each 7, let E; denote the 1-space 
tie;,, —20 <ti'<+o, Let C be the cone 


x?+ y+ 22+ 2 — uv? — vo? — w* = 0. 


Let V3 be the space whose basis vectors are e+e; and e:+e;, and let 
V;=Vi@E;0E:@E;; that is, V; contains all vectors (t!, ¢?, £3, ¢4, ¢5, ¢1, 22). Then 
V2 is V;’s contact-space. An inverse of V3 in V;is V;=E;@Es@E;. The cone Cy 
has the equation (3° +14 —{5°=0. The spaces V+ and V- are V;=E;@E, and 
Vy =. 

The integers Ro, ki, and ke satisfy certain inequalities. Let d°, d+, and d- de- 
note the maximum possible dimensions of isotropic, positive, and negative 
spaces. Then d°=n2, dt+=m, d~=m. If V,= Vi, ® Vi, ® V;,, then k; cannot ex- 
ceed the lesser of 71—ko and k—ko, and ky cannot exceed the lesser of m2—ko 
and k—kg. 

Thus V falls into one of eight types, according as the various k’s equal or 
differ from 0. The type ko =ki=ke=0 is trivial. If the equation of Cy in V is 
t-t=0, and ki1=k,=0, then ¢-t=0. In two of the remaining six types, f¢-f is in- 
definite; in the four others, it is positive definite, negative definite, positive 
semi-definite, and negative semi-definite. Using sums, joins, and joins of sums 
of the E;, it is easy to realize each type of space; in other words, a space may be 
constructed having a prescribed character and dimensions consistent with the 
above inequalities. 

Finally, the integers ko, ki, and ke completely characterize a class of spaces 
equivalent under the group of Lorentz transformations of A which leave C fixed 
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By letting ko =0, 1, - +--+, m2 and, for each ko, counting the number of values k; 
and kz may have, it is seen that there are §(m2+1)(m2.+2) (3m, —mn2+3) distinct 
classes of equivalent spaces. 


ON THE MAXIMA AND MINIMA OF BERNOULLI POLYNOMIALS 
D. H. LEHMER, Lehigh University 


Being in need of rather precise information about the extreme values of the 
ordinary Bernoulli polynomial B,(x) on the unit interval 0 <« <1, I was rather 
surprised to find no account of this problem in the very considerable literature 
on B,(x). An instance of a situation in which such information is essential is 
afforded by the equation 

n D4 (¢ ov Ayes ae B,(t) a B,(t Pe [¢]), 
1S\St 
in which B,,(t) is exhibited as approximating the sum to within an error bounded 
by the extreme values of B,(x) on the unit interval. This problem arose also in 
another connection in conversation with a seismologist, so that it occured to me 
that a simple treatment of it might be of use to workers in other fields, such as 
statistics and interpolation theory. 

Of course, the problem depends directly on the consideration of the deriva- 

tive of B,(x), and since 


(1) Bets) = Basi %), 


the roots of the Bernoulli polynomials are involved. It must be said that the 
roots of B,(x) in the unit interval have been discussed on several occasions. A 
good treatment of B,(x) in the interval is given by Nérlund.* 

We adopt here the familiar notation for the Bernoulli numbers, 


B= (B+ = L(")a, 


so that Bo=1, By= —, B,=}, B;=0, je — 1/30, B,;=0, eg ely aoe aye : = and 
define Bernoulli polynomials by 


B,(x) = (B+ x)" = ("eB 


v=0 v 
so that 
Bo(x) = 1, Bi(x) = « — 3, B(x) = x? —4+5,° 


Excellent graphs of B,(x) in the unit interval for » <8 are given by Davis.t 








* Differenzenrechnung, Berlin, 1924, pp. 17-23. There is a more detailed account in Nérlund’s 
Memoire sur les polynomes de Bernoulli, Acta Mathematica, vol. 43, 1922, pp. 121-131, where 
the reader will find proofs of several of the relations quoted in what follows. 

+ H. T. Davis, Tables of the Higher Mathematical Functions, vol. 2, 1935, p. 185. 
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The problem of the maxima and minima of B,(x) is quite simple when n is 
even. In fact by (1), 


Boi (x) = 2kBoxs(x), 


and for k>1, Bo,_1(x) has precisely three simple roots in the unit interval at 
0, 3, and 1. The extreme values of Bo,(x) are attained at the ends of the interval, 


where 
Boi(0) = Bax(1) = Box = (— 1)*| Bar|, 
and in the middle, where 
Bo(3) = — (1 — 2*-2*) Box = (— 1)*(1 — 21-24) | Box |. 
A glance at Bo(x) =x? —x+4% shows that it also has these characteristics with the 


slight difference that the slope of the curve is not zero at the end-points of the 
interval. From these facts we have the following: 


THEOREM 1. Let M,, and m, denote the maximum and minimum of the Bernoulli 
polynomial B,(x) for O0SxS1. Then for n even we have 


Man = Bar(3) = (1 — 21-44) | Baal, (hk > 0), 
M sn42 = B4n42(0) = Banta, 

Man = Ba(0) = — | By, |, (h > 0), 
Manze = Banyo(3) = — (1 — 2724") Barge. 


The case of n=2k-+1 is more difficult simply because no exact formula exists 
for the roots of Bs,(x) =0. From the relation 


Bigl x) a — 1)"B,(x) 
it follows that Bo,,; is skew-symmetric about the line x=4 and so, at any rate, 
Mor41 = — TED ete | Bory i(rax) , 


where ry, stands for that simple root of Bo.(x) =0 which lies in the interval 
0<x<4. Norlund (p. 131) remarks that 


(2) 6 < rox < 3, 


2Bax(g) = (1 — 2!-24)(1 — 31-24) B,, 
and 
(3) Box(4) = — 2-24(1 — 21-2%) By, 


d € Q . . « ~ c k >i c ? . ve . < I « m I . 


(4) t— 2-2 I1g-1 < 7, <2, 
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In fact, let us define @ by the equation 

}.= 2n(4 — rox). 
Then by (2), 


(S) eet Yrs <a 
6 
so that 
TT 
(6) @ < — sin @. 


To prove (4) it is sufficient to show that 
(7) Gime ae 
To this effect we find it simpler to use the Fourier expansion of B(x), (rather 
than its Taylor expansion) : 
Box(x) = (2k)'(— 1) >> (2nr)-2*2 cos 2nrx, Catan |e 
n=1 


Setting x =ro,=}—6/27 we obtain, after simplifying, 
Box(roz) = (27)'(— De) > (= 1)’[(4v + 2)r]-2*2 sin (2» + 1)6 
v=0 


+ >> (— 1)"(4yr)-?*2 cos 20 ‘ 
v=0 
Setting the right member equal to zero, and cancelling unwanted factors, we 
find that 6 must satisfy the trigonometric equation 
(8) sin @ = 2-?* cos 26 + 3-2 sin 30 — 4-2* cos 40 — 5-2* sin 504+ ---. 


At first sight we have, on crudely taking absolute values, 


2k-+ 1 


(9) Sin fie 7" + 3-** + A-2k +e-e- < oe +f ay — eT 22%. 
P om 


This gives some idea as to what inequalities will be needed in a closer examina- 
tion of (8). These are 


cos 26 < 1, sin 36 < 3 sin @, cos 46 > 1 — 8 sin? @, sin 50 > 0; 


this last follows from (5). Then (8) becomes 
AO eeesitl 0 cee ioe gino — 44% 2—-4k+3 sin? @ + 62% +f ag thd x. 
6 


Using the series for sin 0 with (6) and (9), we have 
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6 Loe an) 1 
CTL ap Soria Lae oa! < sing + 


[October, 


3 (s2h+ Dea, 
6 \3(2k — 1) 


Returning to (10) we can write, with the help of (9), 


6 — 
(11) 


Q-2k < 
2k 


k+l 





a 


Lh pio 
2 al 





14 Saas Al 


[nvr 4) 
ae 8-2, 
Bates (= 2k —1 


5) 2 
Q-2kZ-2k+1 _ 42k 4 (= me ‘) Q-8k+3 


—2k 





It is obvious that for all # sufficiently large, the right member of (11) is negative. 
To show that it is negative for all k= 3, we proceed to estimate the various terms 


as follows: 





PVA ell 
ik —1 


J—2k3—-2k+1 


Zt 
— 62k. 


5 





2 
(= a ‘) JQ-8kt3 < Lo 
2k — 1 


LR) 
oe 


1 ( 2k+ ‘) 1 
Ane (Ie Q-2k 
162 Ap Teal 


Hence we have, from (11), 


—2k 








IIA 


me 
9 Path = Gtk 4 Bate 


x 


2 2k 64 
3 81 


This proves (7), and hence (4) for k=>3. That (4) is true also for k=1 and 2 may 
be verified directly from the values of rz and r4 given below. 

A good deal more can be obtained from (8) besides the inequality (4). In 
fact, if we assume, as is obviously justified by (10), that 


ey 
—A-rk ec 2 62k — 4-2k 


(12) sin 6 = 2-?* + O(4-24), 
then (8) may be written 
(13) sin 9 = 272% + 2-2k3-2k+1 _ 4-2k 4 6-2k 4. C(g-2k). 


and since 


6 = sin 6 + O(sin® 6) = sin 6 + O(8-24), 


we have at once 
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@= 2-1 — 2-24 4.3-2) + 018-28), 
and hence the asymptotic formula for re is 


1 1 
(14) rok = — — — (4-* — 16-* + 4-36-*) + O(64-4). 

4 2 
More exact results than this may be found by returning to (8), using (13) in- 
stead of (12) and taking more terms. For a particular k this iterative process is 


perhaps the simplest way of calculating ra, when & is at all large. Even when 
k=4, (14) gives 


= .2493803505, 


o 
| 


whereas more exactly 


.2493803839. 


’s 


From the fact that the root ra, of Be.(x) tends rapidly to } as k>~, one 
might be apt to think that B2,(4) tends to zero. On the contrary, by (3) and 
Stirling’s theorem, 


ei Rh N aE 
| Box(t) | ~ 4-* | Bar| ~ V/8xk Ge 
27e 


a quantity which tends to » with more than exponential rapidity. 

To find the upper bound for M24; we note first that the curve y = Bo,4:(x) has 
no point of inflection near x =}. In fact its second derivative 2k(2k+1) Bo,_1(x) 
has no root between x =0 and x=}. Hence the tangent line drawn to the curve 
y= | Boxsi(x) | at the point (4, | Busa(2) | ) lies above the curve between 
x =4}—2-**1/r7 and x=}. Hence the maximum point, which lies between these 
limits, is below that point on the tangent line whose abscissa is x =} —27°*"!/r. 


The equation of this tangent line is obviously 


(15) y = | Boesi(d) | — (# — 4) | Bees) |. 
Now 
| Boryi(4) | = (2k + 1)-4-***| Ene, 
where £,, is the mth Eulerian number, and 
nT aes a ne her = 01 Gor hepa = 0; 
(E+ 1)"+ (FE —- 1)" =0, (v > 0). 


Using this with (1) and (3) in (15), with x={—2-?*"!/z, we obtain at once 





2 
(16) Margi < (2k + sa) = ees ere) | Bult 
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Using the well known identities of Euler, 

| Exx | 2 (2k) !22*+2q7—2k-1(J — Gath 5k eee 
(17) | Box | a (2k) 122k + 12k (1 + 9-%h + Z-2k 1... 1 
we derive easily the inequalities 


| Ex | < (2k) !22k+2_—2k-1( 1 — 3-2k 4 5-2k) 


2 
Me (1 — 2-2*+1)| Bo, | — < (2k) !22*t2q-2b-14-7F, (rosa 
T 


Substituting these in (16) we get the simple inequality 
Morar < 2(2k + 1)'(2e)-2#-1(1 — 3-2* 4 4-2 4 5-28) < 2(2k + 1)'(2e)-2F 1. 
It is interesting to note that from Theorem 1 and from (18), the inequality 
(19) M,, < 2n!/(23)* 
holds for all m not of the form 4h+2, while the inequality 
Mn > — 2n!/(27)” 


holds for all m not of the form 4h. In these exceptional cases one must supply 
the factor ((2) =).,2,»~", and replace the inequality sign by equality. Hence if 
we neglect a factor of order 1+2-", the maxima and minima of all Bernoulli 
polynomials are given in absolute value by the same function of m. In conclusion 
we give a short table of the roots ro, of Bo.(x) =O and of Mo41. Formulas (14) 
and (16) and Theorem 1 render a more extensive table virtually unnecessary. 


2k 12 2k+1 Mors 

2 .2113248654 3 .04811252243 
+ .2403351888 S_ .02445819087 
6 .2475407162 7 .02606511426 
8 .2493803839 9 .04755056164 
10 .2498447170 14 .13249665844 
12 .2499611530 13 .52356641061 


Comparing the final entries of this table with the results obtained from for- 


mulas (14) and (16), we find the latter values to be 
rio = .24996115328, Miz < .52356641134. 
Even formula (19) gives 


My3 < .5235667. 
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A FORMULA FOR APPROXIMATE COMPUTATION 
OF A TRIPLE INTEGRAL 


MICHAEL SADOWSKY, Illinois Institute of Technology 


In the present paper the following approximate formula is derived and 
discussed : 


1 1 1 
4 
(1) i { i u(x, y, 2)dxdydz = Fae [91> > 16 - 40-119 + 16) 104]. 
—l —l -—1 2zZ 
The integrand u(x, y, z) is a function of x, y, 2; the region of integration is the 
cube bounded by the six planes 


ie be i y= +1, S--- 1: 


Formula (1) is, evidently, a three-dimensional counterpart of similar one-dimen- 
sional and two-dimensional formulas as given by Gauss and by Burnside.* The 
points which are used in the right member of (1) to obtain the local values 
Us, Uso, ANd U4 Of the integrand lie on the surface of the cube, and consequently 
we may refer to (1) as a boundary type or a surface type formula. 

The demand for a formula of this type came originally from an industrial 
company, in connection with an applied problem which arose in the research 
and development laboratories of this company. The interior of a certain cube 
was inaccessible, while its surface was exposed and could be used to obtain by 
direct measurements the values of the integrand at any point on the surface. 
The mathematical part of the problem was to determine a distribution of points 
on the surface that would give the most accurate approximation to the triple 
integral in the left member of (1). 

No surface type formula whatsoever is adequate to give a precise result in 
case the integrand u(x, y, z) isa polynomial of a degree equal to or exceeding six. 
Indeed, the example 


(2) u(x, y, 2) = (% — 1)(% + I(y — I(y + 1G —- YNEt+ 1) 


presents a polynomial of degree six which vanishes identically at every point 
on the surface of the cube. Hence, every surface type formula will give the 
value zero as the approximation to the triple integral, while the exact value of 
the triple integral with (2) is readily found to be —64/27. This example shows 
that the best that we may expect from a surface type formula is exactness for 
polynomial integrands of a degree not exceeding five. Formula (1) does possess 
this degree of accuracy. Consequently, the natural limit of exactness for surface 
type formulas is reached by (1), and no further essential improvement of the 
accuracy is conceivable. 

In choosing the distribution of points on the surface of the cube to pick 
up the particular values of the integrand to be used in the right member of (1), 





* For literature on approximate computation of double integrals, see E. T. Whittaker and 
G. Robinson, The Calculus of Observations, Second edition, 1937, p. 375. 
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it is natural to make use of the symmetric structure of the cube and to select 
the points in such a way that any transformation of the cube by the extended 
group G4s of the cube (the extended octahedral group) should transform the set 
of points selected into itself (an automorphism of the set). Since reflections in 
the coérdinate planes belong to the group, such a selection of points will 
automatically make the formula to be established exact for any function 
u(x, y, 3) which is odd with respect to some one of the arguments x, y, 2. The 
coefficients in the right member of the formula will have to be chosen so as to 
make the formula exact for all such monomial integrands which are of a degree 
not exceeding five and in which no odd exponent is present at all. Since the 
group Gs of permutations of the three elements x, y, z is a sub-group of the Gs 
considered, there exist but four essentially independent monomials of the kind 
described, namely, 


(3) “u= i, “= x? “= x4, u = xy", 


Figure 1 shows a face of the cube with the fundamental region of Gis shaded. 





Fic. 1 Fie 


With respect to this fundamental region, we find five distinct kinds of points on 

the face: 

(A) The center of the face, A. This point and its transforms by Gis constitute 
a set of 6 points. 


(B) The vertex of the face, B. This point and its transforms constitute a set 
of 8 points. 


CC) The midpoint of the side of the face, C. This point and its transforms con- 
stitute a set of 12 points. 

(D) Any point on the boundary of the fundamental region, D, other than A 

> ~ 9 ek . -c : . ; ‘ : ; 

DB; OF Gs Points of this type may be classified as points D(I), D(II), and 
D( III) according as they lie on AC, AB, or BC. A point of the type D and 
its transforms constitute a set of 24 points. 

(E) Any point in the interior of the fundamental region, E. A point & and its 
transforms constitute a set of 48 points. 
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Suppose we choose the following composition of points within a fundamental 
region: a, b, c, d, e points of types A, B, C, D, E, respectively, where a, b, c=0 
or 1, and d, e=0 or any positive integer. The total number of points generated 


by this selection and appearing on the whole of the surface of the cube will then 
be 


(4) n = 6a + 8b + 12c + 24d 4+ 48e. 


The problem is to determine the minimum value 7 which admits exact solutions 
for all four monomials (3) simultaneously. The numbers representable by the 
linear form (4) may now be arranged in order of increasing magnitude as far as 
42. In cases where the value of d involved is different from zero it is necessarily 
one, because d=2 gives n248, contrary to n<43. The value d=1 means that 
just one point of the type D is used, which gives rise to three distinct formulas 
according to the triple character of the points of type D. In the following 
table, the cases with d=1 are marked by the sign (I, II, III) to remind us of the 
three varieties present in each such case: 


n= 0 n = 24 (I, II, III) 
Bae G = 26 
= 8 = 30 (I, I, III) 
ie 321,11. 11D) 
= 14 = 36 (1, Il, 111) 
= 18 3841, 11-111) 
=920 AT Ties) 


For each one of these arithmetically possible values of 1, an exhaustive attempt 
was made by the author to set upa corresponding formula which would be exact 
for all four cases (3) simultaneously. The first success encountered was with 
n=42, type (II), and the formula obtained is formula (1) of the present paper. 
All the preceding 22 cases with n <42 and the two cases of types (I) and (IIT) 
with »=42 failed to give rise to a formula as desired for various irremovable 
algebraic reasons, such as appearance of complex solutions, or of points located 
outside of the proper surface of the cube on the extended faces. Some cases led 
to simultaneous algebraic equations with intrinsic contradictions in the sys- 
tem. 

The minimum value of 1 is given by formula (4), using the following values: 


aA, b= 0, ¢=1,¢0 = 1 (type ll), ¢= 0. 


Hence, n=6+12+24 =42. 

The computation of coefficients in the right member of (1) and the deter- 
mination of the proper location of the point D on the diagonal AB are shown in 
the appendix. Now AB=v2, AC=BC=1, and it is shown in the appendix 
that AD =3+/5 =1.118034. 

Figure 2, which is drawn to scale, shows one face of the cube with all the 
points that were used appearing on it. In (1), >,ue denotes the sum of the six 
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values of u(x, y, s) determined at the six points of type A (the six centers of the 
six faces of the cube), > +2 denotes the sum of the twelve values of u(x, y, 2) 
determined at the twelve points of type C (the twelve midpoints of the twelve 
edges of the cube), and Sues denotes the sum of those twenty-four values of 
u(x, y, 2) which are determined at the twenty-four points of type D. 


Appendix. To derive the coefficients in the right member of (1), let us first 
write the formula with indeterminate coefficients L, M, N as 


1 1 1 
(5) LY ug ft Mom + Nous = { f f udxdydz. 
Sate et Wet 


The formula is to be exact for the integrands 1, x”, x4, x*y?. The corresponding 
values of the triple integral are 8, 8/3, 8/5, 8/9, respectively, and (5) becomes, 
correspondingly, 


(6) 6L + 12M + 24N = 8, 
8 
(7) 2L + 8M + (8+ 16x2)N = = 
8 
(8) 2L + 8M + (8+ 16x4)N = ec 
8 
(9) 4M + (16x? + 8x4)N = ri 


where x stands for the abscissa of D (Fig. 2). The codrdinates (x, y, z) of D 
evidently have the values (x, x, 1). Figure 3 may be used to verify equations 





Fic. 3 


(6) to (9). The three different kinds of points A, C, D are illustrated by distinct 
patterns in Figure 3. Counting the points contributing to each term and con- 
sidering their coérdinates, equations (6) to (9) are readily verified. To solve 
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the system (6) to (9) for L, M, N, x, let us solve for x first. Subtracting (8) from 
(7), we have 


16 
(10) (162? — 16x4)V = —.- 

LS 
Subtracting (9) from (7), we have 

16 
(11) 2L + 4M + (8 — 8x4)N = a 


Multiplying (11) by three and subtracting the product from (6), we have 
8 
(12) 24x4N = = 


Using this in (10) to eliminate the term —16x‘N, we obtain 
8 


(13) N= —- 
45 


Dividing (12) by (13), we find 


5 4/ 5 
“* = —- thus = —, 
8 8 


= i ben Be 
AD = xvV/2 Pea 


Hence, 


After x has been found, the determination of L, M, N is reduced to solving a 
linear system. The results are 


364 160 64 
= M 


—-) — 


= — — ————— 4 l =_ _-_ 
225) UES 225 
This completes the derivation of formula (1). 


Summary. Formula (1) is exact for polynomial integrands u(x, y, 3) whose 
degree is less than six, and approximate for other types of integrands. There 
exists no surface type formula which is exact for polynomials of degree six or 
higher than six; any other surface type formula with the number of points 
used equal to or less than 42, is essentially less accurate than (1) because its 
range of exactness would not reach as far as to include polynomials of degree five. 
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MATHEMATICAL EDUCATION 


Epitep By C. A. Hutcuinson, University of Colorado 


This department of the MONTHLY affords a place for the discussion of the place of mathematics in 
education, and other matters emphasizing the educational interests of those who teach mathematics. 
Address correspondence to Professor C. A. Hutchinson, University of Colorado, Boulder, Colorado. 


DIAGNOSTIC TESTING PROGRAM IN PURDUE UNIVERSITY 
1. Formal Algebraic Manipulations 


M. W. KELLER, D. R. SHREVE, AND H. H. REMMERS, Purdue University 


In this paper are presented the factual findings of a diagnostic test on the 
algebraic abilities of students entering first-semester freshman mathematics 
courses in Purdue University. An accounting is given, in tabular form, of the 
types and frequencies of errors which these students made in attempting to per- 
form basic manipulations with algebraic expressions. 

The test to be discussed here is one of a series of three diagnostic tests and 
twelve achievement tests, constructed by the authors, and administered with 
the codperation of Dr. R. H. Downing, of the Department of Mathematics. 
The diagnostic tests were given to 202 engineering freshmen, and to 75 School 
of Science students, enrolled by regular, non-selective registration procedure 
in the classes taught by Drs. Keller, Shreve, and Downing. Check on the 
Orientation (Placement) Test scores indicated that these students were a fairly 
representative sample of the student body. This sample was approximately 20 
per cent of the first-semester freshman mathematics enrollment. 

For reference there is given in the list titled “Sample Test Problems” a set 
of 16 problems chosen from the test to be discussed here. The problems are 
divided into 5 classes, according to type. The first 14 problems of the test 
sample list were matched by approximately equivalent “mates,” so that the 
consistency of error of individual students could “be observed. The problems 
of each of the fourteen pairs were designed to involve the use of the same 
manipulative processes, and in the judgment of the authors to be of equal 
difficulty; the coefficient of correlation determined by scoring odd-numbered 
problems against even-numbered problems was 0.91. The problems listed as 
number 15 and number 16 were not paired with other problems, but are of ap- 
proximately equal difficulty, judged by student successes, although they involve 
distinctly different technique difficulties. 

The figures in parentheses following the problems in the “Sample Test 
Problems” give first, the number of engineers who worked both problems of the 
pair correctly; second, the number of School of Science algebra course students 
who worked both problems of the pair correctly; and third, the total number of 
students who worked both problems of the pair correctly. 
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NUMBER OF CORRECT ANSWERS TO SAMPLE TEST PROBLEMS 
(By 202 Freshman Engineers, 75 School of Science students, 277 students) 


Group A. Addition and Subtraction 


1. 3a—26+ (1 —2b—3a) (151, 54, 205) 
Dan 6) Cer Dea) (150, 45, 195) 
3. (3a—2b) —7(2a —b) (104, 32, 136) 
ae Group B. Multiplication of Binomials 

. (2b+5a)(2b6—Sa) (158, 51, 209) 
5. (A-+26)(a+38) (150, 37, 187) 

Group C. Factoring 

6. eters (1735-62, 2500 
Jane seen (152, 45, 197) 
8. Erreece (168, 48, 216) 
9. 5b?—9b—2 (150, 39, 189) 
10. 2a—32a’ (79, 26, 105) 

Group D. Completing the Square 

11. x?—Bx+81 {What must B equal if the polynomial (140, 36, 176) 
12. y2+14y+B is to be a perfect square? (137, 32, 169) 


Group E. Fractions 

















eee (133, 41, 174) 
x42 x+2 po nae 
A ile scl Ba (90, 26, 116) 
7-<x x+3 ’ ’ 
15) : _- ; (64, 11, 75) 
B—~ x+y Frey 
16. — | (60 16, 76) 
CopE CLASSIFICATION OF ERRORS 
1. Error in signs introduced in removing parentheses preceded by a positive sign. 
2. Error in signs introduced in removing parentheses preceded by a negative sign. 
3. Error in sign in addition of terms. 
4. Numerical error in addition of terms. 
5. Failing to combine like terms to simplify an expression. 
6. Failing to distribute multiplication. For example, (3a —26) —7(2a —b) =3a —2b— 14a—b. 
7. Dropping a term or a symbol, as 3a —2b+ (1 —2b —3a) =3a —26—26—3a. 


8. Failing to remove parentheses to simplify. For example, (3a —2b) —7(2a—b) = —7(a—b); 
the student subtracts 2a from 3a, and —} from —2b. 

9. Multiplying polynomials where algebraic addition is indicated. For example, 
(a —b) —(—2b+a) =a? —3ab+2D?. 

10. Multiplying terms where addition is indicated. For example, 2a?+3a =6a*. 

11. Adding where multiplication is indicated. For example, (2b-+5a)(2b—Sa) =4b. 

12. Miscopying. 

13. Misunderstanding, misreading, or confusing symbols or operations. For example, 2a*=6a, 
or a division sign “+” is read “+.” 

14. Multiplying polynomials “term by term.” For example, (A +2b)(a+36) =Aa+6b?. 

15. Failure to discriminate between unlike symbols. For example, (A +2b)(a+3b) 
=a?+5ab+6b?. 

16. Combining unlike terms, For example, x? +3x =4x7, 
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17. Numerical error in multiplication. 

18. Error in exponent in multiplication. 

19. Multiplying by incorrect rule or wrong formula. For example, (2b+5a)(2b—S5a) 
=4b?+20ab+25a?. 

20. Error in signs in factors. For example, the factors in problem 9 are given as (5b—1)(6+2). 

21. Numerical error in factoring, or error in exponent in factors. 

22. Factoring “term by term.” For example, the factors of problem 8 are given as 
(2+9+9a)(1+a+a). 

23. Factoring by wrong formula. For example, the factors in problem 6 are given as (w—Sx)*. 

24. Failing to factor completely. For example, the factors in problem 10 are given 
2a(1—16a?). 

25. Stating that the expression cannot be factored. 

26. Apparent failure to understand what is meant by the instructions “factor the expression.” 
For example, the factors of problem 7 are written a(3a+1)—2. 

27. Arbitrarily changing signs. 

28. Attempting to complete the square by factoring. For example, in problem 12, the factors 
(y+8)(y+6) give a third term +48. 

29. Failing to isolate the coefficient of the linear term in attempting to complete the square. 
For example, the solution in problem 11 is stated Bx =18, or B=18x. 

30. Attempting to apply the rule: “Take half the coefficient of the second term; square it; 
and add it on.” 

31. Failing to cancel common factors. For example, 


vet 3x 7+x 7 x3 + 10x? + 21x 
7—x «+3 21 + 4x — x? 
32. Unwarranted cross-multiplication, as in problem 14 where the fraction is written 
x8 + 6x? + Ox 
49 — x? . 
33. In dividing by a fraction, failing to invert the divisor. 
34. Arbitrarily multiplying all parts of the fraction. For example, after obtaining the correct 
result in problem 14, the student may then write out the product «(7+x)(7—x). 
35. Dropping the denominator, or a factor of the denominator, of a fraction. 


36. Adding or subtracting the parts of a fraction. For example, in problem 13, (x—2)/(x—5) 
=2x—7. 


37. Adding numerators and denominators indiscriminately in combining fractions. For ex- 
ample, in problem 16 the student may write i 


5—2 
a—b—b+a 


38. Canceling unlike polynomial factors of numerator and denominator of a fraction. 
39. “Canceling” term by term. For example 


40. Miscellaneous errors, or errors in which the student’s work is incomprehensible 

41. Answer omitted. No distinction is made here between the omission of an entire problem 
- > feq] e sth ; 
and the omission of an answer after an unsuccessful attempt to work the problem 


Tee eae 2% ; 

. the spel Tables, which summarize results, the entries may be ex- 
plained thus: By Problem pair 1 is meant the pair of problems consisting of 
Ie : {5 , @: . ; 
Problem 1, Group A of the Sample Test Problems, and the matched or equival- 
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ent problem of the test which is not given in this paper. Under Error class 1 the 
entry 20 means that there were 20 errors of classification 1 (error in signs intro- 
duced in removing parentheses preceded by a positive sign) on the problem 
pair 1,—a total of 20 errors of this type on the two problems. 


TABLE 1 
Errors in Problems of Addition and Subtraction (Group A) 
































Problem pair Error class 
1 24 33 | oS ee | 6 7 8 PT Oe 1121-40 44 
1 20 14 | 16] 3 4/15 Ty ee Ao a oh 
8 | 23 8 2 8. 2 1 | 48 1 3 16 
3 15 | 40 | 18 Opus biz oi oor 2 Oe tl T ie 20 
Sub-totals | 43 | 63 | 40 | 24 | 26 | 255 12a 19 IO ah eae ESS 
TABLE 2 


Errors in Problems of Multiplication of Binomials (Group B) 




























































































Problem s 
pair rror Class 
7 10 11 14 15 16 1 18 19 40 41 
4 3 5 29 9 19 5 A, 
5) 15 11 15 10 42 19 15 irs 2 Tz 8 
Sub-totals 18 11 20 10 42 19 44 26 21 17 25 








TABLE 3 
Errors in Problems of Factoring (Group C) 





























hee Error class 

pair 

if 13 16 20 21 22 23 24 25 26 27 40 41 

6 5 8 1 2 3 if 2 2 3 6 17 

7 6 21 16 1 3 7 8 49 

8 1 1 3 4 8 7 5 12 10 8 29 

9 1 3 32 7 4 4 10 4 54 

10 19 2 5 18 10 23 8 | 114 9 5 13 10 87 

Sub-totals 25 12 18 75 43 38 20 | 114 30 34 16 36 | 236 











EN ——— 
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TABLE 4 


Errors in Problems of Completing the Square (Group D) 
2 ————E——————EE— 

















Problem pair Error class 
i 13 28 29 | 30 | 40 41 
11 8 25 a 58 2 67 
12 14 23 a S7 7 63 
Sub-totals 22 48 22 | 115 9 130 











ee ee eS sao 


TABLE 5. PARTI 
Errors in Manipulating Fractions (Group E) 











Probl Se Error class 
pair 
4 | 5 | G17 eh ao | 12| 13 | | 16] 17 | 18 | 23 
13 5 hot Li 7) 261@ t4| i) ee 
14 Cree ‘et Hey: 8 is| 7| 6 
15 feist: tet o A Seon eG 60 | 29 
16 2 7! 1] 2/1 2] 2 ah 8 











Sub-totals 8/ 10| 7] 16] 7] 7}. 19] 28] 21] 62] 62] 10| e) 





TABLE 5. PART II 
Errors in Manipulating Fractions (Group E) 











Probl 
a pee Error class 
pair 
Zi 31 32 33 34 35 36 Kyi 38 | 39 40 | 41 
13 22 9 11 9 4 18 4 1 24 14 41 
14 4 2, 24 18 5 4 24 52 28 71 
15 6 36 2 8 1 25 25 39 
16 32 | 1 2 25 37 26 9 40 
| Sub-totals be abs: 34 11 29 70 24 49 264127 76 | 191 














This first algebra test on formal manipulations was followed by a second 
algebra test on the solutions of simple algebraic equations, on which the authors 
hope to report in a subsequent paper, 
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QUESTIONS, DISCUSSIONS, AND NOTES 


EpItep BY R. J. WALKER, Fine Hall, Princeton, N. J. 


The Department of Questions, Discussions, and Notes in the MONTHLY ts open to all forms of 
activity in collegiate mathematics, except for specific problems, especially new problems, which are re- 
served for the department of Problems and Solutions. 


DISTANCES BETWEEN POINTS OF THE CANTOR SET 
J. F. RAnpovpH, Cornell University 


The Cantor “middle third” set* consists of exactly those points on the unit 
interval that are left after the middle open third of the interval is removed, 
then the middle open third of each of the two remaining thirds is removed, then 
the middle open third of each of the 4 remaining ninths is removed, efc. For each 
positive integer ” after 7 steps have been taken in this process there are 2” inter- 
vals each of length 1/3” left on the unit interval; the (7+1)th step is to remove 
the middle open third of each of these 2” intervals. 

Thus from an interval of length unity has been removed a countably infinite 
number of open intervals the sum of whose lengths, 


(1/3) + 2(1/3%) + 2%(1/3%) + ++ + 2"(1/3") +o, 


is unity. Consequently the remaining set of points, 7.e., the Cantor set, is pretty 
thinly scattered over the unit interval. Nevertheless, the following theorem is 
proved in this note.t 


THEOREM 1. The set of distances between points of the Cantor set fills the unit 
interval, i.e., given any number c, 0 Sc <1, there are two numbers x and y represent- 
ing points of the Cantor set such that 


y—-u=ce. 
In this note the ternary representation of numbers is used. For example, 
91.1201 = 2-3 + 1 + 1/3 + 2/3? + 0/3* + 1/3*. 


Using the ternary notation, any point of the unit interval is represented as 


-Yvv273 ** * , where each 7p is 0, 1, or 2 and for some points there are two such 
representations. Thus the number 1/3=.1 may also be written 1/3 = .022 - ae 
Also, 2/3 = .2 but might appear as 2/3=.122 - ->. However, any number with 


the digit 1 in the first place which is not the last significant digit and not all 
succeeding digits are 2 (as .102= 1/3+2/27) lies in the open middle third of the 
unit interval and so does not represent a point in the Cantor set. Thus .1 and 
-122--- are the only members with the digit 1 in the first place that represent 
points of the Cantor set, and these numbers may be written without the use of 





* Georg Cantor, Mathematische Annalen, vol. 21, 1883, p. 590. 
+ This theorem was first proved using geometric methods and published in 
journal, Wektor, in 1917 by H. Steinhaus. 


an obscure Polish 
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the digit 1. By applying similar arguments to 1/9 and 2/9, 7/9 and 8/9, etc., 
one will see that 


The Cantor set consists of exactly those points whose ternary representation may 
be written without the use of the digit 1. 


Theorem 1 may then be stated in the following way: 


THEOREM 1’. If c=.Y1¥2'*+* Yn° +, where each y, 1s 0, 1, or 2, then there 
exist two numbers x= .a\02°:+::Qn-'::, and y=.B,B2---Bnr---, where each a, 
and each B, is 0 or 2 unless it is the last significant figure when it may be 1, such 
that y=x-+c. 


The proof is made after introducing a notation suggested by Professor W. A. 
Hurwitz. Generically let a 6 denote a succession (which may contain no ele- 
ments) of 0’s and 2’s. Thus the number 


.021220110200 - - - 


would be indicated as . 6,162163164, where 6, is 02, 6) is 220, 63 contains no ele- 
ments, and 6,is 0200---. 

With 6; known, let 6; be the succession of 0’s and 2’s obtained from 6; by 
replacing each 0 by a 2 and each 2 by a 0. Thus for the example just given, 6/ 
is 002. 

Also, let (0); be the succession of zeros obtained from 6; by keeping each 0 
and replacing each 2 by a 0. 

We now distinguish three cases. 


Case 1. Here c=.y:y2--- contains the digit 1 an even (so of course finite) 
number of times (or not at all) and may therefore be written 


C .61 1691 DNS Son—11b on 1bon41. 
Let 
x = .(0)067 2 - + + (O)on—105er 2(0) on41, 


and 


y = .612(0)20 + + + San—12(0) onOSon413 


then 0<x <1, 0Sy<1 and we will see that y=x-+c. 

For, symbolically, 6en41+(0)en41 = Senz1. Now by adding the last 1 of c to the 
last 2 of x we obtain 0 with 1 to carry. The sum of the last digits of de, and 5s,’ 
is 2 which with the 1 we had to carry gives 0 with 1 to carry. Proceeding with 
the addition we continue to get 0 with 1 to carry as long as the digits of 89, last. 
We thus have 1 to carry over to the digit 1 before 5s, which with the 0 before 
ben of x gives 2 with none to carry. Consequently we proceed with 89,_, exactly 
as we started with 62,4; and therefore see that y=xt+e. 
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Case 2. The digit 1 appears an odd number of times among the y’s in ¢, i.e., 


c 61169 - - - bon—11d 0p Ldon411ban40. 


Let 


~ 
| 


= . (0) 1062 Ee (0) on—1050n 2(0)2n411(0) on+2, 
and 
y = .612(0)20 + + + ban—12(0) 2n052n41252n42, 


where the digit 1 is permissible in x since it is the last significant figure. The only 
difference in the definitions of x and y here and in case 1 is in the last two sym- 
bols. Here also it is seen that y=x-+c. 

Case 3. The digit 1 appears an infinite number of times in c, so 


C = .611621531641 +--+ . 
Let 
x = .(0):0627 2(0);06/2--- , 
and 
y = .6,2(0)20532(0)40--- . 
Let cn = . 6,1691 - + - 6e,-1162,1, so that lim c, =c. For similar definitions of x, 


and y, from x and y respectively, lim x, =x and lim y, =y. Since y,=*,+c¢, (from 
case 1), we thus have y=x-+c. 

Given a number c, 0<c<1, the numbers x and y representing points of the 
Cantor set such that y=x-+c need not be unique, 7.e., there are rules other than 
those given in the proof of Theorem 1’ that yield numbers of the desired type. 
For example, if c= .021201 we may have 


.021201 .021201 .021201 
.001000 or .201000 or .000022 
.022201 . 222201 .022000. 
However, care must be taken or we would proceed as follows: 
.021201 
. 202001 
1.000202, 


and obtain numbers x and y whose fractional parts may be written using only 
0’s or 2’s, but y>1 and therefore is not in the Cantor set of the unit interval. 
The reader may prove for himself the following: 


THEOREM 2. There exist numbers x and y representing points of the Cantor set 
such that y+x=c. 


THEOREM 3. Every point (except the end-points) of the unit interval 1s midway 
between two points of the Cantor set. 
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ON THE EXPLICIT SOLUTION OF SIMULTANEOUS LINEAR DIFFERENCE 
EQUATIONS WITH CONSTANT COEFFICIENTS 


B. Z. LinFIELD, University of Virginia 


In the January 1940 issue of this MONTHLY (pp. 35-38) there is a note 
by Professor J. S. Frame, On the explicit solution of simultaneous linear differen- 
tial equations with constant coefficients. 

The object of this note is to bring out that just as 





t? m—1 
X=er"ll Heer 7) fet Ag] paral 
ot = ett A = Se +t Ne 


is a solution of the set of simultaneous differential equations with constant coeff- 
cients 


dX/dt = AX, 


so 


A-—rlI A — rl\?t® 
or (lier)e r+ 14 (4) pert 
i+r i-+r oA 
A = rl m—1 tom) 
‘)  @ oot 
i-+r (m — 1)! 
is a solution of the set of simultaneous difference equations with constant coeffi- 


cients 


AX = XG-2 1) —=Y@) =a x. 





where—in either case—the scalar polynomial det(A —tZ) has a factor t—r of 
multiplicity m, and C is any matrix satisfying (A —rI)"C=0. 
More generally, there is no difficulty in writing down the solution of 
= AR AS Ie) = AAG 
h 


(1) AnX —— AX 


for any value of h0, namely, 


. A—rI A— 2 4(2 
Katte] 424 (= £ Je A 
1+ rh 1+ rh 2! 


A — r] m—1 j(m—1h) 
+( —) =a 
1+ rh (m — 1)! 


HM = it — h)(¢ — 2h) -~ 4 — F— Ih), 


At = iin 





(2) 





Here 
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From this we obtain Professor Frame’s solution by letting 0, for then 
(1+rh) "Se" and t@()—t?. 

Since the equations (1) are linear, the sum of two or more solutions is a 
solution. Therefore the sum of the solutions corresponding to the distinct fac- 
tors t—r; of det(A —1#J) is a solution. However, it is apparent from the form of 
(2) that it gives no solution when 1+7rh=0. 

For example, using the same matrix A that Professor Frame used in his il- 
lustration,* a solution of (1) is 











2¢, — 2¢2 + 3c3 C4 
(i, + 602 - ¢ 0 
a yA tae NCL OAH (1 — Apel, 
2¢1 + 3c2 + 3c3 0 
2¢1 — 2¢2 + 6¢3 C4 
where 
A—2I A — 2I1\? t(t — h) 
M(, i) = 14+ 14 (T Cicaceesactete 
1+ 2h 1+ 2h 2 
—1 -—-2 3-2 1 9 —13 8 
1 3-1-1 t a —2 6 —6 2 t(t — h) 
25 Re See 
a: 2 3 O -—-2 |}1+ 2h —3 9 —9 3 || 2(1 + 2h)? 
2-2 6-5 —2 18 —22 | 





In particular, when h=1, the part of the solution of (1) having the factor 
(1—h) clearly drops out, and the remaining part has only three arbitrary con- 
stants, C1, C2, c3, with the factor 3‘. When = —1/2, the part having the factor 
(1+2h) drops out, and the remaining part has only one arbitrary constant, C4, 
with the factor (3/2)~*'. 

The procedure of deriving the solutions of 


dX F(X) 
dt 
from the solutions of 
And = P(X); 


by letting 4-0, is that of deriving the solution of the scalar equation 


: t) = rf) 
prch = 
from the solution of 
Anf(t) = rf(t), f= (A+ rh)", 


by letting h—0, which shows how the exponential function e™' could have been 
discovered and, to some extent, how it actually was discovered and studied. 





* There is a misprint in equation (9) of Professor Frame’s paper; the 87 should be 4r. 
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Moreover, it has the essential idea of the original derivation of Taylor’s expan- 
ston, and throws considerable light on numerous situations which cannot be con- 
sidered here. 

Note by the Editor. The application of Frame’s method to both differential 
and difference equations is not surprising if one considers the abstract nature of 
the process. Let x, y, - - - represent functions, and let 6 be any linear operator 
on these functions; that is, 0(ax-+by) =a0x+6y if a and b are constants. Then 
Frame’s result is essentially the following: 


If the functions xa,i satisfy the recursion relations, 


(0 —'a)%.0 = 0, 


(A) 
(0 = @) ta a eed g (4 = 3 as sper Je 


for any constant a, and if r is an m-fold root of det(A —tI) =0, then the matric 
equation 


(B) 0X = AX 
has a solution 


71 


ODI PS aie fe. 


1=0 
where C is any solution of 
(4d mie) eat), 


This theorem essentially reduces the solution of equation (B) to that of the 
equations (A). If 6=d/dt, the simplest solutions of (A) are Xa,i=tter*/4!- if 
=A, the corresponding solutions are Xa,i=l(a+1)*/il(a+1)i. 

Considerations of this kind have been used in the theory of integral equations. 


R. J. W. 
A METHOD OF FINDING PRIME NUMBERS 


Joun Lorxa, Demarest, N. dit 


THEOREM. Make a list of integers of the forms (6m — 1)qg—m and (6m+1)q+m, 
where m and q are positive integers; denote the numbers thus obtained as class 1. 
Similarly, make a list of integers of the form (6m — 1)q-+m or of the form (6m+1)g 
—m (both forms yield the same integers) ; denote the numbers so obtained as class 2 
Denote all other integers as class 3. | 

Now denote all integers found in class 1 only (and not in both class 1 and 2) 
as m, denote all integers found in class 2 only (and not in both class 1 and 2) as 
m2, and denote all integers found in class 3 as nz. Then all prime numbers from 5 
upwards, are found by forming them according to the formulas 6n\— i Cate 


6”3—1, and 6n3s+1. This not : 
, ‘ only yields all primes, from 5 upw . 
nothing but primes. P if > upwards, but yields 
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A table of integers of classes 1, 2, 3, with the prime numbers corresponding 
thereto, begins as follows: 


Class 1 4 8 9 14 15 19 20 
Class: 2 6 al 13 16 20 
Class 3 | 1 2 4s 5 7 10 12 ite 





6m—1 23 47 53 83 89 113 
6m2+1 37 67 79 97 

6m3—1 {5 11 17 29 41 59 71 101 107 
6ms+1 |7 13 19 a 43 61 73 103 109 


Note that 20 is in both class 1 and class 2, so that neither 6:20—1 nor 6:20+1 
is a prime. 

Proof. It is well known that all primes, from 5 upwards, are of the form 
6n +1. Some numbers of this form are composite. Obviously, an integer of the 
form 6n+1 cannot be divisible by 3, hence composite numbers of this form 
must be of the form (6m +1)(6q+1), that is, one or more of the following forms: 


(6m + 1)(6qg + 1) = 6(6mg + q+m) + 1, 
(6m — 1)(6g — 1) = 6(6mg — gq —m) + 1, 
(6m + 1)(6qg — 1) = 6(6mq + gq — m) — 1, 
(6m — 1)(6q + 1) = 6(6mg —q +m) — 1. 


In other words, 62+1 is composite only if m is of the form 6mq+q-+m 
=(6m+1)g+m, or of the form 6mg—q—m=(6m—1)q—m, or of both of these 
forms; and 67 —1 is composite only if 7 is of the form 6mg+q—m=(6m+1)q—m, 
in which case 7 is also of the form 6mq—q-+-m=(6m—1)q+m. 

All other integers of the form 6” +1 are necessarily primes, that is to say, 

(1) the numbers 6n —1 in which 1 is only of the form (6m+1)q+m, or the 
form (6m—1)qg—™m, or only of both of these forms; 

(2) the numbers 67-+1 in which x is only of the form (6m—1)q-+m, which 
yields the same integers as (6m+1)q—m; 

(3) all other numbers of the forms 6n —1 and 6n+1; that is to say, all num- 
bers of the form 6” +1 in which x is not of any of the four forms (6m + 1)qgam. 


Procedure in determining integers of classes 1 and 2. (A) As to class 1, since 
(6m+1)q+m=(6g+1)m+q, and (6m—1)qg—m=(6q—1)m—gq, it is sufficient 
to list those integers of the forms (6m—1)q—m and (6m+1)qg+m in which 
gam. 

For g=m=1 2 3 4 5 r 
we find (6m —1)q—m=4 20 48 88 140 2r(3r — 1), 
and (6m + 1)g +m = 8 28 60 104 160 2r(3r + 1). 


From this we establish the following table of values for (6m—1)q—™m for 
certain values of m and q: 


I 
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TABLE la 
m q= 1 2 3 4 5 6 7 
1 5q-—1 4 9 14 19 24 29 34 
2 11g — 2 20 31 42 53 64 75 
3 17q — 3 48 65 82 99 116 
4 23q — 4 88 111 134 157 
5 29q — 5 140 169 198 
6 35¢q — 6 204 239 

Similarly, for (6m-+1)q+m, we establish the following: 

TABLE 1b 
m | q= 1 D 3 4 5 6 7 
1 7q+1 8 i 22 29 36 43 50 
2 13q +2 28 41 54 67 80 93 
A |B Tr Pies 60 79 98 1 136 
4 25g +4 104 129 154 179 
5 Slg-- 3 160 191 222 
6 37q + 6 228 265 


Note that in both Tables 1a and 1b, as well as in Table 2 below; the numbers 
form arithmetical series, horizontally as well as vertically. 

(B) As to class 2, if we base the computation on the form (6m—1)g+m, 
Table 2 below yields the integers of class 2, since (6m —1)q+m=(6qg+1)m—g. 











ARLES. 
m q= 1 Z 3 + 5 6 7 
1 Sq + 1 6 iG 16 21 26 31 36 
2 lig +2 i 24 35 46 57 68 79 
3 17qg + 3 20 37 54 rp 88 105 122 
4 23q + 4 He | 50 73 96 119 142 165 
5 29d +5 34 63 92 121 150 179 208 
6 35q + 6 41 76 Da 146 181 216 251 


Remarks. The method here described may be used to find primes froma 
given number upwards, without first computing the primes smaller than such a 
given number. For instance, if we wish to compute the primes greater than 200, 
say in the interval from 200 to 300, we divide 200 and 300 by 6 and thus find 
the numbers 33 and 50 as the approximate limits of the range in which to deter- 
mine the required integers of classes 1, 2, and 3. For class 1 we find the integers 
Sq—1=34, 39, 44, and 49; 119g—2=42. 17q—3=48: 7q+1=36, 43, 50: and 
13qg+2=41. For class 2 we find the integers 5¢+1= 36, 41, 46: lig+2=35, 46; 
17qg+3=37; 23g+4=50: 29q+5 = 34; 35¢+6=41 ; and 41¢g+7 =48, 
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This yields the following table of integers of classes 1, 2, and 3 in the range 
of 33 to 50 and the corresponding primes in the range of 200 to 300: 
Class 1| 34 36 39 41 42 43 44 48 49 50 


Glass 734.535 36° ~=—3:7 41 46 48 50 
Class 3 38 40 45 47 








62,—1 233 251 257 263 293 
6nm2.+1 211 223 277 

6n3—1 227 239 269 281 

6n3+1 229 241 271 283 





Note by the Editor. Professor B. W. Jones has pointed out that Mr. Lotka’s 
method of determining the primes was mentioned by W. L. Kraft in 1801 (see 
Dickson, History of the Theory of Numbers, vol. 1, p. 426). The method seems 
to be of sufficient interest, however, to warrant its republication, especially 
since Kraft’s paper is difficult to obtain in most places. 

Rela Wwe 
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NEW BOOKS RECEIVED 


Die Zahl x und der Kreis. (Eine Studie fiir junge Freunde der Mathematik.) 
By Franz Hennecke. Hamburg, Boysen and Maasch, 1938. 58 pages. RM 1.50. 

A Brief Course in Trigonometry. By D.R. Curtiss and E. J. Moulton. Boston, 
D. C. Heath and Company, 1940. 8+118+17 pages. $1.50. 

The Chicago College Plan. Revised and enlarged after ten years of operation 
of the plan. By A. J. Brumbach. Chicago, University of Chicago Press, 1940. 
13+413 pages. $3.00. 

Elements of Analytic Geometry. Second edition. By C. E. Love. New York, 
The Macmillan Company, 1940. 12+159 pages. $1.75. 

The Journal of Unified Science (Erkenntnis). Vol. 8, no. 1-3. The Hague, 
W. P. Van Stockumandon. Chicago, University of Chicago Press, 1939. 193 
pages. $3.75. 

Tables of the Exponential Function e*. Compiled by A. N. Lowan, M. Pfefer- 
man, G. Blanch, F. G. King, W. Kaufman, and M. Abramowitz. New York, 
Work Projects Administration, 1939. 535 pages. 

An Introduction to Analytical Geometry. Vol. I. By A. Robson. Cambridge, 
University Press, 1940. 14-+409 pages. $2.50. 

Differential and Integral Calculus. By R. R. Middlemiss. New York and Lon- 
don, McGraw-Hill Book Company, 1940. 10+416 pages. $2.50. 
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The Physical Sciences. By E. J. Cable, R. W. Getchell, and W. H. Kadesch. 
New York, Prentice-Hall, Inc., 1940. 17+754 pages. $5.00; school, $3.75. 

College Algebra. Revised edition. By N. J. Lennes. New York, Harper and 
Brothers, 1940. 12+432 pages. $2.25. 

Tables of the First Ten Powers of the Integers from 1 to 1000. Project for the 
Computation of Mathematical Tables, United States Works Progress Adminis- 
tration for the City of New York, 1939. 82 pages. 

Metric Differential Geometry of Curves and Surfaces. By E. P. Lane. Chicago, 
University of Chicago Press, 1940. 8+216 pages. $3.00. 

A Course of Analysts. Second edition. By E. C. Phillips. Cambridge, Uni- 
versity Press; New York, The Macmillan Company, 1939. 8+361 pages. 

Lattice Theory. (American Mathematical Society Colloquium Publications, 
vol. 25.) New York, American Mathematical Society, 1940. 6+155 pages. $2.50. 

The Theory of Group Characters and Matrix Representations of Groups. By 
D. E. Littlewood. Oxford, Clarendon Press, 1940. 8 +292 pages. $5.50. 

Advanced Calculus. By C. A. Stewart. London, Methuen and Co., Ltd., 1940. 
18+ 523 pages. 25s. 


REVIEWS 


Statistical Mathematics. By A. C. Aitken. (University Mathematical Texts.) 
Edinburgh and London, Oliver and Boyd, 1939. 7+153 pages. 4/6s. 


This book is a survey of the mathematical basis of statistics. The contents 
include a discussion of probability, and the importance of probability theory in 
statistical analysis; frequency distribution; correlation, partial correlation and 
regression, practical curve fitting; probability and frequency of two variates: 
probability distribution of statistical coefficients obtained from sampling, and 
comments on the problem of estimation. The book presents the essential features 
of the recent mathematical theories in the field of statistical analysis. Every new 
idea is illustrated by an example and where practical these are followed by well 
chosen exercises for the purpose of illustrating the theory and teaching the 
method. : 

There are two distinct levels of mathematical statistics apparent in the num- 
ber of texts available on the subject. The one level involves elementary mathe- 
matics as a basis. It is limited to the use of devices which facilitate the descrip- 
tion and analysis of data, and is designed principally to provide an introduction 
to most of the applied fields. The second level is intended for those of mathemati- 
cal maturity equal to that of college students who have had algebra up to the 
binomial theorem, infinite series, and probability, elementary calculus, and the 
elements of mathematical statistics of level one. 

The book in question presumes the reader has a knowledge of mathematics 
comparable to that of the second level of preparation. I personally would select 
the book as a text in college courses only for the best of those students whose 
mathematical preparation is limited to the minimum of the second level. It is, 
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however, recommended for self-study on the part of those of more mathematical 
maturity who desire to obtain a knowledge of the recent advances in mathe- 
matical statistics. It is a contribution toward the underlying theory involved in 
recent important methods of statistical analysis. 

C. C. WAGNER 


Mathematical Clubs and Recreations. By S. I. Jones. Nashville, Tenn., Kingsport 
Press, 1940. 14+236 pages. $2.75. 


Prefacing his book with an ancient Irish love charm, a Latin sentence for 
which he quotes C. C. Keys’ most free translation, “God fills the universe of 
Mathematics and controls its operations,” the author presents aims and ideals 
for mathematics clubs. He quotes in full several articles published by high 
school teachers on such subjects as Creating Mathematical Atmosphere in the 
Classroom, The Math Teacher’s Aim, Appreciation of Beauty. A discussion of 
topics suitable for high school students is followed by a constitution of a typical 
college organization and the lengthy original (now superseded) constitution of 
Pi Mu Epsilon. A good, brief list of books suitable for high school club libraries 
concludes the first third of the book. 

There remains a compilation of mathematical amusements, quaint problems, 
multiplication oddities, and curious tables. The number rhymes begin with, One, 
two, button my shoe. The games include hop scotch and jackstraws which may 
be considered better adapted to children of the second grade. However, many 
of the problems are quite suitable for first and second year high school students. 
The sections on Perpetual Calendar, Magic Squares, and Calendar Magic, to- 
gether with Curious Tables and Fallacies, would furnish entertainment for sev- 
eral of their meetings. 

The college student will find very little to test his mathematical ability but, 
if he will solve the concluding half dozen Bible Tests, he will know more Biblical 


history than most college seniors. 
HELEN B. OWENS 


Elements of Analytic Geometry. Second edition. By C. E. Love. New York, The 
Macmillan Company, 1940. 12+159 pages. $1.75. 


The question as to the amount of time that should be devoted to a first 
course in analytic geometry, preceding the calculus, depends on the ulterior pur- 
pose. To many students it is a fascinating subject, well suited to develop skill 
in manipulation. On the other hand, many of the more interesting parts have but 
little use in the calculus. a4 

Of late years the tendency is to shorten the course in analytics, restricting 
it to the bare essentials for later use. The present volume is written with that in 
view. The first edition was written in 1931; the present book is rather an abridg- 
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ment of the third edition of the author’s larger treatise on Analytic Geometry 
(1938). 

The choice of subject-matter is limited. It seems to the reviewer that the 
chapter on the locus of an equation, before the straight line is treated, is too hard 
and not sufficiently convincing at this stage. The treatment of the distance ofa 
point from a line is consistent, but the average student will be confused as to the 
reason for the rule for signs. 

A short chapter on algebraic curves is a laudable innovation. 

The examples are numerous and well chosen. The practice of introducing 
theorems as exercises is a commendable one. It is frequently used throughout 
the book. 

The part on Solid Geometry is short, but covers the fundamental properties 
of figures of the first and second orders. 

The style is that of the other books by the same author. The figures and 


press-work are excellent. 
VIRGIL SNYDER 


A Brief Course in Trigonometry. By D. R. Curtiss and E. J. Moulton. Boston, 
D. C. Heath and Company, 1940. 8+118+17 pages. $1.50. 


While recognizing the demands for brevity, the authors believe that the older 
division of early college mathematics into distinct courses is wise, and have 
written on that basis. Only intermediate algebra and plane geometry are pre- 
supposed. 

Coérdinates are introduced at the outset and used freely throughout. The 
addition theorem for sines and cosines is proved first for acute angles all in the 
first quadrant, and later generalized by a method not heretofore published. In- 
verse trigonometric functions are usually designated by arc sin x, efc., but the 
other notation is sometimes employed. No previous knowledge of logarithms is 
assumed. Cologarithms and vectors are both explained, but each with a star 
(for possible omission). : 

A very generous number of exercises is provided; answers to odd-numbered 
ones only are given, but the others may be obtained from the publishers. The 
figures and press-work are both attractive. 

VIRGIL SNYDER 


Die Zahl x und der Kreis. (Eine Studie fiir junge Freunde der Mathematik.) 
By Franz Hennecke. Hamburg, C. Boysen, 1938. 58 pages. RM 1.50. 


As the sub-title implies, this book is written for the elementary student. The 
author presupposes only a knowledge of the relation of x to the area and circum- 
ference of a circle, and a familiarity with similar triangles and proportions. Fre- 
quent use is made of the binomial theorem which is proved in an appendix. Also 


included in the appendix are formulas for tan (a+), and for the sum of &th 
powers of the first ” positive integers. 
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The object of the book is to develop series for 7. This is done from two stand- 
points. 

The first approach is strictly elementary. From considerations of area and 
arc length and without using the language of the calculus, the author first de- 
rives numerical series for 7; then using the method of undetermined coefficients 
he develops the familiar Maclaurin series for the functions (arc sin x +x \/1—x2)/2 
and arc sin x, without identifying them as such. These series are evaluated for 
various values of x. 

Definitions of function, derivative, and integral are given and integration is 
applied to obtain series associated with 7. In order to find the area bounded by 
the curve y=\/2rx—x?, the x-axis, and the ordinate x =X, the integrand in 
[V2rx—x? dx is expanded by the binomial theorem and the series integrated 
termwise. The same method is applied to obtain the series for are sin x and arc 
tan x. Identities such as 7/4=arc tan (1/2)+are tan (1/3) =4 are tan (1/5) 
—arc tan (1/239) are used in connection with the series for arc tan x to illustrate 
the desirability of securing rapidly converging series for computation. The value 
of z is given to ten significant figures. 

The book should not be recommended to elementary students without a 
word of caution. The concept of limit is repeatedly used but nowhere is a defini- 
tion of limit given. It is also disconcerting to find the following (page 15): 

2k—1i 2k 1 k k 


lim —— = — —- — = — -—0=— 
n=0 2” 2n 2n n nN 


it being understood that k is a fixed positive integer. Numerous typographical 
rrors occur but are easily detected. 
‘ nial “od G. B. THOMAS 


Living Mathematics. By R. S. Underwood and F. W. Sparks. New York, Mc- 
Graw-Hill Book Company, 1940. 9+365 pages. $2.25. 


In the preface the authors state that they had in mind two goals in writing 
this book: first, “the production of a college text-book which would provide 
enough of the conventional subject-matter to meet practical credit-transfer re- 
quirements” and second, “highlighting for non-specialists the interest that is 
‘nherent in mathematics itself and - - - fostering an appreciation of its place in 
modern life.” 

To the end that the first goal may be reached, algebra is taken from its be- 
ginnings through quadratic equations and the use of synthetic division to obtain 
approximate zeros of polynomials in a single variable, numerical trigonometry 
and logarithms, the usual analytic geometry of the straight line and conic sec- 
tions, an introduction to differentiation and integration, and a taste of probabil- 
ity. Additional topics are compound interest and annuities, and some theory of 
numbers. 

The originality of the text lies in its attempts to reach the second goal. One 
of the best means to this end is the conversational and even, at times, breezy 
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tone of the book. A fine example of this is their “Golden rule of algebra. Always 
do to the left side what you do to the right side, and vice versa.” (This is fol- 
lowed by a more precise explanation.) The development of topics, especially that 
of algebra, is very slowly and carefully worked out. The introduction to the 
calculus is as thorough as such a brief treatment can be, the stress being on the 
understanding of the fundamental principles and a feeling for the usefulness of 
the topic rather than a development of techniques. 

Since the authors have two goals, neither is quite as well met as it might be 
by a book with a single goal. If the first were the only one, the topics in the the- 
ory of numbers would perhaps better yield to further discussion of other topics. 
If the second were the only one, time could be saved for more useful things by a 
mere mention of conic sections and their uses. The reviewer feels that the chap- 
ter on the calculus would be lost on anyone who did not go on to further mathe- 
matics; only a brilliant student could grasp the real significance of calculus from 
such a brief treatment however well it was given. 

A reviewer can always find what he considers flaws in a book—flaws which 
may be virtues to others: the titles to the sections usually give little clue to their 
contents. It would have been more enlightening to emphasize the fact that the 
commutative law and other similar laws are first laws of operations with num- 
bers and, for that reason, laws of algebra. In numerous places one has the feeling 
that it would have been much better if the authors had let themselves go to a 
greater extent. Perhaps they dared not. 

The authors seem to have a leaning toward the first of their goals, but their 
eye toward the second results in a much more interesting and rich book than the 
usual text in freshman mathematics. This leaven together with the style in which 
the book is written should result in more interested and careful reading by the 
student. And it should be a pleasure to teach. 

B. W. JONES 


College Algebra. Second edition. By N. J. Lennes..New York, Harper and Broth- 
ers, 1940. 12+432 pages. $2.50. 


The first edition of this book was published in 1928 and reviewed in this 
MONTHLY in 1931 by R. M. Mathews, now deceased. Ordinarily a second edition 
does not receive notice in this MONTHLY; but in this case the time interval since 
the first was published has been so long, and the contents of the first edition 
have been so radically changed, that the present comments should be regarded 
as applying to a new book. ; 

The first half is given to a concise, well written review of elementary algebra. 
Graphical processes are introduced early and used freely, as are determinants of 
the second and third orders. Complex numbers are discussed before the general 
quadratic equation. The first topic in the theory of equations is the determina- 
tion of approximate values of roots of numerical equations. Unusual emphasis 
1s put upon progressions as applied to laws of interest, discount, annuities, efc., 
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including various tables. A chapter on infinite series is included. No work is given 
on statistics. The chapter on determinants is unusually long and full. 

Answers to exercises are not given. There is a full index. One commendable 
feature is the inclusion of an extensive historical sketch; another is the generous 
lists of exercises, mostly not formal, but verbal, frequently involving a stiff test 
in ingenuity for their solution. In particular, 46 cumulative reviews are provided 
for systematic use at assigned intervals. 

The printing and press-work are excellent; the style is attractive. 

VIRGIL SNYDER 


Mathematics in Action, Book Three. By W. W. Hart and Lora D. Jahn. New 
York, Heath and Company, 1940. 6+442 pages. $1.28. 


The third volume of Mathematics in Action is in keeping with its predecessors 
and is designed to provide “a simplified and socialized course in general mathe- 
matics” for the last year of the junior high school. 

Complete in itself, the text reviews the work studied in the earlier grades, 
especially consumer’s arithmetic and topics in geometry. Along with extensions 
into the fields of algebra and geometry, the units cover the fundamentals of 
algebra—formulas, graphs, equations, and signed numbers— and elementary 
materials on polynomials, factoring, fractions, and fractional equations. Empha- 
sis in geometry is placed on construction and measurement of the common plane 
and solid geometric figures. 

Diagnostic tests, remedial sections, and cumulative reviews are amply pres- 
ent to insure and facilitate mastery of the subject-matter, while assistance in 
adopting the abundance of material to individual classes is provided in the form 
of starred sections and a teacher’s manual. 

The units are rich in content and make especially fine use of the inductive 
method of instruction. In a few cases, the reviewer felt the geometric definitions 
lacked rigor. For instance, “a trapezoid has two sides parallel,” or “a circle is a 
curved line on a plane; all its points are at the same distance from an inside 
point called its center.” This is not a serious drawback, however, and is more 
than compensated for by the many excellent features of the text. 

R. A. HARRISON 


Pandiagonal Magic Squares of Prime Order. By A. L. Candy, Author and Pub- 
lisher. 1003 H Street, Lincoln, Nebraska, 1940. 5+93 pages. $1.00. 


Pandiagonal magic squares are perhaps the most interesting of all the various 
sub-classes of magic squares that have been treated from time to time. I believe 
this to be the first book devoted entirely to squares of this kind. As the title 
indicates, however, squares of prime order only are discussed. 

The author divides his squares into two sub-classes which he calls Class I 
and Class II. Chapter I deals with squares of the first class, and a general for- 
mula for the total number of squares of order n of this class is derived. This for- 
mula is not new, but the fact that it can be derived so readily from Professor 
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Candy’s point of view is of considerable interest. A general formula for the num- 
ber of symmetric pandiagonal squares of Class I is also derived. The number 
given for the case »=11 at the top of page 12 and in the Summary should be 
multiplied by 100. 

Chapter II deals with squares of Class II. Isolated examples of squares not 
belonging to Class I have been noticed previously but no systematic discussion 
seems to have been made. Professor Candy’s treatment is thus of much interest 
in suggesting new problems. In particular, the problem raised in the fifth para- 
graph on page 23 appears to be worth further study. The related pairs of squares, 
such as numbers 4 and 8 on pages 24 and 25 are also worthy of note. 

The third and last chapter deals with semi-pandiagonal magic squares; that 
is, those in which the broken diagonals parallel to one of the principal diagonals 
are not magic. General formulas for the number of such squares of prime order 


are derived. 
G. E. RAYNOR 


Vector Analysis. With an Introduction to Tensor Analysis. By J. H. Taylor. 
New York, Prentice-Hall, 1939. 94+180 pages. $2.85. 


This book is a terse elementary account of some fundamental aspects of Vec- 
tor Analysis and of the rudiments of Tensor Analysis. Professor Taylor treats 
the subject as a branch of mathematics, rather than of physics. The presenta- 
tion is lucid and orderly. Each topic is preceded by a list of references to rather 
more ambitious works in English, French, German, and Italian. . 

The book is highly original not only in view-point, but also in choice of ma- 
terial and character of exposition. The chapter on Vector Algebra contains the 
principle novelties of this book as compared with the usual tracts in English. 
The group postulates and the postulates for a real vector space are formulated. 
The norm and scalar product are defined in terms of a positive definite quadratic 
form and its polar. The formulas are developed for the case of three-dimensional 
space in terms of a non-orthogonal vector basis. Distributive operators are de- 
fined by a bilinear relation on pairs of “quantities.” The chapter also includes 
material on affine transformations, linear dependence, the vector representation 
of infinitesimal rotations and areas, and applications to mechanics. The chapter 
on the differential calculus of vectors covers some elementary differential ge- 
ometry of curves and surfaces in three dimensions, and has a good treatment of 
moving axes. The chapter on the integral calculus of vectors gives a formal 
presentation of Green’s and Stokes’s theorems and the theorem of the Rota- 
tional, and some applications to line integrals and the heat equation. The chap- 
ter on tensor analysis, though fragmentary, preserves the continuity of the de- 
velopments. It is brought out that the affine group is replaced by a wider group 
of transformations, and that a local basis at a point may be selected in a tangent 
space so that the earlier vector ideas and terminology undergo natural extension. 

The stress is on logical aspects rather than on the formal technique of com- 
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putation. Thus there is frequent reference to components, and the utility of vec- 
tor methods in the details of calculations appears in a secondary rdéle. In some 
cases directness has been sacrificed for novelty, as for instance in the proof of 
the distributive law for vector cross multiplication where integrals appear. In- 
stead of observing that the postulates for a linear space define the vector con- 
cept, the postulates are in part introduced as consequences of a specialized 
definition of a vector in three space. Indeed, the formal generality attained by 
the abstract formulation may well affect a beginning student as prissy pedantry 
unless further illustration besides the tensor extension is provided. Some starred 
sections including, for instance, a brief reference to vector function spaces, would 
justify the postulational approach and indicate other aspects of the subject. 
The book is admirably suited for Vector Analysis courses in a mathematics 
curriculum. Moreover, the book is recommended strongly for collateral reading 


in survey courses in mathematics. 
D. G. BouRGIN 


MATHEMATICS CLUBS 


EpITeD BY E. H. C. HILDEBRANDT, New Jersey State Teachers College 
All reports of club activities, suggestions, topics with references, and other material of interest to 
clubs should be sent to E. H. C. Hildebrandt, New Jersey State Teachers College, Upper Montclair, N. J. 
FILMS 


1. A most interesting experiment in the production of a classroom motion 
picture was carried on during the past year by a group of mathematics students 
at Vassar College under the direction of Professor Grace M. Hopper. The only 
materials required were heavy white drawing paper, such as that used in me- 
chanical drawing classes, and India ink. The movie film cost four dollars. The 
equipment was borrowed from amateurs or from the science department. While 
experimental filming took about eight hours, the final negative was photo- 
graphed in four. Clubs or groups interested in seeing this film and in conduct- 
ing similar experiments should take advantage of Professor Hopper’s offer to 
answer any questions regarding this type of project. 


MATHECINEMATICS 


GRACE M. Hopper, Vassar College 


The use of the motion picture to provide group projects in mathematics was 
demonstrated at the New York State Student Scientific Conference at Vassar 
College this spring. The exhibition aroused a great deal of interest and elicited 
a number of inquiries which this account of our experiment will attempt to 
answer. 

The idea originated two years ago when a group of Vassar mathematics stu- 
dents had seen Walt Disney’s Snow White and on the next day were obliged to 
test the accuracy of their use of the compass for inking. The suggestion was 
ventured that a plane curve could be animated, and an envelope construction 
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of the limacon-cardioid series was selected for the purpose. When the thirty- 
eight drawings for the series had been allocated among the students and com- 
pleted, the animation was accomplished with the aid of a drawing-board and a 
small movie camera. The drawing-board was set vertically in the shade on a very 
bright day. Tacking the successive drawings accurately proved difficult, but was 
accomplished by breaking the heads off two tacks to penetrate each drawing at 
the fixed points. As far as the students were concerned, the effort was a great 
success; the curve did move and change from a hyperbolic limagon to a cardioid 
to an elliptic limacon and finally to a circle. The picture was actually very crude; 
shadows appeared and disappeared, thumb tacks bobbed in and out, and the 
curves were very jumpy. The group showed it for their friends, and it was stored 
away with the verdict that probably something of the kind could be done if one 
had more time. 

This year the Vassar Science Club was hostess to the scientific conference. 
After consideration of several projects, the mathematics group decided to re- 
make the movie and to display it with an exhibition of drawings related to the 
Cartesians and a survey of their history and properties. The choice of the 
Cartesians for such a project was dictated by the considerations that it was 
possible for students from all classes to contribute, that it appealed to the in- 
terests of physics majors taking mathematics courses, that an abundance of 
different types of constructions and theorems was provided, and that biblio- 
graphical material was readily available. 

One group of students traced the history of the curves from Descartes to 
Newton, Huygens, Quetelet, Sturm, Chasles, Cayley, Darboux, Sylvester, 
Casey, and Clifford. A second group, consisting largely of elementary students, 
examined the Cartesian and polar equations of the curves and the variations 
of their focal and other properties. A third group studied them as a special case 
of the bicircular quartics. A fourth gathered the geometric methods of construc- 
tion, the use as a trisectrix, envelopes, roulettes, pedals, inverse curves, and 
anallagmatics of which the Cartesians appear as special cases. The descriptive 
geometry class constructed models of the space intersections and projections 
generating Cartesians. Others displayed certain cases as caustics by refraction 
and reflection. The material was then sifted and combined into two papers which 
were presented to the conference, illustrated by the drawings and models. 

The movie, however, was the “chief attraction” of the exhibit. A set of draw- 
ings was made, illustrating the theorem: The envelope of a variable circle whose 
center lies on a given base circle and which passes through a fixed point is a hyper- 
bolic or elliptic limagon or a cardioid according as the fixed point lies without, 
within, or on the base circle. The fixed point was taken to the right (sixty thirty- 
seconds of an inch) of the base circle (of radius thirty thirty-seconds of an inch). 
With each drawing it was moved three thirty-seconds of an inch to the left until 
it reached the center of the base circle. The series of drawings could then be 
reversed so that the point moved out to the left of the base circle. Thus thirty- 
two careful drawings were made. The students then consulted every amateur 
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movie photographer on the campus, borrowing camera, equipment, and advice. 

This time we used the regulation amateur titling equipment which includes 
a titling board on which the drawings can be fastened accurately, two fixed 
lamps for illumination, and a bracket for the camera. We used a 100 ft. Dupont 
film which has the advantage of affording both a positive and a negative for 
further cutting and experimentation. It is impossible to be dogmatic concerning 
exposures. Each drawing was “shot” for two seconds; timing and aperture were 
found to vary with the individual camera. Before taking the actual picture, sev- 
eral feet of film were exposed at a time and developed in a dark room until the 
best possible results were obtained. One difficulty with the usual spring-wind 
amateur camera is that it does not run at an even speed. Being slow to start, it 
causes Over-exposure of the first two frames of each drawing. Cutting out these 
frames is impracticable since the splicing glue shows up against such a plain 
background. Our solution was to use the negative of the film which shows white 
lines against a black background, with the result that the “flashing” was much 
less noticeable. It is probable that cutting and splicing the negative would en- 
tirely eliminate awareness of the transitions between drawings. 

However imperfect our results may have been, there is no doubt that the 
students who participated in this effort felt that all of it was distinctly worth 
while. The movie, although still very amateurish, is very effective and has made 
an impression on non-scientists as well as scientists. I hope that other groups 
will make similar attempts so that, by sharing experiences and results, a tech- 
nique may be developed for wider presentation of mathematical subjects. I 
should be most glad to hear from any group interested in making such a movie 
or in seeing ours. 


2. The Isograph. In the August-September 1939 Montuty (see page 451), 
the attention of readers of this department was called to the film The Isograph 
which the Bell Telephone Laboratories, through the coéperation of Dr. T. C. 
Fry and Mr. John Mills, had agreed to loan for use at meetings during the year. 
We are pleased to announce that they have again consented to make this film 
available to interested groups for another year. Reservations should be made as 
early as possible, preferably before November 30th, so that a schedule for showing 
and shipping this film may be arranged for the entire year. Arrangements should 
be made by addressing Miss L. E. Smith, Librarian, Bell Telephone Labora- 
tories, 463 West Street, New York City. 

Thirty-three clubs and departments showed this film and discussed the prin- 
ciple of this mathematical machine, during the year 1939-40. The mathematics 
clubs using it at one of their meetings included: 


Archimedean Club, Winthrop Col- Kappa Mu Epsilon, University of 
lege New Mexico 

Case Mathematics Club, Case Mathematics Club, College of Wil- 
School of Applied Science liam and Mary 

Junior Mathematics Club, Univer- Mathematics Club, Connecticut 


sity of Chicago College 
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Mathematics Club, Cooper Union 
Mathematics Club, Oberlin College 
Mathematics and Physics Club, 
Queens University, Kingston, Ontario 
Mathematics-Physics Club, Haver- 
ford College 

Mathematics Society, Trinity Col- 
lege, Washington, D. C. 

Mathematics Club, University of 
Buffalo 
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Mathematics Club, University of 
Michigan 

Oliver Mathematical Club, Cornell 
University 

Pi Mu Epsilon, Duke University 

Pi Mu Epsilon, Iowa State College 

Pi Mu Epsilon, Syracuse University 

Pi Delta Theta, University of Den- 
ver 

Pi Mu Epsilon, Washington Uni- 
versity 


Departments of mathematics at the following schools had a discussion of 
this material following the showing of the film to their members: 


Davidson College 

DeKalb State Teachers College 
Brooklyn Technical High School 
University of Georgia 

Los Angeles City College 
University of Oklahoma 


St. Mary’s College, Winona, Min- 
nesota 

San Diego State College 

University of Tennessee 

State College of Washington 

Worcester Polytechnic Institute 


Robert Williamson, a senior in the Engineering School of Syracuse Univer- 
sity, after its showing at the Pi Mu Epsilon meeting, made additional arrange- 
ments to have the material presented before the senior class in mechanical 
engineering. Later he gave a paper on the isograph at the New England Student 
Convention of the American Society of Mechanical Engineers held at Worcester, 
Massachusetts. 

3. Precisely So. Clubs treating historical topics at some of their meetings 
may be interested in this film which traces the history of measurement from 
_ early times, and shows how measurements correct to a millionth of an inch are 
made and used in the automotive industry. This is a 2 real, 16 mm. sound film 
and requires approximately 20 minutes for showing. Requests and correspond- 
ence may be directed to the Department of Public Relations, General Motors 
Corporation, 1775 Broadway, New York City. There is no rental charge, but 
transportation charges must be paid to and from point of shipment. 

4. The Workers’ Old-A ge and Survivors Insurance Account. 

5. Social Security Benefits. 

These two films may be used at meetings devoted to a discussion of actuarial 
and social-economic problems. The first describes the procedures involved in 
setting up and maintaining workers’ old-age and survivors insurance accounts: 
the second shows the processes involved in filing a claim and receiving payments 
under the old-age and survivors insurance law. Both are 2 reels, 16 mm. eounth 
require approximately 20 minutes each, and were produced by the Social Secur- 
ity Board. Showings may be arranged without cost through regional Informa- 
tional Service representatives of the Board, or by writing to the Informational 
Service, Social Security Board, Washington, D. C., | 
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PROBLEMS AND SOLUTIONS 
EDITED BY OTTO DUNKEL, ORRIN FRINK, JR., AND H. S. M. CoxETER 
ELEMENTARY PROBLEMS 
Send all communications concerning Elementary Problems and Solutions to H. S. M. Coxeter, 
69 Chaplin Crescent, Toronto, Canada. 
The Department of Elementary Problems welcomes problems believed to be new, and de- 
manding no tools beyond those ordinarily furnished in the first two years of college mathematics. 


To facilitate their consideration, solutions should be submitted on separate, signed sheets, within 
three months after publication of problems. 


PROBLEMS FOR SOLUTION 
E 436. Proposed by E. H. Johnson, Emory University. 


A tall rectangular piece of furniture, of length a and width 3, is moved down 
a hallway of width c, and goes through a door whose width, d, barely allows its 
passage into an adjacent room. If we neglect the thickness of the wall, it is 
easily seen by the comparison of similar triangles that d=ab/c. If the wall has 
a thickness h, find the value of d in terms of a, 0, c, and h. 


E 437. Proposed by V. Thébault, Le Mans, France. 


For what kind of tetrahedron does the Monge point lie on the circumsphere? 
(The Monge point lies on planes perpendicular to the edges through the mid- 
points of the respective opposite edges.) 


E 438. Proposed by J. S. Frame, Brown University. 


If p is any odd prime, show that the decimal expansion of the fraction 1/p 
will repeat in (p—1)/2 digits or some factor thereof if and only if p= +3* (mod 
40). 


E 439. Proposed by J. H. M. Wedderburn, Princeton University. 


ABC is a triangle; lines are drawn external to it, parallel to AC and BC at 
distances which bear a fixed ratio to the lengths of AC and BC, respectively, 
making a parallelogram of which CD is one diagonal. If the length of CD is kept 
constant, show that the locus of C is obtained as follows. Draw two equal circles 
with centers A and B, and let a line, equal in length to the diameter of the 
circles, slide with its ends on the two circles; then C is on the locus of the mid- 
point of this line. (The radius of the circles is determined by any one point on 
the locus.) 


E 440. Proposed by H. S. M. Coxeter, University of Toronto. 


Prove that, for every integer n>2, there are from ten to thirteen 1-digit 
numbers whose digits are the same as the last m digits of their cubes, and that 
for n=6 the thirteen numbers are 5:105+1, 10°—1, 5°, 10°—5®, 5-10°+ S$, 
5-10°+(58—1), 2-5'—1, 10°—2-58+1, 2-58§—5-10°—1, 15-10°—2-58+1. 
(G. Fistie, in Sphinx, 1935, p. 4, found only nine such numbers. ) 
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SOLUTIONS 
E 398 [1939, 652]. Proposed by Virgil Claudian, Bucharest, Roumania. 


Given a triangle ABC, let O be the circumcenter, A’ the projection of A 
on BC, M any other point of BC, and B,, C; the respective projections of B, C 
on AM. Let lines through M, parallel to A’C; and A’B,, meet AC and AB in 
points P and Q, respectively. Prove that the lines PQ and OM are perpendicular. 


Solution by L. M. Kelly, University of Missourt. 


Produce A M to meet the circumcircle in D. Join CD and BD. Since the quad- 
rangles ABDC and ABA’B, are cyclic, 


ZBCD = Z BAD = ZMA'B,; = ZBMO. 


Hence MQ and CD are parallel; similarly so are MP and BD. Suppose BD and 
CD meet AC and AB in P’ and Q’, respectively. Then P’Q’, being the polar of M 
with respect to the circumcircle, is perpendicular to OM. But, from similar tri- 
angles, 

AQ/AQ’ = AM/AD = AP/AP’. 


Thus PQ is parallel to P’Q’, and perpendicular to OM. 
Also solved by V. W. Graham. 


E 401 [1940, 48]. Proposed by A. H. Stone, Graduate College, Princeton. 


Fit together twenty-eight squares, of sides 2, 18, 22, 37, 38, 39, 41, 43, 49, 
67, 72, 80, 85, 103, 116, 154, 164, 175, 178, 192, 200, 207, 215, 222, 230, 247, 422, 
593, to make a single square (of side 1015). Is there any simpler solution to the 
problem of dissecting a square into several unequal squares? 


I. Partial Solution by Michael Goldberg, Washington, D. C. 


Using the packer’s rule of packing the largest parts first, the arrangement 
shown in Figure 1 is obtained empirically. The solution depends on the existence 
of a rectangle which can be divided, in two distinct ways, into different squares. 
Intuitively this seems less probable than the division of a square into squares di- 
rectly. But I know of no way of finding a simpler solution than the given solution 
without obtaining a complete census of all possible rectangles formed of fewer 
than thirteen squares. This census could be made by testing every possible ar- 
rangement of squares in the following manner. Designate, by a and b, the edges 
of a pair of adjacent squares of the arrangement to be tested. (See Fig. 2.) The 
edges of other squares are readily obtained. By adding new letters whenever 
necessary, all the squares may be labelled. Then, by equating different forms 
for the same edge, Diophantine equations are obtained. In the rectangle shown, 
equating the left and right edges we obtain : 


(12a — 2b) + (8a — b) = (3a + 2b) + (2a + b) + (3a+4 3), 


whence 12a =76. The solution a=7, 6 = 12, gives a rectangle 104 by 105, formed 
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from ten different squares. Steinhaus, in Mathematical Snapshots (p. 9), refers 
to another nearly square rectangle, namely 32 by 33, formed from nine different 
squares. 

Also partially solved by J. Rosenbaum, E. R. van Kampen, and R. J. Walker. 





Fic. 2 


II. Solution by W. T. Tutte, Trinity College, Cambridge, Eng. 


Yes, there is at least one simpler solution to the problem of “squaring the 
square.” The number of component squares is 26, and the side of the large square 
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is 608. For details, see R. L. Brooks, C. A. B. Smith, A. H. Stone, and W. T. 
Tutte, On the dissection of rectangles into squares, Duke Mathematical Jour- 
nal, vol. 6, to appear in December, 1940. 

Moreover, there is another solution which is neither simpler nor less simple, 
since the number of pieces is again 28, and the side of the large square is again 
1015. The sides of the component squares are 13, 16, 17, 23, 30, 43, 47, 84, 92, 93, 
119° 120, 142,163, 165,167,177, 183, 188; 1997-2157 21922617 2707 280s so. ore 
Soo: 


Editorial Note. The above problem arose out of the joint work of Brooks, 
Smith, Stone, and Tutte on “perfect rectangles” (which is not “elementary” at 
all). All three of the above “perfect squares” were actually found byTutte.The 
proposer remarks that Moron’s 32 X33 is, as Steinhaus surmised, the simplest 
perfect rectangle. The only other one with nine pieces is 61X69; another with 
ten pieces is 47 X65. The problem of “squaring the square” was formerly be- 
lieved to be insoluble. (See Kraitchik, La Mathématique des Jeux, p. 272.) An 
independent solution has been given by R. Sprague, “Beispiel einer Zerlegung 
des Quadrats in lauter verschiedene Quadrate,” Mathematische Zeitschrift, vol. 
45, 1939, p. 607; he uses 55 squares. After reading Goldberg’s remarks, the pro- 
poser adds that it is true, though by no means obvious, that there are only a 
finite number of 13-piece perfect rectangles. Apropos of “nearly square” rect- 
angles, like 32 X33 and 104 X105, it has been conjectured that there are infinitely 
many perfect rectangles whose sides differ by 1. Brooks has proved that there 
are infinitely many whose sides differ by 2. In fact, let (1—1) X(n+1) be one 
such (e.g., 64X66); then we obtain another by doubling its dimensions and jux- 
taposing squares of sides 1, 2n—1, 2m, 2n+1, so as to make (4n—1) X(4n+1) 


E 402 [1940, 48]. Proposed by Irving Kaplansky, Harvard University. 


If n, r, and a are positive integers, the congruence n2=n (mod 107) obviously 
implies "=n (mod 107). (When such a number has only a digits, it is called 
an automorphic number.) For what values of r does "=n (mod 10°) imply 
n°=mn (mod 10*)? 

Solution by the Proposer. 


The implication does not hold when + is odd, for then 47°=4 (mod 10), while 
4*=16; and it does not hold when r=1 (mod 5), for then 217°=21 (mod 100), 
(since 215=1), while 212=441. Now let r—1 be prime to 10. Since r—1 is odd, 
(n"~'—1)/(n—1) is odd. Suppose, if possible, that (n*-1—1)/(n—1) is divisible 
by 5. Then n*-!=1 (mod 5). But by Fermat’s Theorem, n*=1 (mod 5). Since 
r—1, being odd, differs by 1 from a multiple of 4, it follows that n=1 (mod 5). 
Setting n=5m-+1, we have 


(nm — 1)/(m — 1) = } (5m + 1)-1 — 1}/5m 
= | (5m) +::> + Sm(r — 1) +1=— 1} /5m 


r — 1 (mod 5), 
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which contradicts the hypothesis that 7 —1 is prime to 10. Hence (n’ —n)/(n?—n) 
is prime to 10, and the congruence n"—n=0 (mod 107) implies n2?—n=0 
(mod 10°). Thus the required values of 7 are all even numbers not ending in 6. 


(In the trivial case when a=1, the proviso against ending in 6 can be waived.) 
Also solved by E. P. Starke. 


E 403 [1940, 48]. Proposed by Cezar Cosnitd, Focsani, Roumania. 
Show that the two conics 
x? + 2xy + 3y?-—1=0, 2x? — 6xy — y? + 22 = 0 


have the same director circle. 


Solution by P. D. Thomas, Norman, Okla. 


Applying the method of C. Smith (Conic Sections, p. 255) to the conic 
ax?+2hxy+by?+c=0, we see that the pair of tangents from (x’, y’) is 


(ax? + 2hxy + by? + c)(ax’® + 2hx’y’ + by’? + c) 
= {axx! + h(xy’ + yx’) + byy’ + c}2. 
These lines are perpendicular if the sum of the coefficients of x? and y? is zero, 
1.€., if 
(a + b)(ax!? + 2hx'y’ + by’? + c) = (ax! + hy’)? + (hx! + by’)? 
Hence the director circle, being the locus of (x’, y’), is 
(ab — h*)(x? + y’) + (a + d)c = 0. 

This reduces to x?+y?—2=0, both when a=1, h=1, b=3, c= —1, and when 
a=2, h=—3, b=—1, c=22. 

Also solved by M. W. Aylor, W. E. Buker, W. N. Huff, J. S. Leech, D. L. 
MacKay, C. W. Moran, Hazel E. Schoonmaker, L. W. Sheridan, E. P. Starke, 


C. W. Trigg, G. A. Williams, and another, most of whom rotated axes so as to 
put the two conics into the form 


2 
x2 vy? x2 y 


——__— +. —___—__—. = |, —____— — ————__ = 1 
eee ee i 3-52 41 3-52? — 1 
E 404 [1940, 48]. Proposed by V. Thébault, Le Mans, France. 
Determine the largest and smallest perfect squares which can be written 
with the ten digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, used once each in both cases. 
Solution by Alan Wayne, New York, N. Y. 


By means of a table of squares of integers from 1 to 10° (constructed by the 
actuarial department of the Mutuelle Générale Francaise Vie, an insurance com- 
pany located at Le Mans, France), V. Thébault has listed all the perfect squares 
having nine or ten different digits. (See Mathesis, vol. 52, 1938, pp. 121-124.) 
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There are 83 of the former, 87 of the latter. The first and last entries of the latter 
table are: 
320432 = 10267 53849, 990662 = 98140 72356. 


Also solved by W. E. Buker, C. W. Trigg, and the proposer. 


ADVANCED PROBLEMS 

Send all communications about Advanced Problems and Solutions to Otto Dunkel, Washington 
University, St. Louis, Mo. All manuscripts should be typewritten, with double spacing and with 
margins at least one inch wide. 

Problems containing results believed to be new or extensions of old results are especially 
sought. The editorial work would be greatly facilitated, if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well known text-books or results found in readily accessible sources will not 
be proposed as problems for solution in this department. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems. 


PROBLEMS FOR SOLUTION 
3968. Proposed by Frank Ayres, Jr., Dickinson College. 


Let the line through the vertex A;, (¢=1, 2, 3), and parallel to the opposite 
side of the triangle A:42A; meet the circumcircle in the point D;. Show that: 
(1) The Az lines [3929, 1939, 601] of the pairs of points A;, D; intersect on the 
nine-point circle of A41:42A3 midway between A; and the orthocenter of the given 
triangle. (2) The A; lines of D; intersect in the symmetrics of A;, As, A3 as to the 
nine-point center. 


3969. Proposed by Frank Ayres, Jr., Dickinson College. 


Let the line through the vertex A;, (i=1, 2, 3), and parallel to the opposite 
side of the triangle A14.A3 meet the circumcircle in the point D;. Show that: 
(1) The orthocenter of D,D.D; lies on the join of the circumcenter and isogonal 
conjugate point of the nine-point center of 414243. (2) The join of the ortho- 
ea of D,D2D3 and A,A_2A3 is the image line of the Steiner point of the latter 
triangle. 


3970. Proposed by V. Thébault, Le Mans, France. 


Let (H)=A,A.A3A,A;Ae5 and (D) =AjayAca2 : - » Aga be a regular hexagon 
and a regular dodecagon inscribed in a circle (O). Show that: (1) The Simson 
lines Ay, Ay of any point M of (O) with respect to the triangles A1A3A5, AsAiAs¢ 
are perpendicular and intersect at the midpoint of MO. (2) The consecutive sidés 
of the pedal (717’) of M with respect to (77) are parallel to A,, As. (3) Opposite 
sides of the pedal (D’) of M with respect to (D) are parallel to the bisectors of 
the angles between A, and As. (4) Two sides of (D’), separated by a side ‘oe 
perpendicular. (5) If we denote by Ss, Sis, Dis the areas of (Fi), (D) (D’) then 
2i2=Ss+Sio/2. (6) Extend (3) and (4) to pedal polygons of Mf with eaneed toa 
regular polygon of 6k sides, k being any integer, * | 


1940] PROBLEMS AND SOLUTIONS 575 


SOLUTIONS 
3848 [1937, 667]. Proposed by P. Erdis, Budapest, Hungary. 


Let O be an arbitrary point in the interior of the triangle ABC, and let A’, B’, 
C’ be the points in which AO cuts BC, etc. If AA’=BB’ and AA’=CC'’, then 
AA’2=0A'+0B’+0C’, where equality holds only if A4A’=BB’=CC’. 


Solution by the Proposer. 


Let O, and A”’ be the orthogonal projections of O and A on BC, etc., and set 
a=00,/AA"’, B=O00./BB"’, y=O0;3/CC"’. It is well known that at+8+y=1; 
and evidently OA’ =a:AA’, OB’=6- BB’, OC’=y-CC’. Hence OA’+0B'+0C’ 
=a:-AA’+8-BB’+y-CC’S(a+6+y):AA’=AA’, and the proof is complete. 

A solution of 3746 [1937, 400] follows immediately from the first equality 
in the last sentence above. For, in that problem BC is given as the greatest side, 
and then BC>AA’, BB’, CC’. Hence BC>OA’+OB’+0OC’, as was required 
in that problem. 

Solved also by H. D. Ruderman. 


Editorial Note. The barycentric coérdinates of O are a:B:y; and, as is well 
known, O is then the centroid of masses a, 8, y placed at the vertices A, B, C. 
Hence by statics, (a+8+y):OA’=a:-AA’; and we may for convenience take 
the total mass as unity, so that OA’ =a:AA’, etc. 

We regret that H. D. Ruderman’s solution of 3746 was overlooked. He used 
in that solution the equality OA’/AA’+0OB’/BB’+0C’/CC'=1, given in 
Wentworth’s Plane Geometry, p. 247, ex. 549; and he sketched a proof of it. 
The rest of the solution for either 3746 or 3848 then follows easily. For this rea- 
son we credit him with the solution of the present problem. 


3871 [1938, 253]. Proposed by V. Thébault, Le Mans, France. 


Let O, I, I,, Is, I. be the centers of the circumcircle, inscribed circle, and the 
escribed circles of a given triangle ABC; and let Q., Qs, Q-, Qa, Qs’, Qe be the 
intersections of the sides of the triangle with the interior and exterior bisectors 
of its angles. The parallels to the Euler line through the orthogonal projections 
on Q/ 04 02, QsQ-, Q-Qa, QoQ» of an arbitrarily chosen point of that line meet re- 
spectively OI, Ola, OI», OI. in M, Ma, Mz, M... Show that the sum of the powers 
of O with respect to the circles with diameters 1M, I,M,, InMs, I-M. is zero. 


Solution by the Proposer. 


(1) Let a, b, c be the lengths of the sides of ABC; let R, 17, fa, 7b, 7c be the 
radii of the circumcircle, incircle, and the three escribed circles; let Gh das ste 
be the lengths of OJ, Ol,, Oln, OL-; and let G be the centroid. We know 
that the straight lines A=(Q/, Q3, Q:), NO 4) Or, hy), Db = On Ore es 
A.=(Q., Ov, Q/) are perpendicular respectively to the straight lines OL, Ol., Oln, 
OI,; and that their distances from O are (see Note by the proposer in Mathesis, 


1937, p. 475) 
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6 = R(R + r)/d, 6; => R(R = r:)/di, (1 = a, b, c). 


If a, B, y, I are the orthogonal projections of A, B, C, G on A, we have 
Aa=be/2d, BB=ca/2d, Cy =ab/2d. We then deduce that 


(Aa + BB + Cy)/3 = (bc + ca + ab)/6d 
= [p+r4R+7]/6d, %2w=atd+e. 


GT 


In the same manner we find that the distance of G from A; is GI';= [(p—i)? 
—7r(4R—r;) |/6d;. 

(2) More generally, the distances M’M’'’, M’M;’ of the lines A, A; from the 
point M’ of the Euler line, OG, for which k=OM’/OG are, first, M’M’’ 
=(1—k)6+kGI, M'’M}{’ =(1—k)6;+AGT;; then 


M’'M” = [6(1 — k)R? + 2(3 — k)Rr + k(p? + 1’) |/6d, 
MM!’ = [61 — RK — 2(3 — AR + El (p — 2 + 73} [/6di. 

(3) The power of O with respect to the circle of JM as a diameter, M being 
the point of the problem, has for its value (P) =OI-OM =dA’, A’=M’'M"’, so 
that 

(P) = [6(1 — k)R? + 2(3 — k)Rr + k(p? + 7°) ]/6, 
(Pi) = [6(1 — &)R? — 2(3 — &)Rr + k{(p — 22? + 7H) /6. 
Using the relations 7,+7,+7,=4R+r and 2+74r+r =16R?—(a?+0°+2), 
we find that 
Car OHO ap Ca Nia Og i) SiN 


which is the desired result. 


3891 [1938, 631]. Proposed by J. R. Musselman, Western Reserve University: 


The Apollonian circles of a triangle meet in two points, the Hessian points 
hy and hz. Show that the two Beltrami points (inverses in the circumcircle of 
the Brocard points) form with either Hessian point an equilateral triangle. 
Hence each Beltrami point is the center of the circle passing through hy; and hy 
and the other Beltrami point. Naturally a Brocard point lies on each circle. 


Solution by V. W. Graham, High School, Dublin, Ireland. 


Let 2, Q’, K denote the Brocard points and the symmedian point, respec- 
tively, and let B, B’, K denote their inverses in the circumcircle (O) with center 
O. Since OB-O2=O0K-OK, KOBK is a cyclic quadrilateral; and therefore 
ZBKK= ZKQO=90°. Hence OK is perpendicular to BB’ at K the inverse 
of K, and thus BB’ is the Lemoine line. The Hessian points are equidistant 
from this line so that 4i1K=Kh». Since O, K, Ih, he is a harmonic range, 
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OK:-KK=(hK)2, or (OK—OK)-OK=(hK)2. From OK-OK=R? and the 
known relation (OK)?= R? (1—3 tan? w), we have OK/OK =1—3 tan? w. From 
these equations we find ;K =\/3 tan WOK =\/3KB. Hence Z KBh,= 60°; and, 
similarly, Z KB’h;=60°. Thus the triangles BB’h; and BB’h»y are equilateral. 
Since OQ: OB =Oh,: Ohe = R?, Q lies on the circle through fy, /2, B with its center 
at B’. A similar result is true for the other set of points. 

Solved also by F. C. Gentry and O. J. Ramler. 


Editorial Note. The other two solutions were analytic. 

There is an Apollonian circle for each vertex of a triangle ABC, the circle 
(ki) with center k, for A passes through A and has for a diameter the segment 
IiIi cut from BC by the internal and external bisectors of angle A. Thus (;) 
is orthogonal to the circumcircle (O), and it is the locus of points P such that 
b:BP=c-CP, where a, 0, c are the lengths of the sides of ABC. It follows im- 
mediately that the three circles intersect in two real distinct points /, he form- 
ing an inverse pair with respect to (O). Each of the two points, say J, forms 
with A, B, Ca quadrangle for which the product of the opposite sides is the same, 
that is, a: Ah,=b-Bhy=c- Ch, and for this reason they are often called the iso- 
dynamic points for ABC. Obviously, the centers ki, ke, ks lie on the straight line k 
perpendicular to the common chord Jyh, at its midpoint K. Since Ak, is anti- 
parallel to BC with respect to angle A and k, is on BC, the polar of k; is the sym- 
median for A; and therefore k is the polar of the symmedian point K with respect 
to (O) and also with respect to ABC. Thus K, K form an inverse pair with re- 
spect to (O), and O, K, mh, K, ho are collinear. The circle (K) on /yh2 as a diameter 
is orthogonal to (O), and the inverses of (K) and k with respect to (O) are (K) 
and the Brocard circle (OK) on OK as a diameter; hence (OK) and (K) are 
orthogonal, and k is the radical axis of (OK) and (Q). This gives (Kh,)?=(OK)? 
— R?= R1/(OK)?—R?®. It is easily shown that the pedal triangle for each of the 
points hy, he is equilateral. Also, if Ah, cuts (O) again in A, the triangle A:BiC 
is equilateral. The isogonal conjugates hj, hz of My, he are of interest. Each side 
of the equilateral pedal triangle X1¥1Z, of Mi, say YiZ,, is perpendicular to the 
corresponding straight line Ahi. Hence hj is a point such that the sides of ABC 
subtend at it angles of 120° or 60°; for this reason the points hy, hy are called 
isogonic centers of ABC. If equilateral triangles are constructed outwardly upon 
the sides of ABC, for example BAC, the three straight lines, such as AA, meet 
in hj. If the equilateral triangles are constructed inwardly they give hz. Thus the 
isogonic centers lie on Kiepert’s hyperbola; see the solutions of 3882, 3883 [1940, 
403]. The Brocard pair of points 2, 2’ belong to the class of isogonal conjugate 
pairs, and they have the distinction that the angles CBQ, ACQ, BAY are equal, 
and this common angle w is called the Brocard angle for ABC. Among their 
other remarkable properties are the following: 2 and {’ are on the circle (OK) 
so that 22’/OK=ZKOQ=w and (OK)?=R*(1—3 tan? w). The proofs are not 
simple. These equations with the one above for Kh; give the theorem of the prob- 
lem as in the above solution. 
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3894 [1938, 631]. Proposed by Walter Leighton, The Rice Institute. 
Given a polynomial equation 
(1) f(x) = aox™ + av" + --- + a1%+a,=0, a £0, 


where the a; are rational integers, find all roots of the form (a +/b)/c, where 
a, b, c are integers, c¥0, and V/0 is irrational (possibly imaginary). 


Solution by the Proposer. 


Suppose that a+/6 isa root of (1), where a and b are integers and where \/b 
is not rational (possibly imaginary). Then a—+/0 is also a root and 


(2) f(x) = [(«— a)? — db] g(z), 


where g(x) is a polynomial of degree m —2, with rational integral coefficients. The 
following theorem is immediate: 

If at+tv/b is a root of (1), where a and b are integers and \/b is irrational, then 
(m—a)?—b must divide f(m) for every integer m. In particular, a®—b must divide 
f(0) =a,. 

If b<0, the final remark in the theorem reduces the possible values of each a 
and b to a finite set. The first statement in the theorem supplies a “sieve” for 
each m by means of which this finite set may be reduced in size. 

The general case where \/6 is either real or imaginary, but irrational, is only 
slightly more difficult to handle. Let all the integral divisors (positive and nega- 


tive) of a, be the set ay, a2, -- - , ax. Then by the theorem, a and b must satisfy 
at least one of the equations 
(3) b= a? — aj, (7 -=1), <= ee 


A further application of the theorem with m= 1* yields the fact that (1—a)2—6 
must divide f(1). If the integral divisors (positive and negative) of f(1) are the 


set Bi, Bo, -- +, Bp», we have the further condition that a and b must satisfy at 
least one of the equations 
(4) (1 we a)? =a) b = Bi, (7 = ay as pes Es p). 


Combining (3) and (4) we have the result that a@ must satisfy one of the k-p 
equations 


(5) 2a =1+a;-— B,, GH low, kK t= lye: p; 1, 7 independent). 


However, condition (5) yields at most a finite set of possible values a, and condi- 
tions (3) and (4) permit only a finite number of possibilities 6. The theorem 
may now be applied with other values of m to this finite set of numbers a and } 
to reduce it further. The problem of finding all roots a++/b of (1) is thus solved. 

We turn now to the problem of finding all quadratic irrational roots of (1); 





"i ; P 
Some other choice of m will often be advantageous. Clearly it is 


= desirable that f(m) have as 
few divisors as possible. 
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that is, all roots of the form (a++/b)/c, where a, b, c are integers, c#0, and Vb 
is irrational. This case can be reduced to the preceding one. To that end the sub- 
stitution y =dox is first made in equation (1), reducing (1) to a polynomial equa- 
tion of degree m in y with rational integral coefficients and leading coefficient 
unity: 


(6) yy bye ee oh by ay by = 0. 


It is well known that if y?+py+q is a factor of g(y), where ~ and q are rational, 
then p and gq are integers. Hence all quadratic irrational roots of (6) are of the 
form 4(a+/b), where a and D are integers and V/0 is irrational. We now make 
the substitution z =2y. The result is a polynomial equation 


h(z) = 2* + 20:2"! + 27bez™-? +--+ + 2%-1b,_12 + 2%, = 


The quadratic irrational roots of this equation are of the form a+/6 and the 
preceding theory may be applied. 


Example. Let us set b= —8, B>0, and consider the equation* 
(7) x4 — 2x? — 8% —3 = 0. 


Then a?+8 must be one of the numbers 1, 3. Accordingly the possible values 
of a and Bare 


(8) Gia = 0: SE BTN Dot Oe B= 3, a= 0. 


Observe that f(2) =—11 and hence that (2—a)?+ must divide 11. The set (8) 
thus reduces to B=2, a= —1. We try this possibility and find that -1+V/—2 
are indeed roots of (7). The other two roots are now readily found to be 1+ /2. 


Editorial Note. See also the paper of Oystein Ore, Revista Ci., Lima, 41, 
1939, pp. 587-592. 


* L. E. Dickson, First Course in the Theory of Equations, p. 51. 
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NEWS AND NOTICES 
Readers are invited to contribute to the general interest of this department by sending news items 
to R. G. Sanger, Eckhart Hall, University of Chicago, Chicago, Illinois. 
The following persons have been awarded fellowships by the Guggenheim 
Foundation: Dr. Jesse Douglas, Assistant Professor Gordon Pall, Professor 
R. L. Wilder, Associate Professor A. F. Wintner. 


Professor G. D. Birkhoff of Harvard University was elected Foreign Associ- 
ate of the National Academy of Sciences of Lima. 


Johns Hopkins University has conferred the doctorate of laws on Dr. Van- 
nevar Bush, President of the Carnegie Institution, Washington, D. C. 


Associate Professor A. W. Tucker, on leave of absence from Princeton Uni- 
versity for the year 1940-41, is giving a series of six lectures on ‘“‘The Tensor 
Topology of Networks”’ at Northwestern University this autumn. 


Professor Hermann Weyl of the Institute for Advanced Study has been 
elected a member of the National Academy of Sciences. 


Assistant Professor Max Astrachan of Antioch College has been made chair- 
man of the department of mathematics. 


At the University of Kansas Assistant Professors Wealthy Babcock and 
Florence L. Black have been promoted to associate professorships. 


Dr. R. P. Bailey of Lafayette College has been promoted to an assistant 
professorship. 


Dr. N. H. Ball of the U. S. Naval Academy has been promoted to an as- 
sistant professorship. 
Dr. F. S. Beale of Lehigh University has been promoted to an assistant 


professorship. 


Dr. E. F. Beckenbach of Rice Institute has been appointed an assistant pro- 
fessor at the University of Michigan. 


Associate Professor A. H. Black of Lebanon Valley College has been pro- 
moted to a professorship. 


Dr. Augusto Bobonis of the University of Puerto Rico has been promoted 
to an assistant professorship. 


J. M. Boswell of the University of Kentucky has been appointed professor 
of mathematics and physics at Cumberland College. 


Assistant Professor D. G. Bourgin of the University of Illinois has a leave 
of absence for the year 1940-41 and is at the Institute for Advanced Study. 


Dr. A. gi Brauer of the Institute for Advanced Study will lecture at New 
York University during 1940-41, 
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Dr. Foster Brooks and Dr. Emma J. Olson of Kent State University have 
been promoted to assistant professorships. 


Dr. A. A. F. Brown is now associated with the statistical department of 
Bamberger’s Store, Newark, New Jersey. 


Dr. G. W. Brown is associated with the research department of R. H. Macy 
and Company, New York, N. Y. 


Dr. F. A. Butter of the University of Southern California has been promoted 
to an assistant professorship. 


Dr. Claude Chevalley has been appointed assistant professor of mathe- 
matics at Princeton University. 


Dr. J. A. Clarkson of the University of Pennsylvania has been promoted to 
an assistant professorship. 


Assistant Professor H. M. Cox has been appointed Director of the Bureau 
of Instructional Research at the University of Nebraska. ‘ 
Assistant Professor H. V. Craig of the University of Texas has been pro- 


moted to an associate professorship. 


Associate Professor M. M. Culver of the University of Pittsburgh has been 
promoted to a professorship. 


Dr. J. H. Curtiss of Cornell University has been promoted to an assistant 
professorship. 


Dr. E. H. Cutler of Lehigh University has been promoted to an assistant 
professorship. 

Dr. M. M. Day, Dr. R. J. Duffin, and Dr. R. H. Fox have been appointed to 
associateships at the University of Illinois. 

Dr. Carl Denbow of Ohio University has been promoted to an assistant 
professorship. 

At Michigan State College, Dr. P. L. Dressel, J. D. Hill, Dr. C. C. Hurd, 
and Dr. E. T. Welmers have been promoted to assistant professorships. 

Assistant Professor J. E. Eaton of Hofstra College is now head of the de- 
partment of mathematics. 

Dr. Churchill Eisenhart of the University of Wisconsin has been promoted 
to an assistant professorship. 

Assistant Professor H. T. Engstrom of Yale Universty has been promoted 
to an associate professorship. 

Assistant Professor O. J. Farrell of Union College has been promoted to an 


associate professorship. 
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Assistant Professor E. J. Finan of the Catholic University of America has 
been promoted to an associate professorship. 


At Cornell University Assistant Professors W. W. Flexner and B. W. Jones 
have been promoted to associate professorships. 


Dr. K. O. Friedrichs of New York University has been promoted to an 
associate professorship. 


Professor Orrin Frink, Jr., of Pennsylvania State College, on leave of ab- 
sence for the first semester of 1940-41, is at the Institute for Advanced Study. 


Associate Professor Gordon Fuller of Alabama Polytechnic Institute has 
been promoted to a professorship. 


Dr. T. N. E. Greville of the University of Michigan is spending the year in 
actuarial work with the Bureau of the Census in Washington, D. C. 


Professor V. G. Grove has been appointed chairman of the department of 
mathematics at Michigan State College. 


Assistant Professor O. H. Hamilton of Oklahoma Agricultural and Mechani- 
cal College was promoted to an associate professorship in September 1939. 


Dr. E. E. Haskins of Northeastern University has been promoted to an 
assistant professorship. 


Dr. A. E. Heins of Purdue University has been promoted to an assistant 
professorship. 


Dr. Olaf Helmer and Dr. H. E. Vaughan of the University of Illinois have 
been promoted to associateships. 


Dr. Banesh Hoffmann of Queens College has been promoted to an assistant 
professorship. 


Dr. J. T. Hurt of the Agricultural and Mechanical College of Texas has been 
promoted to an assistant professorship. 


Dr. L. P. Hutchison of Indiana Technical College has been appointed an 
assistant professor at the Citadel, Charleston, S. C. 


Assistant Professor Nathan Jacobson of the University of North Carolina 
has been appointed visiting associate professor at Johns Hopkins University. 


Assistant Professor Glenn James of the University of California at Los 


Angeles has been granted a sabbatical leave for the first semester of the year 
1940-41, . 


ae Pe , ' : : 
L. W. Johnson was appointed assistant professor at Purdue Universitv. 
However, he was called to duty with the National Guard with the rank of Cap- 
tain, and is located at Fort Sill, Oklahoma. 
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Professor L. C. Karpinski of the University of Michigan is on leave of ab- 
sence for the first semester of the year 1940-41. 


Assistant Professor Chosaburo Kato of Denison University has been pro- 
moted to an associate professorship. 


Dr. Fulton Koehler has resigned his position at the University of Min- 
nesota in order to enter the actuarial department of the Northwestern National 
Life Insurance Company. 


Dr. O. E. Lancaster of the University of Maryland has been promoted to an 
assistant professorship. 


Assistant Professors V. S. Lawrence, Jr., and J. B. Rosser of Cornell Uni- 
versity have been promoted to associate professorships. 


Dr. T. H. Lee of the University of Wisconsin has been appointed an associate 
professor at the University of South Carolina. 


Associate Professor V. F. Lenzen of the University of California has been 
promoted to a professorship. 


Assistant Professor Sophia H. Levy of the University of California has been 
promoted to an associate professorship. 


Professor C. C. MacDuffee of the University of Wisconsin has been ap- 
pointed to a professorship at Hunter College. He will fill the vacancy left by the 
retirement of Professor Lao G. Simons, chairman of the department. 


Dr. W. C. McDaniel of Southern Illinois State Normal University has been 
promoted to an assistant professorship. 


Assistant Professor J. D. Mancill of the University of Alabama has been 
promoted to an associate professorship. 

Dr. S. Mandelbrojt has been appointed visiting lecturer at the Rice Insti- 
tute. 

Associate Professor Morris Marden of the University of Wisconsin Exten- 
sion Division at Milwaukee is on leave of absence and is lecturing at the Uni- 
versity of Wisconsin. 

Assistant Professor W. T. Martin of the Massachusetts Institute of Tech- 
nology has been granted a leave of absence to spend the year Princeton Uni- 
versity. 

Assistant Professor W. E. Mason of the University of California at Los 
Angeles has been promoted to an associate professorship. 

After a two years’ leave of absence spent at California Institute of Tech- 
nology, Dr. A. B. Mewborn has returned to the University of Arizona as an 


assistant professor. 
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Professor B. J. Miller of St. Ambrose College, Davenport, Iowa, has received 
an appointment at St. Louis University. 


Dr. G. E. Moore of the University of Illinois has been promoted to an 
assistant professorship. 
Dr. T. W. Moore of the U. S. Naval Academy has been promoted to an as- 


sistant professorship. 


Dr. W. K. Morrill of Johns Hopkins University has been appointed an 
associate in mathematics. 


Assistant Professor W. R. Murray of Franklin and Marshall College has 
been promoted to an associate professorship. 


Dr. W. H. Myers has been appointed assistant professor of mathematics at 
San José State College. 


Assistant Professor Sara L. Nelson of Georgia State College for Women has 
been promoted to an associate professorship. 


Dr. L. F. Ollmann of Texas Technological College has been appointed an 
assistant professor at the College of Wooster. 


Assistant Professor F. W. Perkins of Dartmouth College has been promoted 
to an associate professorship. 


Assistant Professor G. W. Petrie 11 of South Dakota State School of Mines 
has been promoted to an associate professorship. 


Dr. H. R. Phalen has been appointed an associate professor at the College 
of William and Mary. 


Professor H. R. Pyle of Earlham College has been appointed to a professor- 
ship at Whittier College. 


Associate Professor C. B. Read of the University of Wichita has been pro- 
moted to a professorship and becomes head of the department. 


Associate Professor D. E. Richmond of Williams College has been promoted 
to a professorship. 


Dr. S. T. Sanders, Jr., of Delta State Teachers College has been appointed 
to a professorship at Southwestern Louisiana Institute. 


Brother Louis de LaSalle Seiler of St. Mary’s College, Winona, Minnesota, 
is now dean of studies. 


Dr. R. W. Shephard is now Research Fellow, Bureau of Public Administra- 
tion, at the University of California. 


Dr, Seymour Sherman has accepted a stipend for the year 1940-41 from the 
Institute for Advanced Study. 
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Professor W. G. Simon, Dean of the Faculties of Arts and Sciences at Wes- 
tern Reserve University has been made vice president of the University. 


Assistant Professor Ruth G. Simond of Hampton Institute has been pro- 
moted to an associate professorship. 


Professor Marcus Skarstedt of Whittier College has been appointed Librar- 
ian at San Francisco Junior College. 


R. E. Smith of the University of North Carolina has been appointed to a 
professorship at Atlantic Christian College, Wilson, N.C. 


Associate Professor A. H. Sprague of Amherst College has been promoted 
to a professorship. 


Associate Professor D. J. Struik of Massachusetts Institute of Technology 
has been promoted to a professorship. 


Dr. A. E. Taylor of the University of California at Los Angeles has been 
promoted to an assistant professorship. 


Dr. R. M. Thrall of the University of Michigan is spending the year 1940-41 
in study on a fellowship at the Institute for Advanced Study. 


Professor W. J. Trjitzinsky of the University of Illinois is on leave of ab- 
sence for the year 1940-41, and is at Princeton University. 


During 1940-41, Associate Professor A. R. Turquette of Florida Southern 
College is on leave of absence and is studying at Cornell University. 


Associate Professor M. S. Vallarta of the Massachusetts Institute of Tech- 
nology has been promoted to a professorship. 


Professor H. S. Vandiver of the University of Texas is on leave of absence 
for the first semester of the year 1940-41. 


Assistant Professor G. C. Vedova of St. John’s College has been appointed 
an assistant professor at the University of Maryland. 


Assistant Professor O. E. Walder of South Dakota State College has been 
promoted to an associate professorship. 


Assistant Professor R. J. Walker of Cornell University is on leave of absence 
for 1940-41 and is at Princeton University for the year. 


Dr. J. A. Ward of Tennessee Polytechnic Institute has been appointed as- 
sociate professor and acting head of the department of mathematics at the 
Delta State Teachers College, Cleveland, Miss. 


Assistant Professor Hassler Whitney of Harvard University has been pro- 
moted to an associate professorship. 
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Professor R. L. Wilder of the University of Michigan is on leave of absence 
for the year 1940-41 and is spending his time in reading and research at the 
University of Texas. 


Dr. C. R. Wylie, Jr., of Ohio State University has been promoted to an as- 
sistant professorship. 


Assistant Professor G. A. Yanosik of New York University has been pro- 
moted to an associate professorship. 


Professor Oscar Zariski of Johns Hopkins University is on leave of absence 
for the year 1940-41 and is at Harvard University as a visiting lecturer. 


Professor A. Zygmund, formerly of the University of Wilno, has accepted a 
position at Mount Holyoke College. 


The following appointments to instructorships are announced: 

University of Alabama: Dr. R. H. Bruck 

Amarillo College: Dr. G. A. Whetstone 

Antioch College: Dr. Leonard Tornheim 

University of Arizona: Dr. F. E. Hohn 

Bowling Green State University: Dr. Morris Hendrickson 

Brown University: G. E. Forsythe 

University of California at Los Angeles: Dr. Ralph Byrne, Jr. 

University of Cape Town: Dr. J. S. de Wet 

Carnegie Institute of Technology: Dr. R. F. Clippinger, Dr. A. D. Hestenes 

University of Cincinnati: Dr. Gabriel Horvay 

College of the City of New York: Dr. S. F. Barber 

Cornell University: B. H. Bissinger, W. H. Durfee, Dr. Michael Golomb, 
N. G. Gunderson, R. R. R. Luckey 

Drew School, San Francisco: S. E. Field 

Duke University: Miss Mary E. Layne, part-time 

Fenn College: Dr. H. W. Alexander : 

Georgia School of Technology: L. B. Williams 

Gogebic Junior College, Ironwood, Mich.: K. F. McLaughlin 

Harvard Graduate School of Engineering: Dr. H. W. Emmons in mechanical 
engineering 

Harvard University: Dr. A. L. Whiteman 

Hunter College: Dr. Annita Tuller 

University of Illinois: Dr. P. H. Anderson, Dr. K. L. Nielsen 

Indiana University: Dr. F. J. Weyl 

University of Indiana Extension, East Chicago, Indiana: J. F. Paydon 

Itasca Junior College, Coleraine, Minn.: Dr. H. L. Olson 

Johns Hopkins University: Dr. R. B. Kershner 

University of Maryland: Dr. H. E. Newell 

Massachusetts Institute of Technology: Dr. G. B. Thomas, Abe 
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University of Michigan: Dr. W. D. Duthie, Dr. Samuel Eilenberg, Dr. 
G. E. Hay, Dr. Wilfred Kaplan, Dr. A. V. Martin 

Michigan State College: A. C. Cohen, Jr., Dr. J. F. Heyda, Dr. B. M. 
Stewart 

University of Minnesota: Dr. J. M. H. Olmsted 

University of Missouri: Dr. G. E. Schweigert, Dr. M. E. Shanks, Dr. J. V. 
Wehausen 

Montana State College: Dr. H. M. Schwartz 

Sophie Newcomb College of Tulane University: Miss Mary E. Ladue 

University of North Carolina: Dr. Henry Wallman 

North Carolina State College: Dr. A. M. Gelbart 

Northwestern University: H. E. Burns, Dr. J. M. Dobbie, Dr. O. G. Harrold, 
W.N. Huff, Dr. W. T. Scott 

University of Notre Dame: Dr. J. P. Nash 

Ohio State University: Dr. Maxwell Reade, Dr. W. J. Schart 

University of Pennsylvania: H. N. Laden 

Princeton University: Dr. E. G. Begle, part-time, Dr. Brockway McMillan 

Purdue University: Dr. H. L. Langhaar, Dr. A. W. McGaughey, C. D. Olds 

Reed College: Dr. L. Louise Johnson, R. A. Rosenbaum 

Rutgers University: Dr. J. H. Giese 

University of Saskatchewan: Dr. D. C. Murdoch 

Stanford University: Dr. T. C. Doyle, Dr. P. V. Reichelderfer 

Suffolk University: F. X. Sutton 

University of Texas: J. R. Foote, H. J. Jones, Dr. A. M. Mood, I. C. Roberts 

Trinity College, Washington, D. C.: Dr. Mary Varnhorn 

U. S. Naval Academy: Dr. W. E. Bleick 

Vermont Junior College: D. F. Johnson 

University of Washington: Dr. R. A. Beaumont, Dr. R. S. Phillips 

University of Western Ontario: Dr. R. H. Cole 

University of Wichita: Edison Greer 

Williams College: W. D. Wray 

Winthrop College: Dr. Katharine Hazard 

University of Wisconsin: Dr. H. E. Goheen, Fred Kiokemeister, Dr. A. O. 
Lindstrum, Jr., J. W. Odle, Dr. C. B. Smith, Dr. S. M. Ulam 

University of Wyoming: Dr. V. J. Varino 


Mrs. Edward Fitch, the former Annie L. MacKinnon, professor of mathe- 
matics from 1896 to 1901 at Wells College, died on September 12, 1940, at 
Clinton, N.Y. She was a charter member of the Mathematical Association. 


Dr. R.S. Martin of the University of Illinois died June 2, 1940. 


Dr. George Rutledge died on September 21, 1940. He became an instructor 
in mathematics at Massachusetts Institute of Technology in 1915, and was made 
professor in 1934. He was a charter member of the Mathematical Association. 
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A RESOLUTION BY THE S.P.E.E. 


At the Berkeley meetings of the Society for the Promotion of Engineering Education, held 
June 24-28, 1940, their Council passed the following resolution: 

In various parts of the country there seems to be a movement to postpone and to abbreviate 
the courses in mathematics given in the secondary schools. This movement apparently does not rec- 
ognize the fact that those courses are essential prerequisites for the future training of scientific 
and engineering students, and that the university has not postponed and cannot postpone the 
mathematical or the scientific and engineering instruction in the university, if its graduates are to 
enter those professional fields. Moreover, at the present time, for our own defense as a nation, it is 
suicidal not to develop the most thorough kind of training for engineers. 

The members of the Conference on Mathematics of the Society for the Promotion of Engineer- 
ing Education wish to go on record as recommending that there be no postponement in the mathe- 
matical education in the secondary schools of those students who are to seek careers in science and 
engineering. In particular they feel that it is essential that a full four-year program of mathematics 
be available in the high schools for capable students, beginning with a year of college preparatory 
algebra in the ninth grade. They feel that this subject should not be postponed and also that 
thorough work in trigonometry and solid geometry should be available. 

This resolution in no way implies that university preparatory courses be required of all stu- 
dents. But this organization feels very strongly the importance of providing substantial courses in 
mathematics for those who need them in preparation for future work or for those who choose to 
elect them. We believe that to be effective these courses must begin with algebra at least as early 
as the ninth year, that is, the first of the last four years in the secondary schools. 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 


Twenty-third Summer Meeting, Hanover, N. H., September 9-12, 1940. 
Twenty-fifth Annual Meeting, Baton Rouge, La., December 31, 1940-— 
January 2, 1941. 


The following is a list of the Sections of the Association, with dates of those Section meet 
ings which have been scheduled for 1940 and reported to the Secretary. 


ALLEGHENY Mountain, Morgantown, NORTHERN CALiForNiA, Berkeley, Janu- 


W. Va., April 20; Grove City, Pa., 
November 2. 

ILLINOIs, Bloomington, May 10-11. 

INDIANA, Richmond, May 3-4. 

Iowa, Mt. Vernon, April 19-20. 

Kansas, Wichita, March 31. 

Kentucky, Lexington, April 27. 

LouIsIANa-Misstssipp1, Oxford, Miss., 
March 8-9, 

MARYLAND-DIstTRICT OF COLUMBIA-VIR- 
GINIA, Richmond, Va., May 11; Wash- 
ington, D.C., December 7 or 14. 

MicuHiGAn, Ann Arbor, April 26-27. 

MINNEsoTA, Mankato, May 4. 

Missouri, Warrensburg, April 19. 

NEBRASKA, Omaha, May 9-11. 


AFFILIATED ORGANIZATIONS: THE NEw ENGLAND ASSOCIATION OF TE 


ary 27. 

Ou10, Columbus, April 5. 

OKLAHOMA, Oklahoma City, February 16. 

PHILADELPHIA, November 30. 

Rocky Mountain, Fort Collins, Colo., 
April 19. 

SOUTHEASTERN, Athens, Ga., March 29- 
30. 

SOUTHERN CALIFORNIA, Compton, March 
AN 

SOUTHWESTERN, Tucson, Ariz., April 22-23 

TEXAS, Dallas, March 29-30. 

UprerR NEw York STATE, Hamilton, May 
fale 

WISCONSIN, Milwaukee, May 4. 


ACHERS OF MATHEMATICS 


THE NATIONAL CouNCIL OF TEACHERS OF MATHEMATICS 


THE TWENTY-THIRD SUMMER MEETING OF THE 
MATHEMATICAL ASSOCIATION 


The twenty-third summer meeting of the Mathematical Association of Amer- 
ica was held at Dartmouth College, Hanover, New Hampshire, on Monday and 
Tuesday, September 9-10, 1940, in conjunction with the summer meeting and 
colloquium of the American Mathematical Society, and the meeting of the Insti- 
tute of Mathematical Statistics. Four hundred sixty were in attendance at the 
meetings, including the following one hundred and ninety-nine members of the 


Association: 


C. R. Apams, Brown University 

R. P. AGNEw, Cornell University 

R. C. ARCHIBALD, Brown University 
H. E. ARNOLD, Wesleyan University 
H. T. R. Aube, Colgate University 


J. A. BENNER, Lafayette College 

Brother BERNARD ALFRED, Manhattan College 

FELIX BERNSTEIN, New York University 

HARRY BIRCHENOUGH, New York State College 

for Teachers 

G. D. Brrxuorr, Harvard University 

R. P. Boas, Duke University 

H. D. BouTELLe, Massachusetts State College 

J. G. Bowker, Middlebury College 

C. B. Boyer, Brooklyn College 

W. Brink, University of Minnesota 

H. Brown, Dartmouth College 

E. Bruce, Boston University 

A. BuLLARD, University of Vermont 

T. Bumer, Kenyon College 

S. BurINGTON, Case School of Applied Sci- 
ence 

F. J. H. Burkett, Union College 

JEWELL HuGuHEs BusHEy, Hunter College 

J. H. Busney, Hunter College 

A. D. BuTTERFIELD, University of Vermont 


R. 
B. 
R. 
ie 

fe 
R. 


W. D. Carrns, Oberlin College 

B. H. Camp, Wesleyan University 
MicprepD E. CARLEN, Brown University 
P. N. CarPENTER, Grove City College 
W. B. Carver, Cornell University 

L. W. CouEn, University of Kentucky 
Nancy Cove, Sweet Briar College 

G. M. ConwELL, St. Paul’s School 

J. A. CooLey, University of Tennessee 
T. F. Cope, Queens College 

A. H. CopELanp, University of Michigan 
LENNIE P. CopELAND, Wellesley College 
RICHARD CouRANT, New York University 


A. T. CraiG, University of Iowa 

A. R. CRATHORNE, University of Illinois 
H. B. Curry, Pennsylvania State College 
D. R. Curtiss, Northwestern University 
J. H. Curtiss, Cornell University 


D. R. Davis, New Jersey State Teachers Col- 
lege, Montclair 

F. F. DECKER, Syracuse University 

L. S. DEpErRIcK, Aberdeen Proving Ground 

A. H. DiAmMonp, Oklahoma A. and M. College 

C. E. Dimicx, U. S. Coast Guard Academy 

C. H. Dix, Socony Vacuum Oil Corporation 

H. A. DoBELL, New York State College for 

Teachers 
ARNOLD DRESDEN, Swarthmore College 


L. P. EIsENHART, Princeton University 
G. C. Evans, University of California 
G. W. Evans, Swampscott, Mass. 


C. H. FiscHerR, Wayne University 

W. B. Fite, Columbia University 

H. T. FLEDDERMANN, Loyola University, New 
Orleans, La. 

M. M. FLoop, Princeton University 

L. R. Forp, Illinois Institute of Technology 

TOMLINSON Fort, Lehigh University 

R. M. Foster, Bell Telephone Laboratories 

A. H. Fox, Union College 

J. S. Frame, Brown University 

PHILip FRANKLIN, Massachusetts Institute of 
Technology 

ORRIN FRINK, JR., Pennsylvania State College 

THORNTON C. Fry, Bell Telephone Laboratories 


M. G. Gasa, University of Nebraska 

H. J. Gay, Worcester Polytechnic Institute 

B. P. Gitu, College of the City of New York 

R. E. Gitman, Brown University 

MICHAEL GOLDBERG, Bureau 
Navy Department 
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C. H. Graves, Pennsylvania State College 
L. J. GREEN, Georgia School of Technology 


_H. Haptock, Boston University 

_W. Hatt, Brown University 

A. Hamitton, Metropolitan Life Insurance 

Company 

D. C. Harkin, Brooklyn College 

OuivE C. Haz_ett, University of Illinois 

E. R. Heprick, University of California at Los 
Angeles 

RoBeERT HENDERSON, Crown Point, N. Y. 

E. H. C. Hi_tpEeBRANDT, New Jersey State 
Teachers Col/ege, Montclair 

T. H. HivpEBRANDT, University of Michigan 

Ernar HILLE, Yale University 

T. R. Hottcrort, Wells College 

GRacE M. Hopper, Vassar College 

E. V. Huntincton, Harvard University 

W. A. Hurwitz, Cornell University 


M. H. INGRAHAM, University of Wisconsin 


DunuHAM JACKSON, University of Minnesota 

Fritz JOHN, University of Kentucky 

R. A. Jounson, Brooklyn College 

F. E. Jounston, George Washington Univer- 
sity 

L. S. JounsTon, University of Detroit 

B. W. Jones, Cornell University 


MarK Kac, Cornell University 

WILFRED KapLan, University of Michigan 

E. S. KENNEDY, University of Alabama 

L. S. Kennison, Brooklyn College 

W. L. KicHLineE, University of New Hampshire 
J. R. Kxine, University of Pennsylvania 


W. D. LAMBERT, U.S. Coast and Geodetic Sur- 
vey 

A. E. LANnpry, Catholic University of America 

R. E. LANGER, University of Wisconsin 

CAROLINE A. LESTER, New York State College 
for Teachers 

MayMeE I. Locspon, University of Chicago 

W. R. LonGcLeEy, Yale University 

C. I. Lupin, University of Cincinnati 


L. A. MACCOLL, Bell Telephone Laboratories 
C. C. MacDuFFeE, Hunter College 
SAUNDERS Mac Lang, Harvard University 
H. M. MAcNEILLE, Kenyon College 

N. H. McCoy, Smith College 
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E. J. McSHANE, University of Virginia 
L. C. MatHEewson, Dartmouth College 
W MILNE, Oregon State College 

E MopeE, Boston University 
DEANE MonrtTGOMERY, Smith College 


Moore, U. S. Naval Academy 

Morcan, Clark School 

W. K. MorriLt, Johns Hopkins University 

Max Morkris, Case School of Applied Science 

Marston Morse, Institute for Advanced 
Study 

F. C. MostTEL_eEr, Princeton University 

E. J. Mouton, Northwestern University 

G. W. Muttins, Columbia University 

C. W. MunsHoweERr, Colgate University 


. 
. 
. 
. 
. 


E. 

B. 

A 

C. Moore, Massachusetts State College 
W. 

M. 


4 


C. V. NEwsom, University of New Mexico 
Absa V. NEwrTon, Hartwick College 


C. O. OakLeEy, Haverford College 

J. M. H. OLMstTEp, Princeton University 
IsAAcC OPATOWSKI, University of Minnesota 
OYSTEIN ORE, Yale University 

F. W. OweEns, Pennsylvania State College 
HELEN B. Owens, State College, Pa. 


GorRDON PALL, McGill University 

W. O. PENNELL, Exeter, N. H. 

F. W. Perkins, Dartmouth College 

L. R. Perkins, Middlebury College 

O. J. PETERSON, Kansas State Teachers Col- 
lege, Emporia 

C. G. Putrps, University of Florida 

A. E. PitcHer, Lehigh University 

HILLEL Poritsky, General Electric Company 

G. B. Price, University of Kansas 

E. J. PuRcELL, University of Arizona 


E. D. RAINVILLE, University of Michigan 

J. F. Ranpovpu, Cornell University 

Mina S. Rees, Hunter College 

C. E. Ruopes, Groton, N. Y. 

Harris Rice, Worcester Polytechnic Institute 

R. G. D. RicHarpson, Brown University 

R. F. Rrnewart, Case School of Applied Science 

J. F. Rirr, Columbia University 

Rosin Rosinson, Dartmouth College 

SELBY Rosrnson, College of the City of New 
York . 

JosEPH ROosENBAUM, Bloomfield, Conn, 

HELEN G. RUSSELL, Wellesley College 
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S. T. SANDERs, Louisiana State University 

I. J. SCHOENBERG, Colby College 

W. E. SEWELL, Georgia School of Technology 

I. M. SHEFFER, Pennsylvania State College 

L. W. SHERIDAN, College of Mount St. Vincent 

L. L. SILVERMAN, Dartmouth College 

Mary Emiry Srncvarr, Oberlin College 

H. L. SLosin, University of New Hampshire 

M. M. Stotnicx, Humble Oil and Refining 
Company 

Ciara E. Situ, Wellesley College 

W. M. Situ, Lafayette College 

VIRGIL SNYDER, Cornell University 

JosEpH SPEAR, Northeastern University 

VIVIAN E. SpencER, U.S. Bureau of Mines 

M. H. Stone, Harvard University 

ELIZABETH C. STRAYHORN, Western Kentucky 
State Teachers College 

R. E. Street, Rensselaer Polytechnic Institute 

A. G. Swanson, General Motors Institute 

Otto SzAsz, University of Cincinnati 

GABOR SzeEG6, Stanford University 


J. D. TAMARKIN, Brown University 
J. M. Tuomas, Duke University 


SUMMER MEETING OF THE MATHEMATICAL ASSOCIATION 


591 


Martian M. Torrey, Goucher College 
J. I. TRAceEy, Yale University 

A. W. Tucker, Princeton University 
J. W. Tuxey, Princeton University 


G. B. VAN ScHaacKk, Michigan State College 

H. E. VAUGHAN, University of Illinois 

OsWALD VEBLEN, Institute for Advanced Study 

JoHN von NEUMANN, Institute for Advanced 
Study 


R. J. WALKER, Cornell University 

J. L. Watsn, Harvard University 

WARREN WEAVER, Rockefeller Foundation 

W. D. A. WESTFALL, University of Missouri 

ANNA PELL WHEELER, Bryn Mawr College 

P. M. WuitmMan, Harvard University 

J. K. Waittemore, Yale University 

G. T. WuypBurn, University of Virginia 

W. M. Wuysurn, University of California at 
Los Angeles 

D. V. Wipper, Harvard University 

C. E. WiLpER, Dartmouth College 

CLEMENT WINSTON, Railroad Retirement Board 

W. D. Wray, Cornell University 


Those in attendance had comfortable quarters in the dormitories of Dart- 
mouth College, easily accessible from the headquarters at Thayer Hall, which 
contained the place of registration, social parlors, and the cafeteria. ; 

Tea was served Monday afternoon at the Graduate Club by the ladies of 


the faculty. A delightful violin and piano recital was given Monday evening by 
Raphael Silverman and Lily Dymont. During the evening moving pictures were 
shown of Dartmouth winter sports and campus life, and Professor Robin Robin- 
son exhibited to small groups a collection of string models of ruled surfaces, 
especially with a view to exemplifying the ease with which such models can be 
constructed by mathematics teachers and their pupils. 

A large number made the trip on Wednesday afternoon to Sugar Hill for an 
outstanding view of the Franconia Range, to Echo Lake and Franconia Notch, 
with the adjacent Old Man of the Mountain and the Cannon Mountain Tram- 
way, to the Flume and Lost River. 

Baker Memorial Library, the Carpenter Art Galleries, the Dartmouth Col- 
lege Museum were available during the week, not to speak of a visit to the 
Nigger Island and Pompanoosuc Railroad, a model constructed by students of 
the Thayer School of Civil Engineering. 

The near-record number of three hundred twenty-four persons attended the 
joint dinner of the three organizations on Tuesday evening. Under the witty 
toastmastership of Professor B. H. Brown, speeches were given by Dean E. G. 
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Bill of Dartmouth College, Professor Hassler Whitney, Professor S. S. Wilks as 
president of the Institute of Mathematical Statistics, and Dean R. G. D. 
Richardson. Professor and Mrs. P. A. Smith gave a novel and pleasing musical 
number on a pair of old time “recorders.” Due to an oversight, Professor Purcell 
failed to obtain an opportunity to present at the dinner a resolution of thanks; 
but at a later session the resolution was adopted for the three codperating organ- 
izations, recognizing the hospitality of Dartmouth College, the good services of 
the local committee under the chairmanship of Professor Perkins, the kindness 
of the ladies of the faculty, Raphael Silverman and Lily Dymont, and Professor 
Robinson, as well as the generosity of Bell Telephone Laboratories for the in- 
stallation and demonstration of its telephone equipment for carrying on calcula- 
tions with complex numbers. This last feature required the services of experts 
for the week preceding the meeting, the use of two commercial wires connecting 
Hanover with New York City for three hours each day, and the supervision of 
Dr. Stibitz during those hours, while visiting mathematicians made individual 
use of the apparatus. 

The American Mathematical Society held sessions for the reading of short 
papers Tuesday morning and afternoon, Wednesday morning, and Thursday 
morning and afternoon. Four colloquium lectures were given during the week 
by Professor G. T. Whyburn on “Analytic topology.” On Thursday afternoon 
Professor Leonard Carlitz gave an invited address on “Arithmetic of polyno- 
mials in a Galois field.” 

The Institute of Mathematical Statistics held sessions Tuesday, Wednesday, 
and Thursday mornings, as well as a joint session with the Society Tuesday 
afternoon. The associated meetings of these organizations add a mutual 
strength to the attractiveness of the programs. The membership of the Institute 
overlaps that of the Association and the Society; and the collocation of these 
meetings affords opportunity both for those interests common to the organiza- 
tions and for those special interests which are more suitable for separate pro- 
grams. 

The Mathematical Association held sessions on Monday forenoon and after- 


noon with a strong program arranged by a committee with Professor Gilman 
as chairman. 


First SESSION OF THE ASSOCIATION 
“ , ‘ : Py 
. Alexandria, a shrine of mathematics” by Professor R. E. LANGER, Univer- 
sity of Wisconsin. 


“Simple examples of limiting processes in probability” by Professor B. H. 
Brown, Dartmouth College. 


“Calculating with telephone equipment” by Dr. G. R. Strpirz, Bell Tele- 
phone Laboratories. 
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SECOND SESSION OF THE ASSOCIATION 


r oh 
War preparedness among mathematicians” by Professor MAR Tors 
y STON Morse, 


Institute for Advanced Study. 


“Mathematical methods in ballistics” by Dr. L. S. DepERIcK, Aberdeen 


Proving Ground. 


“Some hydrodynamical problems related to ballistics” by R. H. Kent, 


Aberdeen Proving Ground. 


“Mathematical problems useful for aviation” by Professor RICHARD VON 


Mises, Harvard University. 


The report of Professor Marston Morse, as chairman of the joint committee 
of the Association and the Society on war preparedness, was published in the 
September issue of the Bulletin of the American Mathematical Society with a 
shorter statement in the MONTHLY for August-September. 

Because of the unusual character of the papers on this program, they will 
all appear, in full or in part, in early issues of the MONTHLY. 


MEETINGS OF THE BOARD OF GOVERNORS 


Following meetings of the newly formed Executive Committee on September 
7 and 8, the Board of Governors met under the new organization on Monday 
evening and Tuesday noon, with thirteen members present. 

The following twenty-two persons were elected to membership on applica- 


tions duly certified: 


J. O. Briumperc, A.M.(Pittsburgh) Instr., 
Univ. of Pittsburgh, Pittsburgh, Pa. 

E. L. Bugett, A.B.(Syracuse) Teaching fellow, 
Massachusetts Inst. of Tech., Cambridge, 
Mass. 

B. pE J. Caraga, Prof., Inst. Superior de Cien., 
Econ., e Finan., Univ. Tec. de Lisboa, 
Lisbon, Portugal 

R. H. Cote, Ph.D.(Wisconsin) Instr., Univ. of 
Western Ontario, London, Ont., Canada 

Frances E. Fatvey, A.M.(Southern Meth.) 
Head of Dept., Ward-Belmont Jr. Coll., 
Nashville, Tenn. 

ABEL GAUTHIER, A.M.(Columbia) Asst. Prof., 
Univ. of Montreal, Montreal, Canada 

M. T. Goopricu, A.M.(Clark Univ.) Head of 
Dept., State Teachers Coll., Keene, Ne LH: 

N. A. HALL, Ph.D.(Calif. Inst. of Tech.) Instr., 
Queens Coll., Flushing, N. Y. 

H. J. HAMILTON, Ph.D.(Brown) Instr., Pomona 
Coll., Claremont, Calif. 

T. L. Koenter, A.M.(Pennsylvania) Asst. 
Prof., Muhlenberg Coll., Allentown, Pa. 

Sister TERESA M. Mappen, A.M.(Boston Coll.) 
Prof., Coll. of Our Lady of the Elms, 
Chicopee, Mass. 


NaTtHAN Newman, B.S.(C.C.N.Y.) Clerk, 


Grade 4, Railway Mail Service, Bronx, 
he € 

C. H. Norpstrom, A.M.(Lehigh) Instr., Michi- 
gan State Coll., East Lansing, Mich. 

R. W. Price, A.M.(Columbia) Dean of Jr. 
Coll., Head of Dept., Cazenovia Seminary, 
Cazenovia, N. Y. 

P. S. Pyuven, A.B.(Hawaii) Instr., Math. and 
Science, Konawaena High School, Kealake- 
kua, Hawaii 

K. C. Scuravut, Ph.D.(Cincinnati) Instr., Univ. 
of Dayton, Dayton, Ohio 

S. A. Stone, M.S.(New Hampshire) Instr., 
Univ. of New Hampshire, Durham, N. H. 

L. W. Swanson, A.M.(Minnesota) Teaching 
asst., Univ. of Minnesota, Minneapolis, 
Minn. 

G. H. Van ARKEL, M.S.(Washington) Instr., 
Centralia Jr. Coll., Centralia, Wash. 
ANGELINE Wixson, A.M.(Michigan) Instr., Jr. 

Coll., Grand Rapids, Mich. 

Mary JANE WILSON, A.B.(Smith) Teacher, 
Williams Memorial Inst., New London, 
Conn. 

W. E. Witson, Ph.D.(lowa) Prof., Mech., 
Colorado School of Mines, Golden, Colo. 
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The Secretary announced the names of four Regional Governors, elected 
by the membership in the various regions for the partial term through 1941: 
Region 5 (Alabama, Florida, Georgia, North Carolina, and South Carolina), 
J. M. Thomas; Region 7 (Kentucky, Ohio, and Tennessee), F. B. Wiley; Region 
10 (Kansas, Missouri, and Nebraska), O. J. Peterson; Region 12 (Arizona, Colo- 
rado, New Mexico, Utah, and Wyoming), C. V. Newsom. By the plan adopted 
in December 1939, the other regions will elect their representatives at the end of 
1940 or 1941. 

At the recommendation of the Executive Committee the Board (1) elected 
W. B. Carver and R. E. Langer to serve with the Secretary-Treasurer as a Fi- 
nance Committee, for the partial terms through 1941 and 1943, respectively, 
authorizing this committee for one year to make such current expenditures as 
seem necessary and to prepare a tentative budget; (2) voted twenty-five free 
reprints of the more important articles in the MONTHLY, beginning next Janu- 
ary; (3) recommended a clarifying restatement of the duties of the Nominating 
Committee in the By-Laws, and appointed a Nominating Committee for the 
coming year; (4) voted a subsidy of $500 per year for the next four years to 
Mathematical Reviews, it appearing that nearly one hundred members of the 
Association are obtaining the low rate of $6.50 who could not otherwise obtain 
it; (5) proposed a general reconstruction of the subsidies of the Association: 
(6) voted to continue the Putnam Competition with a clarification of the condi- 
tions of the examination. In addition, they (7) appointed H. H. Mitchell and 
Mrs. Anna Pell Wheeler as the representatives of the Association on the Council 
of the American Association for the Advancement of Science for 1940; (8) ap- 
pointed G. B. Price as the representative of the Association on the Board of the 
American Documentation Institute; (9) accepted the invitation of Cornell Uni- 
versity to meet there in September 1942; (10) agreed to establish reciprocal rela- 
tions with Boletino Matematico of Buenos Aires, whereby those associated with 
that South American journal may obtain the MonTHLY for $4.00 instead of 
$5.00, and may become members without the payment of the initiation fee, 
while the Association members may obtain Boletino Matematico for $2.00 in- 
stead of $2.50. 

At the business session of the Association Monday afternoon two amend- 
ments to the By-Laws were adopted on recommendation of the Executive Com- 
mittee and the Board of Governors. To the section on the Board of Governors 
was added: “and to authorize expenditures of funds of the Association.” The 
section on the Finance Committee was amended to read: “There shall be a 
Finance Committee responsible to the Board; at the direction of the Board it 
shall receive and administer the funds of the Association, control its properties 
and investments, make its contracts, and exercise such powers as may be dele- 
gated to it by the Board. This committee shall consist of three members, of 
whom the Secretary-Treasurer shall be one.” The last sentence of the section. 
on the score of simplicity, was omitted. 


W. D. Carrns, Secretary-Treasurer 
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THE TWENTY-FOURTH ANNUAL MEETING OF THE 
KENTUCKY SECTION 


The twenty-fourth* annual meeting of the Kentucky Section of the Mathe- 
matical Association of America was held at the University of Kentucky on 
Saturday, April 27, 1940, in conjunction with the annual meeting of the Ken- 
tucky Academy of Science. Professor H. H. Downing, chairman of the Section, 
presided. 

There were fifty-six in attendance, including the following twenty-nine 
members of the Association: N. B. Allison, P. P. Boyd, M. C. Brown, W. B. 
Carver, L. W. Cohen, H. H. Downing, Charles Hatfield, Elizabeth J. Hines, 
Tryphena Howard, W. R. Hutcherson, E. D. Jenkins, Fritz John, F. Elizabeth 
LeStourgeon, Gasperine Milo, W. L. Moore, Sister Charles Mary Morrison, 
R.S. Park, Sallie E. Pence, D. W. Pugsley, J. K. Reckzeh, J. H. Simester, W. F. 
Smith, D. E. South, Guy Stevenson, J. A. Straw, Elizabeth C. Strayhorn, 
S. Helen Taylor, Mary E. Williams, H. A. Wright. 

The Kentucky Section was very happy to have Professor W. B. Carver, 
president of the Association, at this meeting. At the luncheon meeting the fol- 
lowing officers were elected for the next year: Chairman, H. A. Wright, Transyl- 
vania College; Secretary, D. E. South, University of Kentucky. It was voted 
to hold a joint meeting of the Kentucky Section and the Kentucky Council of 
Mathematics Teachers this fall, the date to be chosen later. 

The following papers were presented: 

1. “On infinite series” by Professor Fritz John, University of Kentucky. 

2. “Inversion applied to conics” by Sister Charles Mary Morrison, Nazareth 
College. 

3. “Some remarks on the Laplacian method of calculation of orbits” by 
Professor D. W. Pugsley, Berea College. 

4. “Certain illustrations of non-linear correlations” by Dean S. Helen Taylor, 
Ashland Junior College. 

5. “Some remarks on transformations that conserve areas” by Dr. Charles 
Loewner, University of Louisville, introduced by Professor Stevenson. 

6. “Mathematical puzzles as a stimulant” by Professor W. B. Carver, Cor- 
nell University. 

Abstracts of the papers follow, numbered in accordance with their place on 
the program: 

1. Professor John discussed proofs for the well known identities 

1 1 1 1 1 1 ti 


Bae Neat ey a p= LOD i a ee 
pot 4 ‘e 3 5 7 4 





without the use of power series. The first relation can be derived from the in- 





* Through an error in numbering the 1937 meeting in the report as printed in the MONTHLY 
for February 1938, the subsequent meetings have also been numbered incorrectly in their reports. 
These should be: 1937, 21st annual meeting; 1938, 22nd; 1939, 23rd. 
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tegral for log x. The second equation can be proved by counting the lattice 
points in a circle. 

2. Sister Charles Mary developed the general theory of inverse figures and 
applied it to find the inverse of the straight line, the circle, the parabola, the 
equilateral hyperbola, the ellipse, and the hyperbola. 

3. The substance of the remarks of Professor Pugsley grew out of work with 
Dr. Paul Herget of the University of Cincinnati, who made the extensions of 
formulas mentioned in the remarks. As an example of the Laplacian method the 
author had attempted a calculation of a preliminary orbit of 1938QA from 
three observations by the Laplacian method. Because the plane of the orbit 
was nearly in the ecliptic, the usual equations gave indeterminate or impossible 
results. The formulas were extended, as noted above, to include the use of a 
fourth observation. The author briefly indicated the bases of the Laplacian 
method and the means of extending the formulas, and gave a few data from the 
computation itself. For more details the reader is referred to two articles in the 
Astronomical Journal No. 1113, vol. 48, no. 13. 

4. Dean Taylor examined data from extensive groupings in the field of edu- 
cation and found them to be non-linear. A study of certain correlations from 
education tests, sorted by the time-out-of-school element gives entirely contrary 
conclusions when its non-linear form is recognized and the eta coefficients used 
instead of the Pearson product-moment ratio. To test linearity a simple form 
of Blakeman’s test was used. The most unusual data were from the metallurgy 
department of the American Rolling Mills; the data are non-linear and the re- 
gression curves hyperbolas. . 

5. Dr. Loewner proved the following two theorems, which permit generali- 
zations for more than two dimensions and higher derivatives: 

(1) Given a closed region D in the xy-plane bounded by a Jordan-curve 
with continuous derivatives up to the second order whose derivatives of the 
first order vanish at all points of the boundary of D, then there exists at least 
one point in D at which the derivatives of the second order are in a given pro- 
portion frr:fey:fyy=a:B:y provided that the given constants a, 8, y not being 
all zero, satisfy the condition ay —6?=0. 

(2) If the functions x’=¢(x, y), y’=y/(x, y) with continuous derivatives of the 
first order represent a transformation of D that conserves areas and leaves all 


points on the boundary of D fixed, then there exists at least one point in D at 
which 


(Wy —_ px) 
Ue enter ran = Oy = OB vy 


“ 


provided that the given constants a, 8, y satisfy the conditions of theorem (1). 

6. Professor Carver recommended the use of mathematical puzzle material 
to arouse the interest of indifferent students. Many students who take no inter- 
est in the more useful applications of mathematics will spend much time and 
effort on a clever puzzle, and be led into an understanding of the same mathe- 
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matical processes which are needed for handling more serious problems. A num- 
ber of examples of such puzzles were presented involving mathematics of all 
grades, and references were given to further material of this kind. 

D. E. Soutn, Secretary 


THE TWENTY-FIRST ANNUAL MEETING OF THE 
ILLINOIS SECTION 


The twenty-first annual meeting of the Illinois Section of the Mathematical 
Association of America was held at Illinois Wesleyan University, Bloomington, 
on Friday and Saturday, May 10 and 11, 1940. Professor G. D. Gore, chairman 
of the Section, presided at all sessions. 

The attendance at the two sessions was approximately seventy-five, includ- 
ing the following thirty-eight members of the Association: Beulah M.Armstrong, 
Edith I. Atkin, H. G. Ayre, Ruth Mason Ballard, S. F. Bibb, D. R. Curtiss, 
H. T. Davis, J. E. Davis, W. M. Davis, Edna M. Feltges, Elinor B. Flagg, L. R. 
Ford, A. E. Gault, G. D. Gore, M. C. Hartley, M. R. Hestenes, Mildred Hunt, 
R. N. Johanson, P. W. Ketchum, E. C. Kiefer, J. M. Kinney, W. C. Krathwohl, 
Luise Lange, J. R. Mayor, E. B. Miller, C. N. Mills, E. J. Moulton, A. L. 
O’Toole, J. F. Paydon, Echo D. Pepper, J. W. Peters, E. W. Ploenges, Ruth B. 
Rasmusen, M. A. Sadowsky, E. W. Schreiber, H. A. Simmons, M. E. Wescott, 
Alice K. Wright. 

At the annual business meeting the following officers of the Section were 
elected: Chairman, Mildred Hunt, Illinois Wesleyan University; Vice-Chairman, 
R. N. Johanson, Bradley Polytechnic Institute; Secretary-Treasurer, AN, 
Mills, Illinois State Normal University. The next meeting of the Section will be 
held at Bradley Polytechnic Institute, Peoria, on May 9 and 10, 1941. 

The Section adopted a petition to the Executive Committee of the Mathe- 
matical Association suggesting that “a portion of the annual dues of members 
of Sections be returned to the respective Sections and all initiation fees of new 
members secured by Sections be returned to their respective Sections.” 

The following eighteen papers were presented: 

1. “Recreations connected with square arrays” by Dr. Ruth Mason Ballard, 
Wright Junior College. 

2. “What is a million?—The story of a project” by Professor L. R. Ford, 
Armour Institute of Technology. 

3. “Putting mathematical induction to work” by Professor J. E. Davis, 
Central Y.M.C.A. College, Chicago. 

4. “Approximation by means of analogs to Laguerre polynomials” by Dr. 
M. E. Wescott, Northwestern University. 

5. “Derivative lines” by Professor S. F. Bibb, Armour Institute of Tech- 
nology. 

6. “Concerning principles of quantitative compar 
Woodrow Wilson Junior College. 


ison” by Dr. Luise Lange, 
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7. “Series with deleted terms” by Dr. I. E. Perlin, Armour Institute of 


Technology. 

8. “Two metric quadrics” by Dr. Ruth B. Rasmusen, Woodrow Wilson 
Junior College. 

9. “The theorem of the mean in differential calculus” by Professor Rufus 
Oldenburger, Armour Institute of Technology. 

10. “Mathematics and the teeth” by Dr. G. E. Hay, Armour Institute of 
Technology, introduced by Professor Ford. 

11. “The mathematical analysis of social patterns” by Professor H. T. Davis, 
Northwestern University. 

12. “Mathematical Reviews” by Professor E. J. Moulton, Northwestern 
University. 

13. “Mathematics of biology,” illustrated, by Professor Nicolas Rashevsky, 
University of Chicago, introduced by Professor Gore. 

14. “The logarithmic mean” by Professor W. M. Davis, Armour Institute 
of Technology. 

15. “Equiareal orthogonal systems of curvilinear codrdinates” by Dr. M. A. 
Sadowsky, Armour Institute of Technology. 

16. “A continued fraction related to partition formulas” by Professor H. S. 
Wall, Northwestern University, introduced by Professor Moulton. 

17. “Summation of series” by Professor A. L. O’Toole, Mundelein College. 

18. “Remarks on an article by Professor L. R. Ford” by Professor H. A. 
Simmons, Northwestern University. 

Abstracts of some of the papers follow, the numbers corresponding to the 
numbers in the list of titles: 

1. The recreations connected with square arrays discussed by Dr. Ballard 
are arrangements of m* counters composed of equal sets, each set being dis- 
tinguishable by some property such as color. The squares are to have no two 
counters of the same color in the same row or same column. When n=4 there 
are 4 fundamentally different and therefore in. all 576 possible arrays. There 
are 2 basic arrangements with diagonals with no duplication of color, and there- 
fore in all 48 possible such arrays. By fixing properly 4 of the counters any 3 of 
the basic arrangements can be uniquely determined. The problem for larger 
values of m, and for arrays of counters with 2 distinguishable features such as 
color and shape was demonstrated briefly. 

; 2 es Ford described an exhibit prepared by a sophomore class for 

open house at Armour Institute of Technology. There were maps with circles 
containing a million square miles or a million acres, or showing distances from 
a million feet to a million rods. A time series showed what was going on in the 
world from a million centuries ago to a million seconds ago. The feature exhibit 
was a huge poster with exactly one million dots upon it, constructed in a short 
time with a typewriter and a mimeograph machine. 

3. Professor Davis related the experiences of classes in college algebra and 
theory of equations in establishing properties of determinants. A determinant of 
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the second order is defined as ad—bc. The nth order determinant is for conveni- 
ence described as a square array. Minor and cofactor of the element ai; are 
defined as usual. Then the determinant is defined as the summation of the prod- 
ucts of the elements of a row by their cofactors, which suspended definition is 
made complete by the definition of second order determinant. By use of this 
definition and mathematical induction all properties of determinants ordinarily 
encountered by undergraduates are established, including properties of certain 
bordered determinants (Laplace expansion a special case thereof), derivative of 
a determinant, etc. 

4. The Laguerre polynomials are orthogonal with the weight function e-* 
on the continuous range zero to infinity. Using a method essentially due to J. P. 
Gram, a set of Newton polynomials ¢,(x) can be obtained which are orthogonal 
with the weight function 2~* over the range of all positive integers and zero. 
These polynomials are completely analogous in form and properties to the 
Laguerre polynomials, and reduce to them when the variable is made continuous 
under suitable limiting processes. The polynomials ¢,(x) can be used for approxi- 
mating empirical data under a least square criterion following the method de- 
veloped by Gram. For the population series of the United States from 1790 to 
1930 Dr. Wescott stated these functions give as close agreement with the data 
as the Reed-Pearl logistic function over the first half range. 

5. The normal form of the equation of a straight line in rectangular coérdi- 
nates was immediately changed to a Clairaut’s equation, the singular solution 
of which is represented parametrically by x=f[p, n(p)], and y=F[p, n(p)], 
where 7 is the normal from the origin and p the slope of a particular integral of 
the Clairaut equation. Not only are x and y expressible as line segments in terms 
of derivatives but it is shown that there are an unlimited number of other line 
segments depending upon P(x, y) so expressible. In particular, Legendre’s arc 
length formula was easily derived by Professor Bibb, and the radii of curvature 
of an infinite number of successive evolutes of the curve defined by P(x, y) 
given. Finally, a method of solving particular differential equations was in- 
dicated. 

7. This paper will appear in an early issue of the MONTHLY. 

8. Suppose with each curve of section passing through a fixed, non-asymp- 
totic tangent ¢ at a point P of an analytic surface S in ordinary metric space is 
associated an osculating hyperbola whose projection on the tangent plane of 
Sat P isa rectangular hyperbola. For a real, non-asymptotic direction on a real 
surface the locus of these osculating hyperbolas as the plane of section passing 
through ¢ varies is either a hyperboloid of one sheet or a hyperbolic paraboloid. 
In the directions of the superosculating lines on the surface S the quadric is 
always a paraboloid. The locus of the osculating rectangular hyperbolas of the 
curves of section passing through a real, fixed, non-asymptotic tangent / at a 
point P of a real, analytic surface S is a hyperboloid of one sheet, ora hyperbolic 
paraboloid. At each point of an analytic minimal surface S for which the above 
two quadrics are defined, Dr. Rasmusen stated they have contact of the second 
order with the surface S. 
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9. Professor Oldenburger showed that the auxiliary function F(x) so often 
used in proofs of the theorem of the mean of differential calculus for a function 
f(x) may be defined to be the function satisfying the properties: (1) its deriva- 
tive is the difference between the slope of the curve y=f(x) and the slope of the 
secant line through two given points on this curve; (2) it vanishes at one of these 
points. This method of introducing f(x) has certain obvious advantages over the 
usual method. 

10. Dr. Hay obtained solutions for the equations of elasticity relating to 
the periodontal membrane, which is the membrane between the tooth and the 
jaw, in the case of a simple model of a tooth. These solutions permitted a deter- 
mination to be made of the distribution of stress throughout the membrane 
surrounding a loaded tooth, also of the displacement of the tooth, of the loca- 
tion of its center of rotation, etc. The accuracy of these results and the extent 
to which they depended on experiment were discussed. 

11. Professor Davis discussed four patterns observable in the mathematical 
and statistical analysis of economic data. The first was the behavior of the four 
variables in the equation of exchange, namely, money, its velocity, price, and 
trade. This equation appears to furnish a mathematical basis for appraising 
historical events, wherever data exist for evaluating the variables. The second 
pattern was supplied by the frequency function for incomes, a function widely 
different from that used to interpret ordinary skew-normal distributions. The 
third was the war cycle, which, in spite of certain irregularities, appears to throw 
much light upon the phenomena of war. The fourth pattern, based on Bernoulli’s 
definition of the marginal utility of money, showed how price fluctuations can 
be accounted for by the maximization of an integral of utility (in the economic 
sense) in which the integrand is diminished by two factors measuring economic 
shocks and economic surpluses or scarcities. 

13. Professor Rashevsky reveiwed the work of the University of Chicago 
group of mathematical biophysicists. The studies follow two distinct lines: the 
mathematical biophysics of the cell and that of the central nervous system. The 
first is based on the study of the effects of forces due to diffusion. For a system- 
atic development of the theory a number of relations are derived such as rela- 
tions between cell sizes and oxygen consumption, rates of elongation and con- 
striction of dividing cells, rates of respiration at various oxygen tensions, etc. 
Comparison of the mathematical deductions with experimental data gives a 
good agreement. The second line of study starts with a few fundamental postu- 
lates in mathematical form, based on neurological data. From those a mathe- 
matical theory of reaction times, psychophysical discrimination, intensity dis- 
crimination, visual perception, and of other neuropsychological phenomena is 
developed and found again in agreement with experimental data. 

14. Professor Davis pointed out that the logarithmic mean, (b—a)/In (b/a), 
of two unequal positive real numbers, a and b, used in the solutions of certain 
heat transfer problems, is a special case of a more general mean [[rxkdx/(b—a) Jue, 
Other special cases are the arithmetic mean and geometric mean. Application 
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of a well known theorem on mean values with an arbitrary function yields in- 
equalities between the geometric, logarithmic, and arithmetic means. 

15. Dr. Sadowsky showed that if selected parametric curves u=u(nh), 
v=vu(mk), (n, m=0, 1, 2, 3, ---), of an orthogonal system wu, v give rise toa 
pattern of curvilinear rectangles in which all meshes are equal in area for any 
arbitrary choice of the positive constants f and k, the system uw, v will be called 
an equiareal orthogonal system. Examples: Cartesian coérdinates x, y with 
x=nh, y=mk; polar coérdinates r, 6 with r=\/nh, 0=mk; “logospiral” codrdi- 
nates. The analytical criterion for preservation of areas is log EG=f,(u) +fo(v) 
with F=0 (f; and fs are arbitrary functions). A particular solution is given by 
trajectories intersecting an arbitrary one-parameter family of straight lines in 
the plane at +45°. There is a one-to-one correspondence between equiareal 
orthogonal coérdinates and plane plastic flow. 

16. Professor Wall showed how a number of the identities of Euler involving 
the infinite product I[z2_.(1—<x") can be derived from the continued fraction 
1+nx/1+(1—n)wx/1+ (1—w)wnx/1+ 1—wr)w'x/1+(1 —w*)w'rx/1+---. 
The proof depends upon the fact that when x= —1 this continued fraction is 
equal to the infinite product []*.)(1—w”), and upon a recently found con- 
tinued fraction identity. 

17. Assuming that the purpose of higher education is to give students in- 
sight, and that generality is the soul of mathematics, Dr. O'Toole suggested 
that there may be psychological and mathematical disadvantages connected 
with the customary treatment of some elementary mathematical topics. For 
example, progressions are summed by special devices each of which applies to 
only one type of series; a general method, that any student of college algebra 
can understand, applicable to innumerable types of series, is not even mentioned. 
Such treatment may be devoid of culture and utility. Proof and applications of 
the fundamental theorem of summation were given. 

18. In an article entitled Cows and cosines (this MONTHLY, Nov. 1939), 
Professor Ford obtained two formulas for determining an integer of interest. In 
one of these formulas there appeared a cosine that was useful in expressing the 
real part of a special linear combination of the conjugate imaginary roots of a 
real cubic. Professor Simmons indicated large classes of problems that can be 
solved by Professor Ford’s procedure. It is apparent that such procedure can be 
used to solve: (a) infinitely many related problems in which no cosine is needed, 
when an equation analogous to the Ford cubic has only real roots; and (b) in- 
finitely many related problems in which one or more cosines in the Ford rdle 
are needed. We find that in case (b) the damping referred to by Professor Ford 
is not generally to be expected, but that it occurs when the absolute values of 
the associated imaginary roots are all sufficiently small. We note also that if 
our analog of the Ford cubic has two equal roots, the Ford procedure no longer 


applies. 
C. N. Mitts, Secretary 
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FUNCTIONAL DEPENDENCE IN THE CALCULUS OF PROPOSITIONS 
WILLIAM WERNICK, New York University 


1. In the two-valued calculus of propositions, a variable x; may assume only 
the values 0 or 1; and a function F, of m variables x1, -- +, Xn, has, when con- 
stant values are assigned to the variables, either the value 0 or 1. A function 
of ” variables is completely defined if we assign, to every constant set of argu- 
ments, a specific value for the function. Let a1,,...,, be the value assigned for 
F(1, 1,--+-, 1), and in general, a with the subscript consisting of the same se- 
quence of 0’s, and 1’s, as in the constant set of arguments, for the value of F 
of that constant set. Then the function F is completely defined by the 2” con- 
stant a’s, which may be independently 0 or 1, depending on the particular defini- 
tion of the function F. 

This paper will define and discuss necessary and sufficient* conditions that 
a function F, however defined, be independent of, or dependent on any variable 
xi, or any number of them. In section 5 a very simple sufficient condition will 
be given for a function of ” variables to be dependent on all of them. The pro- 
cedure will be to discuss fully the case for m=2, and then extend to general n. 


2. A function of two variables (in the two-valued calculus) is completely de- 
fined by the following table: 


X1 Xe Fx, X2) 
1 1 ai 
1 0 10 
0 ‘1 Qo) 
0 0 doo 


If F(x1, x2) is to be independent of x;, then it is NS that a change in x, pro- 
duce no change in F; 7.e., it is NS that for all constant values of 2; (15 ee) 
= F(0, x2) identically. That is, it is NS that 


F(1, 1) = F(0, 1), end F(1, 0) = F(0, 0), 


or 
4i1= 401, and a1) = ago, 
or 
(1) a1 — 21 = 0, and ayo — ago = O, 
1.e., that 
? 
h2) | 411 — Gor] + | ayo — aoo | = (0. 


M e call the left side of this equation A, and we have the NS condition that F 
be independent of x, is that 











k “ rT al £ 3 - — . ” . . r ; 
Necessary and sufficient” will be abbreviated to “NS.” 


t Without abs > values i iti 
thout absolute values in (2) the condition becomes only necessary, but not sufficient 
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Note that A, is the sum of absolute values of the differences of all pairs of a’s 
whose subscripts differ only in the first place. 

In exactly the same way, we get the NS condition that F be independent 
of x2 is that, for all values of x1, F(x, 1) = F(x, 0), etc., as above. This NS condi- 
tion becomes 


(4) piers a0 | i | LNG ae aoo | = 0. 


Calling the left member of (4) Ao, we have, as before, the NS condition that F 
be independent of xs is that 


(S) Ao = 0, 


Note that A» is the sum of the absolute values of the differences of all pairs of a’s 
whose subscripts differ only in the second place. 

Combining these conditions, we see the NS condition that F be actually de- 
pendent on both variables x, x2 is that A,;#0, and A,+0, 7.e., that A,- A420. 
Calling the left member of this equation, which relates of course only to a par- 
ticular function F, the functional A(F), the above statements become simply the 
following: 

The NS condition that F(x, x2) depend on both variables is that 


(6) A(F) ¥ 0; 


and if A(F)=0, then the function F is independent of one or both the vari- 
ables in its argument. 


3. Extending to 7 variables, we define A; as the sum of the absolute values 
of differences of all pairs of a’s, whose subscripts differ only in the 7th place. 
Thus 


A; = ye | Cr Seen = (ease a | 


Te 
where each s has the range 0, 1 except that in (ds,,...,s,)1 we have s;=1 only, 
and in (dg,,.--,s,)0 we have s;=0 only. 


The NS condition that F be independent of x; is that A4;=0; and likewise, 
the NS condition that F be actually dependent on all its 7 variables is that every 
A;+0, 4.e., that [[74:+0. Finally, calling the product on the left side of this 
inequality A(F), which is defined only for a particular function F, we have the 
NS condition that F(x1, x2, - - - , X,) depend on all its ” variables is that 


(7) A(F) € 0. 


4. There is another method which is simpler, 7.e., easier to apply, which we 
chall call method B in distinction to method A described above. We shall, as 
before, illustrate with two variables and extend to n. 

In method A, we found the NS condition that F be independent of x is that 
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(1) Q31 — Qo = 0, and ai90 — QAoo = 0. 

Now, instead of equation (2), we write 

(2’) (ai ay doi)” ae (dio =e oo)” = 0. 


Both (2) and (2’) give us the sum of two non-negative terms equal to 0, which 
can only be the case when each term is itself equal to 0, as required in (1). But 
here, equation (2’) becomes 


2 2 2 2 
Q11 — 2441: G01 + Go1 + A190 — 2419: A009 + Aoo = O, 
or 
2 2 2 2 
24) 411 + Aor + 10 + @oo = 2(411- 01 + 10° Goo). 


But the a’s are all either 0 or 1, so the square of any a is equal to that a. In that 
case, the left side of equation (2’’) becomes simply ai,+4o1 +419 +00, 7.e., the 
sum of the four assigned constant values defining the function F. This sum is 
immediately found from the definition of F, and is a constant, say S, for any 
particular F. Equation (2’’) becomes now 


(2) S = 2(d11° G01 + G10: doo). 


Finally, calling the expression in parentheses By, we get the NS condition 
that F be independent of x; is that 


(3’) S = 2B. 


Note that B, is the sum of the products of all pairs of a’s whose subscripts differ 
only in the first place. Similarly, the NS condition that F be independent of x» 
is that 


(4’) S = 2Bp, 


where B= (d11-d19 +41: doo) is defined as the sum of the products of a’s whose 
subscripts differ only in the second place. 

From these considerations, it is easily seen that a sufficient condition that 
neither (3’) nor (4’) hold is that S be odd, 7.e., a sufficient condition that F(x1, xe) 
depend on both variables is that S is odd. Also, a necessary condition that F 
depend on fewer than two variables, 7.e., that F(x1, x2) be independent of one or 
both its variables, is that S is even. 


S. This result is quickly extended to n variables. We define B; as the sum of 
the products of all pairs of a’s whose subscripts differ only in the ith place; that 
is, 


Bit D5 (ape arte ee 


where the summation, as in the definition for A,, is over the 2°"-! pairs of a’s 
we get when the subscripts, with the exception of 


Si, take independently, the 
value 0 or 1. 
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We have, analogously to (2’), (2’’), (2’’’), and (3’), the NS condition that 
F(x, %2,---, xn) be independent of x; is that S=2B,. Of course, if S is odd, 
this condition fails for every B;, hence, the very simple sufficient condition that 
F be dependent on all its variables is that S is odd; and the corresponding neces- 
sary condition that F be independent of any or all its variables is that S is even. 





MATHEMATICS AND THE SCIENCES* 
TOMLINSON FORT, Lehigh University 


“King David and King Solomon 
Led merry, merry lives; 

They trifled with the wine cups 
And had very many wives; 

But when old age came upon them 
They were filled with many qualms; 

King Solomon wrote the Proverbs, 
King David wrote the Psalms.” 


It is said that it is a sure sign of age when a man stops working in his subject 
and starts talking about it. Well, the only thing that I can do to show that I 
am not entirely senile is to point to the program. I am to give another lecture 
tomorrow and that one is to be mathematics. 

Speaking seriously, I do think that it is a good thing for us, so to speak, to 
stand off and look at our work from time to time and try to evaluate what we are 
doing. This talk does not propose to cover in any completeness so large an under- 
taking. I do propose, however, to examine critically some fundamental things. 
I most emphatically do not intend to make platitudinous and fulsome remarks 
about the beauty and usefulness of mathematics. 

What is mathematics? What are the sciences? An easy way to proceed is to 
assume that each of us knows, for example, what is meant by mathematics. 
Mathematics is that subject which by common consent is taught in departments 
of mathematics in our schools and colleges. It includes geometry, algebra, cal- 
culus, etc. I believe that there are many people, even among mathematicians, 
who regard more detailed definition as hopeless, or, at least, useless. However, 
we mathematicians are given to striving for exact statement and it is only proper 
that we ask for a definition of mathematics and the sciences, or at least to decide 
in a fairly exact and restricted way as to what significance is to be attached to 
these terms. 

If we begin to examine what actually is taught by those who profess and call 
themselves mathematicians or by those who, for example, call themselves physi- 
cists or astronomers, we are impressed by much overlapping and a confused and 
ill-marked boundary. At a recent meeting of the Society for the Promotion of 





* Address delivered at the dinner of the Southeastern Section of the Mathematical Associa- 
tion of America at Athens, Georgia, March 29, 1940. 
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Engineering Education, there was a joint meeting of the section on mathematics 
and the section on mechanics. I rose to the occasion, saying that as mechanics 
really was mathematics I thought the joint meeting splendid and that such meet- 
ings should be held frequently. On being pushed, I gave a few reasons, satisfac- 
tory to me, as to why mechanics was mathematics. Whereupon one of the mem- 
bers present, who is an extremely good mathematician and also a distinguished 
electrical engineer, arose and said that he agreed with everything that I had said 
but that the argument which I advanced classified as mathematics the whole 
science of electricity quite as well as it did mechanics. 

Then there is geometry. What subject is by common consent more usually 
classified as mathematics than geometry? Yet why should the study of the space 
in which we live not be classified as physics? Why is the mensuration of solids 
less physics than the study of light? Both can be studied experimentally. Both 
can be studied by means of equations. Both have a practical aim. 

Many non-mathematicians attempt to separate their subjects from mathe- 
matics on the basis of aim. Mechanics is taught both by physicists and mathe- 
maticians. Physicists always make a great point of aim, and on a basis of aim 
contend loudly that mechanics is physics. I again become lost in confusion. 
Fourier wished to study the flow of heat (physics), but he developed the theory 
of trigonometric series. 

But let us proceed and, at the same time, let us realize that we are not re- 
making the language and that a definition to be acceptable must not depart too 
far from common usage. Yet we strive to be precise. As a matter of fact, instead 
of laying down a definition of mathematics, I will quote some definitions that 
have been made and examine them briefly but critically. 

I have heard it said that Charles Darwin gave the following. (He probably 
never did.) “A mathematician is a blind man in a dark room looking for a black 
hat which isn’t there.” 

Not long ago I was chatting with a professor of philosophy when I was a bit 
startled by his telling me, in order to put me in my proper place in an argument, 
that mathematics was the science of measurement and that alone. I think he was 
speaking hurriedly. I also recently encountered this: “Mathematics is the sci- 
ence of quantity or magnitude.” Heaven knows where this type of definition 
originated, but, like Shakespeare’s Cleopatra, “Age cannot wither her nor cus- 
tom stale her infinite variety.” 

’ Turning to what is to us more serious, we quote Benjamin Peirce, the great 
Peirce, who wrote in 1870,* “Mathematics is the science which draws necessary 
conclusions.” . 

We can call this a great definition because for the last seventy years it has 
been the starting point of many discussions of the nature of mathematics. It is 
to be noticed that its emphasis is on method rather than on subject-matter or 
aim. The word “necessary” is not sufficiently precise, that is, we are not told 


. j y r “he j ‘gf > ‘ . - ee : . e. 
Linear Associative Algebra; reprinted in the American Journal of Mathematics, vol. 4 p. 97 
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what methods of drawing conclusions are allowable, and finally many of us will 
probably regard the whole definition as too broad. 

Whitehead says,* “Mathematics in its widest significance is the development 
of all types of formal deductive reasoning.” 

This is an attempt to be more precise than Peirce. The words “all types” are 
satisfying. Deductive was probably intended by Peirce, but its specific mention 
is again satisfying. Yet there is with some a certain wishful thinking, a desire to 
include as part of mathematics the intuitional, inductive reasoning which al- 
ways precedes formal proof in mathematical research. There is also again the 
possible criticism that the definition is too broad and will include more than is 
commonly understood as mathematics. 

I next quote Morris R. Cohen, professor emeritus of philosophy at the Col- 
lege of the City of New York, an abundant and able writer on the foundations 
of science and mathematics. Cohen says,f “Mathematics as a pure formal sci- 
ence is indeed identical with logic.” He further states, “It is of course to be ex- 
pected that a new and radical thesis such as the identity of logic and pure 
mathematics will meet with really serious difficulties. But those that have so 
far come to light are of the kind that we may reasonably regard as problems 
that workers in this field must face, rather than as a justification for the aban- 
donment of the whole enterprise.” One trouble with Cohen’s identification of 
mathematics with logic is that the necessity of defining mathematics is simply 
shifted to a necessity of defining logic. “We add nothing to Nature by calling 
it God.” 

Bridgman makes the following statement:{ “Mathematics . . . is usually rec- 
ognized to be properly a branch of logic.” 

Thus, according to Bridgman, mathematics is a subdivision of logic not co- 
extensive with logic as according to Cohen. Also, so far as I have observed Bridg- 
man’s writings, he iseven worse than Cohen when it comes to saying what logic is. 

The definitions given have all put emphasis on method. A related but some- 
what different type of definition is the now classical definition of Bertrand 
Russell :§ 

“Pure mathematics is the class of all propositions of the form—p implies g— 
where p and q are propositions containing one or more variables, the same in the 
two propositions and neither p nor q contains any constants except logical con- 
stants. And logical constants are all notions definable in terms of the following: 
implication, the relation of a term to a class of which it is a member, the notion 
of ‘such that,’ the notion of relation, and such further notions as may be involved 
in the general notion of propositions of the above form. In addition to these, 
mathematics uses a notion which is not a constituent of the propositions which 
it considers, namely the notion of truth.” 





* Universal Algebra, p. vi. 

+ Reason and Nature, pp. 173 and 183. 
t The Nature of Physical Theory, p. 47. 
§ Principles of Mathematics, p. 3. 
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Here mathematics is regarded as a body of propositions (theorems). Appar- 
ently Russell regarded mathematics not as a process but as the results of that 
process. This point of view seems somewhat different from that of Peirce and 
Whitehead. As a definition the word “implies” may be construed inductively, 
although this would be contrary to Russell’s mathematical procedure. Also, at 
a subsequent time Russell remarks,* “We shall assume that all mathematics is 
deductive.” 

However, it is the statement that mathematics uses the notion of truth with 
which I sharply disagree. Peirce and Whitehead say, mathematics only “im- 
plies.” It is hard to be sure how much this notion of truth pervades Russell’s 
thinking on the foundations of mathematics. The definition was made early in 
his career. Later he seems at times to have become more purely formalistic. One 
is reminded of his semi-jocular definition: “Mathematics is the subject in which 
one never knows what he is talking about nor if what he says is true.” The word 
“true” is there again. As a matter of fact, the idea of truth pervades the notion 
of “Propositional Function” discussed so much by Russell and Keyser. 


I started this discussion by some remarks on the possibility of defining 
mathematics by its subject-matter. I now return to this and give what is possi- 
bly the most striking of all definitions. This is from Study. It is to me one of the 
most interesting definitions of mathematics. Study says,t “Mathematics in- 
cludes computation with natural numbers and everything that can be founded 
upon it, but nothing else.” 

This is a subject-matter definition as against the definitions of method which 
we have just been considering. At first glance, it seems much too narrow. How- 
ever, the more I ponder it the less sure I am of this. It is particularly to be 
remarked that Study was the inventor of a kind of number system (the Study 
numbers) differing in essential respects from our ordinary integers. 

I now come to what we can strictly call the symbolism school. First, Hilbert, t 
the great leader of this school, holds that mathematics is essentially the manipu- 
lation of symbols. : 

The most detailed of the symbolism definitions is the following from Profes- 
sor C. I. Lewis of Harvard, the writer on symbolic logic :§ 

“A mathematical system is any set of strings of recognisable marks in which 
some of the strings are taken initially and the remainder derived from these by 
operations performed according to rules which are independent of any meaning 
assigned to the marks.” 

[I will also given Poincaré’s oft-quoted remark:|| “Mathematicians do not 
study objects but the relations between objects. Matter does not engage their 
attention. They are interested in form alone.” 








* Introduction to Mathematical Philosophy, p. 145. 
+ Mathematik und Physik, Braunschweig, 1923. 
t Die Grundlage der Mathematik. 
§ Survey of Symbolic Logic, pp. 355-356. 
Science and Hypothesis, 
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Here I again quote Russell’s jocular definition: “Mathematics is the subject 
in which one never knows what he is talking about nor if what he says is true.” 

One cannot at this juncture fail to mention the intuitionists like Brouwer 
who a dozen years ago created such a furor in mathematical circles. Their gen- 
eral aim is to limit mathematics to a discussion of things that are, so to speak, 
intuitionally constructed. They exclude from proper consideration sets which 
are not constructed according to their intuition. From this they are sometimes 
called finitists. As has been said, to them “Mathematics is the language of the 
possible.” 

Leaving quotations and comments, I am inclined to the opinion that the 
majority of us at the present time hold to something resembling the symbolism 
view of mathematics. However, not all do. I recently heard a distinguished officer 
of the American Mathematical Society in a public lecture, after speaking briefly 
of Hilbert’s ideas, remark with much disgust, “Well, if that is your idea of math- 
ematics,—Oh well!” 

According to the (as I believe) commonly held view, with which I agree, a 
mathematical structure consists of certain undefined terms (symbols), certain 
postulates upon them (that is, relations between them), an agreed logic (that 
is, method of drawing conclusions), and strings of theorems derived by means of 
the logic. This structure is built rather than discovered. Mathematics, according 
to this point of view, will consist of the process of laying the postulates and 
building the structures, or of the sum total of such structures completed and 
available, a dualistic meaning, just as many symbols in mathematics in one 
breath are symbols of operation and in the next breath represent the result of 
that operation. The expression 2/3 is either 2 divided by 3 or the fraction 2/3 
which is a number. The great problem is the problem of consistency of the postu- 
lates. To establish consistency we exhibit an example of objects which satisfy 
the postulates, that is, give an existence theorem. Most of the time these ex- 
amples lead back to the positive integers. Possibly Study is right. 

To lend additional weight to this point of view, let us examine in a hurried 
way what is actually being done by mathematicians at present. Examine the 
programs of the Society or the pages of our mathematical journals. 

First, Analysis. What is being done in analysis? Many things, of course, but 
it seems to me that very significant advances are in postulated spaces, Banach 
spaces, Hilbert spaces, function spaces, etc. A space is simply a set of elements 
subject to certain postulates. A little reflection will convince most mathemati- 
cians that classical analysis differs only in scope rather than in nature. 

Second, Algebra. What is being done in algebra? Groups, rings, fields, lat- 
tices! Again, it is the same thing. The distinction from analysis becomes illusory. 
It is true that emphasis on limit, function, and continuity is lacking. 

Geometry also starts with a set of undefined terms and proceeds as before. 
Geometries are n-dimensional, riemannian, euclidean, topological, efc., etc. The 
classification of a mathematical system as geometry seems, shall I say, histori- 
cal; that is, it has had a recognized origin in elementary geometry, and the term 
sticks with but little further reason. 
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The three great traditional branches of mathematics, algebra, geometry, and 
analysis, appear to be merging or at least drawing closer together, their bounda- 
ries becoming ever more illusory. The road that all are travelling is the road of 
postulates. 

However, what of the Sciences? I see nothing added to mathematics by call- 
ing it a science. I purposely refrain from doing so, preferring a separate classifica- 
tion. Before going into this subject I must briefly discuss the subject of 
isomorphism. I will use the term in the following sense. Two mathematical 
structures are simply isomorphic or isomorphic if they are mathematically iden- 
tical, the difference between them being one of language only. An example is 
the common dualism of projective geometry in which, for example, the system 
of lines and points in a plane is isomorphic to the system of points and lines in a 
way that is familiar to everyone. The mathematical structures are identical. 
Hence the term isomorphic as between mathematical systems is really meaning- 
less. The systems are identical. The same can be said of the “Propositional 
Function” of Keyser and Russell. To be explicit, for the reason that mathematics 
is treating undefined terms and also for the reason that a single postulate outside 
a mathematical system is meaningless, the “Propositional Function” of Keyser 
and Russell seems to me to have no significance as a part of mathematics. 

If now a system of objects of physical or other significance, not the bare 
bones of mathematics, can be put into one-to-one correspondence with the unde- 
fined terms of a mathematical system and if postulates (laws) can be made 
about them corresponding postulate to postulate (law to law) with the mathe- 
matical system, we say that the two systems are isomorphic, and applications of 
mathematics step into the picture. Theorems say, “If you do this, you will get 
that.” At this point the “Propositional Function” as a method of describing 
isomorphism between physical phenomena, and mathematical systems achieves 
whatever justification there is for it as a term. 

Have the sciences really been advanced by mathematics, or is mathematics 
one vast tautology capable of adding nothing, as has been claimed? It seems to 
me that this is merely a matter of the record. None of us here will challenge it. 
The scoffer can always be cited such great achievements as the discovery of 
Neptune. 

Physics consists essentially of measurements, what Eddington describes as 
pointer-readings. It was the custom of the older physical theorists to construct 
in imagination a simple mechanical model which would have much the same 
pointer-readings as the phenomena being studied. This was called understanding 
the phenomena. Certain laws governing this model were then observed, and the 
model was in an unconscious way made isomorphic to a mathematical system 
and conclusions drawn. Confidence in these conclusions was possibly greater 
than warranted but has been, usually, borne out by our experience. Supporting 


this view, | make one final quotation, from Thompson and Tait’s Natural 
Philosophy written about 50 years ago: 
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“It has been long understood that approximate solutions of problems in the 
ordinary branches of Natural Philosophy may be obtained by a species of ab- 
stractions or rather limitations of the data such as enables us easily to solve the 
modified form of the question while we are well assured that the circumstances 
(so modified) affect the result only in a superficial manner.” 

The modern tendency is to dispense with the intermediate model. Once we 
had an aether, a kind of all-pervading medium which had properties which were 
studied. Now radiation phenomena are studied directly. A mathematical system 
is set up, hopefully isomorphic to the pointer-readings themselves. The model is 
gone. The most outstanding case where the model remains is in the solar system. 
Painlévé remarked that we state that the earth goes around the sun to satisfy 
women and children. Mark you, as a matter of fact we observe only motions on 
the dome of the sky. Is there only one model that will be isomorphic, or are there 
many, or why have a mechanical model at all? Possibly an abstract mathemati- 
cal system, once we have postulates to correspond with observations, is best. 
You can call it a mathematical model if you like. Then there no longer would be 
any reason to say that the earth turns on its axis or revolves around the sun. 
If the aether is gone, why not the solar system? It may happen, although it is 
hard to believe a more convenient description for “women and children” will 
be found, or to believe that we shall be so impregnated with mathematics our- 
selves as to lose the solar system from our daily lives. 

I have talked glibly of isomorphism and I now ask the question: Is it really 
possible to set up mathematical systems isomorphic to physical systems? I think 
that this question loses any meaning if the mathematical system contains the 
infinite in any way, and this includes the irrational and the continuous. These 
are mathematical fictions, constructions, and this alone. Human consciousness 
is not continuous and our experience of time is not continuous. To say that a 
simple law, pv =const., is obeyed in physics is a statement without meaning un- 
less we mean by obey, the simple fact of usefulness. Is space of experience eu- 
clidean or non-euclidean? I can see no meaning to this query other than as 
applied to the usefulness of the particular geometric system. Hence to me reality 
may change. 

Mathematical systems involving the finite only, the non-continuous, the dis- 
crete may be isomorphic to certain physical systems. Beyond this we cannot 
say that there is isomorphism. The thoughtless person thinks that the equations 
which measured phenomena approximately satisfy are really obeyed, that the 
trouble is lack of precision in measurement. However, to say that physical phe- 
nomena really obey equations containing continuous variables is only making a 
noise. But to say that these equations are, so to speak, interpolation formulas 
which are useful on account of ease of handling, seems to me to approximate the 
truth. . 

It is sometimes said that the purpose of science is to describe. In reality I 
believe that its purpose is two-fold: to describe, and to forecast. We do not study 
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our daily life as a space-time continuum where “describe” is all that we want. 
Does mathematics help science in these two things? I think it has done so, and 
that the way has been the road of isomorphic systems, or rather the pseudo- 
isomorphic systems of which I have spoken. 

The question is frequently asked as to why mathematical systems built with- 
out reference to applications are later applied in science. The answer seems to 
me to be somewhat as follows. Our minds are the product of experience. We 
dream human dreams. Our language is human language based on human experi- 
ence. Any postulate that we can formulate is taken from our experience some- 
where and framed in our language. Then, let a combination of postulates, ever 
so bizarre, be made, so long as they are non-contradictory; are we to be surprised 
if this set of postulates, each of which has been formed by experience, should asa 
whole be isomorphic with some portion of experience and useful in studying it? 
Why should we marvel if non-euclidean geometry is useful in studying space? 
I phrase this differently by saying: Why should we marvel if space is non-eucli- 
dean? Or why marvel if complex numbers are useful in studying alternating cur- 
rents or what not? I shall never be amazed when a well built mathematical 
system is applied to any branch of science. It seems absurd to say, “Nature 
is mathematical.” Rather man’s mathematics is based on man’s nature. Here I 
am an intuitionist, and I think that it is on the postulates that the intuitionists 
and formalists in mathematics, just as the mathematicians and the physicists, 
come together. 

I have spoken primarily of physics. It is to be borne in mind that Newton, 
Euler, Bernoulli, Lagrange, Laplace, Fourier, efc., the great giants who set the 
direction in which mathematics developed, were interested in physical science. 
If they had been interested in the biological and social sciences we probably 
should have had a very different body of mathematical doctrine from that which 
we now have. However, mathematics and its relation to the social and biological 
sciences seems to me to introduce no new fundamental idea. The more usual 
mathematics is being applied in both the social and biological sciences. Statistics 
is an example of a branch of mathematics which in its origin was aimed particu- 
larly at biology and the social sciences. Raymond Pearl says* that in his opinion 
biology is certain to be treated in the future by mathematical methods as is 
physics today. The economists are skeptical, but the rapid advance of the Econ- 
ometric Society, now being joined by professional economists, shows a lack of 
confidence in their own skepticism. But this is not the topic of this talk. We are 
interested in fundamentals and, as all sciences are the study of experience, the 
réle of isomorphism will be the same with each when and if they are studied by 
the mathematical method. Moreover, if I am right that the mathematics itself 


is a human structure, we must expect and acknowledge the frailties common to 
such structures. 





* Bulletin of the American Mathematical Society, vol. 45, D. 425, 
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NOTES ON CURVATURE OF CURVES AND SURFACES 


H. J. HAMILTON, Pomona College 


Introduction. It is the principal purpose of this paper to show that the curva- 
ture of curves and the Gauss curvature of surfaces at elliptic points* are ex- 
pressible by simple limiting processes which are at once intuitively appealing 
and (at least apparently) very different from the ones used in the customary 
definitions. + This is accomplished in sections 2 and 5. In sections 1 and 4 we 
state and investigate the conditions under which we shall say that curvature 
exists, and sections 3 and 6 are devoted to remarks on possible generalized defini- 
tions of curvature suggested by sections 2 and 5. 


1. Curvature of plane curves. DEFINITION. We shall say that a curve has 
curvature at a point Q on it if by translating the origin, O, to Q and properly orienting 
axes we can represent the part of the curve in some neighborhood of O by an equation 
of the form 


(v1) y=f(x), where f’’(0) exists and is finite, and f(0) =f’(0) =0. 
We take |f’’(0)| as the value, K, of this curvature. 


That this definition is consistent with the ones customarily given is estab- 
lished by the following: 


THEOREM 1.1. In a neighborhood of O the curve (1.1) possesses arc length, s, 
of which $(s) =arc tan f’(x) is a function for which | ’(so) | =K, where so corre- 
sponds tox =0. 


Proof. First, f’(x) exists and is bounded in a neighborhood WN of x=0, and 
tends to zero with x. Let a be any negative number in JN, and xa variable greater 
than a and in N. Since, for the difference Ax between any two numbers in (a, x), 
the ratio Ay/Ax is bounded, f(x) is of bounded variation in (a, x) and hence has 
arc length s =s(x) =sup >) (Ax?+Ay?)!/*, where the summation is taken over all 
the sub-intervals Ax into which (a, x) is divided by a given mode of subdivision, 
and the supremum is taken over all such modes. Since the curve is continuous 
in N, we see that s(x) is a continuous, as well as strictly increasing, function of x. 
Hence x is a like function of s, and we may write 





* Or, rather, a generalization of the Gauss curvature at a class of points which, when the 
Gauss curvature exists, are elliptic. 

t+ It may be of interest to compare Busemann and Feller, Kriimmungseigenschaften Konvexer 
Flichen, Acta Mathematica, vol. 66, 1936, pages 1-47, especially pages 22-23. 

Professor R. E. Gilman has called my attention to a considerable recent literature by Buse- 
mann and Feller on the differential geometry of convex surfaces in the large, in which the Gauss 
curvature (when it exists) is shown to be given by limiting processes involving the area which we 
denote in section 5 by A. The latest of these publications is Bemerkungen zur Differentialgeometrie 
der konvexen Fliachen, III. 
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(1.2) | (so) | =| [d arc tan f’(x)/dx]/[ds/dx]| at « = 0, 


provided that both derivatives exist and that ds/dx 40. . 
The numerator of the principal fraction on the right-hand side of (1.2) exists 
because f’’(0) exists; and, since f’(0) =0, its value is f’’(0). On the other hand, 


| ds/dx| = ‘ee [sup >> (Aa? + Ay?)'/2/| «| ], 


where the numerator of the ratio is defined with respect to the interval (0, x) 
(or (x, 0) in case x is negative) as s is with respect to the interval (a, x). Since 
for each Ax there exists a & such that Ay=f’(£)Ax and | é| A | «| , we have 


1 < sup 2) (Aa® + Ay?)12/| «| S (1 + 0), 


where »=sup [f’(E) ]* for | &| <|«|. Hence |ds/dx| =1, and the conclusion fol- 
lows. 


2. Evaluation of K by a different limiting process. Let f(x) be any function 
which is continuous in a neighborhood M of x=0, and let h and k be any two 
unequal numbers which lie in MW. We shall consider the expression 
(21) lim (124/C%), 

h,k->0 
where C is the chord joining the points (k, f(k)) and (h, f(h)), and A is the area 
algebraically between the chord and the curve, that is, 


A =| (fH) + (0h = )/2 — f sladas 





THEOREM 2.1. If a curve has curvature K at a point Q, then, assuming the repre- 
sentation (1.1), K is the value of the limit (2.1) with k<0<nh. 


Proof. We use the form of Taylor’s theorem given on p. 290 of Hardy.* First, 
C= (hb) + [fh) — f(A) PJ? =| ab — Bl [1 + ot) 2, 
whence the limit (2.1) equals lim, x9 | 124/(—k)3|, provided that the latter ex- 
ists. But 


A=] LP") + o(t)][G2 + #)/2][(h — )/2] = f [pr(o)x2/2 + n(a)a*/2]ae | 


where (x) tends to zero with x. Hence 


A =| f’"(0)(4 — k)3/12 + o[(h — 2], 


and the conclusion follows. + 





* A Course of Pure Mathematics, seventh edition, Cambridge, 1938. 
f It can be shown similarly that Theorem 2.1 remains valid if we replace the condition k<0<h 
by the weaker condition that 


(2.2) (|h| + [k|)/|h —k| remains bounded. 
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THEOREM 2.2. Under the conditions of Theorem 2.1, we have limp.o (124 /C?) 
=K, withk=0. 


Proof. Take k=0 in the proof of Theorem 2.1. 
Theorem 2.2 is also a corollary of the following: 


THEOREM 2.3. If, for a given function continuous near x=0, the limit (2.1) 
exists with k<O<h, then limy.9 (12A/C*) exists with k=0 and h positive or nega- 
tive. 


Proof. The function 124/C? is continuous in k at k=0 for h#0, and is con- 
tinuous in fh at h=0O for k#¥0. 


3. A possible generalized definition of curvature. We may say that @ curve 
has generalized curvature at a point Q on it tf by translating O to Q and properly 
orienting axes we can represent the part of the curve in some neighborhood of O by 
an equation of the form 


(3.1) y=f(x), where f(0) =f’(0) =0, f(x) ts continuous, and the limit (2.1) exists 
withk<O0<h. 


We take the value of the limit (2.1) as the value of this curvature. 


In view of Theorem 2.1, this definition will be justified upon exhibition of a 
curve of the form (3.1) for which f’’(0) fails to exist. Let then ¢(«) be a function 
for which $/’(0) exists and is finite, and #(0) =¢’(0) =0, and define f(x) =(x) 
+(x), where ¥(x) is a function continuous and without derivative in a neigh- 
borhood of x =0 within which ¢’(x) exists. Then f’’(0) is undefined. To show that 
f(x) is of the form (3.1), we need merely establish the existence of the limit (2.1). 

For small # and k, we have 


A =| [6(&) + R8Y(k) + (A) + H(A) \(h — &)/2 — f [o(x) + «3)(x) |da 


A’ + o[(h — k)}], 


and 
C= {(h— k)? + [6(d) + WY(A) — o(b) — RY(R) IP} 4? = C’ + o(h — B), 
where A’ and C’ are the area and chord functions for the curve y =(x). With 
k<0<h, then, 
lim (124/C*) = lim {124/(h — k)3} {lim [(A — k)/C]}3 


h,k-0 


= lim {124'/(h — &)8} {lim [(” — &)/C’}}*, 


and the last two limits exist, as is shown in the proof of Theorem BS Bes 





* Indeed, this particular f(x) remains of the form (3.1) if the condition k<0<h therein is 


replaced by the condition (2:2), 
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4. G-curvature of surfaces. DEFINITION. We shall say that a surface has 
G-curvature at a point Q on it if by translating the origin, O, to Q and properly 
orienting axes we can represent the part of the surface in some neighborhood of O 
by an equation of the form 


z=f(x, y), where f(0, 0)=0, f(x, y) is continuous, and the function 
(4.1) F(r)=F(r, 0)=f(r cos 0, r sin 6) ts such that F’"(O) 1s finite, exists unt- 
formly in 0, 1s continuous in 0, and does not vanish, and F'(0) =0 for all 6. 


We take 1/[/$"(1/K)d0/(2x) | as the value, G, of this curvature, where K = K(6) 
is the curvature, F’’(0), of the curve z=F(r) at r=0. 


Thus G is the harmonic mean of K with respect to @. 

Whereas our definition of G-curvature is not based on the existence of the 
second partial derivatives of f(x, y) at O, the usual definitions of surface curva- 
ture presuppose such existence and more. I believe that the following definition 
will not be inconsistent with the literature. 


DEFINITION. We shall say that Gauss curvature exists at a point Q on a surface 
if by translating O to Q and properly orienting axes we can represent the part of the 
surface in some neighborhood of O by an equation of the form 


(4.2) 2=f(x, y), where f(0, 0) =f2(0, 0) =f,(0, 0) =0, f:(x, y) and f,(x, y) are 
differentiable at O, and one of these partial derivatives is continuous near O.* 


The value of this curvature is Mu, where M and pare the maximum and minimum 
curvatures at O (shown to exist, below) of the curves of vertical cross-section of the 
surface through O. 


The relation between Gauss curvature and G-curvature will be put into evi- 
dence by the following: 


THEOREM 4.1. If a surface has positive Gauss curvature at a point, it has 
G-curvature there, and the Gauss curvature equals G2. 


Proof. We assume the representation (4.2). The conditions establish the finite 
existence of the four second partial derivatives at O, and hence the equality 
fey(0, 0) =fyz(0, 0). The differentiability of f,(x, y) and f,(x, y) at O insures their 
boundedness near O, and application of the mean value theorem to the difference 
ea y+Ay) —f(«, y) therefore establishes the continuity of f(x, y) near OQ. 

so, 


F'(r) = f.(r cos 6, r sin 8) cos 6 + fulr cos 6, r sin @) sin @, 
from which we deduce, first, that F’(0) =0 for all 6, and, second, that 


[F’(r) — F'(0)]/r = f.x(0, 0) cos? 6 + 2fzy(0, 0) cos Osin 6 + f,(0, 0) sin? @ + ¢, 


where ¢ tends to zero with r, uniformly in 6. Thus we see that F’’(0) exists uni- 





. 1 he se conditions may be regarded as analogs of the conditions for curvature of plane curves 
given in §1. 
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formly in @ and obtain its value, a continuous function of 6. Since, finally, Mand 
mw are of one sign,* f(x, y) is of the form (4.1). 

We have next to compare the values of the two curvatures. Now it can be 
shown that K = F’’(0) may be written in the form 


(4.3) M cos? (@ — a) + pw sin? (0 — a) 


for some a.t Hence 


fare =f art 


Thus G?= Mu, as was to be proved. ft 





M | cos? (6 — a) +| w| sin? (0 — a)]} dd = 2n(My)“'”?. 


5. Evaluation of G by a different process. Consider any surface which, in a 
neighborhood of O, is of the form 


z=f(x, y), where f(0, 0)=0, f(x, y) is continuous, the function F(r) 
(5.1) =F(r, 6)=f(r cos 0, r sin 6) is, for each 6, either strictly increasing or 
strictly decreasing for r>0, and F’(0) =0 for each 6. 


9 —9 


Let 7 be such that the circle x?-+ y?=7? lies in this neighborhood, and suppose for 
definiteness that F(r, 0) is strictly increasing for 0<r<7. By the continuity of 
f(x,y), then, F(r) is strictly increasing for each @, and inf F(7) = ming F(7) =E>0. 
Hence the plane z=/ for 0</<E is, for each 0, intersected by the curve z= F(r) 
in exactly one point for 0<r<7. We denote by p=p(9) the corresponding value 
of r. 

We now show that p(6) is continuous. If it were discontinuous for =o, then 
there would exist a number p40 and a sequence 9; for which p;=p(;) would 
tend to p(0.) +p=potp. But F(pi, 6:) =1, and F(r, 8) is continuous for 0 $@ = 27 
and 0<r<7. Hence F(potp, 60) =l=F(po, 9), contrary to the uniqueness of 
p(9). 

We may therefore speak of the area A cut out of the plane z=/ by the sur- 
face z=f(x, y) for x?+y2<7%, and the volume V between the plane and the sur- 
face in this neighborhood. We are to consider the expression 
(5.2) lim (44rV/A?). 


l>0 





* A condition necessary and sufficient that this be the case is easily seen to be the following: 
f.2(0, 0)fy?(0, 0) > [fev(0, 0) ]?. 

+ Lest one suppose that the conditions for existence of G-curvature imply that K be of the 
form (4.3), which is so familiar in the differential geometry of “well-behaved” surfaces, we call 
attention to the paraboloidal surface 
(4.4) gz = 3(6)r?/2, 
which is of the form (4.1) for any continuous, non-vanishing (4) of period 7, and for which A = (0). 

t It may be of interest to compare this result with the fact that the so-called mean curvature 
of a surface is twice the mean of K with respect to 0. We have just shown that the Gauss curvature, 
when positive, is the square of the harmonic mean of K with respect to 0. 
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THEOREM 5.1. If a surface has G-curvature at a point Q then, assuming the 
representation (4.1), G is the value of the limit (5.2). 


Proof. Taking, for definiteness, the constant sign of F’’(0) as plus, we deduce 
the existence of numbers 0 and B for which 
(Sia) Ot 0 te FA Oe baling): 
Since, moreover, F’’(0) exists uniformly and F’(0) =0 for all 0, there exists a 
number Z such that 
(5.4) brie Dre for 0 <r = fo ee(allae) 
Using (5.4), the fact that F(0) =0, and the relations 

d|F(r) — br?/2|/dr = F'(r) — br, d|Br?/2 — F(r)|/dr = Br — F'(r), 

we have, finally, 
(aco) orf Sir) << Br Je tombe t SL tall eye 


From (5.4) we see that representations of the form (4.1) are of the form LB 
so that A, V, and p=p(6) have meaning here. 

We shall evaluate the limit (5.2) by showing it to be equal to the correspond- 
ing limit for the auxiliary surface 


(5.6) z = F!"(0)r2/2, 
which is a special case of (4.4), pointed out above to be of the form (4.1). Let 
R=R(6) be the (unique) positive value of r for which F’'(0)r?/2 =I, A the area 


cut out of the plane z=/ by the surface (5.6), and V the volume between this 
plane and this surface. 


Now the uniformity of existence of F’’(0) permits us to modify the develop- 
ment in §151 of Hardy* to the end that we may write 


(5.7) F(r) = F’'(0)r?/2 + &(r, 6)r?, 
where £ tends to zero uniformly in 8. Hence, since F(p) = F’'(0)R?/2 =1, we have 


0 = F(p) — F’(0)R?/2 = F'"(0)p?/2 + p*t(p, 6) — (0) R2/2 
= [F’’(0)/2](p? — R2) + p£(p, 6), 


whence 


R — p = 2pk(p, 0)/[F(0)(1 + R/p)]. 


From the left-hand part of (5.5), we see that p tends to zero uniformly with 7. 


os so does £, so that | R—p| <pn(l), where y tends to zero with 1, independ- 
ently of 6. 


Using the righ 


* Thid., 


t-hand part of (5.3), we have 
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A= (1/2) f R*d@ = w ming R? > 27l/B. 
0 
Also, 


here 


IA 


(1/2) | R?- p?| dé < 7 maxe (R + p)pn(I). 


0 
From the left-hand parts of (5.3) and (5.5), then, 
| 4 —A| < (4z1/b)n(1). 


It follows that lim;.9 [(A —A)/A]=0. 
Comparing V and V, we have, first, 


eS Qr p Qn R 
|\v—V|= { { [2 — F(r, 0) |r dr do — { { [2 — F’’(0)r?/2]r dr io 
0 0 0 0 
2m R Qa p 
oa {| { [— r°&(r, 0) |r dr do + { { [2 — F(r, 0) |r dr io 
0 0 0 R 
And since 


| 2 — F(r, 0)| < | F’(0)r?/2 — F(r, 6) | =| &(r, 8) | 7? 





for pS<r<R or R<r&p, we have, further, 


i [rls 0)|ardo+ fo | J orle. 6) | dr 


Qn (21/b)1/2 
2 { { r3| &(r, 0) | dr d@ < (4nl?/b*) max| E(r, 8) 
0 0 


eine V 


IIA 


dé 





IA 





where the maximum is taken over 0 <6 S27 and 0 <r (2//b)"/?. In view of the 
fact that £(r, @) tends to zero with 7, uniformly in 8, then, lim;.o[(V—V)/A?] =0. 

Finally, limy.o (44 V/A?) =lim;.9 (4tV/A?), provided that the last limit ex- 
ists. But 


A =A(l) = (1/2) [ea = alas [1/F’"(0) }d@ = (2x/G)I, 


and hence V=f-A(t)dt =rl?/G. Thus 44 V/A2=G, and the proof is complete. 


CoROLLARY 5.11. If a surface has positive Gauss curvature at a point Q then, 
assuming the representation (4.2), the Gauss curvature is the square of the value of 
the limit (5.2). 

The question naturally arises: Is it possible to generalize Theorem 5.1 by re- 


placing the plane z=I by the more general plane, 2=mx-+ny +g, where m, n, and g 
tend to zero, subject perhaps to certain restrictions ? The answer is yes, and we have 


the following: 
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THEOREM 5.2. If a surface has G-curvature at a point Q then, assuming the 
representation (4.1), there exist quantities A’ and V’ analogous to A and V with 
respect to the plane z=mx+ny-+q for q: F’’(0) >0 and q and u sufficiently small, 
and limg,u.0 (44 V'/A'2) =G, where u=(m?+n?)"/2/q.* 


We omit the proof. 


COROLLARY 5.21. Theorem 5.2 remains valid tf we replace the condition that 
the surface have G-curvature at Q by the condition that it have positive Gauss curve- 
ture there. 


6. A possible generalized definition of G-curvature. We may say that a sur- 
face has generalized G-curvature at a point Q on it tf by translating O to Q and 
properly orienting axes we can represent the part of the surface in some neighborhood 
of O by an equation of the form (5.1), and if the limit (5.2) exists. We take the value 
of the limit (5.2) as the value of the curvature. 


It is clear how we could construct a function of the form (5.1) for which 
F’(r) would fail to exist for certain positive values of r however small and each @, 
so that F’’(0) would be undefined for each 6, but for which the limit (5.2) would 
exist. 

The desirability of such a generalized definition may, however, be ques- 
tioned, since it would assign curvature to certain surfaces for which the gen- 
eralized curvature (in the sense of §3) of normal sections would, in general, fail 
to exist; e.g., to surfaces of the form (4.4) with $(@) continuous and of period 27 
but in general failing to satisfy the equality 6(@) =¢(@+7). 





* The condition “—0 means, of course, that the line of intersection of the plane s=mx+ny+q 
with the xy-plane recedes to infinity. ; 
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EQUATIONS OF POLYGONAL CONFIGURATIONS* 
C. O. OAKLEY, Haverford College 


1. Introduction. This paper continues the studies made principally by 
V. Alaci and the author in the field of simply-discontinuous functions and 
semilinear equations, respectively, by means of which a representation of 
broken-line graphs as well as many other types is effected by equalities (equa- 
tions) rather than inequalities.t The methods consist essentially in the use of 
two operators with which we shall later deal in some detail. We begin with 
some preliminary definitions. 


2. Definitions. A collection of any finite number of line-segments in the plane 
we shall call a generalized polygon. Some or all of the lines may be infinite in 
length, either half-lines or full lines. The end-points of each of the line-segments 
of which the generalized polygon is composed we shall call vertices, and likewise 
label all points common to two or more lines of the configuration. We shall have 
occasion to distinguish between two kinds of vertices. We shall call the true end- 
point of a line-segment (no matter whether such a point may lie on another 
line-segment or not) a true vertex of the polygon. That is to say a true vertex is 
any point which is the end-point of some segment. The other points common to 
two or more segments shall be called swb-vertices when it is desirable to make such 
a distinction. When no distinction is necessary we shall refer, simply, to ver- 
tices. The portion of a line-segment between two adjacent vertices we shall call 
a side of the polygon. 


3. The equation of a generalized polygon. We now proceed to write down 
the equation of a generalized polygon making essential use of the methods de- 
veloped by Alaci. To this end we choose axes so that the join of no two true 
vertices is parallel to the y-axis. This orientation is always possible since there 
is only a finite number of vertices. Next, pass lines L; =x —k; =0 through these 
true vertices in order from left to right (Fig. 1). Let R: be the region to the left 
of L;=0, R; the region between L;_;=0 and L;=0, R,41 the region to the right 
of L, =0. We assume that the polygon is of such character that there are m true 
vertices. No region shall include its boundaries. By the very nature of things 
note that if region R; contains any line-segment, then that line extends to infin- 
ity and the same applies to the region R,41. Let Ni-1 and Ni+1 be the number of 
sides in R;_; and Rj41, respectively; let wi:1=0, wi2=0,-- > , ui; =0, be the equa- 
tions of the j sides of the polygon in the non-vacuous region R;; and in such a 
region set Wj=Uiti2 : - + Uij0i, where 6;=L; if NiaSj< Nin; where 0;=L;_1 if 





* Presented to the Philadelphia Section of the Mathematical Association of America, Decem- 
ber 2, 1939. 

+ See the author’s papers: Semilinear equations, Tohoku Mathematical Journal, vol. 41, Part 
I, 1935; Equations of polygons, this MONTHLY, vol. 42, no. 8, 1935; and Sur les équations semi- 
linéaires et leurs configurations géométriques, Bulletin Scientifique de l’Ecole Polytechnique de 
Timisoara, Roumanie, tome 7, fasc. 3-4, 1937 in which there is a bibliography of the subject. 
Alaci’s papers all occur in the last named journal. 


“ 


T 
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NiwiSj< Nia; where 6;=LiiLi if Nia >j< Nis (as in region R, of Figure 1); 
and where 6;=1 otherwise. In a vacuous region R; set Y,=LrsLlz. Clearly 0; 


Fas 
Whira 
| . wl : 


X 
L,=° L,=0 


Fie. 1 


and y; are completely determined by any given polygon once axes are chosen. 


Finally, set 
2 = ete ay 
Ai jes =f ——_— da, 
0 


Tv a 


and recall that A(L) = —1, 0, 1 according as L <0, =0, >0. Under these condi- 
tions we have, as the equation of the generalized polygon, 


(1) V1 =~ Wn41 =r > (Wiss aa Wi)A (Li) = 0, 
i—1 

For in a non-vacuous region R;, equation (1) reduces to Y:i=0 which is the 
equation of the sides of the polygon in that region. On L;=0, (1) reduces to the 
simultaneous system L;=0, ¥;+Wi,1:=0 which is satisfied by and only by the 
points of the polygon lying on the line L;=0 no matter what the form of V; 
or Wi41 Which in turn depend upon the form of 0; and 6:41. Ina vacuous region R,, 
(1) reduces to Y, =L,_1L,=0 which is satisfied by no point of the region. 


4. Operators. The main tool used in the development of equation (1) above 
is the operator A(L). This integral is exceedingly useful here because it has the 
special property of taking on one of only three values, —1, 0, 1, and is used as a 
multiplier on the differences (Wisi1—Y;) in order to control the signs of these 
terms. As a consequence, the appropriate cancellations and reductions in the 
various regions are accomplished. This particular operator has played an im- 


portant rdle in Alaci’s work in this field. The writer has made extensive use 
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rather of the operation of “taking absolute values,” and in paragraph 5 adds to 
the theory of representing areas by means of absolute values of linear functions 
(semilinear equations). Other integrals with different properties might be used 
in order to give special effects. For example, the integral 


BU { Te"*dx = 1,0, 9, according as L > 0, = 0, < 0; 
0 
or again, 
Coie { Lee-“*zdx = 1, 0, according as L ¥ 0, = 0. 
0 


An “equivalent” form of A(L) might be written as 


A(L) = DL) = lim LY@s-) = 1, 0, — 1, according as L > 0, =.0, <0. 
Let E(L) =|L|/L; then, since |L| =L A(L), we could write A(L) =E(L) with 
the further understanding that E(0) =0 (although lim E(L)=1, —1, according 
as L approaches zero through positive or negative values). Indeed, equation (1) 
could then be written with E(L;) replacing A(ZL;). It is interesting to note that, 
with £(0) =0, we could write 




















p, * sin La 
L -r—=f{ da = LA(L), 
T 0 a 
or 
i Le, : L\:* 
ee a: bled fae 
therefore 





2 L * sin ta ae: 
jt] =f awar=—f { dadt= +L’, 
7 a 0 a 


and any one of these forms might be used for “absolute value of L.” 
There are still other operators that yield interesting results. The symbol (ree? 
i.e., the greatest integer not greater than L, is one such. An equation of the form 


Uy + a m;|u; | =) 


may have a solution much as indicated in Figure 2. Figure 3 is the graph of 
y =el*l, Hardy, in his Pure Mathematics, has given some interesting examples 
making use of this and other functional concepts. One could, of course, manu- 
facture quite arbitrarily any kind of an operator that he might want. For ex- 


ample, define W to be that operation which, when applied to a graph, renente 





* See Riabouchinsky, La fonction |x|, Bulletin de l'Institut Aérodynamique de Koutchino, 
fasc. 5, 1914. 
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that portion lying in the first quadrant into the second, the second into the third, 


etc. It is obvious that W is periodic of period not greater than four, ue Figure 4 
illustrates the case of applying W to the graph of the parabola y—x?+1=0. 





ETGee Fic. 3 Fic. 4 


5. Areas by means of absolute values. An important question still unan- 
swered is the following: With » arbitrary lines as diagonals, how many areas 
formed by these lines can be represented by a semilinear equation? That is, how 


many regions of the plane cut off by the lines u;=0 can be represented by the 
single equation 


(2) uo + Sm; | u;| = 0? 


1=1 


If u)=0, we call (2) the reduced equation. The answer to the question is not 
forthcoming in a single theorem, since as yet too little is known about the way 
in which » lines divide the plane. There are many special cases. But the following 
statements, readily verifiable, throw some light on the situation. 


Any one of the areas formed by any 1 lines can be represented by an equation 
of the form (2), namely, 


(3) SS (sgn R)u; — S, u; | = 0, 
i=0 i=0 


where (sgn R) indicates that the signs to be used in taking this (algebraic) sum 
are those of the u; in R. 
Only one area can be represented when n=2. 


A necessary and sufficient condition that two are; 


as be representable with 
n =3 is that the three lines be concurrent or parallel. But this does not imply 
that any two areas can be 


so represented. As a matter of fact, only complemen- 
tary regions (regions having opposite sign-sets) are amenable to this treatment. 
No closed region can be represented by means of a reduced equation in the 
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case of four lines, n=4. Here the trouble is a typical and ever present one: 
extraneous pieces automatically come in. Evidently, if }om,| u;| =() represents R 
it also plots at the same time the region complementary to R which in this case 
is at infinity. Hence the additional lines, as illustrated in Figure 5. | 


a 


Fic. 5 FIG. 6 Fic. 7 





Two but not more than two areas can be represented with four lines. 

If no three of 7 lines are concurrent then, in order that two particular regions 
be representable, it is necessary (but not sufficient) that the sign-sets of the two 
regions differ in at least four signs. This means that once a region is chosen, then 
all adjacent regions must be discarded as areas of possible additional representa- 
tion, as likewise all regions with any point in common with these adjacent re- 
gions. And, further, any remaining areas that differ in only three signs must be 
excluded. 

It is impossible to represent any odd number of open regions, in the event 
two are complementary, by a reduced equation. 

Not every pair of complementary open regions can be represented even with 
n large. Figure 6 illustrates this situation. 


6. Other equations. With the definitions and orientation used in paragraphs 
2 and 3 in mind we seek again an equation for an arbitrary set of lines in the 
plane. We first enclose each side AB of the polygon in a curve f(x, y) =0 such 
that (see Fig. 7): 

a) The side AB is within f =0, having only the points A and B in common; 

b) At A and at B the slope of f =0 is the same as that of AB; that is, A and B 
are cusps of the first kind; 

c) No one of the curves f; = 0 shall enclose another nor shall it have more than 
one point in common with another, the one exceptional point being a vertex 
common to two sides; 

d) The sign of f; is negative within the loop f;=0. 

We thus isolate the sides of the generalized polygon in separate regions of the 
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plane determined by the auxiliary curves fi(x, y) =0.* Write 
o(x, y) = fife ad aa Tn 
V(x, y) = Ue +++ Un; 


where u;=0 is the equation of the line coinciding with the 7th side of the poly- 
gon. The equation of the generalized polygon is then 


(4) ¥+o— (v— o)A() = 9. 


For, in regions of the plane where ¢ <0, 7.e., within the loops, equation (4) 
reduces to Y=0 which plots the sides of the polygon exclusive of vertices; in 
regions where ¢>0 (exterior to all loops), (4) reduces to ¢=0 which is a con- 
tradiction; and where ¢ =0, on the loops themselves, we are led to the equation 
Y+¢=0 and these simultaneous conditions are satisfied only at the points com- 
mon to the polygon and the loops, that is at the vertices. 

A similar equation can be developed making use of the absolute value opera- 
tor. The generalized polygon is given by 


(5) 2\vy|-v+o4+|¢|=0. 


For, in or upon the 7th loop we have f; <0 and therefore ¢ $0; the equation 
reduces to 2|y| —w=0f which is satisfied only by the points of the 7th side 
u;=O0 including vertices. Outside the loops, ¢>0 and the equation reduces to 
¥+2¢=0 if p is positive, to ¢6=0 if Y=0, and to —3¥ +246 =0 if is negative. 
No one of these equations is satisfied by any point in the region. In the case of 
a single line-segment, equation (5) simplifies to 2 | u| —u+f+ \f| =(. 

Making use of combinations of operators we get another equation whose 
graph is a generalized polygon. Examine 


(6) Di, {ui = uA (fi) + fil A(H)| + fA(G)} = 0. 


Since this is somewhat more complicated in form than those previously given 
it will be instructive to check it with some care. In the ith loop, (6) reduces 
to u;=0 which gives us the ith side. On the loop there results the system f;=0, 
u;=0 which will plot only vertices provided there are such vertices (on the ith 
loop and not on any other loop). If a vertex belongs to just two loops then we 
have the system f;=0, f;=0, u;+u;=0 which is satisfied by just that particular 
vertex. For a triple vertex, that is one belonging to exactly three loops, the re- 








; * This is always possible, and with curves no more complicated than certain simple sextics. 
For example, assuming a finite side A(0, 0), B(2k, 0), a sextic of the form y?=A?2x3(2k —x) will 
suffice. Since the maximum value of the positive determination of y is AR’, the size of the loop is 
easily controlled. If the vertices are A (0, 0), B(«, 0), then we could use a curve of the form 
¥(x4+1) =4A%x3 with maximum value of +y equal to 3/84. Or again, if the side extended from 
A(— *, 0) to B(~,0), we might use y?(x?+1)=A? with the maximum value of +y equal to A. 
his treatment could be made to apply to any side by translating and rotating. Also non-algebraic 
curves could be used for this purpose such as, for example, y? = A%e— for the last case seen 

t On one side of u;=0 this reduces further to 3y =0 and on the other side to y =0 since Ny is 
the only factor of y which changes sign, , ae 
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sulting system is f;=0, f;=0, fx =0, wituj;t+u,=0 and this is satisfied by and 
only by the triple vertex. The situation is similar for vertices of higher order. 
Outside the loops the reduction yields })f;=0 which is impossible since every f; 
is positive. Equation (6) therefore truly represents the polygonal points only. 

It is of interest to note what changes occur in the geometry when certain 
modifications are made in these equations for a generalized polygon. Below we 
write a few of them with statements about their graphs, without making any 
attempt to go into detail; they can be readily checked. 

The generalized polygon could be represented by the equation ~+¢@ 
—(W—¢)B(—¢) =0, since outside the loops the equation is meaningless. The 
equation 


F | 2; — uA(fs) + fi + f;A(o)} = 0 


represents the sides of a polygon, the one vertex (if there be such) common to all 
sides, and those points that f;=0 may have in common with uit+)>_fi=0. If we 
set, in equation (1), 0;s=L:iLi, (¢=1, 2,---,n+1), with Lo>=1, then equation 
(1) will represent, in addition to the polygon, all auxiliary lines L;=0. Or again, 
if @;=1, (1) will plot the complete polygon minus certain of the vertices (in 
general those true vertices not lying on another line-segment). If 6:= PB cOy Bp 
then on L;=0 the equation ¥:+Wi;1=0 would have no meaning. Therefore in 
this case the graph would consist of the polygon minus the vertices. 

In a similar manner other modifications will give new results. If (4) be 
changed to read ¥+¢+(~—¢)A($) =0, we have the equation of what might 
be called the complementary polygon; that is, those portions outside of the 
loops of those lines coinciding with the sides of the given polygon. Changing (5) 
to read ly —y+¢t+|¢| =(), we get the polygon as before plus all points within 
and on the boundary of each of the loops which lie on one certain side of u;=0. 
The interior points on the other side of u;=0 are not represented nor are the 
points of the loop. The equation >» |u;—uiA (fi) | =() represents the polygon plus 
all points exterior to the loops. Again, Ss jus+uiA (p) | =0 plots all points within 
and on the loops plus the line })u;=0. Also, >> {u:—u:A (ui) } =() represents any 
convex area (the ++ --- + region) formed by the lines u;=0, including the 
boundary. The equation > { wi— (sgn R)uiA (ui) | =(, as well as equation (3), 
plots a region R with any sign-sets; and, by multiplying the left-hand members 
of such equations together, the equation of any rectilinear area, convex or not, 
can be formed. The equation So fui—u iA (p) \ =() plots, exclusive of boundaries, 
all those regions in which an even number of the u's is negative and in addition 
those points of the line > ou; =0 lying within every region in which an odd number 
of the w’s is negative. 
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THE MATHEMATICS OF EXTERIOR BALLISTIC COMPUTATIONS* 
L. S. DEDERICK, Aberdeen Proving Ground 


1. Introduction. The mathematical theory upon which ballistic computations 
are based is subject to change depending upon two very different conditions. 
One is the kind of weapon and the consequent type of trajectory which is com- 
mon at the time in actual gunnery, and the other is the available method of a 
strictly computational character. As a result of changes in these things it has 
happened that there are two theories which have formed bases for ballistic 
computations, and which have in turn become obsolete, and then returned to 
actual or prospective usefulness. One of these is the Siacci method for trajecto- 
ries; the other is the adjoint system for differential variations. 


2. The Siacci method. Previous to 1914, the common type of trajectory was 
one which nowhere departed very far from the horizontal. For a trajectory of 
this sort the Siacci methodf constitutes an excellent approximation to the solu- 
tion of the differential equations which formulate the commonly used physical 
hypotheses. These include the assumption that the force exerted by the air on 
the projectile consists only of the drag, that is, a force acting in a direction exactly 
opposite to that of the projectile velocity referred to the air. Thus if there is no 
wind the problem becomes two-dimensional; and the differential equations of 
motion for the projectile may be written 


e = — Ka 


(1) ” | 
y hy 0, 


where primes denote time derivatives, and g is the acceleration of gravity. Itis 
further assumed that we may write 


(2) BS aa, 


where G is an empirical function of the velocity v and is called the drag function 
[Tis the ratio of the air density to its standard value at sea level, and Cisa one 
stant for the trajectory and is called the ballistic coefficient. For different shapes 
of projectile there may be different drag functions. If such a drag function e 
used as corresponds reasonably well to the shape of the projectile ander Soha 
ation, then equations (1) and (2) represent the motion of the projectile suf- 
ficiently well for most purposes connected with the computation of firing atten 
and the value of C will show little variation between trajectories for heen 
projectile. Equations (1) may be written more explicitly. =a 





* Presented at the Hanover meeting of the Mathematical Assoc 
ber 9, 1940, 


t F. Siacci, Balistique Extérieur, Paris, 1892, 


lation of America on Septem- 
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dx dv, 
aia Us) = -— Ev, 
dt dt ae 
dy dvy 





=i2 = — Ev, — g. 


dt —r dt 


If in these we introduce the new variable u =v, sec 60, called the pseudo-velocity, 
where tan @ =v,/v, and @ is the initial value of 6, the equations of motion become 














dt — 1 dm g Sec A 

du - Eu du is Eu? 
(3) 

dx — cos Ay dy — m CO3 Oo 

du oe ee ig se 


where m=tan 0=v,/v;. 

The essential feature of the Siacci method in its original form is the use of 
two approximations which are valid if the trajectory remains in all parts nearly 
horizontal. From the definition of uw it follows that v=w cos 9 sec @. Since @ and 
@, are both small and since G is always an increasing function of its argument, the 
error made is small if in (2) we replace G(v) =G(w cos 0 sec 6) by G(u) cos Fo 
sec 9. This is the first Siacci approximation. The second consists in omitting 
both sec 6 and Has factors of E. This also is a valid approximation since each 
varies slightly from unity, sec 6 upward and H downward. By these approxima- 
tions we get E=G(u) cos 6)/C, and the equations of motion become 








dt — C sec 4% dm gC sec? 4% 

du u G(X) . du u? G(1) 
(4) 

ax —C dy — Cm 

du G(u) du G(1) 


All of these have separable variables except the equation for y. The other three 
can be immediately solved in terms of quadratures, and then the equation for 
y can also be solved in terms of a quadrature involving that already used for m. 


For example, if we let 
S(u) f du ° 
KU) = ) 
\ » G(n) 


where U is a constant larger than any velocity likely to be used, then 


« = C[S(u) — S(v0) |. 





If therefore S(w) is computed and tabulated for a given drag function G(w), x is 
expressible in terms of u merely by an entry in the table. In like manner each of 
the variables f, m, and y may be found in terms of u from a tabulated function of 
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u and hence in terms of x. This gives a practical method for finding trajectory 
results from four readily computed tables corresponding to any particular drag 
function. 

All this depends on the condition that the trajectory departs only slightly 
from the horizontal. The increasing use of high angle fire both for anti-aircraft 
and ground impact emphasized the need of a method not subject to this restric- 
tion. This was furnished by the method of numerical integration, which is per- 
fectly general and gives any solution of the equations (1) and (2) with any desired 
degree of accuracy. In 1918 numerical integration was adopted as the stand- 
ard trajectory method; but the very laborious computation involved in this 
method made it necessary to supplement it in certain directions. In one of these 
the Siacci method continued in use as an auxiliary until about 1935. It then 
was dropped completely. 


3. Modifications of the Siacci method. Shortly after this, however, a general- 
ization of the Siacci method to trajectories that are nearly flat but not near the 
horizontal was developed by R. H. Kent* of the Aberdeen Proving Ground. 
Trajectories of this sort are of the kind needed for guns mounted on aircraft. 
In this method the first Siacci approximation is made but instead of the second, 
the factor sec @ is canceled against cos 0, since they are nearly reciprocal, and 
fH is treated as a constant. If this is combined with C by writing Cy=C/H, we 
get instead of equations (4) the following: 











dt ty ee Ga dm ~~ gCy sec 4% 
du uG(u) la 5 u?G(u) 

dx Seas: Cr COS 4 dy  — Cym cos 6 
du G(u) du 7 G(1) 


These have solutions expressible in terms of the Siacci functions in exactly the 
same manner as in (4). If the trajectory involves enough variation in altitude 
to require a consideration of variable density, we may retain Hand express it in 
the usual exponential form H=e-', From the flatness of the trajectory this is 
closely approximated by e~*"?, which gives an equation for « in the form 





h du 
e~hmordy = Cy cos Ao ) 
G(u) 
of which the integral is 
1 _ e—hmox 
hm = Cu COS 8 [S (a) — S(v0) J. 


ar point on, the Siacci functions are not applicable and the quadratures 
must e performed in each case; but this is much less laborious than numerical 
integration of the differential equations. A similar method can be applied if 








+ ¥ ale 4 = ‘ ; , 
Cf. also, K. Popoff, Das Hauptproblem der aiisseren Ballistik, Leipzig, 1932. 
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there is an initial yaw which is damped out. The increased resistance due to 
this can also be expressed as an exponential in x or in f¢. 


4. Differential variations. Just as the Siacci method for trajectories was 
threatened with extinction by the advent of numerical integration, so the use 
of the adjoint system for differential variations was abandoned with the advent 
of mechanical integration. When numerical integration is used, trajectories are 
computed only for standard conditions. These include: 

a) standard muzzle velocity, 

b) standard air density structure, 

c) standard air temperature structure, 

d) standard projectile weight, 

e) no wind, 

f) no rotation of the earth, 

g) a particular selection of a few angles of departure. 

The variation in range due to replacing one of these by a corresponding non- 
standard condition is called a differential variation. The adjoint system* furnishes 
a method by which one single piece of numerical integration yields the differ- 
ential variations from a given standard trajectory due to all kinds of non-stand- 
ard conditions. 

The general theory of this is as follows. Let x and y be the coérdinates of 
the projectile at any instant ¢ on a standard trajectory, and let x+& and y+7 
be its codrdinates for the same value of ¢ on a disturbed or non-standard trajec- 
tory. The differential equations of the disturbed trajectory will be 


a +e = — (E+ AE)(x’ + &) + a, 
yl" + = — (E+ AB)y +1) — 8 + ow 


where AE is the change in E due to the disturbing cause as well as to the changes 
in the coérdinates and components of velocity, and a, and ay are any new ac- 
celerations due to the disturbing cause, and where the initial conditions may 
also be altered. If the equations for the normal trajectory are subtracted from 
these and if all the variations are regarded as small quantities in the sense that 
the product of any two small quantities may be omitted, these equations become 


f= — Ee — vAE + az, 
ql = — Ey! — yAE + ay. 
If now AE is evaluated, it turns out to be a linear expression in &, n’, and 7. 


5. Adjoint system. If then we include the identical relations d&/dt=&’ and 
dn/dt =n’, the equations for the variations may be seen to constitute a special 
case under the general form, 








* Cf.,G. A. Bliss, Functions of lines in ballistics, Transactions of the American Mathematical 
Society, vol. 21, 1920, pp. 93-106. 
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d / 
S = ait + by + ork! + din’ + €1, 
t 
dn / / 
oF = A9& + ben + Cok + don = €2, 
t 
5) is 
a = ast + ban + cat! + dan’ + e2, 
at 
dn! / / 
fe = a4& + ban se Cat 7 d4n a C4. 


In the case considered many of the coefficients are zero. This system of linear 
first order equations has an adjoint system in four new variables X, p, v, and p, 


dy 
— = — aA — doh — a3v — Gap, 
dt 
du 
— = — did — bop — bgv — dap, 
dt 

6 

(6) dp 
ie =— cA — Cot — C3v — Cap, 
dp 
—— dir = dou ae dsp > dap. 
dt . 


A well known theorem, which may be easily verified by direct substitution, 
states that any solution of the adjoint and any solution of the original system 
satisfy the relation, 


d 
he (AE +b wy + ve! + pn’) = esd + eon + egy Gap; 


or 


fe T 
(7) (AE + un + vé! + mn) | = f (e1X + eon + e3v + exp)dt, 
0 0 


where 7 is the time of flight to the point of fall. If now we select that particular 
solution of the adjoint system which has A=1, u=cot w, and y=p=0, when 
t=T’, where w is the angle of fall, the left side has a value at the upper limit 
equal to AX, the range variation on the level. In the figure, £=AB,n=BD,and 
AX =AC. Equation (7) then becomes 


r 
(3) AX = voto + pono +f (egy ao esp) dt, 
0 
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where £0’ and mo’ denote the variations in the components of the muzzle velocity, 
and it is assumed that there is no variation in the position of the gun, so that 
£0=no=0. The quantities e; and e: are always zero in this problem. Any varia- 
tion is given by this formula for AX. For variations of the initial conditions, the 


integral vanishes; for non-standard forces the two outside terms vanish. In 


A B as 


any case, values of vy and p are required, which are a part of the solution of the 
adjoint system. If the trajectory is worked by numerical integration, the ad- 
joint system may be solved by this method also; but the work proceeds back- 
ward along the trajectory from the point of fall to the muzzle, since the known 
conditions are at the point of fall. 


6. Relation to mechanical integration. With the use of mechanical integra- 
tion this method is not practical. For mechanical integration provides for the 
rapid finding of numerous solutions of one system of differential equations, but 
not for rapid work when there is a change in the differential equations themselves. 
Now the coefficients in the adjoint depend on the particular solution of the tra- 
jectory equations. Apparently then the use of the adjoint would have no value 
in connection with mechanical integration, where the variations are obtained by 
running independent trajectories and noting the actual differences. 

Recently, however, an application* for it has been found which may prove 
useful even with mechanical integration. In any case, the adjoint admits of con- 
siderable simplification. The first equation in it becomes in the ballistic problem 
d\/dt=0, so that \=1. This reduces the system to the third order. Moreover, 
it is easy to show that the original system in the homogeneous case (where 
e3=e,=0) has a solution =x’, n=y’. If now we have found two solutions of 
the homogeneous case by mechanical integration (that is, as differences) we get 
from these three solutions an algebraic solution of the adjoint by the identical 
relation (7) which here becomes €+yy+v&'+p7’ =constant. If the two mechani- 
cal solutions are for muzzle velocity and angle, and are denoted by (£,, n») and 
(E>, ne), we have the following three equations: 


x! + y'u — Ex'v — (Ey’ + g)p = 9, 
(9) i E+ nom + Evy + nip = AX, 
Ey + now + tov + nop = AX, 
~ * Suggested by Dunham Jackson, 


Il 
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where the three constants on the right side are determined by considering the 
point of fall. These equations determine the particular solution of the adjoint 
completely; but it so happens that for two important applications only the muz- 
zle values jo and vo are needed. This is because in these cases the indicated qua- 
drature in (8) can be performed explicitly. In the case of a uniform range wind 
of velocity w,, the integrand becomes w,(v’+1) and AX =A,X =w,(T—y). In 
the case of uniform relative increase in density 6)9H/H, the integrand becomes 
60H /hH, and 


69H 





AX = AnX = (cot w — po). 


The values of uo and vp are obtained by solving (9) with the particular muzzle 
conditons, £,=n, = =n =0, £)’ =Avo cos Oo, Ny’ =Avo sin 00, £’ = —voAOo sin Bo, 
ne =v Abo cos Oo. The use of these gives 


A,X ApX |. 
TED, @ w.(7 — cos 6) + sin 4 














Avo VAG 
and 
60H AD. € g ApX gcot A 
(10) AyX = —— cot 6) + cotw — Eo csc 69 + —) — ——_————||; 
hH Avo Vo Abo v 


The first of these is a familiar result which is commonly obtained by referring 
the motion to a set of axes fixed in the air. It has been in common use for wind 
effects. The density effect, however, is less familiar. Having derived it in this 
analytical way, we may seek a physical interpretation. To do this we may note 
that on a trajectory, 

dv dé — pg cot é 


eRe cee hee —= 
dy v dy v 


and dH /dy = —hH. This makes (10) become in the limit, 
OX dH OX dio OX dA 
OH dy dv) dy 00) dy 


) 








= — cot I) — cot w. 


The two sides of this equation may each be interpreted as the change in range 
due to cutting off the trajectory at unit distance above the origin, the right 
side being obtained geometrically and the left side by means of the resulting 
changes in density, velocity, and angle. This interpretation shows how the rather 
surprising result is possible, that the effect of change of density can be ex- 
pressed in terms of those of velocity and angle. The practical result anticipated 
is that density runs as well as wind runs may be omitted in preparing a firing 
table and the data derived from the effect of variation in angle and muzzle 
velocity. The improvement, however, is not yet in a practical stage since there 
is so far no provision for second order effects. . 
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MATHEMATICAL EDUCATION 


Epitep By C. A. HuTcHINson, University of Colorado 


This department of the MONTHLY affords a place for the discussion of the place of mathematics in 
education, and other matters emphasizing the educational interests of those who teach mathematics. 
Address correspondence to Professor C. A. Hutchinson, University of Colorado, Boulder, Colorado. 


AT WHAT LEVEL OF RIGOR SHOULD ADVANCED CALCULUS FOR 
UNDERGRADUATES BE TAUGHT? 


HENRY ScCHEFFE, Reed College 


The above title is for good reasons in the form of a question—one on which 
experts differ. The opinions advanced below were developed in connection with 
a single year’s experiment with a course at Reed College, where the writer was 
given free rein and encouragement by an experienced colleague, Professor F. L. 
Griffin. A somewhat unbalanced teaching background, consisting almost ex- 
clusively of freshman and sophomore courses on the one hand and some graduate 
courses on the other, may account for the writer’s perhaps exaggerated sense 
of a chasm that needs bridging. 

If we use the metaphor of a chasm, we might clarify the issues by raising 
three questions: First, is there really a chasm between the spirit of freshman and 
sophomore mathematics and the spirit of graduate mathematics? Second, if so, 
is the bridge to be made in the advanced calculus course? And if we agree to 
this, the third question is, how can the bridge be made? 

As to the existence of the chasm, it may suffice to note that there is little 
in the usual freshman and sophomore work that would have seemed strange to 
an eighteenth century mathematician with his rough and ready methods, 
whereas it is hard to conceive of a good graduate course untouched by the renas- 
cence of rigor so largely characteristic of nineteenth century mathematics. 

Consideration of a chasm between sophomore mathematics and graduate 
mathematics may seem irrelevant, since a large majority of students of ad- 
vanced calculus will never take graduate mathematics. This brings us to our 
second question, namely, should the bridge be made in the advanced calculus 
course? On the answer to this, experienced American teachers disagree: One of 
the most respected and influential has in his advanced calculus text no mention 
whatever of uniform convergence and merely a remark on uniform continuity to 
the effect that it is a concept belonging to more advanced mathematics. An ex- 
ample at the other extreme is supplied by the authors of an excellent recent text, 
in which they not only prove Fourier’s theorem under Dirichlet’s conditions, but 
also prove Féjer’s theorem on the summability of Fourier series. The writer’s 
opinion (not that of an old practitioner, but possibly of some interest because he 
vividly recollects his own difficulties as a patient) is that the bridge should be 
made in this course—specifically, that advanced calculus students should be sub- 
jected to a rigorous treatment of the limit concept (that is, by the e, 6 method) 
since this concept is so fundamental for analysis, and furthermore, that the no- 
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tion of uniformity of a limit process should be developed, at least with regard to 
uniform convergence of series, and possibly, uniform continuity of functions. 

This point of view may be argued by considering in turn the interests of the 
various types of students who enroll for advanced calculus. Consider first the 
small fraction who will go on to graduate mathematics. The psychological ad- 
vantage of repetition should soften the austerity of the e, 6 method when it is 
encountered again in graduate work. Also, depending on the skill of the teacher 
and the relative homogeneity of the background of the students, it may be pos- 
sible to “baby” them into the idea to an extent not desirable at the graduate 
level. For these students, some of the bridging may be made in other junior and 
senior courses, as in algebra and geometry, where some introduction to a postu- 
lational approach may be feasible, but there would seem to be little room for 
e, 6 except in the advanced calculus course. 

Suppose we consider next those mathematics majors who will not go to grad- 
uate school. For these there may be some cultural benefit in getting a taste of 
rigor, or, to return to the metaphor of the bridge, in making at least a few trips 
from the domain of eighteenth century analysis onto the bridge to get a glimpse 
of what lies on the other side. This consideration, that mathematics majors 
should not be released from college in almost complete fgnorance of the trend of 
analysis in the last century, applies also, with less force, to all others for whom 
advanced calculus constitutes a last course in mathematics. 

Finally, there is the group who take the work for possible tool use in other 
fields. In the class at Reed College the majority of students were physicists 
and chemists; at other institutions there might also be engineers. Should these 
students be bothered with e-analysis? A direct justification can be made as 
follows: Among the tool uses they may find for their mathematics, the use of 
infinite series is one of the most likely. It is conceivable that a student might 
some time be disturbed about the validity of integrating or differentiating a se- 
ries. The simplest criteria involve uniform convergence. While ordinary con- 
vergence might be discussed without going beyond the intuitive notion of 
limit acquired in freshman and sophomore years; uniform convergence cannot 
be explained without the e-idea. Since several advanced calculus texts, ostensibly 
written for engineers and physicists, includea treatment of uniform convergence, 
this would seem to be a not very radical program. 

Before considering the last question, namely, how the bridge is to be made in 
the advanced calculus course, we might note that divorcing the second question, 
“Should we?” from the third question, “How?” is entirely too academic; prac- 
tically, the decision as to doing it at all, depends to a great extent on how it can 
be done. 

It is immediately evident that if a sufficiently wide territory is to be covered 
to meet the varying needs of the students, not all topics can be treated with the 
same degree of rigor. There are certain topics in which extreme rigor is simply 
not conventional ; for example, in setting up surface or volume integrals for cer- 
tain geometrical or physical quantities, the method of infinitesimals, while not 
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very rigorous, is nevertheless recommended by its efficiency; or again, in the 
transformation theory relating line integrals, surface integrals, and volume in- 
tegrals, one rarely considers the most general curves or surfaces for which the 
transformations are valid. This carries over into the small amount of complex 
variable theory included in the course, for much of which Cauchy’s integral 
theorem is basic, and the usual proof of which rests on Green’s theorem for line 
integrals around closed curves. Other examples in which rigor is not customary 
are to be found in the elementary methods of integrating differential equations; 
in separating the variables, for instance, one wonders how often an engineer or 
physicist might get into trouble by not worrying about possible divisions by 
zero. The instructor is faced almost every day by questions of judgment and 
taste; if he expands on this topic he must sacrifice on that. On some topics such 
as these, an attempt to improve on the usual standards of carefulness was not 
deemed advisable by the writer. 

A device which made more palatable the doses of rigor administered to the 
students was a more or less steady alternation of material of theoretical interest 
and of practical interest. The course lent itself to a presentation something like 
a cross between a sugar-coated pill (pill-coated sugar, the students thought) and 
a multi-decker sandwich, the alternate layers being somewhat better integrated 
than the comparison suggests. After generalizing the students’ notion of function, 
we plunged into the e, 6 definition of limit as a basis for work on limits, continu- 
ity, and derivatives. Although this should logically have been preceded by a 
study of the real number system, it seemed pedagogically desirable to postpone 
a sketch of the Cantor theory until later in the year when the e, 6 methods were 
more familiar. The science students were reassured when after about three 
weeks we began working very practical-sounding problems on partial differentia- 
tion from various branches of physics. Such problems led naturally to the next 
bitter layer, implicit function theory. 

The work on integration began with a brief introduction to the theory of 
the Riemann integral and led into the study of line, surface, and volume inte- 
grals, with their obvious physical applications. The little vector analysis that 
had been previously introduced in connection with the directional derivative 
was now developed further so that the transformation theory for integrals could 
be brought into very compact form. After this, a couple of weeks were spent on 
ordinary differential equations. Besides reviewing the elementary methods the 
students had had in the sophomore course, the theory of the Wronskian was 
developed and applied to initial value problems and the method of variation of 
parameters. Series solutions were postponed until after the work on complex 
variables. 

The students now feeling that, if « and 6 were not old friends, at least they 
inspired less discomfort after a few months’ acquaintance, it seemed worth 
while to take a week to outline some of the Cantor theory of the real number 
system. While most of this was charged against the account headed “Cultural,” 
we did emerge with a theorem basic for our next topic, infinite series, namely, 
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that a necessary and sufficient condition that a sequence, dQ, d2, 43,° °° ; have a 
limit is that it be convergent in the sense that for every positive € there exist an N such 
that | dm — Qn <e, for m, n>N. Any “proof” of this fundamental theorem not 
based explicitly on some theory of the real number system must depend on a 
little chicanery. Before tackling infinite series we made the next extension of the 
number system beyond the real numbers, with an eye to killing two birds (real 
and complex) with the same stone in much of the work on series. To make the 
students feel more at home in the field of complex numbers, the theory of com- 
plex variables was carried to the stage of defining analyticity and the elementary 
functions of a complex variable. Those few who had had a shoulder-shrugging 
or indulgent attitude toward questions of generalizing number systems and 
functions, and the enumerability of number systems, became eager pupils again 
when we studied the practical tests for convergence of series. It took only a few 
minutes to develop a few horrible examples sufficient to convince the most hard- 
boiled of such students of the necessity of care when manipulating series. The 
treatment of power series was simplified by the previous work on complex vari- 
ables and in turn facilitated the later development of that subject. We returned 
to this after a little work on Fourier series, and developed some of the theory 
based on Cauchy’s integral theorem, including Cauchy’s integral formula, 
Taylor’s series, the structure of analytic functions in the neighborhood of zeros 
and poles, evaluation of improper integrals by contour integration, and Laurent’s 
series. 

The considerable amount of work on power series engendered a confident 
attitude on the part of the students when we attacked the solution of ordinary 
differential equations by means of series. The various difficulties encountered in 
general were illustrated by a detailed study of the Bessel equation. A few meet- 
ings were spent solving some partial differential equations chosen to give rise to 
Fourier series and Bessel functions. The main purpose here was to give some 
idea of the technique of separating variables; questionable procedures were 
frankly pointed out but not justified. The course was concluded with a smatter- 
ing of differential geometry and of the calculus of variations, the work on the 
latter centering on the Euler equations, which are by far the most important 
conditions in the physical applications. 

Several favorable factors enabled us to carry out this apparently over-ambi- 
tious program: the class met four hours a week and understood that eight hours 
of outside work would be required; we were fortunate ijn finding a suitable text, 
so that the time that would otherwise have been consumed in taking notes 
could be devoted to further explanation of theory and problems; and the calibre 
of the students was a stimulus to the instructor. 

One of the most valuable aids at this bridge-crossing stage is of course a 
generous use of graphical illustrations; for instance, the graphical interpretation 
of limit, continuity, uniform continuity, and uniform convergence, all these in 
the case of real variables. With complex variables, while the pictures based on the 
graph of the function break down, the circle diagrams are of some help. 
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It is almost impossible to overdo the business of easing the students’ way 
into the rigorous methods. It is hard always to keep in mind that certain manipu- 
lations, as familiar to us as the binomial theorem, say manipulations of inequali- 
ties, like applications of |4+B|<|A|+|B|, seem to be unfamiliar to them 
in concept as well as symbolism. This perhaps suggests some revisions in fresh- 
man and sophomore work, but that is another story. Again, the usual argument 
that since a certain quantity can be made less than any positive e, it can hence 
be made less than €/2 or €/./, seems to them subtle, and even dubious. Another 
common mode of reasoning which apparently is not immediately crystal clear 
to them is of the following type: If one statement is valid for |«—a| <6, and 
another for |x—a| <6s, then if 6:62, they are both valid for |«—a| <6, where 
5 is the smaller of 6; and 6y. In all these cases the students’ acceptance of the 
general arithmetical argument was hastened by specific numerical and geomet- 
rical examples. 

The following example will give an idea of the kind of approach we used 
to make a definition concrete: To prove lim,., x?=a® we first took a definite 
value for a, namely, a=2. We set a numerical e, namely, €=0.1, and produced a 
5 which worked for this e. We then repeated with e=0.001, and finally with an 
arbitrary positive ¢, but still with a=2. After this we considered a general a. 
The arithmetical procedure was supplemented by graphical pictures. This suc- 
ceeded fairly well, in fact one of the students offered a comment on the case for 
a general a which amounted to an appreciation of the non-uniform continuity of 
the function x? on an infinite interval, and this was before we had mentioned 
uniformity. 

Whenever faced with the problem of deciding whether rigorous treatments 
should be attempted, or else better omitted as being appropriate only to a 
higher course, the writer tried to adhere to a principle of formulating all defini- 
tions with the greatest care, and proving, whenever feasible, at least those 
theorems having a very wide scope of application. Thus, on infinite series, we 
made the proofs of practically all our theorems on manipulation of series in gen- 
eral; much of this we utilized in a careful treatment of power series; but when we 
came to Fourier series we skipped the proof of Dirichlet’s theorem, although we 
discussed the significance of this and some other theorems on Fourier series, 
and worked many problems on finding expansions in Fourier series. The students, 
for instance, were very much interested in the Gibbs phenomenon; we noted it 
qualitatively on some graphs, but did not undertake the proof. Sometimes there 
was a group of theorems, all of sufficient importance to deserve careful state- 
ment, but such that a proof of just one of them might suggest the general mode 
of attack; for example, the set of theorems on the limit of a sum, difference, prod- 
uct, and quotient, or the four fundamental theorems on real functions continuous 
on a closed interval. Occasionally it seemed excusable merely to mention the 
existence of certain theorems without even carefully stating them, in hopes of 
egging on a superior student or as a salve to conscience toward the rest; for in- 
stance, the existence of conditions in the calculus of variations other than the 
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Euler equations, or the existence of existence theorems in the theory of differen- 
tial equations. 

Our dilemma may be neatly summarized by the apt phrase Professor E. B. 
Wilson uses in the preface to his advanced calculus text: rigor vs. vigor. There 
are some situations where rigor may bolster vigor instead of undermining it; 
thus, if a student has had a rigorous treatment of power series, giving him com- 
mand of a precise knowledge of the freedom with which they may be manipu- 
lated in various ways, such a student should not be incapacitated in comparison 
with one who uses power series naively. Realizing that this example is not en- 
tirely typical, and that the striving for rigor may be overdone to the extent of 
a stupid duplication of parts of more advanced courses far over the students’ 
heads, the writer still maintains that the attitude of the advanced calculus 
teacher should not be such a straining for vigor that rigor is completely neglected, 
but a searching for some synthesis in this difficult teaching problem. 





QUESTIONS, DISCUSSIONS, AND NOTES 


EpITED BY R. J. WALKER, Fine Hall, Princeton, N. J. 


The department of Questions, Discussions, and Notes in the MONTHLY is open to al forms of 
actiwity in collegiate mathematics, except for specific problems, especially new problems, which are re- 
served for the department of Problems and Solutions. 


ON THE CIRCLES OF PAPPUS* 
V. THEBAULT, Le Mans, France 


1. Let A, B, C be three points on a straight line, C lying between A and B. 
(See accompanying figure.) On the same side of the line describe the semicircles 
(O), (O1), and (Oz) with diameters AB =2a, AC =2b, and BC=2c, (b>c). Con- 
sider the circle (w;) of radius p:, tangent to the three semicircles; then the circles 
(2), (Ws); * ~~ , (@,), of radii ps, ps, ---, pr, all tangent to the semicircles (OQ) 
(O;) and each one tangent to the preceding circle. Such circles are called circles 
of Pappus. (Collected Mathematical Works, Theorem XV; Book 1V.) "Let 


Yi, Y2,** +, Yn be the ordinates of the centers of the circles measured from 
the line AB. 


THEOREM. A necessary and sufficient condition that the line of centers of two 
of the circles (a), (we),---, (w,) be parallel to the line AB, is that the length of the 
segment AB be equal to k times that of BC, k being an integer. 


In a recent note (this MONTHLY, vol. 47, 1940, pp. 19-24), M. G. Gaba has 
shown that this condition is sufficient. We shall prove that it is necessary. 


A transformation of the figure by the inversion (A, 4ab) enables one to arrive 
at the formulast 


*. Hailperin, Cornell University. 
tA particular case of a more general relationship which we have derived; see L’Enseignement 
Mathématique, vol. 34, 1935, Dp, 316; 


* Translated from the French by T 
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(1) bc(b + c) 
en = OND as 
P+ neer+tbe ~ 


. A necessary and sufficient condition that the line of centers w,w, of the two 
circles (w,) and (w,), (1S psn, 1SqSn), be parallel to AB is that y,=y, or 
P-Pp=Q- Pq; in virtue of (1), this leads to the equation 


(b/c)? + (b/c) — pq = 0 


whose roots are not real unless 4qg+1=x?. Since x is an odd integer, we must 


have 
x+1\/x-1 
r= ( : \( ; ) = He +d, 


hye = he rore = ke). 








and 


For each decomposition of the number k(k+1) into a product of two factors, 
there corresponds a line w,w, parallel to AB. 





2. By the inversion (A, 4ab), the circles (w;), (we), + + are transformed into 
circles (¢1), (#2), -- - equal to (Oz), tangent to the lines CX, BY which are per- 
pendicular to BC at C, B; and each of the circles is tangent to the succeeding 
one. The points of contact h, f,°°°, of the circles (Oz) and (¢1), (¢1) and 
(de), -- - , are transforms of the points of contact 71, T2,--- of (Oz) and (1), 
(w,) and (we), -- - . The points Ty, Ta, - «+ are on’a circle (w), the transform of 
the line 6=(h, fa, -- - ), which has its center on AB and a radius p = 2ab/(a+b). 
This property holds no matter what the relation of } to c. 


3. On transforming the original figure by the inversion (C, —4bc), the circles 
(w1), -- « » (Wn) become the circles (O/),---, (On), each one tangent to its suc- 
ceeding one and all tangent to the circle (O) and the line BY below AB. These 
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circles remain fixed when C varies between A and B, and the transforms 


Ti,---,T of Ty,--+, Tnare fixed points. It results from this that the points 
Ti, ---, IT, describe arcs of fixed circles which are circumscribed about the tri- 
angles ABT/,---, ABT,/, the arcs lying above AB. 

In the same inversion, the points of contact Mi,---, M, of the circles 
(w:), - + - , (,) with the variable circle (O:)—which points are transformed into 
points My,---, M, coincident with the points of contact of the circles 
(OY), -- +, (O,) with B Y—describe arcs of fixed circles circumscribed about the 
triangles ABM/,---,ABM,, the arcs lying above AB. 


4. Under the same hypothesis that C varies between A and B, the center w, 
of the circle (w,) describes an arc of an ellipse passing through A and B, lying 
above AB, with focus at O and eccentricity c=1/2n. The directrix of this ellipse 
is parallel to AB at a distance of 2na.* 


ON THE CONVERSE OF A THEOREM BY FUHRMANN 


H. F. SANDHAM AND V. W. GRAHAM, Dublin 


Let the opposite sides of a convex hexagon inscribed in a circle be a, a’; 
b, b'; c, c’; and let the principal diagonals be e, f, g (so chosen that a, a’, e have 
no common vertex, efc.). Thenf 


as efg = aa’e + bb'f + cc’'g + abc + a'd'c'. 





. This theorem of Fuhrmann follows at once from Ptolemy’s theorem. Consid- 
ering the various quadrilaterals inscribed in the circle, we have 


—ea+ecy+ bx =0, te— fy -+- an & = 0, b’s t+ay— ex =0; 
whence 
—e c b 
27, Ga -(), 
b’ a—g 


which reduces to the given condition. 





* | eT RGD ae \ . a 
| : ip ular case of a general property which we have given; loc. cit p. 319 
! See R. A. Johnson, Modern Geometry, p. 65. 
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It is remarkable that this simple condition is sufficient to insure that the 
six vertices of a hexagon lie on a circle. Writing the condition in the form 
g(ef — cc’) = ade + bb’ f + abe 4+ a'b'c’," 


we see that ef —cc’ is positive. Similarly, fg—aa’ and eg — bb’ are positive. Now by 
Ptolemy’s theorem we have 


(2) —etcy+bx 20, 
(3) ce— fy + ax 2 0, 
(4) b's + ay — gx 2 0. 


From (2), we have (c’y+bx)/e2z; therefore, from (3), (be+a’e)x/(ef—cc') 2y, 
since ef —cc’ is positive. Combining this with (4) gives us 


(5) aa’e + bb’f + cc’g + abc + a’b'c’ 2 efg. 


The equality sign holds in (5) only if it holds in each of (2), (3), and (4). Hence 
if the condition (1) is satisfied we have three cyclic quadrilaterals such that each 
has three points in common with one of the other two. They are therefore all 
inscribed in the same circle, or the six vertices of the hexagon are concyclic. 

Note by the Editor. Professor Johnson has pointed out that this proof of the 
converse theorem needs no assumption of the convexity of the hexagon, for 
the inequalities (2), (3), and (4) are true even if the quadrilaterals in question 
are not convex. However, the proof establishes that the equality sign holds in 
each case, and so the quadrilaterals are necessarily convex; it is then easy to 
show that the hexagon is also convex. Thus the complete result is that if 


efg = aa’e + bb'f + cc'g + abc + a'd'c’," 
the hexagon is convex and its vertices are on a circle. 
Rejeiwe 
A FORMULA FOR REPEATED INTEGRATION BY PARTS 


F. L. MANNING, Ursinus College 


Many problems in elementary calculus using integration by parts require 
that the formula be applied several times. Typical of this kind of problem are 
fx" sin « dx, and fxre7dx. Integrals of this type are easily evaluated by the fol- 
lowing general formula: 


if flx)g(x)dx = f(adgi(x) — f'(x)ge(a) + f(a) gala) — 
(1) 
4 (= 1) f(x) gner(a) + (= 1 { fo" (x) gugalader. 


Here f'(x), f’’(x), -- > are the successive derivatives of f(x), and gi(x), g2(*), °° 
are the successive integrals of g(x); that is, 
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1 
f(a) == f(x), and — gigas) = f gi(a)ate 
ax 
If f(x) is a polynomial of degree n, then f‘"+ (x) =0, and the last term of (1) is a 
constant. Hence if g(x) is of such a form that its successive integrals are easily 


found, the value of /f(x)g(«x)dx may be written down in one step. 
Formula (1) is obtained by successive integration by parts. Thus 


f Hoeoax = f(«)gi(x) — f Pana 
fla)ei(a) = Padget) +f f"adgala)dx 


This formula is not given in elementary texts but might well be introduced 
because it is easy to remember, works well with many text-book problems listed 
under this topic, and seems to help the students avoid some of the algebraic 
complications that bother underclassmen when using the ordinary formula. 


PROOFS OF VECTOR PRODUCT EXPANSIONS BY DETERMINANTS 


J. S. FRAME, Brown University 


The proofs of certain vector product expansions can be greatly simplified by 
the use of an elementary theorem on determinants which is embodied in the 
formula 


A‘D A-E A°:F 
DEF|=/B-D B-E B-F 
C-DeIG- Ee G- ky 


(1) | ABC 








’ 


where we define the scalar product of two vectors and the determinant of three 
vectors by the usual formulas 


(2) A -B = a,b, “he dybs + a3b3, 
ay by Cy 
(3) PABC olay! hbal ees 


a3 bs C3 | 


If | A| and |B| are the lengths of the two vectors A and B, and (A, B) is 
the angle between them, then by applying the law of cosines to a triangle whose 
sides are | A|, |B|, and | A—B|, and expanding the product (A—B) -(A—B), 
we obtain the formula 


(4) A-B=|A| -|B| cos (A, B), 


which will be required below. 
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We define the components of the vector product P of two vectors A and B 
in the usual manner, namely, 

(5) Pp = A ox ley if pr = dobs —e dzbo, pe = a3b1 — ayb3, ps3 => ayb» = dob. 
Then if V is an arbitrary vector, we may write the equations 

(6) V-P=V-AXB=|VAB|, 

(7) A-P = B-P= 0, 

(8) AX B+*CXD=P*CXD =| PCD|=PxC-D=(AXB) XC°D, 


which follow immediately from the definitions (2), (3), (5) and from the rules 
for expanding determinants. Applying (6), (8), (1), and (7), we then have 


(V-P)(A X B-C XD) =| VAB| - | PCD| 


(9) 
PN Pa CAVoD V-P vV-C V-D 
=|A-P A-C A-D/=| 0 A°C A-D 
B-P B-C B-D 0 B-C B-D| 


Since V may be chosen so that (V +P) #0, except when P=AXB=0 and both 
factors on each side of equation (9) vanish, we may cancel the factor V +P from 
both sides of (9) and obtain the identity 


(10) AxB-cxD=| 0 - es 
B*C .BsD 

By (8) this identity may be written in the form 

(11) (A X B) X C-D = [(A-C)B — (B-C)A]°D, 

which holds for all vectors D. Hence we obtain the identity 

(12) PAs Bice. (A Ci B (Be) A: 


A special case of (10), combined with (4), gives us the formulas 

(13)  |AXB|? = (A+A)(B-B) — (A+B)? =| A|?*| B[?[1 — cos? (A, B)}, 
(14) | Ax B| =| A| - | B| sin (A, B). 

The identities (10), (12), and (14), which we have just proved, embody the chief 
properties of the vector product which are not trivial consequences of the defini- 


tion (5). 

Formula (1) may also be used to show that the determinant of three mutually 
perpendicular vectors is equal to plus or minus the volume of the rectangular 
parallelopiped built on these vectors as edges; for if A‘ B=B-C=C -A=0, and 
we set D=A, E=B, F=C in (1), then we have 


(15) | ABC |? = (A+ A)(B-B)(C °C), 
+ | ABC| =| ieee B| - | C| = volume of parallelopiped of A, B, C. 
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Since the addition of a multiple of A to the vector B, and the addition of multi- 
ples of A and B to the vector C—so chosen as to reduce an arbitrary trihedral of 
vectors A, B, C to a rectangular trihedral—does not change either the determi- 
nant or the volume of the parallelopiped, it follows that these two quantities are 
equal numerically for each set of three vectors A, B, and C. 


RECENT PUBLICATIONS 
EDITED BY VIRGIL SNYDER, Cornell University 


All books for review should be sent directly to the editor of this department at the Mathematical 
Association of America, 531 West 116th St., New York, N. Y., and not to any of the other editors 
or officers of the Association. 


NEW BOOKS RECEIVED 


A Detailed Proof of the Chi-Square Test of Goodness of Fit. Harvard Phi Beta 
Kappa Prize Essay for 1939. By E. R. Greenhood, Jr. Cambridge, Harvard 
University Press, 1940. 16+ 61 pages. 

Tables of Circular and Hyperbolic Sines and Cosines for Radian Arguments. 
New York, Federal Works Agency, Work Projects Administration for the City 
of New York, 1939. 405 pages. 

Mathematics of Accounting and Finance. By C. H. Langer and T. B. G. Gill, 
Chicago, Walton Publishing Company, 1940. Part I, 26+114+8 pages. Part II, 
19-+pp. 497 to 974+ 64 pages of tables +pp. 115-284+9 pages. 

Handbook of Mathematical Tables and Formulas. Second edition. Compiled 
by R. S. Burington. Sandusky, Ohio, Handbook Publishers, Inc., 1940. 275 
pages. 

Plane and Spherical Trigonometry. Second edition. By L. M. Kells, W. F. 
Kern, and J. R. Bland. New York and London, McGraw-Hill Book Company, 
Inc., 1940. 15+401 pages. $2.00. 

A Study of the Number Concept of Secondary School Mathematics. By Hele 
Fehr. (Dissertation, Teachers College, Columbia University, 1940.) Upper 
Montclair, New Jersey, State Teachers College, 1940. 202 pages. $1.60. 


REVIEWS 


Integration of Ordinary Differential Equations. By E. L. Ince. (University Mathe- 
matical Texts.) Edinburgh and London, Oliver and Boyd, 1939. 8+148 
pages. 4/6s. 


This small text contains a somewhat more extended list of formal methods 
of solving ordinary differential equations than the average book of its type. At 
the same time, these methods are clearly presented and well illustrated, and at 
many points the reader is given more of a glimpse into the interrelations and 
background of the methods than in other books. Since the object of the text 
is to enable one to write down formally the solution of a differential equation, 


existence theorems and other questions of rigor are omitted. In spite of this, the 
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reader gets the general impression that an effort has been made to Say exactly 
what is meant. The author is not afraid of absolute values, and, in particular, 
he uses logarithms of absolute values in integration formulas to avoid imaginary 
constants. The book is purely mathematical with no physical applications either 
in the text or the problems. However, the geometric meaning of a differential 
equation is considered at some length, and numerous geometric problems are 
given. 

The work is divided into six chapters under the following titles: I, Equations 
of the First Order and Degree; II, Integral Curves; III, Equations of Higher 
Degree; IV, Equations of the Second and Higher Orders; V, Linear Equations; 
VI, Solution in Series. These chapters cover rather thoroughly the methods usu- 
ally given under these heads. The following additional features should be noted. 
The Riccati equation is included in Chapter I, the general solution being ob- 
tained in terms of one particular solution. The form of the solutions in the 
neighborhood of a singular point is discussed in Chapter II, and the linear frac- 
tional equation is studied in detail. A three-dimensional interpretation of the 
differential equation is given in Chapter III, and the p-discriminant, singular 
solutions (envelopes), cuspidal loci and tac-loci arise naturally. (It is assumed 
that the student is already familiar with the envelope of a family of curves.) 
In Chapter V operational theory is developed so far that the linear equation 
with first degree coefficients can be solved in terms of definite integrals. The last 
chapter introduces the student to the indicial equation and the hypergeometric, 
Legendre, and Bessel functions. 

The 300 problems are all put at the end of the book so that the student will 
have to identify the type as well as solve the problem. This, of course, necessi- 
tates a careful choice by the teacher of certain problems to be done when each 


individual method is studied. a? lel ere 


Differential and Integral Calculus. By R. R. Middlemiss. New York, McGraw- 
Hill Book Co., 1940. 10+416 pages. $2.50. 


This text covers the traditional material of a five-hour, two-semester, first 
course in calculus. The indefinite integral is introduced about a third of the way 
through. Duhamel’s principle is stated and is used in applications to geometry 
and mechanics. While the treatment is satisfactory for the most part, there are 
some passages of exceptionally good exposition and some that are careless and 
inadequate. 

No concise definition of function is given; the first paragraph, if so intended, 
applies only to single-valued functions defined for all values of the independent 
variable. On page 5, the increment of the independent variable is defined as 
“small”; this is unfortunate, and is often repeated. 

The discussion of maxima and minima is unsatisfactory. The statement on 
page 66, that “ordinarily” the second derivative is positive at a minimum point 
and negative at a maximum point, is misleading since the author evidently con- 
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siders the example y =x‘ sufficiently “ordinary” to use it, in another connection, 
on the same page. 

It is inconsistent to devote seven pages to a review of trigonometry, includ- 
ing definitions of the trigonometric functions on page 69, while assuming on 
page 273 that the student will recall from analytic geometry that the coeff- 
cients of Ax+By+Cz+D=0 are direction numbers of the normal to the plane 
represented by the equation. On page 114, the vector concept and the parallelo- 
gram law are used without explanation. 

On the other hand, Chapters II and XII, Limit of a Function, are very good. 
The latter contains an exceptionally clear treatment of L’Hospital’s theorem. 
There is a good discussion of order of infinitesimals in Chapter XIII, and 
throughout the text the applications to geometry and mechanics are well 
handled. 

In addition to familiar exercises, a number of problems, designed to make 
the student think about fundamental concepts, are offered; this is a step in the 
right direction. 

Chapters XXVI and XXVII, Infinite Series and Expansion of Functions, 
are excellent. The traditional proof of Taylor’s theorem often puzzles the be- 
ginner; he follows the logic, but the arbitrary fashion in which the equation 
defining the remainder is usually introduced smacks of pulling a rabbit from a 
hat. The exceptionally good presentation of this topic in the present text makes 
the proof of Taylor’s theorem seem natural and plausible. 

The page appearance is good; there are wide margins and, except for frac- 
tional exponents, the type is clear. No. misprints were found. The isometric 
drawings are to be commended, but a few of the diagrams leave something to 
be desired. There is an index, but its usefulness is impaired by not being in the 
customary place; a set of answers to problems comes after the index. 


EJ; PURCELL 


A Detailed Proof of the Chi-Square Test of Goodness of Fit. Harvard Phi Beta 
Kappa Prize Essay for 1939. By E. R. Greenhood, Jr. Cambridge, Harvard 
University Press, 1940. 13+61 pages. 


Each year the Harvard Chapter of the Phi Beta Kappa Society publishes 
an honor’s thesis. This is the sixth of these publications and, incidentally, the 
first one to deal with a topic from mathematics. It is an exceedingly entertaining 
little monograph, and for this reason, and others, is highly recommended to all 
teachers of mathematics, even to those whose courses do not include one in 
statistics. 

Too often when one “gets” a principle or theorem in mathematics the initial 
strangeness is lost forever, the thing acquires a new aspect altogether, and when 
one has used and taught the principle repeatedly it becomes difficult to sym- 
pathize with the groping of the untutored. What seems so clear to us should be 


equally evident to all. It is useful, therefore, to try to see our subject again as 
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something new and strange, as it looked before we hit upon the key to its inner 
being. 

Mr. Greenhood has by no means forgotten his own difficulties in mastering 
“chi-square” and its distribution, and he strives to elucidate in a fashion that 
will be adequate for anyone interested who has “had as a background a course 
or two of calculus plus an introductory course in probability, but no more.” He 
attempts to anticipate and to obviate all the perplexities and pitfalls that might 
arise for such a reader. He describes his own intellectual peregrinations through 
a new domain. Indeed, the author does more; for having found in the literature 
no single derivation of the distribution function which he, himself, could easily 
understand in its entirety (though he makes acknowledgment to some which are 
close and from which he borrows), he has constructed a derivation of his own. 
This proof is clear to him, and must therefore be simple enough to be “definitely 
within ordinary comprehension”! Finally, he adds to this a discussion of the uses 
and limitations of the chi-square test, with critical comments on several related 
papers. 

Mr. Greenhood is to be congratulated for his achievement. He has made an 
extensive and thoughtful excursion into the literature of his subject, and he has 
emerged with a well-rounded, coherent account of his adventures and a guide 
book for those who wish to follow. It would be well to have other books like it. 


A. S. HOUSEHOLDER 


The Mathematics of Business. By H. E. Stelson. Boston, Houghton Mifflin Com- 
pany, 1940. 14+ 464 pages. $2.50. 


The book deals largely with the applications of percentage, simple and com- 
pound interest, and insurance to a variety of problems in domestic economy and 
financial transactions. For the young student, it might well serve not only asa 
text on arithmetic, but also as a lucid introduction to the terminology and actual 
practices in some branches of finance, real estate, and governmental agencies. 

The greater part of the contents may be understood by a student with no 
training in algebra. There are chapters on logarithms, powers and roots, as well 
as on arithmetic and geometric progressions. In a chapter on statistics, the au- 
thor deals briefly with the arithmetic mean, the median and mode, and methods 
of graphical representation of data. The formulas of compound interest, the sum 
and present value of an annuity, are fully derived, and the usual problems in 
percentage, bank discount, trade discount, and related topics are amply covered. 
There is a most pleasing and timely chapter on installment buying, and on the 
various small loan agencies. The chapters on insurance deal in an elementary 
way with the principles of ordinary life, term, and endowment policies; group 
insurance, Federal and private old age insurance, annuities, automobile, and fire 
insurance. There is an abundance of illustrative problems throughout the text, 
with many exercises. Answers are provided to all odd-numbered problems. The 
book contains tables of logarithms, compound interest, annuities, and a table 
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of powers and roots. In addition, there are many illustrative diagrams and short 
tables in the main body of the book. 

The text suffers here and there from inadequate treatment of topics which 
depend, in essence, on a broader mathematical background. In chapter one, for 
instance, the important topic of approximate numbers is treated in a paragraph. 
A rule (made plausible by an illustration) is given for the number of digits to 
be retained in the product of two numbers. Only three pages are devoted to the 
theory of probability, in relation to life insurance, and the exercises are made to 
depend on “hints” giving the assumed theory. The chapter on finding the square 
root of a number may be pedagogically intelligible, but integers are badly con- 
fused with “numbers” throughout; the entire section deserves revision. In the 
same chapter, the method of (linear) interpolation is explained, and the student 
is cautioned that “the process of interpolation will not in general give satisfac- 
tory results . . . for more than one extra digit” (beyond the tabulated argument, 
presumably). That, of course, depends on the table, and does not happen to be 
true for the two examples of direct and inverse interpolation given by the author. 

For the most part, however, the book is clearly written and the style is agree- 
able on the whole, especially if one is in sympathy with the author’s premise, 
page 63, that “a thorough knowledge of investments is a large factor in good 
citizenship.” The following typographical or editorial errors were noted: page 
256, in the line before the last, read B/n for B/r; page 68, Exercise 1 is probably 


misstated. 
GERTRUDE BLANCH 


The Physical Sciences. By E. J. Cable, R. W. Getchell, and W. H. Kadesch. 
New York, Prentice-Hall, Inc., 1940. 17+754 pages. $5.00; to schools, $3.75. 


This book, which contains a minimum of mathematics, is a suitable text for 
a survey course covering the fields of physics, chemistry, meteorology, geology, 
and astronomy. With a few exceptions the text is thoroughly up-to-date. The 
historical concept of magnetic poles is used to discuss magnetic forces rather 
than the modern notion that magnetic forces are primarily forces between mov- 
ing charges. The Lewis-Langmuir octet theory of atomic structure is promi- 
nently described to the exclusion of the modern statistical “electron cloud” pic- 
ture. The definition given for the center of gravity of an object is misleading, 
since no mention is made of the assumption of a system of parallel gravitational 
forces. The format, typography, and illustrations of the text are excellent. Exer- 
cises and reading references are given for each chapter. 


W. E. BLEicK 


Introductory Business Mathematics. By J. S. Georges and W. H. Conley. New 
York, Henry Holt and Co., 1940. 10+326 pages. $2.40. 


Phis book is an effort to provide practical mathematical training for stu- 
dents in business departments of junior colleges who seek employment in stores, 
offices, and industrial institutions on completion of not more than four seme 


uh met sters 
attendance. The text is divided into three 


sections, the first dealing with arith- 
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metic and with arithmetic methods, the second with algebraic methods, and the 
third with graphical methods. 

Included in the first section are such topics as sales records, pay rolls, bank 
statements, interest, and insurance. Systems of linear equations, quadratic equa- 
tions, and the concept of a function are discussed in the second section. There 
is also a chapter on logarithms and the use of the slide rule which is particularly 
well done. Frequency distributions, histograms, broken line and functional 
graphs receive consideration in the final section. The concluding chapter, deal- 
ing with the construction and use of nomograms, is a feature of this book not 
generally found in texts of this type. 

Definitions are clearly indicated, numerous proofs and derivations are given, 
and each theorem or rule is illustrated with one or more examples. There are 240 
such illustrative examples in the book. Each new topic is followed with a series 
of questions to stimulate discussion, as well as a wide variety of problems. A 
selection of problems for a cumulative review follows each chapter. Tables for 
simple and compound interest and common logarithms are provided. 

The reviewer detected several unimportant misprints, and an error in an il- 
lustrative example on page 41 which may be rather confusing to the less discern- 
ing student. The book, though elementary in nature and limited in scope, should 


prove a valuable addition to the texts in the field for which it is designed. 
W. D. WRay 


Textes Mathématiques Babyloniens. Edited and translated by F. Thureau- 
Dangin. Leiden, E. J. Brill, 1938. 40+243 pages. 25 guilders. 


This book is meant to be the first of a series entitled “Ex Oriente Lux” pub- 
lished by La Soeiété Orientale Ex Oriente Lux. Thureau-Dangin is considered 
one of the world’s greatest authorities on the Sumerian language. The present 
reviewer, who is not an Assyriologist, will give here only a factual survey of this 
scholarly work. As stated in the introduction, this arrangement of Babylonian 
mathematical texts has been prepared by the author with the hope that it will 
assist the mathematicians in ascertaining the debt which their science, especially 
algebra, owes to the Babylonians. Instead of presenting the material in its origi- 
nal cuneiform text the author has transcribed the ideograms into their phonetic 
equivalents. 

The texts are preceded by an introduction of forty pages in which the author 
outlines the general characteristics of Babylonian mathematics. He includes 
some explanation of the sexagesimal system, brief tables of weights and meas- 
ures, and a detailed analysis for several problems from the text proper. This 
analysis shows that the Babylonians had general solutions for first and second 
degree problems. There existed tables for the sum of the cube and square of 
numbers which aided the solution of certain third degree problems. Some third 
degree problems were solved by trial. Thureau-Dangin presents his analysis with 
the classical algebraic notation, but he is careful to note that the Babylonians 
had no such tool to assist them in the manipulation of algebraic ideas. 

Following the introduction are five chapters in which the actual texts are 
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grouped according to the archeological collections from which they originate. 
Chapter one contains texts from the British museum; two from the museum at 
the Louvre; three from the University of Strasbourg; four from the Berlin mu- 
seum; and five from Yale University. The texts within each of these groups are 
identified with three distinct periods of Babylonian history: (1) the First Dy- 
nasty of Babylon, about 2200-1900 B.c.; (2) the Middle Babylonian Period, 
about 2000-1930 B.c.; (3) the Seleucid Era, 312-65 B.c. 

The texts all consist of a collection of problems. Each problem is given first 
in its phonetic form and then followed by a French translation. The problems 
are all of the same form. The statement of the problem is given by the scribe 
who is writing in the first person. The explanation of the solution is usually ex- 
pressed in the imperative, but is sometimes given in the second person. Many 
of the problems deal with practical land measurements. All the examples are 
stated in geometrical terminology. 

In an appendix the author lists a number of texts to which he has referred 
in preceding footnotes. Some of these texts are transcribed and given in the same 
manner as those in the first five chapters of the book. However, most of these 
texts are merely identified by proper references and not actually reproduced. 
At the end of the book is a vocabulary which contains: (1) the meanings of 
mathematical terms used by the Babylonians; (2) the phonetic names of ordinal 
and cardinal numbers; and (3) a list of ideograms and their phonetic equivalents. 

ROBERTA F. JOHNSON 


Tables of Circular and Hyperbolic Sines and Cosines for Radian Arguments. New 
York, Federal Works Agency, Work Projects Administration for the City 
of New York, 1939. 405 pages. 


Among the projects supported by the Federal Works Agency was the com- 
pilation of numerous mathematical tables. A committee of well known mathe- 
maticians was first selected to choose the particular tables to be calculated, an 
administrative supervisor appointed, and a technical director selected to direct 
the actual work undertaken by a staff of six computers. The whole undertaking 
was sponsored by the Bureau of Standards. 

The present volume includes the circular and hyperbolic sines and cosines, 
to nine places of decimals, of the argument in radian measure, from 0 to two 
radians, at intervals of 1/10000. A short introduction explains the method of 
compilation and the controls employed for attaining a high degree of accuracy. 

The tables are printed in large type, fifty entries per page on a6 by 9 block, 
with generous spacing, making them particularly easy to use. 

A few supplementary tables follow, including one with argument at intervals 
of 1/10 radian from 0 to ten radians, one converting radians to degrees, for vari- 
ous small intervals, to six places of decimals. . | | 

lhe method of reproduction of the typewritten text is, except for the title 
page, a photo-offset process that provides a clear and legible page. 


VIRGIL SNYDER 
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MATHEMATICS CLUBS 
EpiTep By E. H. C. Hitpesranpt, New Jersey State Teachers College 


All reports of club activities, suggestions, topics with references, and other material of interest to 
clubs should be sent to E. H. C. Hildebrandt, New Jersey State Teachers College, Upper Montclair, N.J. 


ANNUAL REPORTS, 1939-1940 
NATIONAL HONORARY MATHEMATICS FRATERNITIES 


Each year we receive a number of requests regarding membership in and 
activities carried on by national honorary mathematics fraternities. For that 
reason, we requested Professor W. E. Milne, Director-General of Pi Mu Epsilon 
and Professor C. V. Newsom, President Pythagoras of Kappa Mu Epsilon to 
submit a statement of the aims of the respective national organizations and a 
report of the new chapters becoming affiliated with them during the past year. 


PI MU EPSILON 


Pi Mu Epsilon is a national academic fraternity devoted to the promotion of scholar- 
ship and interest in mathematics among students of university grade. The individual 
chapters endeavor to accomplish this purpose through the election of student members 
on a basis of scholarship, and also by meetings, addresses, and papers on suitable topics, 
together with other activities intended to arouse and maintain a real interest in the field 
of mathematics. The very excellent programs which have been published from time to 
time in this MONTHLY give testimony of the success with which many chapters are ful- 
filling their purpose. 

The national fraternity exists primarily for two reasons: (1) To assist and strengthen 
the local chapters by giving them the backing, prestige, and unity of policy that results 
from membership in a nation-wide organization; and (2) To consider applications for 
new chapters, and, upon favorable vote of a majority of chapters, to admit qualified 
groups as new chapters of the fraternity. 

The following national officers were elected for a term of three years beginning 
April 1, 1939: 

Director-General: Professor W. E. Milne, Oregon State College, Corvallis, Oregon 
Vice-Director-General: Professor Lincoln La Paz, Ohio State University, Columbus, 
Ohio 
Secretary-General: Professor J. S. Gold, Bucknell University, Lewisburg, Pennsylvania 
Councillors-General: 
Professor H. H. Downing, University of Kentucky, Lexington, Kentucky 
Professor W. W. Elliott, Duke University, Durham, North Carolina 
Professor G. C. Evans, University of California, Berkeley, California 
Professor R. A. Johnson, Brooklyn College, Brooklyn, New York. 

The name Pi Mu Epsilon is taken from the initial letters of the three principal words 

in the Greek motto: 
Thy ratdevoy kai Ta wabnuartika ercomevde 
—“To promote scholarship and mathematics”—which well summarizes the aims and 


ideals of the fraternity. 
W. E. Mine, Director-General 
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Three new chapters of Pt Mu Epsilon have been established during the past two 
academic years. This makes the total number of chapters thirty-nine, all of which are 
active, and a total membership of over 6,740. 

The Wisconsin Beta Chapter of Pt Mu Epstlon was installed at the University of 
Wisconsin on April 12, 1939, by the Director-General W. E. Milne who was also the 
principal speaker at the banquet which was held in conjunction with the installation 
ceremony. Thirty-two members were initiated. Officers are: Director, R. D. Wagner; 
Secretary, Jack Kelly; Treasurer, Fred Gruenberger; Permanent Secretary, L. R. Wilcox. 

The Louisiana Alpha Chapter of Pi Mu Epsilon was installed at Louisiana State Unt- 
versity on December 9, 1939, by the Secretary-General J. S. Gold. Nineteen members 
were initiated. Professor S. T. Sanders, head of the Department of Mathematics, was 
the principal speaker at the installation banquet. Officers are: Director, Carolyn Rosen- 
thal; Secretary-Treasurer, J. C. Stewart; Permanent Secretary, Marelena White. 

The Michigan Alpha Chapter of Pt Mu Epsilon was installed at Michigan State College 
on June 1, 1940, by Professor Wayne Dancer of the University of Toledo who also ad- 
dressed the installation banquet. Representatives from the Chapters of Ohio State Uni- 
versity, University of Kentucky, and Iowa State College were present. Twenty-four 
members were initiated. The Permanent Secretary is Professor J. W. Zimmer of the De- 
partment of Mathematics. 

J. S. Gop, Secretary-General 


KAPPA MU EPSILON 


Kappa Mu Epsilon is a mathematics fraternity for accredited colleges and universi- 
ties. Chapters are placed in petitioning institutions only after it has been ascertained 
that there is an active undergraduate mathematics club, and that there are ample facili- 
ties for carrying on a well-rounded undergraduate program in mathematics. The fra- 
ternity provides a medium for the recognition of high scholastic attainments in the field 
of mathematics, and has for its purpose the bringing of students and faculty together in 
a spirit of common endeavor. 
The following officers served their first year in office during the year 1939-40: 
President Pythagoras: Professor C. V. Newsom, University of New Mexico, Albuquer- 
que, New Mexico 

Vice-President Euclid: Professor E. H. Taylor, Eastern Illinois State Teachers College, 
Charleston, Illinois 

Secretary Diophantus: Miss E. Marie Hove, Nebraska State Teachers College, Wayne, 
Nebraska 

Treasurer Newton: Professor H. Van Engen, Iowa State Teachers College, Cedar Falls, 
Iowa 

Historian Hypatia: Dr. Kathryn Wyant, Forreston, Illinois 

‘i a + . r 

Past President Zeno: Professor J. A. G. Shirk, Kansas State Teachers College, Pittsburg, 
Kansas. 

Kappa Mu Epsilon now has twenty-four chapters, the activities of which have been 
reported from time to time;in this Monruiy. Of the twenty-four chapters, six were in- 
stalled during the spring of 1940, They are as follows: 


South Carolina Alpha Chapter, Coker College, Hartsville 
Installed April 5, 1940........................ 8 charter members 
Installing officer.................... -+++++...Miss Orpha Ann Culmer 
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President HES We) VF 0 Be Frances Humphries 
NAGGEE re UPN terasCal inl wise gutta gts vik wal cd ead wwe Edith Mitchell 
“ice, Sais t gt WBi | (Seay ek ee ae a Eunice Mitchell 
Tease CTS Re a ee ee Elsie Neighbors 
Sloe fa Pig, Woe Ved oe Cee Caroline M. Reaves 


Texas Alpha Chapter, Texas Technological College, Lubbock 


Meas GCL C4 oe eae wk te sk S'S Koen 25 charter members 
Teele aCe be os koe eae as als nc eos 2 ss eae Protessor ©. V,. Newsom 
(sek tye) Wal eihce i." 4 yan nn Sen ae a ee Joe Foote 
CPM Reg vial fog oy Los) See ae de rena ee a Aliene May 
PeeC Gli e SeCeCLary IN GEEUELS fda wan't RAG eb ree alee Marie McCrummen 
Se EGC Aer eset win % a:a.e ey ake Bowe Rance Jones 
ee Ot eT CBCAT CORE ta 6 ake bia Ve Snsid mie aie Bie gis le Mrs. Opal L. Miller 
jee DL a sy ates ck aa ge an ag eM ee Professor R. K. Wakerling 


Texas Beta Chapter, Southern Methodist University, Dallas 


Jee Ue i 1 gem ovina ZS Se ane en a a ar 23 charter members 

errr MC eR a ty Seas ass OM le ae Dee Professor C. V. Newsom 
tg POPS Go ea TATE eer A er a Julia Smith 
hho age tele 037 20 6d |e ee i er Pee ea Paul D. Minton 
Secretary. |reasurer Pascal... 00. eegiy se bea dane wes Marguerite Summers 
Beret ive LICRCACLER 5 eV ein olin Ww hes KP eA pcasy ed ents Paul K. Rees 
Weert eee TEvOMUNE ee She ia) yin cin tare 6 Were Sew SEK we 5 Professor K. L. Palmquist 


Kansas Gamma Chapter, Mount St. Scholastica College, Atchison 


fatale yer Oe 19408 eee p oat ok eens OL 2charter members 
Sept I atICET as ee ee is is oe ES Miss E. Marie Hove 
PreMUenEONICOMeNeS. ~~ 20 6) aa kies Ss eee eee en Sarah Alice Woodhouse 
MCEIE PectUehe: Lartagita . cGy aise Kdp o 8 te See Bobbe Powers 
BSACrOE ALY AMIGO s ooo sed WW vo ie ee wg Swe nes vite Ve wees Margaret Mary Kennedy 
Presenter NaPiel ns 6% injec 6 oO Gee EES Sd oe Mary Hughes 
CCrEEAIY JOCSCAITCS. 44 oss irr ous es te ee ees es et Sister Helen Sullivan 


Iowa Beta Chapter, Drake University, Des Moines 


Tene aller sii 07 1040 site ce se ree ee he Sas es charter members 

Wpetalling OIICels coche gun eae eee os Se role ee ® Professor H. Van Engen 
Vereai Eiite ae hihi a et 6 doe Bee wep eee SS Floyd Beasley 
Rite: PY EMMUEt toe ea en se nepal eeu hs oats eases R. Bernard Smith 
BET EL ALY Gan ce he ie 5 cae < ee age ao aig va ins 08s Dixie Lippincott 


Kenneth Austin 


Sire RIPCee semies a cet Po 2 wk Rie waa SRA Br Ee eS 
Secretary Descartes... ... 002 c sees eer terete cece Professor Floyd Woodyard 
New Jersey Alpha Chapter, Upsala College, East Orange 
Installed June 3, 1940. ....... eee c eee eee eees 11 charter members 
Guest installing officer... .....--.+-stseeeseeees Professor E. H. C. Hildebrandt 
Pramident TI Wtaledi ga. Aone Saliie h Hee SRR cee eT Be Bernard Morrow 


Marian Fialk 


Vice-President Apollonius... .....---e eee eee eeees 
Marjorie Dargue 


Secretary ADC bien ee ee teas Sas ee ee Fee 
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Treasurer: Fibonace: nd. 46. bee Edith Olson 
Historian Gauss. ..4550 0 le ee eee Anna Zmurkewitz 
pecretary: Destartes 4... 4 00s ee Professor Martin Nordgaard 


C. V. NEwsom, President Pythagoras 


CLUB REPORTS, 1939-1940 


Graduate and Research Clubs. Although most of the clubs reporting to this department limit 
their membership to undergraduate students, there are research groups consisting of graduate 
students and faculty members meeting a number of times during the year to consider papers on 
original research, Since announcements of these meetings and the papers submitted are not made 
in any other mathematical journals, it may prove of interest to list such reports in these pages. 
Reports received to date include those from the Oliver Mathematical Club at Cornell Univer- 
sity and the Mathematics Round Table of the University of Illinois. Reports of other such groups for 
meetings held during 1939-40 as well as the calendar for the present college year will be welcomed. 


Oliver Mathematical Club, Cornell University 


p-Adic numbers, by B. W. Jones; Vitali’s covering theorem, by J. F. Randolph; A statistical 
method in the theory of functions, by M. Kac; Statistical independence and some of its applica- 
tions, by M. Kac; A theorem on sequences, by R. J. Walker; The mean of a sample, by J. H. Cur- 
tiss; The elements of transformation topology, by G. E. Schweigert; Regular ternary quadratic 
forms, by G. B. Thomas; Tauberian theorems for double series, by R. P. Agnew; Moving pictures 
and slides explaining the “Isograph” for solving an algebraic equation; The rootograph, an instru- 
ment to determine the roots of polynomials up to the thirtieth degree, by M. G. Malti; The 
separation of the projective plane by n straight lines, by W. B. Carver; Direct methods in the 
calculus of variations for the solution of integral equations, by M. Golomb; Measure for measure, 
by S. Sherman; Metrics for the space of permutations of positive integers, by W. A. Hurwitz; The 
limit of orbits, by G. E. Schweigert; The harmonic analysis of number theoretic functions, by 
M. Kac; Tauberian conditions, by R. P. Agnew; Cantor set, by J. F. Randolph; Uniqueness prob- 
lems for rational numbers, by F. Herzog; The solution of differential equations by Laplace trans- 
formations, by M. Golomb; The transfinite diameter of a point set, by J. H. Curtiss; Related genera 
of quadratic forms, by B. W. Jones; Lorentz geometry, by J. W. Givens; Mathematical problems 
in cosmic radiation, by H. A. Bethe. Officers were: President, B. W. Jones; Secretary, J. W. Givens. 


Mathematics Round Table, University of Illinois 


The postulation of manifolds in hypersurfaces, by R. A. Miller; Boundary value problems of 
ordinary differential equations, by K. L. Nielsen; The generation of Pearson’s system of frequency 
curves, by E. E. Blanche; Hypergroups, by R. S. Pate; Elementary valuation theory, by P. W. 
Carruth; Groups with operators, by P. E. Lewis; Differential equations with several parameters, 
by C. W. Moran; Elementary divisor theory in non-commutative rings, by Y. L. Luke; Related 
conics, by C. F. Strobel. Officers were: first semester: President, R. A. Miller; Secretary, K. V. 
Knight; and second semester: President, D. W. Starr; Secretary, Lois Kiefer, 


REPRINTS OF MATHEMATICAL MAGAZINE ARTICLES 


Are there any readers of this department who have reprints of their articles or dissertations 
in their files or stored away in their attics, who would like to make these available for further study 
to members of our mathematics clubs? Several people have spoken to us of their willingness to make 
available to others such materials as they have on hand, and a number of club representatives have 
stated that they are trying to build up a club library of books and articles. One 
inquiry for papers which give rise to further questions and problems 
by advanced undergraduate and beginning graduat 
to pay the postage charges and any other nomin 


club president made 
and which could be considered 
e students. We believe that clubs will be willing 
al costs involved. May we suggest that all those 


interested write us as soon as possible, listing the title, author, page reference in original publica- 
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tion, cost of mailing, and other charges. This information will then be published in a later issue of 
the MonTuLy in this department, or sent in our spring letter to clubs. 


SEASON'S GREETINGS 


The following way of expressing these greetings has been used by some of our readers in writing 
to their mathematically minded friends, and we should like to pass these along as an expression of 
our own best wishes, to be read late in December: 
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PROBLEMS AND SOLUTIONS 
EpItEp BY OTTO DUNKEL, ORRIN FRINK, JR., AND H. S. M. COXETER 
ELEMENTARY PROBLEMS 


Send communications concerning Elementary Problems and Solutions to H. S. M. Coxeter, 69 
Chaplin Crescent, Toronto, Canada. 

The Department of Elementary Problems welcomes problems believed to be new, and de- 
manding no tools beyond those ordinarily furnished in the first two years of college mathematics. 
To facilitate their consideration, solutions should be submitted on separate, signed sheets, within 
three months after publication of problems. 


PROBLEMS FOR SOLUTION 


E 441. Proposed by D. L. MacKay, Evander Childs High School, New York. 


Given ED, construct an isosceles triangle ABC, with apex C, so that E lies 
on the altitude CD, and two perpendicular transversals drawn through & divide 
the area of the triangle into four equal parts. 


E 442. Proposed by V. Thébault, Le Mans, France. 
In the scale of B there is a perfect square of sixteen digits of the form 
abcdefghabcdefgh. What is the smallest possible value of B? 


E 443. Proposed by N. A. Court, University of Oklahoma. 

(a) Two triangles, one inscribed in the other, are in perspective. Prove that 
on a parallel to the axis, the center of perspective trisects the intercept between 
any pair of corresponding sides. (Educational Times Reprints, vol. 3, 1903, p. 57, 
Question 15259.) 


658 PROBLEMS AND SOLUTIONS { November, 


(b) Two tetrahedra, one inscribed in the other, are in perspective. Prove 
that on a line parallel to the plane of perspective, the center of perspective 
quadrisects the intercept between any pair of corresponding faces. 

E 444. Proposed by Harry Goheen, Reed College, Portland, Oregon. 

Prove that there is no prime p such that p*+1=2” if m>1, and that there 
is no prime p such that p*—1=2” if n>2. 

E 445. Proposed by David Segal, Kosow Huculski, Poland. 

Prove that if 0<m<n-+2, then 


m—1 n#\~! n+ 4 (’ ae 
— 1)’ = 1—(-— 1)” F 
2d ( ( r ) n-+2 ( ) m 
SOLUTIONS 


E 405 [1940, 48]. Proposed by James Travers, Harrow, England. 


Construct points P and Q on the respective sides AB and BC of a given tri- 
angle ABC so that AP=PQ=0OC. 





I. Solution by William Douglas, Courtenay, B. C. 


Construction. On CB lay off CL=AB. With center L and radius AB, drawa 
circle cutting the parallel through B to AC in H. Then CH meets AB in the re- 
quired point P, and the parallel to LH through P meets BC in Q. 

Proof. Let the parallel to AB through H meet AC in M, and BC in N. Then 
MH=AB=HL=LC. But quadrangles MHLC and APQC are homothetic. 
Hence AP=PO=0C. 


II. Remark by W. B. Clarke, San José, Calif. 


Since it is not always possible to locate P between A and B, and Q between B 
and C, we may as well waive this implied restriction. The circle cuts the parallel 
through B to AC in two points ZH, giving two solutions unless ZB=60°, in 
which case one of the lines CH is parallel to AB. Moreover, L may be replaced 
by a point L’, distant AB from C on BC produced, giving a second circle, which 
meets BH if BL’ sin CS AB, 1.e.,1f sin A+sin C<1. When ZB= 120°, one of the 
new lines CH is parallel to AB. To sum up, there are two, three, or four solu- 
tions, according as sin A+sin C—1 js positive, zero, or negative, except when 
Z B=60° or 120°, in which cases the number of solutions is one less. There are 
only two solutions when B <60° or 60° <B290°; four when B>120°. 


III. Bibliographical Note by N. A. Court, University of Oklahoma. 


The problem was stated and solved by I. Aleksandrovy, Geometricheskye 
Zadachy na Postroyenye, Russia, 1882, p. 78. A French translation by D. Aitoff, 
Problémes de géométrie élémentaire, appeared in 1899; there the problem may be 
found on p. 72. In the Proceedings of the Edinburgh Mathematical Society, vol. 2, 
1884, the problem is credited to James Edward, and his solution of it published 
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(p. 5), as well as a second solution by J. S. Makay (p. 27). The problem was pro- 
posed by F. Morley in the Educational Times as Question 9367, and some ten 
years later was solved algebraically by I. Arnold in Reprints, vol. 69, 1898, p. 93. 
The problem appears again as Question 16253 in the same collection, vol. 13, 
1908, p. 81; four solutions are offered. A solution is included by N. A. Court in 
his College Geometry, Richmond, Va., 1925, p. 44. It was taken up in 1929 by 
School Science and Mathematics, Chicago, as Question 1062; two solutions may 
be found on p. 644. It also occurred as Question 139 of the National Mathematics 
Magazine, where a solution was published in Oct., 1937. J. Rosenbaum general- 
ized the problem, replacing the three equal segments by three segments having 
given ratios. The generalized problem and its solution were published in this 
MONTHLY, vol. 31, 1924, p. 311. 

Also solved by W. E. Buker, V. W. Graham, Ida R. Kaplan, E. C. Kennedy, 
Elmer Latshaw, D. L. MacKay, Hazel E. Schoonmaker, E. P. Starke, J. E. 
Trevor, C. W. Trigg, and the proposer. 


E 406 [1940, 110]. Proposed by David Segal, Kosow Huculski, Poland. 


Prove that 
[n/2] © +1 


= 2n-l(2n + 1); 
Po ae 


k=0 
Solution by Esther Szekeres, Shanghai, China. 


Using De Moivre’s theorem, we have in succession, 


(1 + i)™ = 2™/?{ cos (ma/4) + i sin (mm/4)}, 


[m/4] m m mr 

b0 4k 4k+2 4 
[m/4] m m mir 
me 1( ) — ( \t = 2m/2 sin —: 
10 4k+1 4k+ 3 4 


On the other hand, 
n/A4) f m m 
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2 ie) 4k + 2 
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[m/4] i m ) ( m \\ = 
ve = 2-1, 

2 hey a Ak +3 


m 
By adding or subtracting pairs of these identities, we obtain cee) where 
m is any positive integer and j=0, 1, 2, 3. In particular, 


[n/2] nr 1 
z 2n + 1 = 22n-1 4 2n-1/2 cos (= ue *), 


as required. ; 
Also solved by D. X. Gordon, V. W. Graham, Emma Lehmer, C. E. Mc- 


Cauley, C. W. Moran, E. P. Starke, and R. M. Walter. 
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E 407 [1940, 110 and 396]. Proposed by Virgil Claudian, Bucharest, Rou- 
mania. 

Let A’, B’, C’ be the feet of the altitudes of a triangle ABC, and A the 
orthocenter. Let the parallels through H to B’C’, C’A’, A’B’ meet BC, CA, AB 
in D, E, F, respectively; and let the parallels through H to BC, CA, AB meet 
B'C', C'A', A'B’ in D*, E’, F" Prove that the points D, 2, and D8 ee 
lie respectively on two parallel lines, perpendicular to the Euler line. 


Solution by V. W. Graham, Dublin, Ireland. 


Produce B’C’, C’A’, A’B’ to meet BC, CA, AB in P, Q, R, respectively. 
Then PQR is the orthic axis of the triangle, and is perpendicular to the Euler 
line. (See R. A. Johnson, Modern Geometry, p. 199, or the Editorial Note below.) 

Since /TE is parallel to QC’, and HD to PC’, we have 


QE/EC = C'H/HC = PD/DC; 


therefore DE is parallel to PQR. Similarly DF is parallel to PQR. Hence DEF 
is perpendicular to the Euler line. Similarly, so is D’E’F’. 
Also solved by W. B. Clarke and Emanuel Mehr. 


Editorial Note. In the notation of the Editorial Note to E 383 [1940, 242], the 
orthic axis and the Euler line have direction cosines proportional to 


m n on l l m 1 “al 1 
Bet = and (14+ —, ae a nt+—), 
n m nom l l m n 
They are perpendicular, since (m?— n”) (2? +1) + (n?—1*)(m?+1) + (2 —m?)(n2+1) 

=(), 


E 408 [1940, 110]. Proposed by W. C. Rufus, Observatory of the University 
of Michigan. 

From front to rear of an advancing army detachment was ten miles. A rear- 
guard messenger, dispatched to a guard-house directly behind his position in the 
line of march, returned without loss of time and then proceeded immediately to 
the van-guard and again returned. He noted that he had overtaken his guard 
ten miles from the starting-point, and that the time spent on each errand had 
been the same. How far was the guard-house from the starting-point, and how 
far did the messenger travel altogether? | 


Solution by E. K. Paxton, Washington and Lee University. 


Let x miles be the distance of the guard-house from the starting-point. Since 
the time consumed on each errand was the same, the messenger had advanced 
10 miles on the completion of each errand. Therefore he went rearward x miles 
and forward x+10 miles each time, a total distance of 4x+20 miles. Since the 
detachment was 10 miles long, the rear-guard advanced x miles while the mes- 
senger advanced «+10 miles and reached the van-guard. Hence the relative rate 
of messenger to army is (2x-+10)/10 for the first errand, and (x+10)/x for part 
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of the second. Equating these expressions, we obtain x =5\/2. Thus the guard- 
house was 7.071 --- miles from the starting-point, and the messenger travelled 
48.284 - - - miles. 

Also solved thus by Louis Bauer, W. E. Buker, Edwin Comfort, Wm. Doug- 
las, J. 1. Nuseireh, E. P. Starke, C. W. Trigg, and the proposer. Interpreting the 
words “had overtaken” as referring to the end of the second errand, the following 
people obtained the alternative solution «=5(\/5+1)/2=8.09 --- : Michael 
Aissen, Eli Borok, E. Fletcher, R. E. Greenwood, and B. C. Zimmerman. Other 
values of x submitted were 2.5, 5.59, 8.75. 


E 410 [1940, 110]. Proposed by C. H. Hardingham, Harpenden, England. 


What are the smallest positive integers a, b, c which are the sides of a tri- 
angle whose medians also are integers? 


Partial Solution by W. E. Buker, Pittsburgh Public Schools. 


The problem of finding triangles whose sides and medians are integers is an 
old one. (See L. E. Dickson, History of the Theory of Numbers, vol. 2, pp. 202- 
205.) Particular solutions were obtained by Euler and rediscovered many times, 
the simplest being 174, 170, 136 for the sides and 127, 131, 158 for the medians. 
(A recent account is to be found in Alliston, Mathematical Snack Bar, pp. 24-25.) 
While these investigations do not seem to prove that the above solution is the 
smallest one, I suggest that otherwise the problem is scarcely elementary. 

Also solved by E. P. Starke and the proposer. 


Editorial Note. The squares of the medians are easily seen to be 
— a’? + 20’ + 2c”, 2a’? — b/? + 2c’, 2a’? + 2b’? — c’?, 


where a’=a/2, b’=b/2, c'’=c/2. Euler (Opera postuma, vol. 1, 1862, pp. 102- 
103) observed that the values 


a =(m+n)p—(m—n)q, b' =(m—n)pt+(m+n)jq, ¢ =2 | mp — nq | 


make the third median 2(np+-mq), and that the other medians are integers too 
if p=(m?-+n?)(9m?2—n?2) and g=2mn(9m?+n*), m and n being integers subject 
to certain inequalities. Discarding any common factor of p and q, we obtain the 
following simple cases. (But other expressions for p and q might provide hitherto 
unknown solutions.) 























m | n | p q Half sides Medians 

egi 2 | 25 52 127, 131, 158 261, 255, 204 
2 1 475 | 148 377, 619, 404 975,477, 942 
3 { 2000 123 277, 446, 477 881, 640, 569 
2 3 13 20 85, 87, 68 | 131, 127, 158 
5 3 68 65 207, 328, 145 | 463, 142, 529 
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ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, Washington 
University, St. Louis, Mo. All manuscripts should be typewritten, with double spacing and with 
margins at least one inch wide. 

Problems containing results believed to be new or extensions of old results are especially 
sought. The editorial work would be greatly facilitated, if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well known text-books or results found in readily accessible sources will not 
be proposed as problems for solution in this department. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems. 


PROBLEMS FOR SOLUTION 


3971. Proposed by J. R. Musselman, Western Reserve University. 


If O be the circumcenter of the triangle 4:4243 and M; be the other points 
of intersection of the circle with the lines OA ;, show that the three circles passing 
through O, and on M; with centers on A;A, respectively, meet at the point of 
Feuerbach for the tangential triangle of A1A2A3. 


3972. Proposed by N. A. Court, University of Oklahoma. 


With the traces of a plane on the edges of a tetrahedron as centers, spheres 
are drawn orthogonal to the circumsphere of the tetrahedron. Show that the 
twelve points of intersection of the six spheres with the respective edges forma 
desmic system. 


3973. Proposed by V. Thébault, Le Mans, France. 


The symmetrics of the Apollonian circles of a triangle with respect to the 
corresponding midpoints of the sides are orthogonal to the circumcircle of the 
anticomplementary triangle. N. A. Court has given other properties of these 
circles in this MonTtHLy, 1926, Dols: 


3974. Proposed by V. Thébault, Le Mans, France. 


If the straight lines joining the vertices A, B, C, D of a tetrahedron to the 
points Ay, By, Ci, D; in the planes of the corresponding opposite faces are con- 
current, and also the straight lines joining the same vertices to the isogonal 
conjugates A:, Bs, C2, De of A, By, C1, D; with respect to the corresponding face 
triangles are concurrent, the tetrahedron is isodynamic, and conversely. For iso- 
dynamic tetrahedrons see N. A. Court, Modern Pure Solid Geometry, p. 276. 


SOLUTIONS 
3874 [1938, 323]. Proposed by V. Thébault, Le Mans, France. 


If a conic is inscribed in a triangle so that one of its principal axes passes 
through the circumcenter of the triangle, the auxiliary circle of the conic cor- 


responding to the axis considered is tangent to the nine-point circle of the tri- 
angle, and conversely. 


Note. This theorem completes a proposition of M. Weill 


, Nouvelles Annales 
de Mathématique, 1880, p. 253. 
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Editorial Note. Goormaghtigh’s solution of 3857 [1940, 183] furnishes a solu- 
tion of this problem. The proposer gave the following: Let LL’ =2a be the axis 
of the real foci of the inscribed conic, and \/M’=2b be the other axis, the two 
axes intersecting at right angles at the center w of the conic. (1) Weill’s theorem: 
The axis LL' passes through O, the circumcenter of the considered triangle ABC. 
In this case we have from a theorem of Laguerre, +Nw=(R/2) +a, where N 
is the center of the nine-point circle and R is the radius of the circumcircle. 
(2) The proposer’s theorem: The axis MM’ passes through O. We obtain in the 
same way, +Nw=(R/2)+0. These two theorems generalize Feuerbach’s theo- 
rem on the nine-point circle and the inscribed circle. He remarked also that this 
important theorem would appear in a supplement of Mathesis. 

The theorem of this problem results from the considerations in the Note to 
the solutions of 3882 and 3883 [1940, 404]. If the isogonal conjugate points P, P’ 
are not collinear with O, and I’ with the center S’ is the isogonal conjugate 
of OP, and IT with the center S is the isogonal conjugate of OP’, then S and S’ 
are distinct points on the nine-point circle (VV), SS’ is the common chord of (NV) 
and the common pedal circle of P and P’, and S, S’ are the orthopoles of OP’, 
OP, respectively. Hence, if P, P’ are collinear with O, the common pedal circle 
of P and P’ is tangent to (NV) at the orthopole of the diameter d fixed by P, P’. 
This common pedal circle is the auxiliary circle of the inscribed conic for the axis 
of the foci P, P’. If d rotates about O from a position in which P, P’ are real to 
one where they are conjugate imaginaries, as will be shown later, P and P’ move 
on a cubic, and d must pass through a special position where P and P’ coincide 
in an incenter or excenter. In this passage through the special position, the focal 
axis turns through a right angle, the auxiliary circle remains real, and tangent 
to (N) at the orthopole of d. 

The locus y of P and P’ is easily determined. Suppose that d does not pass 
through an incenter or excenter, and that it cuts its isogonal conjugate I’ in P 
and P’. Then, since P lies on both d and I, its isogonal conjugate must be on 
both I’ and d, and it must be P’. The locus must pass through O and H, the 
orthocenter, and it then easily follows that every diameter d contains three and 
only three points of the locus. If AO cuts BC in A’, then A, A’ are in this case 
isogonal conjugates on y. Thus y passes tiroushd oC... Be GO gddaDe 
incenter, and three excenters. Obviously, the tangents to y at the incenter and 
the three excenters pass through O, and O// is tangent at O. The tangent at a 
vertex, say A, is the altitude of the triangle for A. For, if Pisa point on y near A 
and P’ is its isogonal conjugate, then AP and AP’ are isogonal with respect to 
the angle A. As P approaches A, P’ approaches A’; the isogonal conjugate of 
AA’ with respect to angle A is the altitude at A, and hence this altitude is 
tangent at A. There are three asymptotic directions which are easily determined. 
Let A be the bisector of that arc of (O) from B to C which contains 4, let the 
angle between OA and d be 8, and let ZAOA =a. Then it is easily seen that 
the asymptotic directions of I’, the isogonal conjugate of d, make with OA the 
angles (r+a—6)/2, (2n+a—8@)/2. Then the asymptotic directions of y are ob- 
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tained by setting these angles equal to 6 and 7+. We thus find for the asymp- 
totic directions a/3, (r+a)/3, (2n-+a)/3. Thus there are three diameters to each 
of which corresponds an inscribed parabola, and the corresponding auxiliary 
circles tangent to (NV) are straight lines. The three foci, which lie on both (O) 
and y, form an equilateral triangle. The degenerate cases for the inscribed conics 
are in this instance the three conics such as the one with foci A, A’, and three 
others such as the one with foci B, C. In the first type the pedal circle, auxiliary 
circle for the axis of foci A, A’, has AA’ for diameter with the orthopole Aj, 
the foot of the altitude from A. This circle is internally tangent to (V) at Aj, 
For the other type with the real foci B, C, the imaginary foci are on OAo, where 
Ay is the midpoint of BC and the orthopole of OA». In this case the auxiliary 
circle for the axis along AoO0 is a null circle, Ao. Moreover, if A BC is not isosceles, 
it follows that the three diameters such as OA, cut y in only one real point, O. 
As for the diameter OH, the common pedal circle coincides with (NV). If ABC 
is isosceles, say A4B=CA, then obviously AA, is part of the degenerate y, and 
the other part isa hyperbola with AA» as an axis. For this hyperbola A, O and H, 
A, are conjugate pairs with respect to it, and hence its center is at the centroid G. 


3893 [1938, 631]. Proposed by Norman Anning, University of Michigan. 


From the vertices of a regular m-gon three are chosen to be the vertices of a 
triangle. Prove that the number of essentially different possible triangles is the 
integer nearest to n?/12. 


I. Solution by J. S. Frame, Brown University, Providence, R. I. 


Each of the distinct equilateral, isosceles, or scalene triangles having its ver- 
tices at the vertices of a regular m-gon is congruent respectively to one, three, or 
six triangles having a given vertex A. If the number of distinct triangles of these 
types are E, J, and S, respectively, then since each pair of vertices different from 
A determines with A a triangle, we have 


(1) (1 — 1)(n — 2)/2 = E+ 31+ 6S. 

Counting the distinct triangles A BC whose angles B and C are equal, we find 
(2) [-E=("4-—250/)2,. Bate e 
where c and d are the residues 0 or 1, such that 

(3) n= co (mod 3); n® = d (mod 4). 
Solving for S+I+£ from equations (1) and (2), we have 
125 + T+ Bw 


(n — 1)(n— 2) + 3(n-—24+¢a4+ 411-0) 
=n? + 3d — 4c. 


(4) 


Hence S+J+-E is the integer nearest to my 1g: 
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II. Solution by F. C. Auluck, Dyal Singh College, Lahore. 


Let the regular n-gon be A1A42A;3-:-- Ay. All kinds of possible triangles can 
be formed with A; as one vertex. We divide all the representative triangles 
(that is the representatives of all the classes of similar triangles) into the follow- 
ing groups. In the first group place all those which have their smallest side equal 
to A,A_; in the second group all those which have their smallest side equal to 
A,A3; in the rth group all those which have their smallest side equal to A1A,41. 
Each representative triangle belongs to one and only one group. Let y be the 
required number of different triangles. We enumerate the number of such tri- 
angles in each group. 

If 7 is even, 


¥y 


(n — 2)/2 + (nm — 4)/2 + (m — 8)/2 + (nm — 10)/24+--- 


1 (nn? nN n n |? nN 
36-3} 
24 2 6 6 6 


where [1] is the greatest integer in 7. 
If ” is odd, 


y = (nm — 1)/2 + (nm — 5)/2 + (wm — 7)/2+ (w— 11)/2+---, 


1 jn? —1 : n— 3 ; “—*)+3["— =] 
=a 5 = (n= 3) =n 3) "=| 45] ote 


The values of y for the four cases, with respect to mod 6, n=0, 3, £1, +2 
are respectively 72/12, n?/12+1/4, 2/12 —1/12, 2/12 —1/3. Hence the desired 
result follows. 

Solved also by Harry Gershenson, Michael Goldberg, E. R. Heineman, and 
Chang Shou Lien. 





Editorial Note. Chang used the same division into types as in I, and obtained 
12(S+I+£) =n?+2—36(n)+4e(m), where 6(7) is 1 or 2 according as is odd 
or even, and e(7) is 1 or 0 according as 7 is, or is not, divisible by 3. The remain- 
ing solvers made use of the fact that the desired number is the number of es- 
sentially different sets of three positive integers which satisfy x +y+z=n. Ger- 
shenson stated that Dickson’s History of the Theory of Numbers, vol. 2, pages 
115, 126 gives the number as stated in the problem. Goldberg gave an interest- 
ing solution by considering the positive integral solutions as represented by 
points in the cartesian plane; and this gives a triangular array having n—2 
points on each side. The distinct solutions are symmetric with respect to the 
three axes of the triangle. If s, a, ¢ are respectively the total number of points 
in the triangle, the number on an axis, and the number at the centroid, he found 
that the desired number is p =(s+3a+2c)/6, and determined the results for the 


four cases as above. 


666 PROBLEMS AND SOLUTIONS [November, 


In solution I it is easily seen that 
3¢ = 2 — (w* + w), 2d = 1 — (— 1)’, 
where w is an imaginary cube root of unity. In Goldberg’s solution 
3c = 1+ 07 4+ wo”, 4a = 2n — 3 — (— 1)”. 


Inserting these values we find that the desired number is 


We may make three cases, mod 6, according as n=0, 3; 2, —1; —2, 1; and we 
have, respectively, 


n> — I 


12 


n? 1 n> — 


— — — [(— 1)*— 1], 


12 8 12 








4 1 1 
re et, waa! 1)*-+ 1]. 


The proposer stated that the number q of essentially different convex quadri- 
laterals is given by 


96q = 2(m + 1)(m — 1)(m — 3) + 3(1 + 2") (3m — 3 + 21”). 
When n=2k—1, then g=,C3. 


3896 [1938, 696]. Proposed by W. B. Clarke, San José, California. 


Let P and Q be isotomic conjugate points with respect to triangle ABC. Find 
the locus of P if PQ is parallel to a side of the given triangle. 


Solution by J. W. Clawson, Ursinus College. 


Let P be (, q, r) in trilinear normal codrdinates. Then Q is (1/a*p, 1/b2q, 
1/c*r), and the equation of PQ is 


a*p(b'q? — c’'r?)x +---+--- = 0, 


This line is parallel to x =0 if cr(a*p? —b*q*) =bq(c?r?—a*p?). Replacing /, q, r 
by x, y, z and factoring, we find that the equation of the locus called for is 


(by + cz)(a?x? — beyz) = 0. 


Here by+cz=0 is the straight line through A parallel to BC; also, a2x? — bcyz =0 
is the ellipse passing through B, C, G, the centroid of the triangle ABC, and A’, 
the fourth vertex of the parallelogram BACA’; and BA and CA are tangents to 
this ellipse, whose center bisects GA’. 

Solved also by Kwan Chao Chih, F.C. Gentry, L. M. Kelly, and O. J. 


Ramler. 


Editorial Note. The solution by ¢ 


sentry used normal homogeneous codérdi- 
nates as in the above, while the oth 


ers used barycentric coérdinates. Ramler 
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remarked that a generalization is obtained by considering the locus of P when P, 
its isotomic conjugate Q, and a fixed point D, called the “pivot”, are collinear. 
The locus is then a cubic curve circumscribing the triangle and anallagmatic in 
barycentric point coérdinates. More general results, he stated, are given by 
R. Goormaghtigh in his article Anallagmatic Cubics, Mathesis, 1937, p. 255. 
Kelly gave a very simple derivation of the equation of the locus of the problem. 
Let AP and AQ cut BCin A,and A,; then AP/PA,=AQ/QA,. Since the coérdi- 
nates of P and Q are x, y, 2 and x—, y—!, 2-1, we get (y+z)/x=(y~!+271)/x7-}, 
or (y+z)(yz—x?) =0, etc. Perhaps Kelly used the important property that, if 
x, y, 2 are barycentric coérdinates of P, then P is the centroid of masses x, y, 2 
placed at the vertices A, B, C; and this gives AP/PA,=(y+z)/x. 

The given problem is easily handled synthetically. For, BP, CQ, BQ, CP 
form a complete quadrilateral where the diagonal PQ is parallel to BC. If the 
first pair of sides meet in P; and the second pair in Ps, then the diagonal P,P». 
passes through the midpoint A,, of BC, the midpoint of PQ, and through A. 
We thus have the perspective pencils B(P) { C(Q); and, from the isotomic prop- 
erty, C(Q)  C(P). Hence B(P) { C(P), and P describes a conic through B and C 
tangent to AB and AC. Obviously the conic passes through the centroid G, and 
the median AA,, is a diameter. It is also clear that the conic passes through A, , 
the symmetric of A with respect to A,,. The tangent at A, is parallel to BC, 
and suppose that it cuts AB and AC in B’ and C’. Then the conic is an ellipse 
tangent to the sides of triangle AB’C’ at their midpoints. This ellipse has the 
maximum area of all ellipses inscribed in AB’C’, or the minimum area of all 
ellipses circumscribed about A,” CB. See the solution of 3565 [1933, 372] and 
of 3718 [1936, 442]. It is obvious that the parallel to BC through A is another 
part of the locus, where A, and A, are at infinity. 

In the case of an arbitrarily given pivot D, Clawson’s first equation is that 
of the cubic locus if we regard x, y, g as the coérdinates of D and Pp, g, 7 as variable 
coérdinates. However, we can learn much about the locus of P without the use 
of codrdinates. If d is a straight line through D, the isotomic conjugate of d is a 
conic through the vertices A, B, C; and, if this conic cuts d in P and Q, it will be 
seen easily that P and Q are the isotomic conjugates on d. Moreover, if the iso- 
tomic conjugate of D is D’, one position of d is DD’; and thus D and D’ lie on 
the locus. Hence every straight line through D cuts the locus in just three points; 
and it must bea cubic. If DA cuts BC in A’, then both A and A’ are on the cubic. 
Obviously the median and three exmedian points lie on the cubic; and we now 
have twelve of its points. The tangents at the median and exmedian points ob- 
viously pass through D; and DD’ is the tangent at D. The tangent at A is the 
isotomic conjugate AA’’ of AA’ with respect to angle A, and similarly for the 
tangents at the other two vertices. For, if P is a point on the cubic near A, 
DP cuts the cubic again in Q where AP and AQ are isotomic conjugates with 
respect to A. Then as QA’, PA, and the straight line of AP approaches the 
position of AA’’. The synthetic consideration of the asymptotic directions of the 
cubic is more lengthy and difficult, and this will be reserved for a later problem. 
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3899 [1938, 696]. Proposed by V. E. Pound, The University of Buffalo. 
Using elementary vector methods show that the angular precession of an 
ideal frictionless top, spinning so rapidly that the precession is steady, is given 
by the well known formula 
Caz; — (C's — 4mghA cos 6) 
2A cos 0 


i 


Solution by L. Richardson, The University of British Columbia. 


Let the axis 03 of the top be inclined at the constant angle @ to the vertical 
OZ. In the plane ZO3 take an axis O1 perpendicular to O3 and take the axis O2 
to complete the right-handed system O123. 

Let a, 8, y be unit vectors along O01, 02, O3, respectively. Then it is easily 
seen that the total moment of momentum H can be written 


H = — AQ sin 6a + Cosy, 
where the letters have their usual meaning. Hence 
(1) dH = — AQ sin 6 da + Cusdy. 


Now since @ is constant and the plane ZO3 moves round OZ with constant angu- 
lar velocity 2, we have 


(2) da = cos 6 Q) dt B, 

(3) dy = sin 6Qdt6. 

From (1), (2), and (3) we find 

(4) “ = (— AQ sin 6 cos 6 + Cw3Q sin 6)6. 


Since rate of change of moment of momentum about O2 is equal to the moment 
of the impressed forces about that axis we have, by taking moments about Q2, 


— AQ? sin 6 cos 6 + Cw30 sin 6 = mgh sin @, 
where h is the distance of the center of gravity of the top from O. Hence 
Cw3Q2 — AQ? cos 6 = mgh. 


This leads to the required result. 
Solved also by T. C. Esty and the proposer. 


Editorial Note. The proposer stated that this problem was suggested by Exs. 
ZS. 26, p. 143 in Weatherburn’s Elementary Vector Analysis. A few pages of this 
text give a vector treatment of the fundamental theorems related to this prob- 


lem. Esty gave, in addition to his solution, a vectorial treatment of the steady 
motion of a top. 
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NEWS AND NOTICES 


Readers are invited to contribute to the general interest of this department by sending news items 
to R. G. Sanger, Eckhart Hall, University of Chicago, Chicago, Illinois. 


Professor J. S. Gold writes: “The annual Pi Mu Epsilon breakfast will be 
held Wednesday morning January 1, 1941 at Highland Hall, Louisiana State 
University. Reservations should be sent to Professor S. T. Sanders, Univer- 
Sha a Bo Be 


Applications for the Benjamin Peirce instructorships in mathematics at 
Harvard University for the year 1941-42 should be sent to the chairman of the 
department of mathematics. Candidates should have received the doctorate or 
have done equivalent work. 


Dr. A. D. Bradley of Hunter College has been promoted to an assistant 
professorship, effective January 1, 1941. 


Gertrude M. Cox, Assistant Research Professor of Statistics at lowa State 
College has been made Professor of Experimental Statistics and Director of the 
Statistical Laboratory at North Carolina. 


Associate Professor E. P. R. Duval of the University of Oklahoma has been 
promoted to a professorship. 


Dr. E. G. Harrell of the Valley City, N. D., State Teachers College has been 
appointed to a professorship at the Platteville, Wis., State Teachers College. 


Assistant Professor J. J. L. Hinrichsen of Iowa State College has been pro- 
moted to an associate professorship. 


Professor Lancelot Hogben, well known author of Mathematics for the Mil- 
lion, is this year a member of the genetics staff at the University of Wisconsin. 


Professor J. B. Linker of the University of North Carolina, who holds a com- 
mission in the field artillery, U. S. National Guard, has been granted leave of 
absence for one year. 

George Pélya, hitherto professor of applied mathematics at the Federal 
Polytechnic Institute at Ziirich, has been appointed acting professor of mathe- 
matics at Brown University for a two-year term. 

Assistant Professor W. C. Randels of the University of Oklahoma has been 
promoted to an associate professorship. 

Dean S. W. Reaves, head of the mathematics department at the University 
of Oklahoma since 1905 and dean of the College of Arts and Sciences since 1923, 
has resigned from his administrative duties, but is still professor of mathematics. 
Assistant Dean E. D. Meacham succeeds him as dean of the College of Arts and 
Sciences, and Professor J. O. Hassler succeeds him as head of the department of 


mathematics. 
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Commander J. C. Van de Carr, U.S. N. retired, has been recalled to active 
duty in the navy and placed in charge of the University of Oklahoma unit of 
the Naval R. O. T. C., having been granted a leave of absence as instructor in 


mathematics. 


Dr. Henry Wallman of the Institute for Advanced Study has been appointed 
assistant professor of mathematics at the University of North Carolina. 


Associate Professor Morgan Ward of the California Institute of Technology 
has been promoted to a professorship. 


Dr. L. R. Wilcox, formerly of the University of Wisconsin, has been ap- 
pointed assistant professor at the Illinois Institute of Technology (an institution 
recently formed by consolidation of Armour Institute of Technology and Lewis 
Institute). 


The following appointments to instructorships are announced: 

Columbia University: Dr. Walter Strodt 

Illinois Institute of Technology: Dr. Herbert Busemann, Dr. John De Cicco 
Iowa State College: Dr. A. T. Lonseth 

University of Kansas: L. R. Shobe 

Kansas State College: Dr. H. C. Fryer 

Pennsylvania State College: Dr. Morris Bloom, Dr. R. H. Cook 

University of Oklahoma: B. S. Whitney 

Texas Technological College: Dr. P. W. Gilbert 

College of Wooster: M. P. Fobes 


J. M. Colaw of Monterey, Va., died February 26, 1940. He was a co-editor 
of the MONTHLY from its establishment in 1894 until 1902 and was a charter 
member of the Association. 


G. H. K. Strathy, a member of the University of Toronto team which won 
the William Lowell Putnam Mathematical Competition last spring, was killed 
in action aboard the A jax, a British warship, on or about October 16. 


SYMPOSIUM ON APPLICATIONS OF MATHEMATICS TO EARTH SCIENCES 


; The addresses presented at the Symposium on Applications of Mathematics in the Earth 
Sciences, under the joint auspices of Sections A and E of the American Association for the Advance- 
ment of Science, the American Mathematical Society, the Mathematical Association of America 
and the Geological Society of America, at Columbus, Ohio, December 29, 1939, are to be nihlicdeal 
as Part A of Volume IV of the Transactions of 1940 of the American Geophysical Union. The ad- 
dresses tend to further a desirable rapprochement between geophysicists and mathematicians and 
begin the important task of bringing to each field the knowledge or some suggestions of the con- 
tributions which the other field may make, This volume will include also, as Part B. the symposium 
at Columbus on Hydrologic Problems in the Ohio and Michigan Basins. The vedas will toate 
about 100 pages and will be ready for distribution early in November. The regular postpaid sina 
to non-members of the Union is $1.00 but a special price of $0.75 per copy will be made to any 
members of the Mathematical Association of America who place their orders by December. 31 
1940, sending them to 5241 Broad Branch Road, N.W., Washington, D. C., o8 a 
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THE FOURTH ANNUAL WILLIAM LOWELL PUTNAM 
MATHEMATICAL COMPETITION 


The fourth annual William Lowell Putnam Mathematical Competition, un- 
der the sponsorship of the Mathematical Association of America, will be held on 
Saturday, March 1, 1941. This Competition, made possible by the trustees of 
the William Lowell Putnam Intercollegiate Memorial Fund left by Mrs. Putnam 
in memory of her husband, is open to undergraduates in the United States and 
Canada who have not received a degree. 

The examination consists of two three-hour examinations. The questions will 
be taken from the fields of calculus (elementary and advanced) with applica- 
tions to geometry and mechanics not involving techniques beyond the usual 
applications, higher algebra (determinants and theory of equations), elementary 
differential equations, and geometry (advanced plane and solid analytic geome- 
try). Any college or university wishing to enter a team or individual contestants 
may secure an application blank from the Secretary of the Association, W. D. 
Cairns, 97 Elm Street, Oberlin, Ohio, by a postcard request. All applications must 
be filed with the Secretary not later than February 11, 1941. If three candidates 
are presented from a college or university, they are to constitute a team; if more 
than three are presented from any one college or university, the team of three 
must be named on the application. 

The examination may be given at any place where a team, or at least three 
candidates, can be assembled. Exceptions to the rule may be made by the Sec- 
retary in cases of unusual necessity. Sealed copies of the examinations will be 
sent to the supervisor of the examination in ample time for the examination day 
and are not to be opened before the hour set. At the supervisor’s first opportu- 
nity after the afternoon examination the books are to be sent by registered mail 
or by express to the Secretary of the Association, who will forward them to a 
qualified reader chosen by the Association. 

The prizes to be awarded to the departments of mathematics of the institu- 
tions with the winning teams are $500, $300, and $200 in the order of their rank. 
In addition, there will be prizes of $50, $30, and $20 awarded to the members of 
these teams according to the rank of the team, and a prize of $50 to each of the 
five highest contestants. Each of the winners will receive a suitable medal. Hon- 
orable mention will be given to the three teams next in order after the three win- 
ning teams and to the five individuals next in order after the five individual win- 
ners. For further encouragement of the Competition, there will be awarded at 
Harvard University* an annual $1000 William Lowell Putnam Prize Scholar- 
ship to one of the first five contestants, this to be available either immediately 
or on the completion of the student’s undergraduate work. 

A more complete announcement of the general regulations under which the 
plan is operated will be found in the January 1938 issue of the MONTHLY and 
‘n the announcement which is being mailed to colleges and universities in the 
United States and Canada. Reports on the three previous competitions will be 
found in the Monrtuty for May 1938, May 1939, and May 1940. 





* Or at Radcliffe College, in the case of a woman. 
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CONCERNING JUNIOR COLLEGES 


Dr. Walter C. Eells, executive secretary of the American Association of Junior Colleges pre- 
sents the following statement: 

The phenomenal rise of the junior college movement was signalized in September by appear- 
ance of American Junior Colleges, first edition, a comprehensive handbook of 595 pages published 
by the American Council on Education, with the codperation of the American Association of Junior 
Colleges and the aid of the Carnegie Corporation. 

American Junior Colleges is a companion volume to the American Council’s American Uni- 
versities and Colleges. Part I contains a concise history of the junior college movement, analysis of 
its present status, statistical summaries covering 575 institutions, and a discussion of accreditation. 
The 80 pages on accreditation include the detailed standards and practices of each national, re- 
gional, and state accrediting agency, with lists of the junior colleges approved by each. 

Detailed reports on 494 accredited junior colleges are given in Part II, comprising 364 pages. 
The information was carefully assembled from the institutions themselves, and rechecked in proof. 
It covers such topics as finances, grounds and buildings, admission requirements, departments, 
staffs, enrollment, degrees, fees, scholarships, and administrative officers. 

Thirty-three pages tabulate curricula offered by junior colleges, showing courses parallel to 
college and university freshman-sophomore work and also the extent of offerings in semiskilled, 
technical, semiprofessional, and general terminal curricula. There are also classifications of junior 
colleges under various categories. Indexing is thorough. 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 


Twenty-third Summer Meeting, Hanover, N. H., September 9-12, 1940. 

Twenty-fifth Annual Meeting, Baton Rouge, La., December 31, 1940- 
January 2, 1941. 

The following isa list of the Sections of the Association, with dates of those Section meetings 
which have been scheduled for 1940 and reported to the Secretary. 


ALLEGHENY Mountain, Morgantown, NORTHERN CALIFORNIA, Berkeley, Janu- 


AFFILIATED ORGANIZATIONS: 


W. Va., April 20; Grove City, Pa., 
November 2. 

ILLINOIS, Bloomington, May 10-11. 

INDIANA, Richmond, May 3-4. 

Iowa, Mt. Vernon, April 19-20. 

Kansas, Wichita, March 31. 

KENTUCKY, Lexington, April 27. 

LouIstaNa-Misstssippi, Oxford, Miss., 
March 8-9. 

MARYLAND-DIsTRICT OF COLUMBIA-VIR- 
GINIA, Richmond, Va., May 11; Wash- 
ington, D. C., December 7 or 14. 

Micnican, Ann Arbor, April 26-27. 

Minnesota, Mankato, May 4. 

Missourt, Warrensburg, April 19, 

NEBRASKA, Omaha, May 9-11. 


ary 27. 

Oun10, Columbus, April 5. 

OKLAHOMA, Oklahoma City, February 16 

PHILADELPHIA, November 30. 

Rocky Mountain, Fort Collins, Colo., 
April 19. 

SOUTHEASTERN, Athens, Ga., March 29- 
30. 

SOUTHERN CALIFORNIA, Compton, March 
2s 

SOUTHWESTERN, Tucson, Ariz., April 22-23. 

Texas, Dallas, March 29-30, 

Upper New York State, Hamilton, May 
11. 

WIsconsin, Milwaukee, May 4. 


THE NEw ENGLAND ASSOCIATION OF TEACHERS OF MATHEMATICS, 


THE NATIONAL CoUNCIL OF TEACHERS OF MATHEMATICS, 


MATHEMATICAL PROBLEMS IN AVIATION* 
RICHARD von MISES, Harvard University 


It will be very difficult to give you within thirty or forty minutes an outline 
of the mathematical problems connected with modern airplane design. Both the 
number and the extent of those problems are immense and it is not at all easy 
to make them clear to people who have a high standard in pure mathematics 
but are unfamiliar with the particular topic. I shall have to make a very re- 
stricted selection and to confine myself to hints rather than to detailed accounts. 

At the start let me make three short statements without giving any argu- 
ments: (1) It is true that the amazing development in aircraft performances 
within the last twenty-five years is due to a large extent to theoretical work 
which has been carried out by mathematicians in all countries, particularly in 
England and Germany. (2) It cannot be expected that an isolated solution of 
a particular mathematical problem is capable of bringing forth an ostensible 
influence upon practical work; it is rather an accumulative effect, the general 
level of theoretical knowledge, which determines the intensity and the rate of 
progress. (3) In order to do useful work in this field it is not sufficient to con- 
centrate upon the pure mathematical aspect of a problem; one has to bear in 
mind the interconnections with the mechanical theories and the actual physical 
conditions. The more familiar you are with the whole engineering matter, the 
more successful will be your mathematical efforts. 

Let me turn now to some selected mathematical problems of interest in air- 
craft design. I shall be concerned mainly with aerodynamical problems which 
form obviously the specific basis in this field and will content myself, at the 
end of this report, with giving only very brief hints about problems in structural 
analysis (which are, however, of greatest importance in design work). As to 
aerodynamics, I choose for discussion four characteristic domains in which 
mathematical research has supplied up to now useful results: first we will speak 
of the so-called two-dimensional wing theory which is an application of the 
theory of conformal mapping; second, of the three-dimensional wing theory 
based on the idea of vortex sheets; third, we shall consider the airplane as a 
whole, as a solid body moving under the influence of air forces; and last I want 
to call your attention to certain questions in the theory of the so-called boundary 
layer which may prove to be decisive in the future for certain details in wing 
design. 


1. The airwing in two dimensions. The cross-section through an airplane 
wing has about the form shown in Figure 1. When the wing is moving through 
the air with a constant velocity V to the right, or, which is the same, if the wing 
is at rest and exposed to a uniform flow from the right to the left, the air exerts 
upon it a certain force depending on the velocity V. In order to find this force, 
i.e., its magnitude, its direction, and its line of action, we may assume as a 
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first approximation that the flow around the wing is a two-dimensional, steady, 
potential motion, controlled by the Laplace equation 
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are the velocity components. The boundary conditions are 
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The trouble is that the outside space around the cross-section of the wing, in 
the two-dimensional conception, is doubly connected so as to give not a single 
solution but an infinity of solutions of the potential problem (or a solution de- 
pending on a parameter). The decisive idea how to overcome this difficulty was 
supplied by the Russian mathematician Joukowski in 1910, and this may be 
considered as the starting-point of the scientific theory of flight. Each profile 
which can be used in practice as cross-section for a wing or a propeller blade 
has a singular point at its trailing end, a cusp or a very acute angle. At this 
point the solution of the boundary problem gives, in general, an infinite velocity 
and this would mean a negative hydraulic pressure which is physically impos- 
sible. Joukowski pointed out that the unknown parameter in the general solu- 
tion can be uniquely determined by means of the additional condition that the 
velocity remains finite at the trailing edge. In this way he computed the mag- 
nitude and the direction of the airforce for a certain special shape which is 
today called the Joukowski profile. The general theory embracing all shapes 
and giving the line of action too was developed in my papers of 1917 and 1920. 

It is well known that the general solution of the boundary problem (1), (2) 
for a circle of radius a is given by 
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(3) waotiv=—V(s4+—) + logs, z=x+ 14. 
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Here I is the constant which has to be determined afterwards by the Joukowski 
condition. The problem is to find the conformal transformation 
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which maps the outside of the profile into the outside of the circle and leaves 
infinity unchanged. When the transformation function is found, we determine 
the point on the circle into which the cusp is mapped and write down the con- 
dition that dw/dz vanish at this point. This equation supplies the value of I. 
Then the reaction of the fluid mass upon the wing can be computed by means of 
the general laws of dynamics. 

From the main results of the theory I may quote the following: (1) The 
air force acting upon the wing is normal to the velocity vector V, in other terms 
it is a pure lift or supporting force without resistance or drag. (2) The lift per 
unit of span is proportional to the velocity V, the density of the air p and to 
the constant I which is called the circulation (we will discuss it later): 

(5) ie = pl'V. 

ds 
On the other hand, for small angles of attack a the circulation I turns out to 
be a linear function of a and can be written in the form 


(6) Dela, 


where c depends on the shape of the profile only. (3) The lines of action for dif- 
ferent angles a envelop in general a parabola. But we can find special forms of 
profiles for which the lift passes through a fixed point, the so-called lift center; 
those forms are advantageous from the standpoint of stability. 

Much detail work has been done in this field during the past twenty years. 
Specially practical methods for conformal mapping have been developed and 
solutions of the so-called inverse problem have been found (special transforma- 
tion functions which supply suitable forms of cross-sections). But much is 
still to be done. I mention only as an example the biplane problem for which we 
have only some general results and a very incomplete approach to a practical 
solution. It is the same for the airwing combined with a tail surface. In these 
cases the space is triply connected, we have two circulation constants and two 
singular points and a conformal mapping into the outside of two circles is 
required. 

2. The airwing of finite span. I turn now to the general three-dimensional 


theory. The conception of a strictly two-dimensional motion of the air around 
an airwing is obviously insufficient. It supposes an exactly cylindrical wing of 
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infinite span. The span of a real wing is finite, about six to eight times the 
breadth. The most important effect of the finite ends is to reduce the magnitude 
of the lift force and to produce in addition to the supporting force a resistance 
or drag force. The three-dimensional wing theory gives a principal account and 
a very useful numerical estimate of both effects. The basic idea of this theory 
was outlined by the English automobile manufacturer F. W. L. Lanchester; 
the mathematical theory which forms today the most efficient help in airplane 
design has been developed by Prandtl and his disciples since about 1918. 
The two-dimensional theory was based upon the fact that the exterior of a 
closed curve in the plane is doubly connected. But in space the outside of a 
simple body is a simply connected region. We have a classical theorem, the 
so-called d’Alembert paradox, which states that there is no dynamic inter- 
ference between a body moving in a continuous potential velocity field and the 
surrounding air which fills the simply connected outside region. On the other 
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hand, there must be some continuity between the case of an infinite cylinder 
and that of a long, but finite cylindrical or almost cylindrical body. The expla- 
nation is again connected with the sharp trailing edge of the wing. 

We see in equation (3) that in the case of the infinite circular cylinder, T 
is the factor of the logarithmic term in the expression for the complex poten Gal 
This term means a circulating flow in parallel circles around the axis of the 
cylinder. Such a flow can be considered as induced by a straight vortex line 
coinciding with the axis, the vorticity of which is exactly [ (this is why se 
used the factor 27 in the denominator: so-called rule of Biot-Savart). Or it 
can be considered as induced by a uniform distribution of parallel vortex lines 
coinciding with the generators of the cylinder and with a total vorticity T 
If we pass from the circle to the correct cross-section, this part of the flow 
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transforms into a motion which likewise can be considered as induced by a 
continuous distribution of parallel vortex lines of total vorticity I. The vortex 
lines now run on both sides of the wing surface, again normal to the xy-plane. 
We will remember that the lift force in this two-dimensional problem was 
proportional to [' (equation (5)). 

Now, if we cut the cylinder off at both sides to have a finite span S,a 
circulating motion cannot exist in a cross-sectional plane the distance of which 
from the center is greater than S/2. We have to assume that I is here a function 
of the distance s which has a maximum for s=0 and vanishes for s= +S/2. 
But vortex lines cannot have ends or finite terminal points, or, in other terms, 
the circulation I cannot change its value as long as we do not cut across 
vortex lines. The only possible assumption therefore is that the vortex lines 
turn one after the other and leave the wing surface in a backwards direction 
over the trailing edge, forming thus an infinite vortex sheet behind the wing. 
This is the famous conception of the so-called horseshoe vortices due to Lan- 
chester (Fig. 2). 
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From a mathematical point of view a vortex sheet is a discontinuity surface 
of the velocity field. So the d’Alembert paradox is no longer valid here since 
we have no continuous velocity field over the space. Moreover, Prandtl found 
a way to utilize this general insight into the character of the motion for a nu- 
merical investigation of lift and drag. He simplifies the problem by assuming 
that the whole cross-section of the wing reduces to a single point, and the wing 
to what we call a supporting filament. The vortex sheet has then the form of an 
infinite rectangular strip and the finite parts of the vortex lines concentrate 
along the supporting line (Fig. 3). In this case the whole velocity field induced 
by the vortex sheet can be computed by means of the classical formula which 
the physicist likes to call the law of Biot-Savart. In particular at a point s of 
the supporting filament we get a small vertical velocity, 


1 8/2 dT(oc) 
(7) (3) = — f 3 


4r S/2, 0. 





This vertical velocity v when added to the horizontal velocity V changes the 
direction of the latter, and the angle of attack which has been a before, now 
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equals a+v/V (Fig. 4). If we apply our equation (6) for P, using the corrected 
value of a, we get the fundamental equation of Prandtl, 


1 8/2 dT(c) 
(8) Ii(s}-=ec(s) | as) + —— | V. 
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This is a singular integro-differential equation for the function I'(s), if c(s) and 
a(s) are supposed to be known from the solution of the two-dimensional prob- 
lem. If I'(s) has been found, we have immediately the lift force according to (5), 


S/2 
(9) E> ov f T'(s)ds. 

—S/2 
On the other hand, the total air force in any cross-sectional plane is normal to 
the direction of the velocity vector which is now composed of the horizontal 
component V and the vertical v. Therefore we have a horizontal force component 
opposite to the direction of flight, or a drag D, where 


(10) fie of I'(s)v(s)ds; 


S/2 


here v is given by (7). In this way everything depends on the solution of Prandtl’s 
integro-differential equation (8). 
Very much successful work has been done in this field during the past twenty 


years. The best results were reached by using the Fourier development for 
I'(s) introduced by E. Trefftz, 


“Pr 
(11) I'(s) = 2SV >°C, sin n0, cos 6 = aa 
n re 


One of the first rather amazing results was the solution supplied by Munk of 
the problem of variation: To find the function I'(s) which gives the minimum 


drag D for a given lift L. The answer is that the Fourier series (11) must reduce 
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to its first term. This leads, if we assume a constant, to a wing of elliptic or 
semi-elliptic top view. All these results and many others are in best accordance 
with carefully performed experiments and with actual experience in flying. They 
supply the basis for various important decisions in design work. 

On the other hand, the given equations form only the nucleus of more elabo- 
rate theories which discard the restriction to a single supporting line and take 
into account the complete two-dimensional wing surface. Then I’ has to be 
considered as a function of two independent variables. The foundation of such 
a theory has been given by J. Burgers, but his two-dimensional integro-differen- 
tial equation has not yet found a satisfactory solution. Here we have a vast 
field for useful research work in applied mathematics. As to the practical 
application of Prandtl’s theory I may mention, in concluding this paragraph, 
that it applies likewise to the investigation of the characteristic properties of 
propellers; in fact a propeller blade is, from an aerodynamical point of view, 
nothing more than a rotating wing. Even some older problems in design of 
turbines, rotating pumps, and ventilators have been advanced by the use of 
ideas borrowed from the vortex sheet theory of airwings. 


3. Dynamics of an airplane. All these wing theories of which I have spoken 
consider the airplane in the state of steady motion with uniform velocity, and 
study the relationship between the wing shape and the forces exerted by the 
surrounding air. This is essentially an aerodynamic investigation. It would be 
too difficult and too vast an undertaking to extend this kind of investigation 
to more general forms of motion. When we are concerned with the question of 
how the airplane as a whole behaves in curves, how it follows the steering opera- 
tions, how it reacts to external disturbances, efc., in such cases we assume that 
the air forces are completely known as functions of time, velocity, angle of 
incidence, efc. To find these functions, we use at first experimental data, then 
we apply certain consequences of the aerodynamical theory for steady motion, 
and finally we make reasonable assumptions to be tested by the outcome of 
the investigation. In any event, by considering the airforces as given functions, 
the problem we face here becomes a problem of dynamics of a rigid body. But 
it has a sufficiently specified form here and is so broad that it seems quite 
justifiable to regard it as a specific airplane problem. 

It causes no difficulty to set up the six simultaneous differential equations 
which control the motion of the airplane as a rigid body. We may use any of the 
classical forms, the Euler equations, the Lagrange equations with a suitable 
choice of codrdinates, or any other form. The acting forces are the gravity and 
the air forces which enter into the equations as functions of the angular co- 
ordinates, the velocities and eventually the time. The mechanical system is in 
all cases a non-conservative one. If you remember that mathematicians up to 
now hardly succeeded in settling the problem of a rigid body that is subjected 
to gravity only, you will understand that we cannot expect to find complete 
analytical solutions of the present problem. But useful work has been done in 
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establishing sufficiently approximate solutions in certain special examples, to 
allow us to answer various practical questions. 

I will not write down here the general equations which you can find in many 
places, e.g., in my article, Dynamic problems in engineering, Encyclopaedie der 
Mathematischen Wissenschaften, vol. IV, 1911. Let me rather begin by dis- 
cussing one of the most important special problems which we encounter in this 
field, the problem of stability of the uniform level flight. According to the well 
known general procedure in stability investigations, we linearize the equations 
by studying small deviations from the steady motion the stability of which is 
to be examined. It turns out that if we consider the airplane as a symmetric 
body steadily flying parallel to its symmetry plane, then the problem of six 
simultaneous variables splits into two three-dimensional problems. We can 
accordingly speak of a longitudinal and of a lateral stability. The first concerns 
the motion of the center of gravity parallel to the symmetry plane and the rota- 
tional motion about an axis normal to this plane. If v is the magnitude of the 
velocity, @ the inclination of the flight path of the center of gravity, and ¢ the 
angle between the longitudinal axis of the airplane and the horizontal (Fig. 5), 
the three equations of motion can be written in this form: 


ob P—-D+ in 6 

m—= P— mg sin 8, 
dt 5 
dé 

(12) mv — = — L+ mg cos 8, 

dt 
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Here m is the mass, J the moment of inertia of the airplane, LZ the lift, D the 
drag, P the propeller force, and M the moment of the air forces with peeipict to 
the center of gravity. The so-called natural coérdinate system (based ori tan- 
gential and normal directions) is used in (12). The integration problem for the 
variables v, 6, @ is, as we see, of fourth order. If we linearise and introduce an 
exponential function e*/"» as a solution, where vp is the velocity of level flicht 
we get for \ the characteristic equation of the fourth degree, a 
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Stability requires that the four roots of this equation have negative real parts 
which leads to the inequalities 


(14) o< 62+ 
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In this way the conditions for longitudinal stability involve three parameters 
a, 6, g which have a well defined significance for the airplane: a is the angle 
of attack in level flight, 6 measures the damping effect produced mainly by the 
horizontal tail surface, and o is a parameter which determines the so-called 
static stability (essentially the rate of change of the moment M with the angle 
a). It seems that G. A. Bryan was the first to find this result as well as others, in 
1911. A similar problem is set by the lateral stability which regards the dis- 
placement of the center of gravity normal to the symmetry plane and the rota- 
tion about the vertical and the longitudinal axes. Further analogous problems 
deal with the stability of the flight in curves, the stability of diving motion, etc. 

In all these cases only small oscillations in the neighborhood of a given 
motion were considered. I want to give an idea also of the approach to a com- 
plete integration of the equations of motion, as attempted by Lanchester as 
early as 1907. We restrict ourselves again to the case of longitudinal motion 
with three dependent variables, assuming that the three codrdinates which 
correspond to the lateral displacement, are constantly zero. So we can use the 
system (12) of differential equations. Now Lanchester assumes first that P 
equals D constantly, 7.e., that the drag is balanced by the propeller force at 
any instant. Then he simplifies the integration problem by supposing that the 
moment of inertia J is very small compared with the acting moment M, so that 
with an infinite angular velocity any deviation of the angle of attack is in- 
stantly corrected. By means of these assumptions the equations (12) are re- 
duced to an integrable system with only two dependent variables v, 6. The 
solution can be written in the form 


= B 
(15) v = +/ Zpz, cos §@ = Ag + —» 
Ve 


where z is the vertical coédrdinate. The corresponding family of curves which 
represent the pathway of the airfoil has the character shown in Figure 6. It 
includes, as you see, some cases of looping. We call this type of airfoil motion 
phugoid motion. Scores of papers have been published dealing with the motion 
of an airplane under less restricted conditions which do not lead to closed inte- 
grals, but require numerical or graphical methods. You may find here an 
almost inexhaustible field for practicing the various methods of effective inte- 
gration as developed in applied mathematics. 
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4. Boundary layer theory. As the fourth and last branch of aerodynamical 
research I want to mention the so-called boundary layer theory. Prandtl dis- 
covered in 1908 a kind of asymptotic integration of the classical differential 
equations for viscous fluids. For an infinitely small degree of viscosity Prandtl’s 
integral gives an account of the behavior of the flow in the immediate neighbor- 
hood of a rigid body. In airplane design we are interested to a high degree in 
the question whether on the upper side of an airwing the flow sticks on the wing 
surface or whether it separates at a certain point as indicated in Figure re 
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I showed in 1927 that the Prandtl theory is equivalent to the following 
mathematical problem (which from a physical standpoint can be considered as 
a conduction of heat problem): We ask for integration of the partial differential 
equation of parabolic type 


(16) 





where f(x) is a given function, under fhe conditions 

(17) z = f(x) for y = 0, z= 0 for y= », 2 = 2o(y) for x = 0. 
In the special case of our airwing problem we can assume’ 

(18) f(x) =1=—%, Zo = 0, 


so that the problem includes no parameter, no arbitrary function. The question 
is: Has the solution z(x,y) of the problem (16), (17), (18) a singular point on 
the x-axis, x =x,,y=0, characterized by the fact that 0z/dy vanishes, and, if 
it has, what is the numerical value of x;? Recently Karmén and Millikan made 
an attempt to answer this question by employing methods of numerical ap- 
proximation. It seems to me that from a mathematical point of view it would 
be worth while to reconsider the problem in order to give a rigorous proof at 
least for the existence of the mentioned singularity. 

These are the four typical problems of aerodynamics I wanted to present 
to you. In the first we had to do with conformal mapping, in the second with 
an integral equation of singular type, in the third case it was a system of 
ordinary differential equations, and in the last a boundary problem of a partial 
differential equation of second order. You see that there is no lack of variety, 
and it would be easy to multiply the topics by enumerating further questions 
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which we encounter in aerodynamic practice. On the other hand, as I told you 
at the beginning of this lecture, the modern aircraft engineer is often more 
busy with problems which do not belong to aerodynamics at all, but to a senior 
sister branch of applied mechanics, I mean the elasticity theory or strength 
of materials or, as we say today, structural analysis. One could think that the 
high standard reached in mechanical and in civil engineering constructions must 
supply sufficiently elaborate fundamentals for settling the structural problems 
which are met in aircraft design. But the point is this, that it is compulsory in 
aviation to spare on weight to the utmost. We cannot use methods of computa- 
tion based on superficial approximations and then multiply the dimensions 
by a big factor for the sake of safety, as is often done in the older branches of 
engineering. Even where the problems are quite the same, we need more careful 
and more detailed investigations. I want to give two examples. 


5. Thin sheet constructions. In the design of airwings we notice a continuous 
trend from the very beginning up to now. The first wings were complicated 
systems of supporting beams and cross girders covered by a non-supporting 
skin which supplied the aerodynamically required shape—an imitation in a 
certain sense of the methods customary in bridge design. Now we tend more 
and more to a sort of “monolith” pattern where the whole wing must be com- 
puted as a self-supporting elastic shell or plate of very complicated form. The 
classical theories of elastic plates and shells with their linearized differential 
equations are not always sufficient and must be replaced by equations which 
involve certain terms of second order. Further problems arise in the design of 
the fuselage and similar constituents of an airplane, and I may mention here 
a new type of a two-dimensional elastic continuum which might suggest some 
interesting mathematical research work. It was introduced some years ago by 
Herbert Wagner in connection with the increasing use of thin metal sheets in 
airplane design. Wagner considers a strain and stress field in the xy-plane 
where the usual equilibrium conditions 

Oo. (OF: Or Oday 
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(o,, ¢,, 7 stress components) are fulfilled. But, instead of the usual two strain 
stress relations it is assumed that one of the two principal stresses, 


oz to oz — F,\2 
(20) 01, = Tt 4/4 (—) ; 


say g2, is constantly zero and a alone is proportional to the expansion in its 
direction, 


(21) eo Q, Co Fe. 


This system of equations (19), (20), (21) determines completely a manifold of 
two-dimensional stress fields, as does, for example, the classical theory of plane 
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fields. It turns out that in the new case one of the two families of principal 
stress lines consists of straight lines and that we can therefore represent the 
general solution by means of four arbitrary functions. On the other hand, what 
would be essential, the corresponding boundary problem is not yet solved, even 
not yet formulated in a sufficiently general way. 


6. Elastic stability problems. The last group of problems I want to mention 
here is concerned with elastic stability and is connected with the questions of 
vibrations which are a decisive factor in high speed aircraft. Starting with 
the famous stability investigation of Euler for a loaded column, mathematicians 
for two centuries have developed various solutions of stability problems, most 
of them concerned with one-dimensional continua. The large application of thin 
sheets in airplane design suggested many investigations in the field of elastic 
disks, plates, and shells. To give an example of one of the finest achievements 





~~ ~+ + _]| 
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I quote the problem solved by R. V. Southwell in 1924. A plane, infinite, rectan- 
gular strip is charged by shearing forces along its boundaries (Fig. 8) and it is 
asked under what load the strip loses its plane form. Mathematically speaking, 
we have the homogeneous partial differential equation of fourth order 
O7u 
) 


Oxdy - 


(22) AAu = 





and ask for the smallest Eigenwert (proper value) \ when the boundary con- 
ditions are 


2, 
(23) u=0 and eet for y= + 1, 
dy? - 

The results of the mathematical theory of elastic stability are generally in 
accordance with experiments as far as plane sheets are concerned. Considerable 
discrepancies (not quite explained) are found in cases of cylindrical and spherical 
shells. Recently Th. v. Karman and his disciples made a hopeful attempt to 
clear up these difficulties by enlarging the fundamentals of the theory. At any 
rate, a large field of mathematical research useful in aviation opens aa a 

Let me conclude, with these hints, my very incomplete and in many respects 
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most unsatisfactory report. I only hope that I have given you the impression 
that there is something for mathematicians to do, if they want to help in future 
progress in aeronautical engineering. 
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THE RESOLVENTS OF A POLYNOMIAL* 
J. M. THOMAS, Duke University 


1. Introduction. The present paper is to be regarded as a synthesis of meth- 
ods for solving the quartic and for proving the fundamental theorem of algebra. 
For a polynomial f(z) with complex coefficients we define two resolvents R:, R, 
and find a simple relation between their roots and those of f (Theorem 5.1). 
Either of the resolvents may be employed to prove the fundamental theorem and 
to solve the quartic. We give the detailed discussion for R,. For the reduced 
quartic, R, is converted by the transformation k=2x into the resolvent cubic 
appearing in Descartes’s solution. Moreover, R, can similarly be transformed 
into the equation which Lagrange defined and applied in particular to the 
quartic. In the case of real coefficients Gordan{ has employed a polynomial 
closely related to R, in simplifying Gauss’s second proof of the fundamental 
theorem of algebra. The proof of the fundamental theorem given here is believed 
to be simpler than Gordan’s. 


2. Definition of the resolvents. Let f(z) be a polynomial of degree 1 with 
complex coefficients. Write z=x+7y and 


(251) f(z) = g(x, y) + iyh(x, y), 


where the terms of odd degree in y have been segregated so that g, h are poly- 
nomials in x, y*. We denote by R, the resultant of g, h written as polynomials 
in y’ and by R, the resultant of g, h written as polynomials in x. The polynomials 
Rz, R, will be called respectively the «-resolvent and the y-resolvent of f. 

First we wish to find the degree of R,, R,. By Taylor’s theorem, 


See 
> f(x) 


7=0 J 


f(z) 





(zy)? 


[(n—1)/2] 


[n/2] 
Pe nak 16 iy >> Fay a 
k=0 k=Q 


where the brackets mean “the largest integer in,” and where f,_; is the polyno- 
mial of degree n —/ in x given by 
ha 1) Q/2)20-0) FO) (4) /T!. 


Thus for 7 even and equal to 2p we have 


g(x, y) = foy” + tyy* + gas ae + Ie 
: bky 9) SESE ak Soe ere 
* Presented at the meeting of the Southeastern Section of the M 
America at Athens, Georgia, March 29, 1940. 
} J. L. Lagrange, Oeuvres, vol. 8, Paris, 1879, pp. 24-28, 67-68 


a ies a eae : 
qt ‘ Gordan, Uber den Fundamentalsatz der Algebra, Mathematische Annalen, vol. 10, 1876 
pp. 5/2-575; Invariantentheorie, vol. 1, Leipzig, 1885, pp. 166-174 . > cae 


(322) 





athematical Association of 
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and for 1 odd and equal to 2p+1 we have 


g(x, y) 3 ihe ae mat ks ate ae nen SE Sn 
Dey fyee ai fay sre or Inte 


The term of maximum degree in R, will result from selecting the term of high- 
est degree in each element of the determinant form of R., provided the resulting 
coefficient is not zero. All terms in the resultant have fixed weight, even if the 
coefficients have the indices above instead of the conventional 0, 1, 2,--- used 
in defining the resultant. Hence we need examine only one term for degree. 
In the even case, »=2), there is a term in f?~’f{ whose weight in the f’s is 
n(p—1)+p=p(2p—1) =4n(n—1). Hence R, is of grade* 3n(m—1) in x. To find 
the coefficient of the highest power of x, replace in R, each f; by its leading term 
to get a determinant D all of whose terms have grade 4n(n—1). To show that 
D+#O0, we evaluate it for x=1: 


(3) 


eé —€ footy 1 0--:-> 
D(A) = 
—€ e —e::: 1 0 Aes 
where e= +1. It is seen that D(1) is the resultant of 
P= ex? —exP3?+---—a+1, 
a= oe seas ae Reo in oe 
If D(1) were zero, P, Q would have a common factor which would have to divide 
P—Q=ex?. As x divides neither P nor Q, we see that D0. 
If n=2p+1, we consider the term fh ? whose weight and degree in x are 


np =3n(n—1), and reach the same conclusion. 
A similar argument is used to prove that R, is of degree 3n(m—1) in y’. 


3. Conjugate polynomials. If a isa complex number, the conjugate complex 
number is denoted by 4. Similarly, 2, 2 represent conjugate indeterminates. The 
polynomial f* arising from f by replacing each coefficient (but not z) by its con- 
jugate is called the polynomial conjugate to f. The polynomial f has real coeff- 
cients if and only if f=f*. Clearly 


(3.1) f(z) = f*(). 
By use of this relation we readily obtain 
(3.2) Gtge=fte, Ura re 


that is, the operation of taking the conjugate polynomial is distributive over 


both sums and products. BEY. ; . 
If ¢ is the highest common factor of f, f* and if the initial (that is, leading co- 








* The grade in x is the maximum exponent of x appearing in the polynomial, 
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efficient) of ¢ is unity, simple manipulations based on the second of (3.2) show 
that ¢ has real coefficients and that we may write 


(3.3) f= PE fF = $8", 


where every pair from ¢, g, g* is relatively prime. 

Now let F be a polynomial with real coefficients divisible by f. Then F=Wdg 
implies F=y*og* because of (3.2). Hence F is divisible by g* and, since g* is 
relatively prime to g, F is divisible by the product gg*, whose coefficients are real 
and whose degree is at most double that of f. Accordingly, we have the following: 


THEOREM 3.1. If a polynomial with real coefficients has a factor whose coeffi- 
cients are complex and whose degree is k, it has a factor whose coefficients are real 
and whose degree is at most 2k. 


4. Proof of the fundamental theorem. If f has complex coefficients, as we 
have seen ff* has real coefficients. Moreover, if z is a root of ff*, then z is a root 
of f or of f*. If z is a root of f*, from (3.1) rewritten as 

f() = f*(2), 
we see that f(2) =0. Hence f(z) =0 and 2 is a root of f. Consequently, if every 
polynomial of positive degree with real coefficients has a root, every polynomial 
of positive degree with complex coefficients has a root. 

Accordingly, let f be a polynomial with real coefficients. The coefficients of g, 
hin (2.1) and those of R:, R, are then also real. 

Let the degree of f be n=2*-g, where q is odd. The pair of numbers (Rk, q) 
will be called the index of f. If (1, r) is the index of a second polynomial g, then f 
is said to have higher index than g provided either (i) kR>lor (ii) k=l and ¢>r. 

We wish to prove by induction on the index that every equation with posi- 
tive degree and with real coefficients has a complex root. As a starting point, 
we have the case of index (0, q), that is, the equations of odd degree. Each of 
these has a real root by the well known theorem whose proof is based on the 
axiom of continuity. Accordingly, we consider a polynomial f with real coeffi- 
cients, even degree, and index (k, g) and assume that every polynomial with real 
coefficients, even degree, and lower index has a complex root. 


The problem of finding the roots of f is equivalent to finding the roots of the 
simultaneous system 


(4.1) g(x, yy =20; yh(x, y) = 0. 


The roots z we wish can all be obtained from real values of x, y. It is clear, how- 
ever, that a solution (x, y) of (4.1) leads to a root ¢ of f even if x or yis imaginary. 
It is convenient not to make the restriction that x, y be real. Consequently, there 
will be several pairs (x, y) which will give the same root zg. Moreover, we shall 
ultimately see that the factor y in the second equation of (4.1) can be omitted 


without losing any roots of f. In any event, it is certainly sufficient to prove the 
existence of a root (x, y) of 
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(4.2) g(x, y) = 0, A x,;y) = 0. 


Regarded as equations in y’, these equations have resultant R,;. Moreover, since 
g contains 7y raised to the even power 1, the initial of g is + the initial of f and 
is not zero. Consequently, if R.=0 has a root x, the polynomials g, h evaluated 
for that x have a common factor of positive degree in y?. 

___Now R, has degree $n(n—1). Since n—1 is odd, the index of R, is (k—1, 
n—1 q), and this index is obviously lower than that of f. By assumption, R, has 
a complex root a+7. For this x the polynomials g, h have a common factor, 
which from (2.1) is seen to divide f(a+6i+ 7), so that we may write 


(4.3) f(a + Bit yt) = (y")¥(y). 


We wish first to dispose of the case when both ¢ and y are of degree 3n in y. 
Then ¢ is of degree {7 in y? and ¢¢* is a polynomial which has real coefficients, 
which has degree 37 in y? and which therefore has index (k—1, g). By assump- 
tion, ¢¢* has a complex root y*. As we saw at the beginning of this section this 
root leads to a root y* of @ and hence by the extraction of a square root to a 
root of f. Accordingly, in proving that f has a root, we may assume that ¢ or yp 
has degree <3n in y. 

Changing the indeterminate to z=a+$i+ i in (4.3) gives 


(4.4) f(z) = fil@)fol2), 


where f,; has complex coefficients and degree less than 3”. Theorem 3.1 shows 
that f has a factor whose coefficients are real and whose degree is less than 7. 
Changing the notation, we may therefore interpret the fi, fe in (4.4) as having 
real coefficients and positive degree less than m. Let the indices of fi, fe be (i, q1), 
(ko, gz). If both ki, ke were greater than k, then , which equals the sum of the 
degrees of fi, fo, would be divisible by a higher power of 2 than the kth. Hence 
the notation can be chosen so that ki Sk. If ki<k, fi; has a root because its index 
is less than (k, q). If ki=k, the fact that the degree of fi is less than n gives 
2'1g, <2*q or qi<q, and the index of f, is again less than (R, q). 

Hence every polynomial with real coefficients and with index (k, g) has a 
root, the induction is complete, and the fundamental theorem of algebra is fully 
established. 


5. Roots of the resolvents. We return now to the consideration of the resol- 
vent R, when f has complex coefficients. Let 21, 22 be arbitrary complex numbers. 
By the formulas 


1 i 
ete ere ae OF Ueesg et 


we define complex numbers x, y so that 
2= x + 1y, Zo = % — 1Y. 


From (2.1) we then have 
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f(a) = g(%, y) + tyh(x, 9), 
S(22) = g(x, — y) — tyh(x, — 9) 
= g(x, y) — tyh(x, 9). 
Solving these for g, h and substituting from (5.1), we have the identities 
3Lf(21) + f(ze)] = gl3 (ei + 22), 22(21 — 22)], 
(S.2) f(z) — f(z) 


ol 22 


h[3 (zi + 22), $7(21 — 22) ]. 


Now if 21, 22 are distinct roots of f, we see from (5.2) that [4(z:+22), 24(21—22) | 
is a root of (4.2). Consequently, 3(21+22) is a root of R, and —+(z,;—22)? is a root 
of R,. If f, R., and R, have no multiple roots, we accordingly have the truth of 
the following: 


THEOREM S.1. The roots of Rz are the n(n —1) arithmetic means of the roots of f 
taken in pairs. If the roots of R, are multiplied by —4, they become the 4n(n—1) 
squares of the differences of the roots of f. 


To show the truth of the foregoing theorem in the general case, we proceed 
as follows. Let the initial of f be unity and let its roots be the indeterminates 
Z1, 22, °° + , Sn. The coefficients of the x-resolvent of f are symmetric polynomials 
in the 2’s. Let Q, be a polynomial in x which has the same initial as R; and which 
has the 3u(n—1) roots $(2;+2:), (74k, j, R=1, 2,---,m). Our task is to prove 
that the polynomial 


(5.3) Q.—R, 

is identically zero in x, 21, - ++ ,Z,. We already know that (5.3) vanishes identi- 
cally in x when the roots of f and of R, are simple. Choose 2), - - - , Zn, succes- 
sively as positive integers satisfying 

(5.4) By Pi igs See 

Then the values z;, 3(z;+2,) are all distinct. Consequently, (5.3) has for coeffi- 
cients polynomials in 21, - - - , g, which are zero for all positive integers z chosen 


in accordance with (5.4). 
To proceed, we find it convenient to have the following: 


THEOREM 5.2. A polynomial in x, - « - » Zn whose grade in the indeterminate 2; 
1s g; 1s identically zero if and only if it has the roots (21, 22, +++ , Zn), where each s; 
ranges independently over a complete residue system mod g;+1. 


The proof, made by induction and based on the theorem that a polynomial 
in a single indeterminate is zero if it has distinct roots greater in number than 
its grade, is left to the reader. 

Since each residue class for any modulus contains arbitrarily large integers, 
it is clear that we can find integers (g1,--+-, Zn) satisfying both (5.4) and the 
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condition of Theorem 5.2. Hence (5.3) has coefficients which are identically zero 
In 2, Z2,°-°-, %,, and Theorem 5.1 is completely established, in so far as it con- 
cerns R,. The treatment of R, is similar and is omitted. 


6. Solution of the x-resolvent for the quartic. If »=2, R, is linear and can 
be used to solve the quadratic. For 1 =3, R, is cubic; and every cubic is the x-re- 
solvent of a second cubic. 

If 7 >3, however, 32(n—1) >n and Theorem 5.1 shows that R, is an equation 
of degree $n(m—1) with special properties since the roots of R, can be found by 
solving the equation f of degree n. 

It is instructive to use these special properties to solve R, in the case of a 
quartic 


(6.1) f(z) = 24 — Eyz? + Foz? — Eyz + Ea. 
The x-resolvent R, satisfies 
R, = (2x)® — F,(2x)5 + Fo(2x)4 — F3(2x)3 + Fa(2x)? — F;(2x) + Fe, 
where 
Fi=3E,, Fe=3Ei+2E, F:= Ei +4EEy, 
PE ere key hy — 4k 0 = Bile BBs 4B Bg 
Ea ES OF aa OM 
Denoting the roots of f, R: by 2;, x., we write 
(6.2) 21+ zo = 2%, 21 + 23 = 2%, 21 + 24 = 243, 
Z3 + 24 = 26, Zo + 24 = 24s, Zo + 23 = 2X4. 
We then have the obvious relations 
(6.3) %1 + x6 = Xo + Xs = X39 + Xe = FF. 
Next evaluate the elementary symmetric polynomials for the x’s. We have 
es Xke = X1N— Hb wavs + x34 + (xe + 4X5) (x3 + 4) 
4+ (x3 + a4) (41 + x6) + (41 + 46) (%2 + 45). 


Each of the first three terms is the product of two letters constituting a pair in 
(6.3). The others are products of letters from different pairs. Write similar ex- 
pressions for the other elementary symmetric polynomials in the x’s. Denote the 
elementary symmetric polynomials in the three products x1%6, X2%5, Xax4 by 
Gy, Go, G3. We then have, by use of (6.3), 


| 
Fy =a 3Fi, Fs = 4G, + SF, 
2 
Fy=8E:Git FE, Fi= 16G.+4EGi, 
FO IBEGE Fe = 64G3. 


II 
I 
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Hence Gi, G2, G3 are polynomials in the E’s, which are easy to write from the 


above formulas. 
The three products x1%6, X2%5, %3X4 are the roots of 


(6.4) = Gite Gl Ge 


The roots of this cubic can be found by Cardan’s method. These values equated 
tO X1X5, Yes, X3X4 and (6.3) give the equivalent of three quadratics whose roots 
are the pairs 


(6.5) Xi, X63 Lee Soe ve 


The order in which the roots of the cubic are identified with x1%¢6, 2X5, X3%4 makes 
no difference because of the symmetry of (6.3). 


7. Use of R. to solve the quartic. Now suppose x1, --- , x» found, and seek 
the roots of the quartic. First the x«’s must be grouped into three pairs (6.5) each 
of which has sum equal to 34. It is, moreover, an easy exercise in symmetric 
polynomials to show that (6.1), (6.2) imply also 


Wel) (%1 — %6)(x2e — %5)(%3 — x4) = — f’(4E)). 


Suppose x1, --- , x5 have been identified with the roots of R; in such a way 
that both (6.3) and (7.1) are satisfied. Because of (6.3), system (6.2) comprising 
six equations is consistent in the four unknown 2’s and has the unique solution 


21 = X11 + Xe — X%, 23 = — %1 + Xo + XM, 


Zo = X%1 — Xo + XM, y= — x, + 43+ 43. 


(7,2) 


The following statements are readily verified: (i) if the pairs (6.5) are permuted, 
the order in each pair being preserved, the values (7.2) are simply permuted; 
(ii) if the order is inverted in two pairs simultaneously, the values (7:2) rare 
again permuted; (iii) if the order is inverted in any single pair, the roots (7.2) 
are changed into a single set, which in general is different from (7.2). The last 
inversion, however, preserves (7.1) only if f’(44,) =0. When f’(4E;) =0, it is 
seen from (7.1) that the two members of at least one pair, say 1, 6, are equal. 
The transposition (16) will not alter (7.2), whereas the transposition (25) can 
be replaced by (16)(25) which has been seen to permute (7.2). Hence if the x’s 
are roots of R, satisfying (6.3) and (7.1), the only possible roots of (6.1) are given 
by (7.2). Since the fundamental theorem states the existence of four roots, the 
numbers (7.2) must accordingly be roots of Pe 

Since ) x =$)-z, the same translation will make the sum of the x’s and the sum 
of the z’s simultaneously zero. This translation leaves (6.3), (7.1), (7.2) invari- 


ant. We now interpret the formulas as applying to the reduced quartic. The sum 
of each pair (6.5) is zero. Hence if the quartic is 


(7.3) a4 + Oz? + Re +S, 


the solution is 
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21 = %1 + X2 + 4s, 23 = — 4+ x — Xs, 


Zo = X%1 — Xe — Xz, 4 = — 41 — x2 + 43, 


rs 


where Xj, x2, X3 are roots of the resolvent 
R, = (2x)® + 20(2x)4 + (0? — 4S)(2x)? — R? 
which satisfy 
8x1X29x3 = — R. 

The solution is readily recognized as Descartes’s with the answer put in Euler’s 
form,* and the resolvent as the resolvent cubic in k = 2x. 

We note in passing that the quartic 

s* + 02? — Re +5, 


which is distinct from (7.3) if R#0, has the same resolvent as (7.3). Its roots 


are the negatives of those of (7.3) and satisfy (7.1) only in the exceptional case 
R=0. 


8. Use of resolvents in the general case. From $5 we know that for an equa- 
tion of degree m we may write 


(8.1) 2; + 2% = 2X ;jx, (7 =F); 


where xj, are the roots of R,. When R, has been solved, it is possible to order the 
roots x so that (8.1) are consistent and give the roots of f. We shall not deduce 
the criteria like (6.3) and (7.1) for identifying the roots with xj, but simply re- 
mark that when identification has been properly made, a unique solution is 


Z1 = X12 + X13 — X23, 


I 
bo 
~ 
Ww 
~ 
- 
~ 
~ 
~~ 


%; = 241; — X12 — X13 + X23, (J 
Similarly, a solution of f in terms of the roots of R, is 


1 


n 
= Ne — (2 =a pees E. vie), 


n k=2 


j= “(4 +2i>> vit) = Dy, 1 2, By os 1): 
nN k=2 
We wish next to verify that system (4.2) gives all the roots of f, as was stated 
in §4. If all the roots of f equal 21, by Theorem 5.1 all the roots of R, equal z; and 
all the roots of R, equal zero. In this case the only root of (4.2) is (a1, 0) and it 
gives the root z=2,+0-i of f. If 21, 22 are distinct roots of f, from (5.2) we see 
that [3(z:+2:), +1;(z,;—z2)| are roots of (4.2) and they give, respectively, 


z= 4(2, + 22) + 32(21 — 22)t = 22, 


z= 3(a1 + 22) — Zila — 22)t = 21 





* Cf., for example, J. M. Thomas, Theory of Equations, New York, 1938, pp. ile BP Kep 
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as the roots of f. Since every other root of f is different from 2; or from 22, this 
argument can be repeated to show that (4.2) gives all the roots of f. 


9. Alternative resolvents in the complex case. If we write 
Sel SLL 


where g, / are real, and let S,, S, be the resultants of g, h written as polynomials 
in y, x respectively, we have alternative resolvents for the complex case. More- 
over, if all initials are made unity, and if f has real coefficients, then 


Ne = fRe Sy = y Ry. 


In any case, the n? roots of S,, S, have, respectively, the forms 3(z;+ wz), 
(2;— wz) /21, where 2; is a root of f, w, is a root of f*, and 7, k range independently 
over 1-2-2 9, 


QUESTIONS, DISCUSSIONS, AND NOTES 
EDITED BY R. J. WALKER, Fine Hall, Princeton, N. J. 


The department of Questions, Discussions, and Notes in the MONTHLY is open to all forms of 
activity in collegiate mathematics, except for specific problems, especially new problems, which are re- 
served for the department of Problems and Solutions. 


THE GNOMONIC PROJECTION OF THE SPHERE 


A. D. BravLey, Hunter College 


The important topic of map projections receives little emphasis in courses in 
mathematics. It is the purpose of this note to present the development of the 
transformation for the gnomonic projection as an exercise in plane trigonometry 
and analytic geometry. Since the gnomonic projection is one of the most vener- 
able developments of the sphere, no particular originality can be claimed for the 
material presented here. However the transformation in its polar form (formulas 
I below) seems not to be given in the standard treatises on projections, and the 
rectangular form of the transformation here given involves only one auxiliary 
angle rather than the two usually given.* 

The gnomonic or great circle projection of the sphere has the property that 
great circles on the sphere are mapped by straight lines, and, that straight lines 
on the map are projections of great circles on the sphere. The importance of this 
projection in navigation is obvious. The gnomonic projection belongs to the 
general class of perspective projections, and is, therefore, a projection in the 
geometric sense. The principle of the perspective projections is that the points 
of the sphere are projected on the plane of the map by straight lines through some 





* See, for example, the treatment given in the following: 
A. Germain, Traité des Projections des Cartes Géographiques, Paris, 1866. 
Norbert Herz, Lehrbuch der Landkarten Projektionen, Leipzig, 1885. 


Deetz and Adams, Elements of Map Projection, U. S. Coast and ¢ 


a seodetic Survey, Special 
Publication No. 68, fourth edition, 1934, ta 


1940] QUESTIONS, DISCUSSIONS, AND NOTES 695 


given point. In the gnomonic projection the center of projection is the center of 
the sphere. From this it is obvious that the parallels of latitude are mapped as 
conics and the great circle property mentioned above is also obvious. 

In the works of Germain and Herz, formulas are developed for the general 
perspective projection, and the gnomonic is obtained as a special case. Adams 
and Deetz obtain the formulas for the gnomonic transformation directly by 
using spherical trigonometry. The following development consists in finding the 
polar form of the transformation by plane trigonometry and transforming this 
to obtain the rectangular form. 

In Figure 1, Cis the center of a sphere, O’ its north pole, and A’B’ an arc of 
its equator; the sphere is to be mapped on a plane, OAB, which is tangent to 
the prime meridian, O’TA’, at a point T of given latitude ¢;. It is required to 
determine the codérdinates of P in the plane OAB as functions of the latitude, ¢, 





Fie. 1 


and longitude, 0, of the corresponding point P’ of the sphere. If polar coérdinates 
are used, and if the projection of the prime meridian, OTA, is taken as the 
axis, then the coérdinates are a=angle AOB and p=OP. Itis convenient to use 
an auxiliary angle, 8=angle COB, the angle between the polar axis and the 
projection of the meridian O’P’B’, Expressions for a, B, and p are easily found 
by trigonometry, since OC is perpendicular to the plane ABC; BA to the plane 
OAC; and, CT to the plane OAB. 
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Triangle OCA: CO = r csc 91, 
CA =-F-Sec di, 
OA = r csc ¢1 Sec 41. 
Triangle CBA: AB=rsec ¢; tan 6, 
GB =r sec a7 sec 0; 


r sec o; tan 6 


(Ia) Triangle OAB: tana = sin ¢; tan 8. 


r CSC dy SEC dy 


r sec d, sec 8 
———————— = tan q, sec @. 


(Ib) Triangle OCB: tan B = 
r csc d, 


r csc $1 cos d 


Uae r csc $1 Cos ¢ sec (f — 8B). 


(Ic) Triangle OCP: p= 


If a gnomonic chart is not to include the polar regions, it is convenient to 
express the transformation in rectangular coérdinates. If the projection of the 
prime meridian is taken as the X-axis and the projection of the meridian of 90° 
as the Y-axis, the formulas for @ and p are readily transformed to expressions 
for x and y. 

From (Ib) we have 


sec” B cos? d; = (tan? B + 1) cos? d1 
= (tan? ¢; sec? 9 + 1) cos? ¢, 
= sin? ¢; sec? 86 + cos? 4 
= sin? ¢; tan? 6 + 1. 


From (Ia) we have 


x? + y? 


sec? a = tan?a +1 = — 





9 
a 


x 


= sin? ¢; tan? @ + 1. 


Hence 
Sal a 
(ITa) ares = sec? B cos? ¢4. 
x 
From (Ic) we have 
(IIb) p> = x? + y? = 7? csc? gd; cos? d sec? (@ — B). 


Solution of equations II yields 


(IIa) fe 
sin 2¢; cos (@ — B) 
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r cos ¢ cos B tan 0 
cos $1 cos (@ — B) 


If the point of tangency is taken as the origin and the X- and Y-axes are 
respectively the projections of the prime meridian and the great circle orthogonal 
to it at 7, the transformation becomes 


(IIIb) we 





x = % — 7 Cot dj, 
(IV) 
vy = yy. 


- - 


The transformation (IV) is of course equivalent to that given by Deetz and 
Adams. The formulas of Deetz and Adams involve functions of two auxiliary 
angles, while the above transformation requires only the auxiliary angle 8. In 
the actual construction of a map it is sufficient to calculate the codrdinates of 
only two points in order to determine a given meridian. The parallels may then 
be plotted by finding one coérdinate of their intersection with the meridians. 

The parallels are mapped as conics with eccentricity e=cos ¢; csc ¢. 

From (Ila) we have 


cos B = cos a COS gy, 


p cos B = pcosa cos ¢; = x COS gi, 


2 


p” sin? B = p?(1 — cos? ¢; cos? a) 
= p*(1 — cos? a + sin? ¢; cos” a) 
= y? + x? sin? d1. 
Equation (Ic) may be written in the form, 
p tan @ sin B = rcsc d; — p cos B. 


Squaring this equation and applying the above relations, we obtain the equa- 
tion of the parallel of ¢°, 


(V) (sin? pd; tan? @ — cos? g1)x? + 2r cot dix + tan? py? = 7? csc? g1. 
If 
f = sin® ¢; tan? ¢ — cos? ¢; = sin? g; sec? @ — 1, 
then 
fcot?¢d=1-—e?, and f csc? di + cot? gi = tan’ ¢. 


For f40, equation (V) may be written, 
r cot ¢,\? beats . 
(VI) (1 — e?) (« + =) + y? = (1 — e?) p tan? ¢. 


The parallels in the interval 90°—¢: <¢ <90° are mapped as ellipses, for in this 
case 0<f and e<1. Similarly, if —(90°—¢1) <6 <90°—qi, f <0 and 1<e, and 
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these parallels are mapped as hyperbolas. If ¢ =90° —¢y, then f=0 and e=1, and 
equation (V) becomes 


y? = — 2r cot ox + r? csc? ¢, 


so that the parallel of 90°—¢; is mapped by a parabola. 

Two special cases of the gnomonic projection are of interest though not of 
great practical importance. If the plane of the map is tangent at the pole of the 
sphere, the parallels are mapped as circles. If the plane of the map is tangent at 
the equator the parallels are mapped as hyperbolas. Many elementary exercises 
of rather interesting character may be based on these special cases.* While the 
gnomonic projection has little practical application other than navigation, it 
was in use long before the relatively late development of great circle sailing, and 
tradition would make it one of the first projections used by the Greeks. The his- 
tory of this projection has been fully treated by Giinther and d’Avenzac.f 
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Non-Euclidean Geometry or Three Moons in Mathesis. Second edition. By 
Lillian R. Lieber; drawings by H. G. Lieber, Lancaster, Pa., The Science Press, 
1940. 40 pages. $1.25. 

Mathematisch-Astronomische Bldatter, mit tiber 100 Figuren auf 11 Tafeln. 
Heft 1. March, 1940. (Herausgegeben von der Mathematischen-Astronomischen 
Sektion der Freien Hochschule fiir Geisteswissenschaft am Goethaenum, Dorn- 
ach, Switzerland. Winterthur, A. Vogel, 1940. 96 pages. Fr. 3.50 (Swiss). 

Wiley Trigonometric Tables. New York, John Wiley and Sons, Inc. ; London, 
Chapman and Hall, Limited, 1940. 3+-81 pages. $0.75. 


REVIEWS 


Advanced Algebra. By S. Barnard and J. M. Child. London, Macmillan and 
Company, 1939. 10+278 pages. $4.00. 


The Advanced Algebra by Barnard and Child is a continuation of the Higher 
Algebra by the same authors. Its scope has been determined by what is neces- 
Se 

* Appropriate references may be found in Club Topics, No. 32, this MONTHLY, vol. 46, 1939, 
p. 650. See also W. H. Roever, Some drawings and graphic solutions in navigation, this MONTHLY, 
vol. 25, 1918, p. 415. 

+ d’Avenzac, Coup d’Oeil Historique sur la Projection des Cartes Géographiques, Paris, 1863. 

S. Giinther, Die gnomonische Kartenprojektion, Zeitschrift der Gesellschaft fiir Erdkunde 


zu Berlin, Band 18, 1883. 
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sary for Honors Degrees at the Universities. Consequently it deals with the 
subjects set forth in the following list of Chapter headings. 

I. The homographic relation. II. The quadratic and systems of quadratics. 
III. Double series. IV. Uniform convergence. V. The complex variable. VI. 
Exponential and logarithmic functions. VII. Elimination. VIII. Probability. IX. 
Continued fractions. X. Quadratic residues. XI. Indeterminate equations of 
the second degree. XII. Primitive roots. XIII. The equation «"=1, where 1 is 


an odd prime. 
MAX ZORN 


Mathematics and the Imagination. By Edward Kasner and James Newman, with 
drawings and diagrams by Rufus Isaacs. New York, Simon and Schuster, 
1940. 14+ 380 pages. 


The authors of this readable book have set themselves the task “to extend 
the process of ‘haute vulgarisation’ to those outposts of mathematics which are 
mentioned, if at all, only in a whisper; which are referred to, if at all, only by 
name; to show by its very diversity something of the character of mathematics, 
of its bold, untrammeled spirit, of how, as both an art and a science, it has con- 
tinued to lead the creative faculties beyond even imagination and intuition” 
(p. xiv). They have succeeded in that task by writing of many varied aspects of 
mathematics with wit and clarity. At the same time, they bring the reader re- 
peatedly face to face with the dangers of inaccurate reasoning and the need for 
clearly stated assumptions. 

In keeping with the title, Kasner and Newman have laid greatest emphasis 
upon those aspects of modern mathematics which seem so mysterious to the lay- 
man because of his inability to imagine objects to fit the concepts. Thus they 
include discussions of infinite classes and transfinite numbers in a chapter called 
“Beyond the Googol,” and chapters on “Assorted Geometries—Plane and 
Fancy,” and “Rubber Sheet Geometry.” Following the same theme, paradoxes 
of various kinds are discussed at various points throughout the book and there 
is a special chapter entitled “Paradox Lost and Paradox Regained.” 

In addition to these topics which seem highly dramatic, others more likely 
to be familiar to those who have had a moderate exposure to mathematics are 
also included. Thus, transcendental and complex numbers, chance and probabil- 
ity, and the calculus are all treated in the same readable fashion. 

While the book is full of amusing illustrations and engrossing puzzles, it is 
not as superficial as one might expect a book at the popular level to be. For ex- 
ample, the description of the invention of the term “googol” by Dr. Kasner’s 
nine-year-old nephew is amusing, but underlying it is a very serious attempt to 
be: tees at ep “infinite” when applied to large and finite num- 

- Again, in scussion of four-dimensional and non-euclidean geometries 
cee ae ie ou ete fundamental assumptions underlying 
' ts. In 1on he is clearly shown the great danger in confus- 
Ing geometrical with physical space. Altogether, a great many famous and im- 
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portant mathematical problems, fallacies, and sources of error are covered by 
the authors. 

Another contribution which the present reviewer, at least, regards as im- 
portant is that the discussion deliberately leaves the reader dissatisfied at vari- 
ous points. For example, the concepts underlying the theory of point sets and 
the theorems of Hausdorff, Banach, and Tarski are presented at just enough 
length to create a desire for more. In addition to footnotes at the end of each 
chapter, the authors append a selected bibliography at the end of the book. As 
the authors say, “It is not (nor is it intended to be) full, authoritative, or exhaus- 
tive. It is merely an expression of personal tastes which may be helpful to the 
reader whose curiosity has been stimulated” (p. 363). A useful feature is that 
each book listed is described briefly and its relative difficulty is assessed. 

No listing of topics, even in greater detail than the list presented above, can 
convey the flavor of Kasner and Newman’s accomplishment. Quotation is not 
satisfactory either, since much of the humor in their examples and comments 
depends upon the setting in which they appear. With this warning, however, 
we may venture one quotation. In the discussion of infinite and finite numbers 
mentioned above we find the following example: “Though people do a great 
deal of talking, the total output since the beginning of gabble to the present 
day, including all baby talk, love songs, and congressional debates, totals about 
10!°. . . . Contrary to popular belief, this is a larger number of words than is 
spoken at the average afternoon bridge” (p. 21). 

It is difficult to guess what the audience of this book will be. The present 
reviewer approaches it as a layman with an interest in mathematics and some 
knowledge of the standard branches of the discipline. The reactions recorded 
above are therefore to be taken in that light. Certainly the reviewer’s interest 
and knowledge gained from the reading. It seems that the book should appel 
to anyone who wishes to learn something of modern mathematics. Perhaps, also, 


some will be led to discover an interest which they did not know existed. 
TA. RYAN 


Mathematico-Deductive Theory of Rote Learning. A Study of Scientific Method- 
ology. By C. L. Hull, C. I. Hovland, R. T. Ross, Vere e alle Per 
kins, and F. B. Fitch. (Published for the Institute of Human Relations.) 
New Haven, Yale University Press; London, Humphrey Milford and Oxford 
University Press, 1940. 12+331 pages. $3.50. 


The codrdinated efforts of a number of Yale specialists have resulted in this 
study in scientific methodology. Three of the authors, Marshall Hall, Robert T. 
Ross, and Donald T. Perkins, are mathematicians while the others come from the 
field of psychology. Psychologists have experimented with the theory of rote 
learning and demonstrated certain facts concerning it. Professor Hull made 
the experiment some years ago of applying formal theoretical methodology 
to this psychological problem. From the earlier study of a system consisting 
of only eleven theorems and from the present conviction that the time was 
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right to attempt a more complete experiment, this book has developed. 

In order to make the problem clear there is a chapter explaining the psycho- 
logical experiments in rote learning. Briefly, the subject is confronted with a 
rotating drum on which a series of meaningless syllables is placed. As each 
syllable is presented the subject recalls the succeeding one. The number of fail- 
ures before complete mastery of the series, the last failure on each syllable, and 
the first successful recall of each syllable are noted. From such data the psy- 
chologist has been able to reach some conclusions concerning the advantages of 
distributed over massed practice and evidence that there are optimal lengths of 
learning tasks. 

The system itself is constructed to conform to scientific procedure. Thus 
there are 16 undefined terms including syllable exposure, subject, reaction, stimu- 
lus trace, excitatory potential, inhibitory potential, reaction threshold, and basic 
reaction latency. These are used in defining over 80 terms such as syllable presen- 
tation cycle, syllable presentation number, rote learning, massed practice, and 
compound stimulus trace. This list of definitions is followed by 18 postulates and 
54 theorems with corollaries. 

For the benefit of different classes of readers the authors have used double 
proofs and explanations. In stating the definitions and postulates after careful 
wording one finds restatement in symbolic logic. Further, each mathematical 
proof of a theorem or corollary is followed by a paragraph in ordinary language 
rewording the proof for non-mathematicians. This again in most cases is fol- 
lowed by data bearing on the validity of the proposition as found by experiment. 

The contents are impressive evidence that coéperating specialists in related 
fields can supply sounder concepts of behavior than it is possible in any single 
field alone. The numerical results from experiments on rote learning are analyzed 
to yield mathematical and logical corroboration of inferences from recorded ob- 
servations. It is an advantage to be able to express amounts of inhibition mathe- 
matically. And the concept of compound stimulus trace is more clearly interpreted 
by techniques of mathematics and symbolic logic than is possible in mere verbal 
description. ; 

Some of the theorems are particularly notable. Theorem XI, page 122, gives 
proof concerning retention as evidenced by the economy of relearning compared 
to new learning. Theorem XIII, page 127, supports the advantage of distributed 
over massed practice by demonstrating that it is a linear function of the inhibi- 
tion induced by one repetition. Further, Theorem XIV states that the advantage 
of distributed practice is an increasing function of the number of repetitions 
needed for learning by massed practice. The relation between difficulty of learn- 
ing and length of series is brought out by Theorem XXVI, page 201. This and 
Acne sts theorems show that the increase in the number of repetitions needed 
or learning the longer series follows a mathematical equation. Theorem XX] 
and its corollaries seem to find proof not only of the greater difficulty of learning 


syllables in central positions in the series but also of the relative 


ly greater ad- 
vantage of distributed over massed pr set 


actice for this portion of the series. 
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Since most of the results obtained here merely corroborated experiments, 
the contribution of this book seems to be a pointing in the direction towards 
which mathematicians and psychologists can reduce controversy and promote 
more significantly planned and therefore more productive experimentation. 


CAROLINE A. LESTER 


Plane and Spherical Trigonometry. Second edition. By L. M. Kells, W. F. Kern, 
and J. R. Bland. New York and London, McGraw-Hill Book Company, 
Inc., 1940. 16+402 pages. $2.00. (With tables, $2.75.) 


This book is a revision of a well known text-book that appeared in 1935 and 
was reviewed by me in this MONTHLY, vol. 43, 1936, page 39. 

The second edition is considerably longer than the first, which ran to 270 
pages (exclusive of tables). Although the first edition already covered a wide 
scope of topics the new one contains in addition three appendices dealing with 
(1) the use of the mil in military science, (2) the range finder, and (3) stereo- 
graphic projection. The expansion of the text-book is, however, only in small 
part attributable to these appendices; it is due primarily to pedagogical im- 
provements resulting, as the authors state in the preface, from suggestions and 
criticism derived from classroom experience. To achieve a better psychological 
development, the first chapter and many sections throughout the book have been 
rewritten and amplified with a view to stimulating interest and motivating new 
concepts. Definitions and explanations have been clarified by fuller treatment 
and by the addition of numerous helpful diagrams and pictures. A feature nota- 
ble in the first edition and emphasized in the second is the skill of the authors in 
anticipating students’ difficulties; for example, in the new edition the passage 
from the definitions of the trigonometric functions of acute angles to the general 
definitions, which appear in a later chapter, is ingeniously bridged. 

The lists of exercises, though adequate in the first edition, have been consid- 
erably amplified, and sets of review exercises have been added. Following the 
practice observed in the earlier edition, the new exercises are graded and in 
many cases they are accompanied by provocative diagrams. A notable feature 
of the new lists of problems is the inclusion of numerous applications to naviga- 
tion, engineering, military science, and objects of everyday experience. Bright 
students will find many challenging exercises throughout the book. Answers to 
exercises are provided at the end of the book. 

It is regrettable, in the reviewer's opinion, that the authors have retained 
symbols such as sin“ ‘x for the inverse trigonometric functions. Another criticism 
that should be pointed out is that the authors have on occasion, though less 
often than is usual in books of this kind, followed traditional treatment at the 
expense of rigor; while some such lapses are inevitable in a text-book intended 
for freshmen, others can and should be avoided; for instance, in the derivation 
of the formula (page 130), tan ¢/2 =(1—cos ¢)/sin ¢, the authors of this book, 
like those of most trigonometry text-books seen by the reviewer, drop a minus 
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sign without explanation. Two typographical errors were noted by the reviewer, 
namely, a—bi for a+bi on page 201, and the spelling De Moirve for De Moivre 
on page 208. The reviewer does not intend, however, by his criticism to detract 


from the high merits of this excellent text-book. 
J. M. FELD 


MATHEMATICS CLUBS 


Epitep By E. H. C. HItpEsranpt, New Jersey State Teachers College 


All reports of club activities, suggestions, topics with references, and other material of interest to 
clubs should be sent to E. H. C. Hildebrandt, State Teachers College, Upper Montclair, N. J. 


Reports received indicate that a number of clubs sponsor a service for helping students, par- 
ticularly freshmen, who may be experiencing difficulties in their study of mathematics. Some col- 
leges have found it worth while to place in the hands of every freshman, directions on “How to 
Study.” An example is the “Guide to Study for DePauw Freshmen” which has been published by 
DePauw University and which includes suggestions for study of each of the major subjects. The 
material for the mathematics student has been prepared by Professor W. C. Arnold, and we are 
including it here in the belief that it may prove of aid to clubs as well as departments of mathe- 
matics faced with this problem. 


HOW TO STUDY MATHEMATICS 
W. C. Arnotp, DePauw University 


This paper has been written to help you, the student enrolled in freshman mathematics. It has 
for its specific purpose your instruction in the technique of studying mathematics. Studying is to be 
your career for four years. Take sufficient professional pride to be as efficient as possible in your 
career. 

The subject will be discussed under the heads: general instructions, how to study the text, 
how to solve problems, how to retain what is learned, how the teacher can help. 


A. GENERAL INSTRUCTIONS 


1. First of all go easy on extra-curricular activities until you have tried yourself out on college 
work, Make your adjustments to your studies and then if all goes well you can enter other ac- 
tivities later. 

2. Get down to work the very first days of the semester. In mathematics a good start is very 
important. It gives you the impetus to carry you along. - 

a; Take part in the class discussions yourself. Studying is an active process and not a passive 
one. It is not sufficient to read the book or listen to the teacher. It is like hearing someone use a 
word that is new to you. The word does not belong to you until you have used it several times in 
conversation or in writing. 

, 4. Study any assignment just as soon as possible after it is given to you. You are fresh from 
class instruction then and the lesson is easier to get. Review the lesson and recite it to yourself 
shortly before going to class. 

a Free ounel at once from any bad habits in mathematics which you may have acquired 
rom high school. Pay close attention to the teacher when he is talking about this. 

6. Find out as soon as possible if you have a command of the fundamentals necessary for the 
course. If you do not, have a conference with the teacher about it 
= ae ntial point in studying mathematics is to begin. There is more to this business of 

eginnin lan you may realize any s nts fai j i i oh i 4 
ay? z ye Sy era pik many students fail on just this point. They think they are 
: j ey just sit in front of < E 3e ime ; rVvO nati , 
sedi ofa dee Hs - a book. Choose a time to study your mathematics as soon as 

é assignment. This time should be when you are rested and your mind isalert and 
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ready to pounce on the material. Of course you cannot always have such an ideal situation. Do 
not wait for the proper mood to strike you—by going through the motions of study, you may 
acquire the proper mood. Turn off the radio and announce to your roommate that you have some 
heavy work to do, pull up a straight chair and sit down in an erect position at your study table, 
have paper and pencil handy, be sure to open the book, then—oblivious of everything else go after 
the lesson just as you would rush into an athletic contest. Concentrate on the lesson. If there are 
unavoidable distractions, overcome them, and do not use them as excuses for not doing your work. 
Hereafter the sum total of these activities will be referred to as assuming the aggressive attitude 
for the purpose of studying mathematics. 

8. Your work will be better motivated if you understand the aims of freshman mathematics. 
They are as follows: 

(1) To learn how to study mathematics effectively. 

(2) To learn to appreciate and to use logical reasoning, accurate thinking, and a careful and 
precise way of making statements. 

(3) To acquire ability with the processes learned so that you can use them in other subjects 
where they have applications, such subjects as advanced mathematics, astronomy, actuarial sci- 
ence, physics, chemistry, surveying and navigation, civil and electrical engineering, the statistical 
phases of many subjects like psychology, education, sociology, biology, and economics. The world 
does not need a large group of mathematics teachers but it does need a great many individuals who 
can use mathematics expertly. 

(4) To learn to appreciate and understand the statement: “Mathematics is the science of 
necessary conclusions.” 

(5) To learn and to appreciate the fascination of some topics of mathematics which are in- 
teresting in themselves, although they may not have any application to earning a living. 

B. HOW TO SPUDY THE TEXT 

1. Get acquainted with the arrangement of subject-matter in the book. Look through the 
tables and any other reference material present. Learn how to use the book and its helps. 

2. A definite method to be used in studying text-book material is presented here. It immedi- 
ately puts the student into action and gives him something to do about the text rather than to 
read it passively. 

(1) Assume the aggressive attitude. 

(2) Read through the text assignment with the specific purpose of discovering the central 
idea of the author. Do not try to work out all the details of the material; that can be done later. 
Read at a moderate rate—mathematics must not be read too rapidly. If you come across terms 
that are not clear, look up their definitions by using the index. 

(3) Read the material again, this time carefully working out all details. Copy the equations 
line for line, filling in any omitted steps. Be sure that you see why each step follows as a necessary 
result of what has gone before. If some point is not clear, do not puzzle over it too much but make 
a note to ask the teacher. However, hold to a minimum the points on which you must ask for help. 
When you work out a point for yourself, you build up your confidence. 

(4) After this second reading, write an outline of the material; this outline can be brief and 
should not tell you too much. It should be just adequate to suggest what is covered so that you can 
recite the lesson to yourself. It has several uses, to be described later. 

(5) Practice reproducing the material. Close the book and see if you can reproduce the discus- 
sion using only the outline you have made for a guide. Recite to yourself the parts which can be 
covered orally—write out the parts which are more involved. This is an important part of our 
method. It shows whether you have mastered the lesson. You need not use the exact language of 
the book. Making statements in your own words is good practice; but if the text-book is good, no 
one should be able to improve on the definitions of the mathematical terms used. . 

(6) Look for applications of the theory you have studied. Of course theory sometimes leads 
on to more theory and the applications come later. Sometimes the applications are problems to be 
solved. Proficiency in this will furnish motivation in your work. Frequently the teacher must 
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furnish the applications but you are ahead when you can do it for yourself. Once in a while you 
should be willing to work through a theory because it is interesting and will add to your life to 
know about it. Not all of our time each day is spent in earning a living. 

(7) Review the lesson just before class. Use your outline and see if you have forgotten any- 
thing. Take time to clinch all points. 

(8) If you have entered into the spirit of this method you will experience a feeling of satisfac- 
tion resulting from your efforts. The certainties which one encounters in mathematics are pleasing 
to most people. The conclusions are not matters of opinion—you can know when you are right. 


C. HOW TO SOLVE PROBLEMS 


1. Assume the aggressive attitude. 

2. Carefully study the theory preceding the problems and the illustrative problems in the 
text or those furnished by the instructor. 

3. Work the easier problems first and lead up gradually to the harder ones. If a problem gives 
trouble, drop it for the time and come back to it later, making a new start so as not to repeat your 
former errors. 

4. Practice at working accurately. If you find you are continually making numerical errors, 
check over every step of the work as you go. Success in working problems is tested by your getting 
right answers the first time you work them. At first, do not work hurriedly and under pressure— 
allot yourself plenty of time for solving problems. But as you improve in accuracy and your suc- 
cess is greater, increase the speed with which you work. You should finally be able to do your work 
quickly and expertly. 

5. In most problems it is possible to check your solutions. Get the habit of doing this rather 
than relying on the answer book. It is a great source of satisfaction on an examination. 

6. When solving a written problem by the use of algebra, first read the problem carefully. 
Then state the problem in your own words. This is absolutely necessary if you are to be successful. 
Use letters in place of the unknown quantities and state all the relationships given in terms of 
these letters. When you have done this, you will have as many equations as you have unknowns 
and can proceed to solve the equations. If the type of equations found does not seem to fall under 
the theory just studied, you have probably made a mistake somewhere, although this is not always 
the case. 

7. When solving a problem in geometry by the use of algebra, first state clearly what is known 
and what is to be done. Then make a rough approximate drawing, putting into it all you know 
from the statement of the problem. As you go along, you will find you know more about the situa- 
tion all the time. Then state the geometrical relationships in algebraic form and proceed to solve 
the equations set up. 

8. If the problem in geometry is to be solved by purely geometrical methods (without the use 
of algebra), state carefully the hypotheses and what is to be proved and draw the figure. Usually 
the best thing to do next is to assume as true what is to be proved and see if you can work back 
to the hypotheses. After you are successful at this, then reverse what you have just done. 

9. The solutions of problems in trigonometry are better described as the course develops, 
although much of what precedes will be helpful. The student should realize that a great deal of 
algebra is used in this subject. 

10. Remember that the letters used stand for numbers. If you are uncertain as to whether a 
certain manipulation is correct, try it on numbers. A common error is to use a+ as the equal of 
Va?+b*. The error is seen when you try V16+9 which is equal to 5. 

; 11. Many students have trouble with fractions. A simple but very important rule about frac- 
tions 1s contained in the equation: 

a a 

ie i) 


As an illustration where c/c is used as 1, we have the equation: 
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b 


S15 


This rule has many applications. 


D. HOW TO RETAIN WHAT IS LEARNED 


Often a student has conscientiously prepared each day’s lesson only to find a week later that 
he has forgotten most of what he has learned. This is fatal in several ways. You will find that every 
course in mathematics is accumulative. Each day’s work depends on what was done on the preced- 
ing days. Examinations will become a great difficulty to you and this will worry you and destroy 
your efficiency. Finally, if you are to have anything worth while from the course, the subject- 
matter and the procedures learned must stay with you. 

It is too often the case that a freshman fails on the first formal examination. This affects him 
in one of two ways. It may serve as a warning to stimulate him to get down to work as he should 
have been working from the first of the semester. It may make him despondent and disgruntled 
with the subject. In either case the situation is not the best it might be and is much better avoided. 

1. The answer to all this is that you must continually review. Devote some of the time you 
have budgeted for the preparation of your daily work to reviewing what you have learned. The 
proportion of time to be spent depends on how much you know. When you first review, say 
twenty pages of the text, go over all the principles and see what you have retained. The next time 
spend your time on those points in which you found you were weak the first time. Use the outlines 
you have made to suggest questions to ask yourself. When you once get this program going you 
will find you are more resourceful at preparing your daily lessons and you will spend less time on 
the assignments. 

2. When reviewing problems do not work at the most difficult ones. You will get tangled up 
in one that is extra hard or long. In a review you want to cover the ground. Work several easy 
problems and several moderately hard ones in each list. Select those which give a variety of types. 


E. HOW THE TEACHER WILL HELP 


1. The teacher will try to discover at once whether you are prepared in the fundamentals lead- 
ing to the course. 

2. He will give demonstrations of the technique described in this paper in the course and will 
try to convince you that it works. 

3. He will give conferences to you liberally. In return for this, do not bring an apple to the 
conference but instead have with you notes on specific questions you wish to ask. 

4. He will give a practice examination early in the course which will not count on the semester 
grade. This will let you know the type of thing that is expected of you. The papers will be handed 
back to the class and thoroughly discussed with the class. 

5. He will give clear explanations of the text material if it is especially involved and of prob- 
lems which have given difficulty. These explanations will be clear to you only if you have mastered 
the subject-matter to date. 

6. He will frequently furnish applications of the material in the course in order to give the 
student motivation. 

7. He will not lecture. He will invite the student to get into the game with him. 

8. Frequently the teacher will use short quizzes to find out whether the student understands 
the study methods described in this paper and to find out whether he is putting them into prac- 
tice. These ten- to twenty-minute quizzes will help the teacher find out which of the following 
remarks applies to you: (1) The student is not proficient in the fundamentals required for this 
course, (2) he does not study, (3) he tries to study but does not yet know how, (4) he does not re- 
tain what he has learned, (5) he is successful according to his ability, (6) he is doing satisfactory 


work. 
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PROBLEMS AND SOLUTIONS 
EDITED BY OTTO DUNKEL, ORRIN FRINK, JR., AND H. S. M. COXETER 


ELEMENTARY PROBLEMS 


Send all communications concerning Elementary Problems and Solutions to H. S. M. Coxeter, 


69 Chaplin Crescent, Toronto, Canada. 
The department of Elementary Problems welcomes problems believed to be new, and de- 


manding no tools beyond those ordinarily furnished in the first two years of college mathematics. 
To facilitate their consideration, solutions should be submitted on separate, signed sheets, within 
three months after publication of problems. 


PROBLEMS FOR SOLUTION 


E 446. Proposed by L. S. Johnston, University of Detroit. 


In an exercise on the piano, 1 notes, ki, ke, -- - , kn, are played in the order 
ki, ko, + + +, Rn1, Rn» Rn—1ty + * » Re, Ri, Re, - > - , im measures of m. If k; is the first 
note of the first measure, in what measure will the jth note be k;? 


E 447. Proposed by V. Thébault, Tennie, Sarthe, France. 
Find the locus of the center of a variable sphere which passes through a given 
point and touches two given planes. 


E 448. Proposed by Ruth Mason Ballard, Chicago. 

How many bridge hands are there with which it would be impossible to take 
a trick, no matter how the other cards are distributed or played, (a) if no trump 
were the bid, (b) if spades are trumps? 

E 449. Proposed by Esther Szekeres, Shanghai, China. 

Given 1 positive numbers a;, with 


ay = a2 Se he a an = 2n, a; 2 Ls (4 = lhe Z; ane Ty n), 
define a,,;=a;, (7=1, 2, ---) and 
Sis = Gi ee ees (v= 0,1,--- ). 


Prove that, for any A =O, there is an Sey with: 4.<s;, 5A--2. 


E 450. Proposed by Virgil Claudian, Roumanian Mathematical Institute. 
Evaluate 





n' ix? m® 11n* Jn 
lim (it) = ae es ei 
n=0 (e n ae 2 24 Lars 6 
SOLUTIONS 
E 411 [1940, 175]. Proposed by J. H. Butchart, Phillips University. 


) ro ‘ a eee 3 . ° z . . . 
oo rove that if the sides of a triangle form an arithmetic progression, the line 
joining the centroid to the incenter is parallel to one side. 
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Solution by D. L. MacKay, Evander Childs High School, New York. 
If a, b, c¢ are in arithmetic progression, we have, in the usual notation, 
$=3)/2, and 
r = A/s = 2A/3b = h,/3. 


Thus the incenter and centroid are equidistant from the side 0. 

Also solved by Michael Aissen, W. E. Buker, W. B. Clarke, T. C. Esty, 
Albert Furman, Emanuel Mehr, P. W. A. Raine, Hazel Schoonmaker, E. P. 
Starke, Herbert Tate, C. W. Trigg, Jeanette Van Os, and the proposer. 


Editorial Note. The sides being in a. p., so are the sines of the angles. Hence 
the above result is analogous to E 259 [1937, 54], where it is shown that, if the 
tangents of the angles are in a. p., the line joining the centroid to the circumcenter 
is parallel to one side. For W. B. Clarke’s refinement of the present problem, see 
the National Mathematics Magazine, vol. 12, 1938, pp. 194, 249. It has been 
shown by R. A. Johnson (Modern Geometry, pp. 149, 225) that, in any triangle, 
the line GI contains the Nagel point or “verbicenter” V, the centroid trisecting 
the segment JV (just as it trisects the segment NO of the Euler line). This be- 
comes obvious when we use areal coérdinates (with sum s): 


I(a/2, b/2, ¢/2), G( 5/3, 8733879) V(s—a,s—b,s—c). 
The line is, of course, 
(6—oc)x+ (c — ayt+ (a — b)z = 0,7 


which is concurrent with y=0 and x+y+z=0 if a—b=b—c. It is unfortunate 
that N. A. Court (College Geometry, p. 105) uses the term “Nagel point” for a 
different point (collinear with the incenter and circumcenter). 


E 412 [1940, 175]. Proposed by R. A. Johnson, Brooklyn College. 


Solve the simultaneous equations 
XoX%1 = Xe, Hix. = X%3,°* * » Xn—2%n-1 = Xo, Xn—1%0 = 1. 


Solution by E. P. Starke, Rutgers University. 

It is obvious that the vanishing of one x; entails the vanishing of all, and 
gives the solution (0, 0, ---, 0). We therefore restrict our attention to non- 
zero values. Replacing x2 in the second equation by its value from the first, we 
have xox? =x3; replacing both x2 and x; in the next equation, we have xia? =X4. 
Continuing in this manner, we express each x; in terms of xo and x: 


(1) eae = Xj; Gj = vy ay bad ds ), 

where f; is the jth term of the Fibonacci sequence 1, 1, 2, 3, 5, 8,-- +, So that 
2 1! 

(2) f= fea Yeast is! fra fifa (1 - 


The above elimination will terminate with the two equations 
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fn-1 fn fn fn+1 a 
(3) Xo 1 = Xo, Xo 1 — te 


Let d denote the highest common divisor of f, and f,-1—1 (or of f, and fn41—1). 
Putting f,-1—1=dr, f,=ds, so that fr4i:—1=d(r+s), we have from (3), 


dr ds ds d(r+s) 
(4) Xo %1 = j Xo 1 = ay 
with r and s co-prime. We then obtain 
dr(r+s) ds(r+s) ds* ds(r+s) 
Xo x4 = i Xo XY = he 


so that, upon eliminating x1, we have xj =1, where | 

(5) p =(s2 —rs—r)d = Ir +s54 {1 —(—1)"}/d 

since, by (2), d’s?=(rd+1) \(r+s)d+1} —(—1)". Now, s and r+s being co- 
prime, integers u and v may be found such that 


us —vr-+s) = 1. 


(These are not uniquely determined, but different choices all lead to the same 
general solution.) We then obtain from (4), 


urd usd vsd v(r+s)d 
Xo Xy =1= Xo XX ) 
whence xf=x%""™_ Let € and w be arbitrary pth and dth roots of unity, re- 


spectively. Then the complete non-zero solution is given by 
Xo = €, x1 = w-e®? 4 


along with (1). The first five cases are tabulated below: 




















n d ris p u,v SU—ru Solution 

3 2 nok 2 ce, 0 LK €, w, Ew, (2 =w? = 1) 
4 1 ee) 5 Se 2 3 e, &, &, &, (#=1) 
5 1 ae 11 Ba ee 4 e, ef, &, 69, e® (ell =1) 
6 4 ive x2 4 | 0 €, w, ew, ew’, Fw, bw, (e6=wt=1) 
i 1 (Bak: 29 —3, —-2] —5 €, 4, e®5, 2, el 7, 23, (29 = 1) 





E 413 [1940, 175]. Proposed by H. T. R. Aude, Colgate University. 

The graph of a cubic function y =x'+ax*+bx-+c crosses the x-axis at three 
distinct points, two of which are A and B. The lines AP and BQ are drawn 
tangent to the humps of the curve, the points of contact being P and Q. Show 
that the ratio of the distance AB to the horizontal distance from P to Q is con- 
stant. 

Solution by E. P. Starke, Rutgers University. 


Let A, B, P have coérdinates (a, 0), (B, 0), (x1, yi), respectively, and let the 
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cubic cross the x-axis also at C(y, 0), so that the equation of the cubic takes the 
form 


(1) y = (% — a)(x — B)(x — 7). 


Now any line y=m(x—a) through A meets (1) in two other points whose 
abscissas are given by (x—f) (x—y) =m. If these points coincide at P, we must 
have 


m= —(B—y7)?/4, “= (68+ y)/2. 


Thus the projection (x1, 0) of P on the x-axis is midway between B and C. 
Similarly the projection of Q on the x-axis is midway between A and C. It thus 
follows that the distance AB is always twice the horizontal distance from P to 
Q, but in the opposite direction. The required ratio is then —2, independent of 
the coefficients of the cubic. 

Also solved by Albert Furman, Hazel E. Schoonmaker, C. W. Trigg, and 
the proposer. 


E 414 [1940, 175]. Proposed by V. Thébault, Le Mans, France. 


Find a number of the form abbbb whose square, diminished by unity, has 
ten digits, all different. 


Solution by C. W. Trigg, Los Angeles City College. 
For such a number N, we have N?—1=0 (mod 9), so that 
N=a+ 4b = +1 (mod 9). 


Neither a nor b may be zero, nor may 6 be a multiple of 3, for if it were, the last 
four digits of N?—1 would be alike. Thus the possible values of N are reduced 
to twelve, given by 

ae 5, aoe Oy Mg Ly 4 hy ys 

(Ae Wes ea ed es ae ac Ney ei 
The last four, and in general the first three digits of N* can be read from a table 
of the squares of N <10000. Appearance of duplicate digits eliminates the first 
six possibilities. When the other eligible values of N are squared, only the last 
two are found to meet the conditions, namely 


855552 — 1 = 7319658024, 
977772 — 1 = 9560341728. 


Since the value of N was not restricted further, we have incidentally shown 
that there are no other N’s of the given form for which N?—1 is composed of 
the different digits from 0 through 8 or of the different digits from 1 through 9. 

Also solved by M. L. Constable, Daniel Finkel, P. R. Hill, E. P. Starke, 
and the proposer. One of the two values of N was obtained by R. K. Allen, W. E. 
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Buker, Wm. Douglas, and B. C. Zimmerman. Finkel remarks that these are 
special solutions for the more general problem 3926 [1939, 515]. 


E 415 [1940, 175]. Proposed by Cezar Cosnita, Focsani, Roumania. 
In a triangle of sides a, 6, c, prove that the distance from the centroid G 
to the incenter J is given by the formula 


3(a + b+ c)GI = {dab — oc)? — O(b? + 2 — a)(c — a)(a — 8) fH, 


Solution by T. C. Esty, Amherst College. 
If A, B, C be the position vectors of the vertices, and G and I those of the 
centroid and incenter, we have 


G=(A+B+C)/3, I= (¢A+ 6B + cC)/(a+ b+ o). 
Hence 
3(a + 6+ c)(I— G) = 3(a@A + 6B + cC) — (a +64 0(A+B4+C) 

= (2a—-b6-—c)A+ (—a+ 2b—0B+ (—a—b420C. 
Squaring this vector, and making the substitution 
2B-C = B?+ C?— (B— C)?= B24 C2 a, 

with two similar expressions for 2C-A and 2A-B, we find that all terms in 
A’, B’, C? vanish, leaving 
(1) Ma+ b+ c)GP? = — Di ara — 26+ c)(a+b — 2) 
— Diat+ Ya) +4>> a? — Sabe Ya 
Dd, a%(b — 6)? — D> (b? + c? — a%\(c — a)(a — 8). 


Also solved by W. E. Buker, Albert Furman, Lela MacKay, P. W. A. 
Raine, Hazel E. Schoonmaker, E. P. Starke, and.C. W. Trigg. MacKay gives 
the alternative formula ‘ 


I 


38GI = (5? + 57? — 16rR)}/? ; 
Buker and Starke give 
Ha +b+ GP? = — a +2> 0% — Sade. 


Editorial Note. Equation (1) is an immediate consequence of the formula 

— 2 ey Ts fo —eol = ‘ 1c 1 
da2(y y’) (2—8") for the square of the distance between the points whose 
actual areal coérdinates are (x, y, 2) and (x’, y’, 2’), t.e., whose position vectors 


are xA+yB+<2C and x’A+y’B+32'C, 
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ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, Washington 
University, St. Louis, Mo. All manuscripts should be typewritten, with double spacing and with 
margins at least one inch wide. 

Problems containing results believed to be new or extensions of old results are especially 
sought. The editorial work would be greatly facilitated, if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well known text-books or results found in readily accessible sources will not 
be proposed as problems for solution in this department. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems. 


PROBLEMS FOR SOLUTION 


3975. Proposed by R. Goormaghtigh, Bruges, Belgium. 

The orthopoles of a straight line parallel to one of the axes of an equilateral 
hyperbola as to the four triangles formed by any three of four points given on 
that hyperbola are on a straight line. 


3976. Proposed by W. O. Pennell, Exeter, N. H. 

Through a point P in the plane of a central conic, a line CC’ is drawn parallel 
to the diameter conjugate to the diameter located by a line joining P with the 
center of the conic. Draw two lines through P intersecting the conic in A and B, 
and A’ and B’, respectively. Prove that AB’ and A’B (extended if necessary) 
intersect CC’ at points equidistant from P. Likewise, 4A’ and BB’ intersect 
CC’ at points equidistant from P. 


3977. Proposed by Aaron Herschfeld, Washington, D.C. 

Denote the uth iterate of f(x), a real function of a real variable x, by the 
symbol f,(x). Thus fo(x) =x, fi(x) =f(x), fale) =f LF) |, + +» fu) =f[fr—a(x) J. 
Prove the following: 

(1) Tf f(x) =x? — 2x, then 


lim { f(a) $2 = 3} | x — 1) 4+ 4/x? — 2x — 3} > 1, when x— 1| el 


n> 2 


while | f,(«)| < 3, for all m, when |x — Tire 
Loy 1h f(x) 24° —1, then 
lim { fa(x)}?°= | «| + 4/22 — 1 > 1, when Id fa F 


no 


while | f,(x)| S$ 1, for all m, when fae), ao ds 


3978. Proposed by V. Thébault, Tennie, Sarthe, France. 

Given an orthocentric tetrahedron and the spheres which are loci of points 
such that the ratio of the squares of their distances to the extremities of one of 
the edges of the tetrahedron is equal to the ratio of the sum of the squares of the 
edges of the faces containing the opposite edge. Show that the sum of the powers 
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of the respective extremities of the latter edge with respect to one or the other 
of the two spheres is constant. 


SOLUTIONS 
3898 [1938, 696]. Proposed by Otto Dunkel, Washington University. 


A point is chosen on a rectangular hyperbola. In how may ways, and under 
what conditions, may two other points on the curve be selected so that the 
centroid of the three points will lie also on the curve? 


I. Solution by G. A. Williams, Oregon State College. 


Let xy=c>0 be the equation of the hyperbola, and (k, c/k), (k>0) the 
chosen point. Let (a, c/a) and (8, c/8) be two other points on the curve. 
The centroid of the three points will lie on the curve if 


A += 4+—) 9 
aa a —)= 9%, 
a+e+e(- B ; 

or 


(B + k)o? + (6? — 6kB + k*)a + BR(B + k) = 0. 
The discriminant of this last equation as a quadratic in a is 
(8 — k)*(6? — 14k6--+ 2%). 
Hence a will be real if 8 =k or if 


Bp? — 1428 +k? = 0, 
that is, if | 


(7+ 4/3)k = B= (7 — 4V/3)2. 


Hence if a first point (k, c/k) is chosen, then a second point (8, c/8) may be 
chosen (f satisfying the above condition) and a third point (a, c/a) may be de- 
termined so that the conditions of the problem are satisfied. 

There will be two values of a for each value of B except B=(7—4,/3)k, 
B=(7+4,/3)k, B=k. In the latter case, all three points will coincide. 


II. Solution by E. P. Starke, Rutgers University. 


Let A be the given point on the hyperbola H (not necessarily rectangular) 
whose center is O. On the same branch of HH as A, determine points P and Q 
such that the distance of each from an asymptote is one-third that of 4. Choose 
for the centroid an arbitrary point G of H not within the arc PAQ. Produce AG 
half its length to M, which is then to be the midpoint of side BC of the triangle. 
Hence let any chord of H be drawn parallel to OM and join its midpoint R to O. 
Draw BC parallel to OR and terminated by H. Then ABC is the required tri- 
angle, chosen in an infinite variety of ways. 

The proof is obvious from the fact that a diameter of a central conic is the 
locus of midpoints of chords parallel to the conjugate diameter. Here OM and 
OR are conjugate diameters. It is evident also that no real chord of has a 
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midpoint within either of the V-shaped areas bounded by H and its asymptotes. 
The restrictions above on G are necessary to prevent JM falling in one of these 
areas. 

Solved also by W. B. Campbell, C. R. Cassity, O. J. Ramler, and C. W. 
Trigg. 


Editorial Note. Starke gave also an analytical proof of his construction. 
Ramler gave a geometrical construction different from the above; the rest were 
analytic, Trigg’s solution being similar to the above and the others different 
from each other and the above. The analysis in Williams’s solution is valid for 
any hyperbola, since no point of it requires the axes of coédrdinates to be rec- 
tangular. However, the rectangular hyperbola is of more interest, since in that 
case the curve passes not only through the vertices and centroid of each of the 
required triangles but also through its orthocenter and the incenter and three 
excenters of the triangle formed by the midpoints of its sides; see the solution 
of 3797 [1938, 487]. For each required triangle the hyperbola is the isogonal 
conjugate of its circumdiameter through its symmedian point, and it is called 
Kiepert’s hyperbola for that triangle; see the solutions of 3882, 3883 [1940, 403]. 


3900 [1939, 52]. Proposed by J. E. Trevor, Cornell University. 


Two players carried out an experiment with a heap of freshly minted twenty- 
five cent pieces. The first player discarded one coin from the heap, and then one- 
half of the remainder, which was easily done by use of an available balance. 
In the second move, beginning with the undiscarded coins, the second player 
discarded 2” coins, and also one-half of the coins then remaining. Here 7 is an 
arbitrary positive integer. In general, in the xth move, x” coins and one-half of 
those then remaining were discarded. If m coins were given, and y coins re- 
mained at the close of the xth move, m is a function of x, y, 7. For successive 
values r=1, 2, 3,--- of the parameter 7, obtain the formulation 


n = 2*|y + ¢,(x)| + G, 

where ¢,(x) is a polynomial of r+1 terms, and c, is a constant. 

Solution by K. W. Miller, Chicago. 

Let y(,-x) be the remainder after the (x—k)th move. Then, according to the 
conditions of the problem, 
(1) V(a—-k) = [ycae-1y) — (4% — k)*\/2. 
Multiplying through by 2°” and rearranging gives 
20 b) yg py — 2-FY yce—k—ty 222-(kt(y — k)” = 0. 


Summing from k=0 tok=(x—1), all but two of the terms resulting from the first 
two terms cancel, and we have 


k=2— 


1 
(2) 27y, — 2 + 2° Se 2-(k+1)(y — k)’ = 0. 
k=0 
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In the proposer’s notation, the last remainder y, is y and the “remainder” yo 
after the zeroth move is the initial number n. Further, by substituting (z+1) 
for (n—k) in the summation, simplifying, and replacing z by k, it may be re- 
written in simpler equivalent form. Making these substitutions and rearranging, 
we obtain 


k=az—1 


(3) m= 2y+t >) 2*(k+ 1)". 
k=0 


It is a very easy matter by letting x be the first few integers in equation (3) to 
find numerically, for r=1, 2, 3, and 4, that 


(4) n = 2?[y + ¢,(x)] — ¢,(0), 
where 
o1 = x— 1, 
= x2 — 2x uf 
(5) dbo . x “+ 
o3 = Go SNA SO 4 13: 


oa = x4 — 4x3 + 18x? — 52x 4+ 75. 


It remains to find a general expression for ¢,(x). We assume the equality 


k=zx—-1 


(6) Dd 2*(k + 1)" = 276,(x) + cy. 


Replacing x by (x—1) in equation (6) and subtracting the result from equation 
(6) member by member, dividing out the common factor 27-1 and rearranging, 
we obtain 


(7) 2¢,(x) he a br(x met iBT 
Expressing ¢, explicitly in polynomial form, we have 
(8) b(x) = Dax! 

i=0 


which, substituted into equation (7), expanding and equating coefficients of 
equal powers of x, yields 


cat 
(9) j=k-1 , eA 
dy_k >») (— 1) (*-7) (1 q)! 


j=0 (4 — j)\r — k)! 


from this we can solve consecutively for the coefficients a,, obtaining 


I 





ay_ jy k 


IV 


iY 


Be J 3 
(10). oth. S84, gece ', Ger= 7 r(7r—1), gy= — . r(r — 1)(r — 2), ete 
pA ) , . 
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Thus, the polynomial formulation assumed in equation (6) is valid provided co- 
efficients are selected in accordance with conditions (9) or (10). Moreover, set- 
ting x =0 in equation (6) determines c, as —¢,(0). Lastly, from the form of equa- 
tions (9) and (10), it is apparent that no coefficient for r—k =O vanishes, while 
all others do, so that there are (r+1) terms in all. This completes the proof that 
equation (4) is true in general and verifies the proposer’s remarks concerning it, 
except ¢, can be obtained for any value of 7 without previously finding @¢ for 
all preceding values of r. This is certainly a very ingenious generalization of the 
problem of “the monkey and the coconuts.” 
Solved also by the proposer. 


Editorial Note: The above solution may be set in a familiar form. In order 


to solve the non-homogeneous linear difference equation (1) 2y,—y,1= —x", we 
solve first 29.—%,1=0. The solution is obviously §,=c(1/2)*. We then add to 
the right member of this equation any particular solution of (1), say y,= —@,(x), 


and we then have the general solution of (1) in the form (2) y,=c(1/2)*?—@,(x), 
where (3) 2¢,(x) —¢,(x—1) =x". For ¢,(x) we can easily find a polynomial in x 
whose degree must be 7, and it will be clear that the coefficient of «” must be 
unity and that the rest must be integers. Since yo=, we have n =c—®¢,(0), and 
then 


(4) i 27[y + ¢,(x)] — ¢,(0), y= x. 


The coefficients of ¢,(x) are given by (9) of the above solution. 

The proposer worked out in a different manner the explicit polynomials, 
$,(x), for r=1, 2, 3, 4, 5, and observed from these the following rule for deducing 
the coefficients of ¢,(x) from those of ¢,-1(x): 


- 
Yr 

(5) Gri = — Gr-1,i-1) poe UF dy» = 1; adr,o = = | ay; 
Ud j=1 





We shall prove that this rule is true for all positive integral values of 7; that 
no a,,; is zero; and that they alternate in sign. From 2¢,(0) —¢,(—1) =0, we have 
at once 


(6) Oro = (— 1)", (— 1) May, 5 
j=1 
and from the above solution, 
(7) dr. = Ss (— 1)*-';C.a,,;, b<yr, epg 
j=4+1 
This gives a,,,1= —7,; , 7-2 =3rC2; and it is easily seen that the first part of (5) is 
true for i=r, r—1, r—2. Assume that this first part is true for 7=7, ocala ee 


t-+-1 22; it will be shown that it must also be true for7=f21. It will then follow 
that, if no coefficient of ¢,-1(x) is zero and if they alternate in sign, this will also 
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be true for ¢,(x) excluding a,,o. Thus (—1)’~’a,,;>0, 721. Then using (6) we 
shall have (—1)’a,,o>0, and therefore no coefficient of ¢,(x) is zero and they 
alternate in sign. In the cases r=1, 2, 3 all of this is true, and we can then con- 
clude by another induction that for every 7 all of these statements are true. 
From (7) we have, by the first induction, 


r cad 


r ep r 
ee > (— 1)7#C;, — —a,1,j-1 = v7 >. ("TF - SG ea 
hea | 


j=t4+1 j=t+1 


a,,t 


r r—1 r 
me Dp Ce AW Lesage Cecio Pek yre— ve a 
j=t 


and the above multiple induction completes the proof. 
The proposer’s rule may be stated in the form 


br(x) = r| fi b-aayaa +f bea(a)ds |, go(x) = 1. 


It is quite easy to prove, independently of the above, that every ¢,(x) thus ob- 
tained satisfies the equation (3). 


3901 [1939, 52]. Proposed by V. Thébault, Le Mans, France. 


Given the positive integers a, b, c such that a*=b*+c?, the positive numbers 
m and n may be determined so that (1) a=m-+n-+(2mn)*!*, Conversely, if 2mn 
is a perfect square, then a in (1) is such that its square is the sum of two squares. 
Show that, if x=2(m-+n)/mn, the numbers 


(be+1)?—1, (cx+1)?-1, (ae—1)2?—-1 


are also the sides of a right triangle, the last term being the length of the hy- 
potenuse. Determine the smallest integral value of x so that the sides may be 
expressed as integers. 


Solution by H. E. Vaughan, University of Illinois. 


Let (a, b, c) be any P.T. (Pythagorean Triple, 7.e., a, b, and c integers, b>c, 
and a?=6?+c?), and let a’ =(ax—1)?—1, b’=(bx+1)?—1, c’=(cx+1)2—1. We 
wish to find all non-zero values of x such that (a’, b’, c’) isa P.T. By direct cal- 
culation, 


qt? — 5/2 — 2 — (g4 — 54 — c*)ut — 4(a3 + 03 + ¢3) x3 4 4(a? — b? — ¢2)x?, 


Setting this equal to zero, noting that a®—b?—c?=0, and dividing by x, we find 
that (a4—b4—c!)x —4(a3++534¢3) =0, But 


qt — ft 74 


II 


(a? — b2)(a? + b*) — ch = c2(a? + BY) — ct = c2(q? 4 §2 — gd) 
= 267c? = 2(a? — b%)(a? — oh B 


and 
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a + 6? + c® = a? + (b? — bc + c?)(b +c) = a? + (a — bc)(b +c) 
= a + arc + a*b — bc? — (a? — cc 
= (a+ oa? + bla — 0c) — ca —0)] 
= (a+ c)[a? + ab — c(a+b) + a2 — 8] 
= (a+c)(a+ b)[(a — c) + (a — )]. 
Hence 


x(a, b, c) =2[(a—b) +(a—c) ]/(a—b) (a—c) =2[1/(a—b) +1/(a —c)]. 
If we set m=a—b and n=a-—<c, it is readily verified that 
m+ n+ (2mn)'/2 = (a — b) + (a — c) + [2(a — b)(a — 0)]!? 
=a+(a—b—c) + [2(a? — ab + be — ac) |!” 
a+(a—b—c) + (a? + b? +c? — 2ab + 2be — 2ac)? 
=at+(a—b—o) + [(a—b—o)?]'? =a, 


since from a2—b2—c?=0, it follows that a—b—c<0. We note also that 
b=n+(2mn)"/2, c=m+(2mn)'!2, and x(a, b, c)=2(m+n)/mn. It is easily veri- 
fied that a2=b2+c? for the given values of a, b, c in terms of m and n, and hence 
the converse stated in the problem is true. 

Going back to the second expression for x(a, b, c) we see that, since a—b21 
and a—c=2, we must have x(a, b, c) $3, and x(a, b, c)=3 if and only if 
(a, b, c)=(5, 4, 3). Similarly, x(a, 0, c) #2, since equality would imply that 
a—b=a—c=2. Finally, x(a, b, c)=1 only if a—b=3 and a—c=6 which neces- 
sitate that (a, b, c) =(15, 12, 9). 

The smallest integral value of x such that a’, b’, and c’ are integers is, there- 
fore, 1 and (a’, b’, c’) =(195, 168, 99). There is no smallest positive value of x for 
which a’, b’, and c’ are integers, since, if we take (a, b, c) =(5k, 4k, 3k), where k 
is any integer, x(a, 6, c)=3/k and again the corresponding (a’, b’, c’)is (195, 
168, 99). 

Solved also by F. L. Dennis, E. P. Starke, and the proposer. 


Editorial Note. If m and n are positive integers such that 2mn is a perfect 
square, then m= 2rd and n=s"d (or the reverse), where d is the highest common 
divisor of m and n. Then, from the values of a, b, c in terms of m and n, we have 


i= d{(r + s)? + 7], — d|(r + s)? — r?|, ¢ = 2d(r + s)r, 
which is the familiar form for a P.T. 


3902 [1939, 53]. Proposed by V. Thébault, Le Mans, France. 

A point M is chosen arbitrarily on the circumcircle of the triangle ABC, and 
the chords MA’, MB’, MC’ are drawn parallel to BC, CA, AB. Show that the 
orthopoles of the circumcircle diameters through A’, B’, C’ are the vertices of a 
triangle equal to the orthic triangle of ABC. Generalize. 
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Solution by the Proposer. 


It is evident that the triangles A’B’C’ and ABC are equal, and that suitable 
angles between the circumdiameters through A’, B’, C’ are equal to the angles 
of the orthic triangle A,B,C, of ABC. Moreover, the orthopoles wa, a, w, of 
the above diameters are on (JN), the nine-point circle of ABC; and the arcs 
WrW, WeWa, Waw, SUbtend on (NV) angles equal to the above mentioned angles be- 
tween the diameters. Hence the two triangles A,B,C), and w,w,w, inscribed in (JV) 
are equal. 

We obtain a generalization by supposing that MA’, MB’, MC’ turn through 
the same given angle and thus cut BC, CA, AB at the same angle @. It is easily 
shown that the result is the same whatever the angle 6. 


Editorial Note. If the circumdiameter turns through a given angle, its or- 
thopole rotates on (V) through the same angle in contrary sense with respect to 
any chosen point on (JV). See the solutions of 3882, 3883 [1940, 403 ]. 


3903 [1939, 111]. Proposed by Simon Mowshowitz, New York, N. Y. 
Denote [(m!)!]! by n(!)3, etc., n(!)°=n. Prove that for Re 2, 


n(!)* 
(1!) (m—1]![m!—1] ![n(1)2—-1]!+ ++ [n(1)k-2—-1] 


is an integer. 


Solution by Kwan Chao Chih, Yenching University, Peking, China. 


We know that the product of any » consecutive integers is divisible by 7!. 
Now n(!)* is a product of n(!)*-! consecutive integers. We divide these num- 
bers into groups of m consecutive integers. Then we have 


[m — 1]![n! — 1]![acy2 — 1]!-- + [n() 2 = 1]1, k 


groups, since 


IV 
i) 


- 


n(!)F2[n()e-2 — 1] 
nm(!)*-3[n(!)*-3 — 1]! [n(tye-2 — 1|! 


n(!)k-1 


I 


n(n — 1)!$[n! —1]!--. [n(!)*-2 — Pik 
Thus, »(!)* is divisible by 


(nm!) (A Emad frye 


Solved also by Fritz John and the proposer. 
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NEWS AND NOTICES 


Readers are invited to contribute to the general interest of this department by sending news items 
to R. G. Sanger, Eckhart Hall, University of Chicago, Chicago, Illinois. 


The following persons are to be at the Institute for Advanced Study for all 
or part of the current academic year: Dr. Warren Ambrose, Dr. Valentin 
Bargmann, Assistant Professor D. G. Bourgin, Dr. A. T. Brauer, Dr. C. L. 
Critchfield, Professor Orrin Frink, Dr. Guido Fubini, Dr. Kurt Gédel, Dr. P. R. 
Halmos, Dr. M. H. Heins, Professor Shizuo Kakutani, Dr. Dorothy Maharam, 
Assistant Professor Gordon Pall, Professor Wolfgang Pauli, Dr. Abraham 
Schwartz, Dr. C. E. Shannon, Dr. Seymour Sherman, Professor C. L. Siegel, 
Assistant Professor A. H. Taub, Dr. R. M. Thrall, and Professor W. J. 
Trjitzinsky. 


Dr. Frances E. Baker of Mount Holyoke College has been promoted to an 
assistant professorship. 


Professor H. H. Dalaker of the University of Minnesota has been given the 
title emeritus. 


Associate Professor P. A. DeVore of Central Missouri State Teachers Col- 
lege has been granted a leave of absence for the current academic year. 


Lloyd Dulmage of the University of Toronto has been appointed lecturer 
in actuarial science at the University of Manitoba. , 


L. T. Dunlap, W. O. Gordon, and Dr. Beatrice L. Hagen of Pennsylvania 
State College have been promoted to assistant professorships. 


Dr. H. C. Fryer has been appointed assistant professor of mathematics at 
Kansas State College. 


L. B. Hedge of Brown University has been appointed to an assistant pro- 
fessorship at The Citadel. 


Assistant Professor H. A. Jordan of Georgetown University has been pro- 
moted to an associate professorship. 

Dr. J. F. Kubis of Fordham University was promoted to an assistant pro- 
fessorship in June 1939. 

Dr. S. B. Littauer of the U. S. Naval Academy has been promoted to an 
assistant professorship. 

Assistant Professors G. C. Munro and D. T. Sigley of Kansas State College 


have been promoted to associate professorships. 


Assistant Professor N. N. Royall of The Citadel has been appointed to an 
associate professorship at Winthrop College. 
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Associate Professor I. M. Sheffer of Pennsylvania State College has been 
promoted to a professorship. 


Dr. S. S. Smith of the University of Utah has been promoted to an assistant 
professorship. 


Associate Professor R. C. Stephens of Knox College has been promoted to 
a professorship. 


The following appointments to instructorships are announced: 
Brooklyn College: Saul Gorn, Dr. D. C. Harkin 

College of the City of New York: Dr. G. N. Garrison 

Cooper Union: Dr. Alvin Sugar 

Eastern Washington College of Education: R. F. Bell 

Kansas State College: B. H. Buikstra, Frank Faulkner, part-time 
University of Nevada: E. M. Beesley 

Oklahoma Agricultural and Mechanical College: Dr. P. E. Lewis 
Pennsylvania State College: Dr. A. B. Cunningham 

Southern Methodist University: Dr. D. W. Starr 

Texas Technological College: Dr. F. D. Rigby 

Vanderbilt University: Dr. John Dyer-Bennet 


Dr. H. G. Titt, dean and professor of mathematics at Huron College, died 
August 21, 1940. 


“MATHEMATICAL REVIEWS AND A READING MACHINE FOR MICROFILM 


When the microfilm service of Mathematical Reviews was introduced, it was realized that its 
usefulness would depend to a large extent upon the availability of reading machines. The Com- 
mittee on Scientific Aids to Learning, a committee of the National Research Council, is promoting, 
among other things, the use of microfilm. As a result of its efforts, a reading machine is being 
manufactured which will be sold at a retail price of $32.00. A grant from the Committee on Sci- 
entific Aids to Learning has made it possible for Mathematical Reviews to distribute a limited num- 
ber of these machines on the following terms. 

Terms of offer. A reading machine for microfilm will be given—as long as the available supply 
lasts—to any person who has paid his subscription, at the rate to which he is entitled, to Mathe- 
matical Reviews in advance for three years beginning January, 1941. The person who receives a 
reading machine must pay express charges and import duty, if any, from Buffalo, New York. 
Until January 1 this offer is being made only to the present subscribers to Mathematical Reviews. 
After that date, however, it will be extended to new subscribers also. Since only a limited number 
of machines is available, anyone who desires one should place an order early. 

The purpose of the Committee on Scientific Aids to Learning in giving the financial support 
which makes possible the distribution of reading machines to subscribers to Mathematical Reviews 
was two-fold, to promote the use of microfilm and to give financial aid to Mathematical Reviews. 

History of Students Microfilm Reader. The history of the reader, known as the Students Micro- 
film Reader, begins in the fall of 1939. At that time an advisory group on microphotography to the 
Committee on Scientific Aids to Learning, composed of Mr. Keyes D. Metcalf, Director of the 
Harvard University Library, (chairman), Professors Ralph D. Bennett and Ernest I. Huntress of 
Massachusetts Institute of Technology, Dr. Vernon D. Tate of the National Archives, and Dr. 
Irvin Stewart, Director of the Committee on Scientific Aids to Learning, (ex officio), was requested 
to consider the possibilities of designing and making available a simple, inexpensive microfilm 
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reading machine for the use of the individual scholar. The problem was discussed at length and 
did not appear insoluble. Several designs were suggested, and three models were constructed. Each 
of these models was thoroughly tested both in the laboratory and in actual use; a set of plans and 
specifications embodying the final accepted design was prepared for distribution to manufacturers 
specializing in equipment of this type. 

Bids for the manufacture of the reading machine were received from a number of companies, 
and the Spencer Lens Company was authorized to build a pilot model. It was built, tested and 
inspected, and the Committee on Scientific Aids to Learning has now signed a contract for a number 
of these machines. In addition, they will be placed on the market by the Spencer Lens Company. 

Purpose of Students Microfilm Reader. Emphasis has been placed throughout on suitability 
for the purpose for which the reader was designed: simplicity and low cost. No claims are made 
for extreme convenience, beauty, ready-portability, or universality. 

The benefits of microphotography in assembling research data of all types are well known. 
Facilities exist in the principal libraries, archives, and other institutions for the reproduction of 
their holdings. Many individuals have secured equipment and microphotographed extensive files. 
The greatest difficulty to date has not been to secure material on microfilm but rather to obtain 
adequate utilization equipment. In sponsoring the development of a simple, inexpensive micro- 
film reader, the Committee on Scientific Aids to Learning has considered solely the requirements 
of the individual. Excellent equipment developed primarily for commercial and library use is 
already available on the market. In most cases, it is entirely satisfactory (except for price) for 
individual use. The Students Microfilm Reader is not intended to compete with any existing reader 
equipment. It was developed specifically to permit the individual scholar or scientist to utilize 
in his own study or laboratory microphotographic copies which he may have made personally or 
procured from one of the existing sources of supply. 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 


Twenty-fourth Summer Meeting, Chicago, Illinois, September 1-3, 1941. 
Twenty-sixth Annual Meeting, Bethlehem, Pa., December 29, 1941—January 
2, 1942. 


The following is a list of the Sections of the Association, with dates of those Section meetings 
which have been scheduled for 1941 and reported to the Secretary. 


ALLEGHENY MountalIn, Pittsburgh. NORTHERN CALIFORNIA, San Francisco’ 
ILLiNoIs, Peoria, May 9-10. January 25. 
INDIANA, Indianapolis, May 2-3. Outro, Columbus, April 3 or 4. 
Iowa, Indianola, April 25-26. OKLAHOMA 
KANSAS PHILADELPHIA, Swarthmore, November 
KENTUCKY 29. 
LoutstANa-Mississtpp!, New Orleans, La., Rocky Mountaln, April. 
March 7-8. SOUTHEASTERN, Chapel Hill, N. C., March. 
MARYLAND-DISTRICT OF COLUMBIA-VIR- SOUTHERN CALIFORNIA, Redlands, March8. 
GINIA, Annapolis, Md., May. SOUTHWESTERN, Lubbock, Tex., April 
MICHIGAN 28-29. 
MINNESOTA Texas, Denton, March 28-29. 
MIssouRI Upper New York State, Ithaca, May 3. 
NEBRASKA, Lincoln, May. WIsconsINn, Beloit. 


AFFILIATED ORGANIZATIONS: THE NEW ENGLAND ASSOCIATION OF TEACHERS OF MATHEMATICS, 
Tur NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS, 
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REPORTS OF THE MEETINGS OF THE ASSOCIATION 
AND ITS SECTIONS 
Edited by J. R. MussELMAN, Western Reserve University 


MEETINGS OF THE ASSOCIATION 


Election to membership, W. D. Cairns, 132- 
133, 411-412, 593. 

Report of the committee to review the activities 
of the Mathematical Association of Amer- 
ica, R. E. LANGER, 64-84. 


Twenty-fourth annual meeting, W. D. Carrns, 
123-137. 

Twenty-third summer meeting, W. D. Carrns, 
589-594. 


MEETINGS OF ITS SECTIONS 


Allegheny Mountain Section, April 1940 meet- 
ing, Davip Mosxkovitz, 342-345. 

Illinois Section, May 1940 meeting, C. N. 
MILs, 597-601. 

Indiana Section, May 1940 meeting, P. D. 
Epwarps, 430-433. 

Iowa Section, April 1940 meeting, CORNELIUS 
GOouwWENS, 337-340. 

Kansas Section, March 1940 meeting, Lucy T. 
DouGHERTY, 508-510. 

Kentucky Section, April 1940 meeting, D. E. 
SoutH, 595-597. 

Louisiana-Mississippi Section, March 
meeting, W. V. PARKER, 415-418. 

Maryland-District of Columbia-Virginia Sec- 
tion, December 1939 meeting, S. B. Lit- 
TAUER, 413-415. 

Michigan Section, November 1939 meeting, 
P. S. Dwyer, 61-63; April 1940 meeting, 
P. S. Dwyer, 425-430. 

Minnesota Section, May 1940 meeting, A. L. 
UNDERHILL, 434-436. 

Missouri Section, April 1940 meeting, G. M. 
EwInG, 335-337. 


1940 


Nebraska Section, May 1940 meeting, Lutu L. 
RUNGE, 510-513. 

Northern California Section, January 1940 
meeting, H. M. Bacon, 191-193. 

Ohio Section, April 1940 meeting, 
CRANE, 333-335. 

Oklahoma Section, February 1940 meeting, 
J. C. Brrxey, 345-346. 

Philadelphia Section, December 1939 meeting, 
P. A. Carts, 138-139. 

Rocky Mountain Section, April 1940 meeting, 
A. J. Lewis, 505-507. 

Southeastern Section, March 1940 meeting, 
H. A. Rosinson, 513-519. 

Southern California Section, March 1940 meet- 
ing, P. H. Daus, 340-342. 

Southwestern Section, April 1940 meeting, 
H. D. Larsen, 421-425. 

Texas Section, March 1940 meeting, Nat Ep- 
MONSON, JR., 418-421. 

Upper New York State Section, May 1940 
meeting, C. W. MuNsHOWER, 503-505. 
Wisconsin Section, May 1940 meeting, G. A. 

PARKINSON, 433-434. 


RuFus 


GENERAL MATHEMATICAL PAPERS 


BECKENBACH, E. F. Space analogs of function- 
theoretic results, 199-212. 

BLUMBERG, HENRY. On the technique of gener- 
alization, 451-462. 

BLUMENTHAL, L. M. “‘A paradox, a paradox, a 
most ingenious paradox,” 346-353. 

BROWNE, E. T. On the reduction of a matrix to 
a canonical form, 437—450. 

BuRINGTON, R.S. On the use of conformal map- 
ping in shaping wing profiles, 362-373. 
Busu, L. E. An asymptotic formula for the 

pte sum of the digits of integers,154— 
156. 
CoLeMAN, A. J. Curves on a surface, 212-220, 
Daus, P. H. Bisecting circles, 519-529, 
DepERICK, L. S. The mathematics of exterior 
ballistic computations, 628-634. 
DyER-BENNET, JOHN. A theorem on partitions 
of the set of positive integers, 152-154. 
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FICKEN, F.A. Cones and vector spaces, 530-533. 

FiscHER, I. C. Projective constructions for cer- 
tain algebraic curves, 193-195. 

Fort, TOMLINSON. Mathematics and the sci- 
ences, 605-612. 

ee On a generalization of the arbelos, 

GoorMAGHTIGH, R. A theorem on a cyclic poly- 
gon, 466-468. 

HAmILToN, H. J. Notes on curvature of curves 
and surfaces, 613-620. 

Jounson, L. Loutse. On the Diophantine equa- 
tion x(x+1)---+ (x+n—1)=y*, 280-289. 


Jounston, L. S. The Fibonacci sequence and 


allied trigonometric identities, 85—89, 
KENNEDY, E. C. Bounds for the roots of a tri- 
_ nomial equation, 468-470. 
KERSHNER, RICHARD. Note on compound inter- 
est, 196-198. 


24 
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LEHMER, D. H. On the maxima and minima of 
Bernoulli polynomials, 533-538. 

LEIGHTON, WALTER. Proper continued frac- 
tions, 274-280. 

serge ae a SAUNDERS. Modular fields, 259- 

MussELMAN, J. R. Some loci connected with a 
triangle, 354-361. 

OaKLeEy, C. O. Equations of polygonal con- 
figurations, 621-627. 

OLDENBURGER, RuFus. Higher dimensional de- 
terminants, 25-33. 

PATTERSON, B. C. The triangle: Its deltoids and 
foliates, 11-18. 

RAMLER, O. J. On triangles having a common 
mean, 140-145. 

Rickart, C. E. The Pascal configuration in a 
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finite projective plane, 89-96. 

Rrinewart, R. F. On extrema of functions which 
moe certain symmetry conditions, 145— 

Sapowsky, MiIcHAEL. A formula for approxi- 
ae computation of a triple integral, 539- 

STEWART, B. M. Cyclic properties of Miquel 
polygons, 462-466. 

Tuomas, J. M. The resolvents of a polynomial, 
686-694. 

VON MIsEs, RicHARD. Mathematical problems 
in aviation, 673-685. 

WERNICK, WILLIAM. Functional dependence in 
the calculus of propositions, 602-605. 
Wuypsurwn, W. M. Over and under functions as 
related to differential equations, 1—10. 


MATHEMATICAL EDUCATION 
Edited by C. A. Hutcurnson, University of Colorado 


CAMERON, E. A. A program in freshman mathe- 
matics designed to care for a wide variation 
in student ability, 471-473. 

COMMITTEE ON TEsTs. Report, 290-301. 

KELLER, M. W., SHREVE, D. R., and REm- 
MeERsS, H. H. Diagnostic testing program in 


Purdue University, 544-548. 

Remmers, H. H. See Keller, M. W. 

Scuerré, Henry. At what level of rigor should 
advanced calculus for undergraduates be 
taught?, 635-640. 

SHREVE, D. R. See Keller, M. W. 


QUESTIONS, DISCUSSIONS, AND NOTES 
Edited by R. J. WALKER, Cornell University 


BarTEN, H. J. A note on tetrahedral Riemann 
surface models, 221-222. 

Buerck, W. E. The Pythagorean Diophantine 
equation x2+2,?+ - ++ +x=1, 34-35. 

BraD.tey, A. D. The gnomonic projection of 
the sphere, 694-699. 

Brown, A. B. To text-book writers—and 
readers, 375-381. 

Butcuart, J. H. The altitude quadric of a 
tetrahedron, 383-384. 

Curtiss, J. H. On extending the definition of a 
harmonic function, 225-228. 

Ew1no, G. M. The relation between the termi- 
nal reserve and the amount of insurance, 
303-305. 

FRAME, J. S. On the explicit solution of simul- 
taneous linear differential equations with 
constant coefficients, 35-37. 

Proofs of vector product expansions by 
determinants, 644-646. 

Granam, V. W. See Sandham, H. F. 

GREENWOOD, R. E., JR. On the discovery of 
certain trigonometric identities, 99-100. 

Grossman, H. D. A generalization of the water- 
fetching puzzle, 374-375. 

Investigation of Lagrange’s tangent 
method on Diophantine binary cubics, 305— 
306. 

Hummet, P. M. A note on Stirling's formula, 
97-99. 

Jounston, L. S. Another form of the Russell 
paradox, 474. 











Tangents in elementary analytic ge- 
ometry, 159-162. 

LINFIELD, B. Z. On the explicit solution of 
simultaneous linear difference equations 
with constant coefficients, 552-554. 

LorKa, Joun. A method of finding prime num- 
bers, 554-557. 

MacDonaLp, J. K. L. Elementary rigorous 
treatment of the exponential limit, 157-159. 

MANNING, F. L. A formula for repeated integra- 
‘tion by parts, 643-644. 

McCuLtey, W. S. Note on criteria of divisi- 
bility, 223-225. 

Moutton, E. J. Comments on the preceding 
paper, 381-383. 

Mutcrone, T. F. On the equations of conical 
surfaces, 302-303. 

Oakey, C. O. A paradox in complex numbers 
and integration, 37-39. 

RaNpDopH, J. F. Distances between points of 
the Cantor set, 549-551. 

RosenBaum, R. A. The product of integers 
in terms of greatest common divisors and 
least common multiples, 39. 

SanpHAM, H. F. and GranaM, V. W. On the 
converse of a theorem by Fuhrmann, 642-— 
643. 

TuéBAULT, V. On the circles of Pappus, 640-642. 

TUCKERMAN, BRYANT. Comment on Mr. Bar- 
ten’s note, 222-223. 

Wy.ig, C. R., JR. Simple harmonic motion 
with quadratic damping, 474-476. 
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RECENT PUBLICATIONS 
Edited by Vircit SNYDER, Cornell University 


NEW BOOKS RECEIVED 
40, 101, 163, 228, 307, 385-386, 477, 557-558, 646, 699. 


REVIEWS 
Names of the authors are in ordinary type, those of the reviewers in capitals. 


Aitken, A. C. Determinants and Matrices. D. M. 
DRIBIN, 480. 

Statistical Mathematics. C. C. WAGNER, 
558-559. 

Appleby, M. Elementary Statics. F. H. Mir- 
LER, 228-229. 

Archibald, R. C. Outline of the History of Mathe- 
matics. CAROLINE A. LESTER, 43. 

Barnard, S. and Child, J. M. Advanced Algebra. 
Max Zorn, 699-700. 

Beaver, R. A. See Fawcett, H. P. 

Benton, T. C. See Burington, R. S. 

Bigelow, R. P. See Sedgwick, W. T. 

Blanch, Gertrude. See Stelson, H. E. 

Bland, J. R. See Kells, L. M. 

Bleick, W. E. See Cable, E. J. 

Bourgin, D. G. See Taylor, J. H. 

Boyer, L. E. College General Mathematics for 
Prospective Secondary School Teachers. 
CAROLINE A. LEsTER, 103-104. 

Burington, R. S. See Rutherford, D. E. 

Burington, R. S. and Torrance, C. C. Higher 
Mathematics. T. C. BENTON, 234-235. 
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